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1. Introduction
1.1. Ideals

This paper is concerned with the study of the structure of closed algebraic ideals in the algebra L(X) of all bounded
linear operators on a Banach space X.

Throughout the paper, by a subspace of a Banach space we mean a closed subspace; a vector subspace of X which is
not necessarily closed will be referred to as linear subspace. A (two-sided) ideal in L(X) is a linear subspace | of L(X) such
that ATB € ] whenever T € J and A, B € L(X). The ideal | is called proper if | ## L(X). The ideal ] is non-trivial if | is
proper and J # {0}.

The spaces for which the structure of closed ideals in L(X) is well understood are very few. It was shown in [7] that the
only non-trivial closed ideal in the algebra L(£,) is the ideal of compact operators. This result was generalized in [13] to
the spaces £, (1 < p <o0) and cq. A space constructed recently in [5] is another space with this property. In [15] and [16],
it was shown that the algebras L((@,ﬁ"’:1 Z’é)co) and L((EB,?‘;] (g)gl) have exactly two non-trivial closed ideals. There are no
other separable spaces for which the structure of closed ideals in L(X) is completely known.

Partial results about the structure of closed ideals in L(X) were obtained in [20, 5.3.9] for X = Lp[0,1] (1 < p < oo,
p #2) and in [22] and [23] for L(€p @ £¢) (1 < p,q < oo). The purpose of this paper is to investigate the structure of ideals
in L(dw,p) where dy p is a Lorentz sequence space (see the definition in Section 1.3).

For two closed ideals J; and J, in L(X), we will denote by J1 A J, the largest closed ideal ] in L(X) such that | C J;
and J C J, (thatis, J1 A Jo = J1 N J2), and we will denote by J; v J, the smallest closed ideal J in L(X) such that J; C J
and J, € J. We say that J; is a successor of J; if J1 C J,. If, in addition, no closed ideal J in L(X) satisfies J1 C J C Ja,
then we call J, an immediate successor of J.
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It is well known that if X is a Banach space then every nonzero ideal in the algebra L(X) must contain the ideal F(X)
of all finite-rank operators on X. It follows that, at least in the presence of the approximation property (in particular, if X
has a Schauder basis), every nonzero closed ideal in L(X) contains the closed ideal X (X) of all compact operators.

Two ideals closely related to AC(X) are the closed ideal SS(X) of strictly singular operators and the closed ideal FSS(X)
of finitely strictly singular operators on X. Recall that an operator T € L(X) is called strictly singular if no restriction T|z
of T to an infinite-dimensional subspace Z of X is an isomorphism. An operator T is finitely strictly singular if for any
& > 0 there is N € N such that any subspace Z of X with dimZ > N contains a vector z € Z satisfying ||Tz|| < €] z||. It is not
hard to show that C(X) C FSS(X) C SS(X) (see [17,19,22,4] for more information about these classes of operators).

If X is a Banach space and T € L(X) then the ideal in L(X) generated by T is denoted by Jr. It is easy to see that
Jr= {2?21 AiTBj: Aj, Bj € L(X)}. It follows that if S € L(X) factors through T, i.e., S = ATB for some A, B € L(X) then
Js<SJr.

1.2. Basic sequences

The main tool in this paper is the notion of a basic sequence. In this subsection, we will fix some terminology and
remind some classical facts about basic sequences. For a thorough introduction to this topic, we refer the reader to [9]
or [12].

If (x;) is a sequence in a Banach space X then its closed span will be denoted by [x;]. We say that a basic sequence (x;)
dominates a basic sequence (y,) and write (x,) >= (y,) if the convergence of a series Z,fil anX, implies the convergence of
the series Zgo:] anyn. We say that (x,) is equivalent to (y,) and write (x;) ~ (yn) if (xn) >= (yn) and (yn) = (Xn).

Remark 1.1. It follows from the Closed Graph Theorem that (x;) >= (yn) if and only if the linear map from span{x,} to
span{y,} defined by the formula T : x, — y, is bounded.

If (x,) is a basis in a Banach space X, z= ZE’; zixi € X, and A C N then the vector ) ;_, zix; will be denoted by z|4
(provided the series converges; this is always the case when the basis is unconditional). We will refer to z|4 as the restric-
tion of z to A. The restrictions z|(,c0)nN and z|m,c0)nn, Where n € N, will be abbreviated as z|j,o0) and z| o), respectively.
We say that a vector v is a restriction of z if there exists A C N such that v = z|4. The vector z = Z;’il zix; will also be
denoted by z=(z;). If z= Ziﬁ] zix; then the support of z is the set suppz ={i € N: z; #0}.

Every 1-unconditional basis (xp) in a Banach space X defines a Banach lattice order on X by > 7°; a;x; > 0 if and only if
a; >0 for all i e N (see, e.g., [18, p. 2]). For x € X, we have |x| =x Vv (—x). A Banach lattice is said to have order continuous
norm if the condition x, | O implies ||x,| — 0. For an introduction to Banach lattices and standard terminology, we refer
the reader to [1, §1.2].

If (xy) is a basic sequence in a Banach space X, then a sequence (y;) in span{x,} is a block sequence of (x,) if there are
a strictly increasing sequence (pp) in N and a sequence of scalars (a;) such that y, = Zfz”giﬁ a;x; for all n e N.

The following two facts are classical and will sometimes be used without any references. The first fact is known as the
Principle of Small Perturbations (see, e.g., [12, Theorem 4.23]).

Theorem 1.2. Let X be a Banach space, (xp) a basic sequence in X, and (x;;) the correspondent biorthogonal functionals defined
on [xp]. If (yn) is a sequence such that fo;] lx: 0 - 1Xn — ynll < 1 then (yy) is a basic sequence equivalent to (x,). Moreover, if [xn] is

complemented in X then so is [yn]. If [X,] = X then [y,] = X.

The next fact, which is often called the Bessaga-Pelczynski selection principle, is a result of combining the “gliding
hump” argument (see, e.g., [9, Lemma 5.1]) with the Principle of Small Perturbations.

Theorem 1.3. Let X be a Banach space with a seminormalized basis (x,) and let (x;;) be the correspondent biorthogonal functionals.
Let (yn) be a seminormalized sequence in X such that x;; (yi) koo, 0 for alln € N. Then (yn) has a subsequence (yy,) which is basic

and equivalent to a block sequence (uy) of (xn). Moreover, yn, — uy — 0, and uy is a restriction of yp,.

1.3. Lorentz sequence spaces

Let 1< p <oo and w = (wy) be a sequence in R such that wy =1, w, | 0, and Zf’il w;j = oo. The Lorentz sequence
space dy,p is a Banach space of all vectors x € cg such that Ixlla,, < oo, where

00 1/p
fowla, = (Z wnx:v>
n=1

is the norm in dy p. Here (x;;) is the non-increasing rearrangement of the sequence (|x|). An overview of properties of
Lorentz sequence spaces can be found in [17, Section 4.e].
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The vectors (e) in dy, p defined by ep(i) = &y (n,i € N) form a 1-symmetric basis in dw p. In particular, (ep) is
1-unconditional, hence dy, , is a Banach lattice. We call (e;) the unit vector basis of dy ,. The unit vector basis of £,
will be denoted by (f;) throughout the paper.

Remark 1.4. It is proved in [3, Lemma 1] and [10, Lemma 15] that if (uy) is a seminormalized block sequence of (e) in dw p,
Uy, = IP:HZ:.H aje;, such that a; — 0, then there is a subsequence (up,) such that (up,) ~ (f) and [up,] is complemented
in dyy p. Further, it was shown in [3, Corollary 3] that if (y;) is a seminormalized block sequence of (e;) then there is a
seminormalized block sequence (u;) of (yn) such that u, = f;;l+1 aje;, with a; — 0. Therefore, every infinite-dimensional
subspace of dy,, contains a further subspace which is complemented in dyy , and isomorphic to £, [10, Corollary 17].

Remark 1.5. Remark 1.4 yields, in particular, that dy , does not contain copies of cg. Since the basis (e;) of dy p is un-
conditional, the space dy , is weakly sequentially complete by [2, Theorem 4.60] (see also [17, Theorem 1.c.10]). Also,
[2, Theorem 4.56] guarantees that d,y , has order continuous norm. In particular, if x € dy, p then |X|jn o0l = 0 as n — oo.

Remark 1.6. It was shown in [14] that if p > 1 then dy, p is reflexive. This can also be easily obtained from Remark 1.4 (cf.
[17, Theorem 1.c.12]).

Remark 1.7. The unit vector basis (e;) of dw,, is weakly null. Indeed, by Rosenthal’s £1-theorem (see [21]; also [17, Theo-
rem 2.e.5]), (ep) is weakly Cauchy. Since it is symmetric, (ep) ~ (e2n — €2n—1)-

The next proposition will be used often in this paper.

Proposition 1.8. (See [3, Proposition 5 and Corollary 2].) If (u,) is a seminormalized block sequence of (en) then (f,) = (up). If (up)
does not contain subsequences equivalent to (f) then also (uy) = (en).

The following lemma is standard.

Pn+1

impy 1 di€i- If (yn) is a basic sequence such that y, = Pni1 bje;, where

Lemma 1.9. Let (x;,) be a block sequence of (ey), X, = i pn-t1

|bi| < laj| for alli e N, then (xy) is basic and (xp) = (¥n)-

Proof. Let

yie { o ifa #0,
0, ifa;=0.

Define an operator T € L(dw,p) by T(ZE’; ciej) = Zl‘»’i] ciyiei. Then T is, clearly, linear and, since the basis (e;) is
1-unconditional, T is bounded with ||T| < 1. In particular, T|x,; is bounded. Also, T(x,) = yn for all n € N, hence
(xn) = (yn). O

1.4. Outline of the results

The purpose of the paper is to uncover the structure of ideals in L(dw,,). We show that (some of) these ideals can be
arranged into the following diagram.
_ _ 58 =
Ol=KcJi—=JbASS Jb v 88— SSdy,, = L(dw,p)

N — 7
Jte

(the notations will be defined throughout the paper). On this diagram, a single arrow between ideals, J{ —> J», means
that J1 C J. A double arrow between ideals, J1 = J,, means that J, is the only immediate successor of J; (in particular,
J1 # J2), whereas a dotted double arrow between ideals, Ji > J2, only shows that J; is an immediate successor for J;
(in particular, J; may have other immediate successors).

While working with the diagram above, we obtain several important characterizations of some ideals in L(dw,p). In
particular, we show that #S8S(dw,p) = SS(dw,p) (Theorem 3.5). We also characterize the ideal of weakly compact operators

(Theorem 3.6) and Dunford-Pettis operators (Theorem 5.7) on dy, ,. We show in Theorem 4.7 that JJ is the only immediate
successor of U under some assumption on the weights w. In the last section of the paper, we show that all strictly singular
operators from ¢; to dy, can be approximated by operators factoring through the formal identity operator j:£¢; — dw 1
(see Section 4 for the definition). We also obtain a result on factoring positive operators from SS(dw,p) through the formal
identity operator (Theorem 6.12).
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2. Operators factorable through £,

Let X and Y be Banach spaces and T € L(X). We say that T factors through Y if there are two operators A € L(X,Y) and
B e L(Y, X) such that T = BA.
The following two lemmas are standard. We present their proofs for the sake of completeness.

Lemma 2.1. Let X and Y be Banach spaces and T € L(X,Y), S € L(Y, X) be such that ST = idx. Then T is an isomorphism and
Range T is a complemented subspace of Y isomorphic to X.

Proof. For all x € X, we have |x|| = ||STx|| < |IS|IIITx]|, so || Tx| > H1TH [|x]|. This shows that T is an isomorphism. In particular,

Range T is a closed subspace of Y isomorphic to X.
Put P =TS e L(Y). Then P?> = TSTS = TidxS = TS = P, hence P is a projection. Clearly, Range P C Range T. Also,
PT =TST =T, so Range T C Range P. Therefore Range P = Range T, and Range T is complemented. O

Lemma 2.2. Let X and Y be Banach spaces such that Y is isomorphic to Y @ Y. Then the set | = {T € L(X): T factors through Y} is
an ideal in L(X).

Proof. It is clear that J is closed under multiplication by operators in L(X). In particular, J is closed under scalar multipli-
cation. Let A, B € J. Write A= A1A; and B = BBy, where A1, By € L(Y, X) and Ay, By € L(X,Y). Then A+ B=UV where
VixeX— (Ax,Bpx)eY®dY and U:(x,y) e Y®Y — Aix+ B1y €Y. Clearly, UV factors through Y & Y ~ Y. Hence
A+Be]. O

We will denote the set of all operators in L(dw,p) which factor through a Banach space Y by | Y,

Theorem 2.3. The sets [’ and ]TP are proper ideals in L(d p).

Proof. Since ¢, is isomorphic to £, @ £p, it follows from Lemma 2.2 that J is an ideal in L(dw,p). Let us show that
Jt # Ldw,p).

Assume that J¢ = L(dw,p), then the identity operator I on d,, , belongs to . Write I = ST where T € L(dw p, £p) and
Sel(p,dw,p). By Lemma 2.1, the range of T is complemented in £, and is isomorphic to dy p. This is a contradiction
because all complemented infinite-dimensional subspaces of £, are isomorphic to £, (see, e.g., [17, Theorem 2.a.3]), while
dy,p is not isomorphic to £, (see [6] for the case p =1 and [14] for the case 1 < p < oo; see also [17, p. 176]).

Being the closure of a proper ideal, J¢ is itself a proper ideal (see, e.g., [11, Corollary VI1.2.4]). O
Proposition 2.4. There exists a projection P € L(d,p) such that Range P is isomorphic to £,,. For every such P we have Jp = | b,

Proof. Such projections exist by Remark 1.4. Let Y =Range P, U : Y — £, be an isomorphism onto, and i: Y — dy , be the
inclusion map. It is easy to see that P = (iU~")(UP), hence P € J, so that Jp C J*».

On the other hand, if T € J% is arbitrary, T = AB with A € L(p,dw,p), B e L(dw,p,£p), then one can write T =
(AUP)P(iU~1B), so that T € Jp. Thus Jt C Jp. O

Corollary 2.5. The ideal jTP properly contains the ideal of compact operators K(dw,p).

Proof. It was already mentioned in the introductory section that compact operators form the smallest closed ideal in
L(dw,p). Since a projection onto a subspace isomorphic to £, is not compact, it follows that K(dw,p) # J. O

3. Strictly singular operators

In this section we will study properties of strictly singular operators in L(dy, p). Since projections onto the subspaces
of dy, p isomorphic to £, are clearly not strictly singular, it follows from Proposition 2.4 that SS(dw,p) # J% . Moreover,

SS # ]TP v SS and Jé% ASS £ Jt. So, the ideals we discussed so far can be arranged as follows:

)

{O}:}’CH—JTp/\SS Jb vS8S—=Ldw,p)

7\
\ A

Jt

The following theorem shows that there can be no other closed ideals between SS and ]TP Vv 8§ on this diagram.
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Theorem 3.1. Let T € L(dw,p). If T ¢ SS(dw,p) then J < Jr.

Proof. Let T ¢ SS(dw,p). Then there exists an infinite-dimensional subspace Y of dy p such that T|y is an isomorphism.
By Remark 1.4, passing to a subspace, we may assume that Y is complemented in d\, , and isomorphic to £,. Let (x,) be
a basis of Y equivalent to the unit vector basis of . Define z, = Txy, then (z;) is also equivalent to the unit vector basis
of £,. By Remark 1.4, (z;) has a subsequence (zp,) such that [z, ] is complemented in d\y , and isomorphic to £p.

Denote W = [x,,]. Then W and T(W) are both complemented subspaces of dy, , isomorphic to £,. Let P and Q be
projections onto W and T(W), respectively. Put S = (T|w)~ !, S € L(T(W),dyw,p). Then it is easy to see that P = (SQ)TP.
Since SQ and P are in L(dw,p), we have Jp C Jr. By Proposition 2.4, JcJr. o

Corollary 3.2. ]TP Vv 8S(dw,p) is the only immediate successor of SS(dw,p) and ]TP is an immediate successor of ]TP ASS(dw,p).

Now we will investigate the ideal of finitely strictly singular operators on dy, . To prove the main statement (Theo-
rem 3.5), we will need the following lemma due to Milman [19] (see also a thorough discussion in [22]). This lemma will
be used more than once in the paper.

Lemma 3.3. (See [19].) If F is a k-dimensional subspace of co then there exists a vector x € F such that x attains its sup-norm on at
least k coordinates (that is, x* starts with a constant block of length k).

We will also use the following simple lemma.

Lemma 34. Let s, = > i_; w; (n € N) where w = (w;) is the sequence of weights for dw p. If x € dw p, y = x*, and N € N then

0<yn <
SN

N
Proof. [[X||P = [[ylP =32 yPwi > yh Y wi=yRsy. O

Theorem 3.5. Let X and Y be subspaces of dy, p. Then FSS(X,Y) = SS(X, Y). In particular, FSS(£p,dw,p) = SSUp,dw,p) and
FSS@w,p) =SSdw,p).

Proof. Let T € L(X,Y). Suppose that T is not finitely strictly singular. We will show that it is not strictly singular. Since T
is not finitely strictly singular, there exist a constant ¢ > 0 and a sequence F, of subspaces of X with dim F, > n such that
for each n and for all x € F, we have ||Tx| > c|x||.

Fix a sequence (&) in R such that 1 > g, | 0. We will inductively construct a sequence (x;) in X and two strictly
increasing sequences (ny), (mg) in N such that:

(i) (x¢) and (Txg) are seminormalized; we will denote Tx; by uy;
(ii) for all k € N, suppxy C [y, c0) and supp uy < [my, 00);
(iii) if k > 2 then [[Xe—1l[n,,00) |l < &kr lUk—1lmy,00) || < €k, and all the coordinates of u;_; where the sup-norm is attained are
less than my;
(iv) for each k € N, the vector u;; begins with a constant block of length at least k.

That is, (x;) and (u,) are two almost disjoint sequences and u,’s have long “flat” sections.

Take x; to be any nonzero vector in F; and put ny = mj = 1. Suppose we have already constructed xi,...,Xk_1,
ni,...,Ng_1, and my, ..., mg_1 such that the conditions (i)-(iv) are satisfied. Choose ny € N and my € N such that ny > ny_1,
my > my_1 and the condition (iii) is satisfied.

Consider the space

V={y =) € Fyymek: i =0fori <m} < Foim4k.

It follows from dim Fy, 4 m, & = My +my +k that dim V > my +-k. Since V C Fp ym 4+ ITyll = cllyll for all y € V. In particular,
dim(TV) > my + k. Define

Z={z=(z)eTV:zi=0fori <m}.

It follows that dim Z > k.
Clearly, supp y C [ng, o0) for all y € V and suppz C [my, co) for all ze€ Z. By Lemma 3.3, we can choose uy € Z such that
uy is normalized and uj; starts with a constant block of length k. Put x, = (Tlv) Y(uy) € Y. Since x, € V and |lug| =1, it

follows that anu < lxpell < % so the conditions (i)-(iv) are satisfied for (xy).

For each k e N, let x;, =."k|[nk,nkﬂ> and u,/c = U |[my,my,p)- Passing to tails of sequences, if necessary, we may assume that
both (x;() and (ujc) are seminormalized block sequences of (ey).
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Since the non-increasing rearrangement of each uj, starts with a constant block of length k by (iii), the coefficients in u},
converge to zero by Lemma 3.4. Therefore, passing to a subsequence, we may assume by Remark 1.4 that (u;) is equivalent
to the unit vector basis (f,) of £,. Using Theorem 1.2 and passing to a further subsequence, we may also assume that
(xi) ~ (x}) and () ~ (up).

By Proposition 1.8, the sequence (x;<) is dominated by (f). Notice that the condition u, = Tx, implies (x) = (ug).
Therefore, we get the following chain of dominations and equivalences of basic sequences:

(f) = () ~ (i) = (i) ~ (ug) ~ ().

It follows that all the dominations in this chain are, actually, equivalences. In particular, (x;) ~ (ug). Thus, T is an isomor-
phism on the space [x], hence T is not strictly singular. O

Recall that an operator T on a Banach space X is weakly compact if the image of the unit ball of X under T is relatively
weakly compact. Alternatively, T is weakly compact if and only if for every bounded sequence (x;) in X there exists a
subsequence (xn,) of (xn) such that (Txy,) is weakly convergent.

If 1 < p <oo then dy  is reflexive, and, hence, every operator in L(dy, p) is weakly compact. In case p =1 we have the
following.

Theorem 3.6. Let T € L(dy1). Then T is weakly compact if and only if T is strictly singular.

Proof. Suppose that T is strictly singular. We will show that T is weakly compact.

Let (x;) be a bounded sequence in X. By Rosenthal’s £1-theorem, there is a subsequence (xp,) of (x;) such that (x;,) is
either equivalent to the unit vector basis (f;) of £; or is weakly Cauchy. In the latter case, (Txp,) is also weakly Cauchy. If
(Xn,) ~ (fn) then, since T is strictly singular, (Txy,) cannot have subsequences equivalent to (f,). Hence, using Rosenthal’s
theorem one more time and passing to a further subsequence, we may assume that, again, (Txp,) is weakly Cauchy. Since
dw,1 is weakly sequentially complete, the sequence (Txy,) is weakly convergent. It follows that T is weakly compact.

Conversely, let J be the closed ideal of weakly compact operators in L(dy, 1). By the first part of the proof, ] is a
successor of SS(dw,1). Suppose that | # SS(dw,1). By Theorem 3.1, J& C J. This, however, is a contradiction since a
projection onto a copy of £; (which belongs to J¢' by Proposition 2.4) is not weakly compact. O

4. Operators factorable through the formal identity

The operator j: £, — dy, p defined by j(ep) = fy is called the formal identity operator from ¢, to d,, . It follows imme-
diately from the definition of the norm in dy, p that ||j]| =1.

We will denote by the symbol J/ the set of all operators T € L(dw,p) which can be factored as T = AjB where A €
L(dw,p) and B € L(dw,p, £p).

Proposition 4.1. ]/ is an ideal in L(dw,p)-

Proof. It is clear from the definition that the set JJ is closed under both right and left multiplication by operators from
L(dw,p). We have to show that if Ty and T are in ]f then T1 4+ T> is in ]j, as well.

Write T1 = A1jB1, Ty = A2 jBy with Aq, Ay € L(dw,p) and Bq, By € L(dw.p,fp). Let A e L(dwqp @dw’p,dw,p) and B €
L(dw,p, £y ® £p) be defined by

A(x1,%2) = A1x1 + A2xp and Bx = (B1x, Bax).
Define also U : €p — £, @ €p and V :dy p — dw,p ®dw,p by
U((xn)) = ((X2n=1), (x2n)), and  V((xn)) = ((X2n—1), (X21)).

Since the bases of £, and dy , are both unconditional, U and V are bounded.
Now observe that for each x = (x;) € dy,, we can write

AVjU'Bx = AVjU 1 (B1x, BoX) = A(jB1x, jB2X) = A1jB1x+ A2 jBax = T1x + Tox.
This shows that Ty + T, = AVjU™'B with AV € L(dw ) and U™'B € L(dw.p, £p), hence T1 + To € JI. O
As we already mentioned before, the space dy , contains many complemented copies of £,. Consider the operator

jUP e L(dw,p) where P is a projection onto any subspace Y isomorphic to £, and U : Y — £, is an isomorphism onto. It
turns out that the ideal generated by any such operator does not depend on the choice of Y and, in fact, coincides with Ji.

Proposition 4.2. Let Y be a complemented subspace of dy, , isomorphic to £, P € L(dw,p) be a projection with range Y, and U :
Y — ¢, be an isomorphism onto. If T = jUP then Jr = JI.
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Proof. Clearly, J7 C J/. Let S € JJ. Then S = AjB where A € L(dw,p) and B € L(dw,p, £p). It follows that

S=AjB=Aj(UPU")B=AT(U 'B)eJr. O
The next goal is to show that the ideal ]_J “sits” between K(X) and SS(X) A ]TP
Theorem 4.3. The formal identity operator j : £, — dw,p is finitely strictly singular.

Proof. Let ¢ > 0 be arbitrary. Take n € N such that % > wi <eg; such n exists by wy — 0. Since (wy) is also a decreasing
sequence, it follows that w; < & for all i >n.

Let Y C £p be a subspace with dimY >n. By Lemma 3.3, there exists a vector x € Y such that [|x|l¢, =1 and x attains its
sup-norm on at least n coordinates. Denote § = ||x||sup > 0. Then |[|x]|¢, >n'/P3, so § <n~1/P.

Observe that the non-increasing rearrangement x* of x satisfies the condition that x;‘ =4 for all 1 <1 < n. Therefore

o0 n o0
P *p #p p
||]x||dwyp = E X, wi <8P E wi+e E x;© <8Pne + 8||x||€‘7 < 2e.
i=1 i=1 i=n+1

Hence | jx|lg,,, < (28)V/P. O

Corollary 4.4. The following inclusions hold: K(dw.p) C JJ and Ji € SS(dw.p) A J.

Proof. Let Y, P, and U be as in Proposition 4.2. Then jUP € Ji. If x, =U"1f, € dw,p then (x;) is seminormalized and
JjUPxp = en. Hence the sequence (jUPxy) has no convergent subsequences, so that jUP is not compact.
The inclusion J/ € SS(dw,p) A J% is obvious since j is strictly singular. O

Conjecture 4.5. The ideal ]_J is the only immediate successor of K(dw,p).

In [3] and [10] (see also [17]), conditions on the weights w = (wy) are given under which d, , has exactly two non-
equivalent symmetric basic sequences. We will show that the conjecture holds true in this case.

Lemma 4.6. If T € SS(dw,p) \ K(dw,p) then there exists a seminormalized basic sequence (x;) in dw p such that (fn) = (x,) and
(Txy) is weakly null and seminormalized.

Proof. Let (z;) be a bounded sequence in dy p such that (Tz;) has no convergent subsequences. Then (z;) has no con-
vergent subsequences either. Applying Rosenthal’s £;-theorem and passing to a subsequence, we may assume that (z;) is
either equivalent to the unit vector basis of ¢; or is weakly Cauchy.

Case: (zy) is equivalent to the unit vector basis of £1. Since a reflexive space cannot contain a copy of ¢1, we conclude
that p =1, so (z;) ~ (fn). Again, by Rosenthal’s theorem, (Tz,) has a subsequence which is either equivalent to (f;) or is
weakly Cauchy. If (Tz,,) ~ (f) then T is an isomorphism on the space [z,, ], contrary to the assumption that T € SS(dw,p).
Therefore, (Tzp,) is weakly Cauchy. Put x; = z,,, — zy,,_,. Then (x,) is basic and (Tx;) is weakly null. Passing to a further
subsequence of (z;,) we may assume that (Tx,) is seminormalized. Also, (x;) is still equivalent to (fy), hence is dominated
by (fn).

Case: (zp) is weakly Cauchy. Clearly, (Tz,) is also weakly Cauchy. Consider the sequence (uy) in dy, , defined by u, =
Zon — Zan—1. Then both (uy) and (Tu,) are weakly null. Passing to a subsequence of (z;), we may assume that (Tu,) and,
hence, (uy) are seminormalized. Applying Theorem 1.3, we get a subsequence (up,) of (u,) which is basic and equivalent to
a block sequence (v,) of (ey). Denote Xy = uy,,. By Proposition 1.8, (f;) dominates (v;) and, hence, (x¢). O

Theorem 4.7. If dy, , has exactly two non-equivalent symmetric basic sequences, then ﬁ is the only immediate successor of KC(dw,p).

Proof. Let T be a non-compact operator on dyy . It suffices to show that | J C Jr. We may assume that T is strictly singular
because, otherwise, we have Ji C J% C J; by Theorem 3.1.

Let (x,) be a sequence as in Lemma 4.6. Passing to a subsequence and using Theorem 1.3, we may assume that (Tx;)
is basic and equivalent to a block sequence (h;) of (e;) such that Tx, — h, — 0. We claim that (h;) has no subsequences
equivalent to (fy). Indeed, otherwise, for such a subsequence (hy,) of (hy), we would have (fy) ~ (fn,) = (Xn,) = (Txp,) ~
(hny) ~ (fn), s0 (x,) ~ (Txy,), contrary to T € SS(dw,p). By [10, Theorem 19], (h,) has a subsequence which spans a
complemented subspace in dy , and is equivalent to (e). Therefore, by Theorem 1.2, we may assume (by passing to a
further subsequence) that (Tx;) ~ (e;) and [Tx,] is complemented in dyy p.
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We have proved that there exists a sequence (x;) in dy, p such that [Tx;] is complemented in dy, , and

(fn) = (Xn) = (Txg) ~ (en).

Let Ae L(€p,dw,p) and B € L([Txy],dw, p) be defined by Af, =x, and B(Tx;) =e,. Let Q € L(dw,p) be a projection onto
[Txn). Then for all n € N, we obtain: BQ TAf, = BQ Tx, = BTx, = ey. It follows that BQTA=j, so that J{ C Jr. O

In order to prove Conjecture 4.5 without additional conditions on w, it suffices to show that if T € ﬁ \ K(dw,p) then
J3 € Jr. We will prove a weaker statement: if T € JJ \ K(dw,p) then Jicr.

Recall (see [3, p. 148]) that if x = (an) € dw,p then a block sequence (y) of (e,) is called a block of type I generated by x
if it is of the form y, = f’"glﬂ ai_p,e; for all n. A set A Cdy,p will be said to be almost lengthwise bounded if for each
€ > 0 there exists N € N such that ||x*|y )|l < € for all x € A. We will usually use it in the case when A = {x,} for some
sequence (x,) in dy . We need the following result, which is a slight extension of [3, Theorem 3]. We include the proof for
completeness.

Theorem 4.8. Let (x,) be a seminormalized block sequence of (ey) indy .

(i) If (x) is not almost lengthwise bounded then there exists a subsequence (xn,) such that (xp,) ~ (fn).
(ii) If (xn) is almost lengthwise bounded, then there exists a subsequence (x,,) equivalent to a block of type I generated by a vector
u= Zf’i] bie; e dw,p with b; | 0. Moreover, if the sequence (x;) is bounded in £, then u is in Ep.z

Proof. (i) Without loss of generality, ||xp|| <1 for all n € N. By the assumption, there exists ¢ > 0 with the property that for
each k € N, there is n, € N such that ||x,";k|<k,oo)|| > €. Let uy be a restriction of xp, such that uj :x§k|[1,k] and vy = Xp, — Ug.
Clearly, each nonzero entry of uy is greater than or equal to the greatest entry of vj. By Lemma 3.4, the k-th coordinate of

u; is less than or equal to W where s, = Zl 1 wi. It follows that (vi) is a block sequence of (ep) such that & < [|vi|l <

and absolute values of the entrles of vj are all at most w Since limy sy = 400 by the definition of dy, ,, passing to a

subsequence and using Remark 1.4 we may assume that (vk) is equivalent to (f;). By Proposition 1.8, (f;) dominates (xp, ).
Using also Lemma 1.9, we obtain the following diagram:

(fn) = = (Xn,) = (Vi) ~ (fn)-

Hence (x5, ) is equivalent to (f).
(ii) Suppose that x; = fz";LH a;e;j. Clearly, the sequence (a;) is bounded. Without loss of generality, ap,11 > --- >
ap,,, =0 for each n. Put y, = xj;. Using a standard diagonalization argument and passing to a subsequence, we may assume

that (yn) converges coordinate-wise; put b; = lim y,;. It is easy to see that b; > b;y1 for all i. Put u = (b;).
n—oo
Case: the sequence (pn1 — pn) is bounded. Passing to a subsequence, we may assume that N := pp, 11 — pp, iS a constant.

Note that suppu C [1, N] and supp yn, € [1, N] for all k. Put u, = fo’gl

- ”’(
type I generated by u. By compactness, ||xp, — ugll = [|yn, — ull — 0. Therefore, passing to a further subsequence, we have
(Xn,) ~ (ug). Being a vector with finite support, u belongs to £,.

Case: the sequence (pp+1 — pn) is unbounded. We will construct the required subsequence (xn,) and a sequence (Ny)
inductively. Put ny = Ny =1 and let k > 1. Suppose that nq,...,nx_1 and Nq,..., Ny_1 have already been selected. Since
(xn) is almost lengthwise bounded, we can find N > Ni_q such that ||yu|n,,c0)ll < % for all n. Put vy = u|j1 n,. Using
coordinate-wise convergence, we can find ny > ni_q such that ||yn,l1,n,] — Ville, < % and pp, + N < ppyy1- Put uy =

Pnk+Nk X . * __
Zi:Pnk+1 b,,pnke,. Then uj; = v, so that

+1 bi_pnkei, then u =uy and (ux) as a block of

1
1% (P .y +Nik1 — Uklle, = NYmili1.ng — Vidle, < X (1)
and
1
||Xnk |(pnk+Nk,pnk+1] ” = ||J’nk |(N]<,OO) ” < E

It follows that ||xn, — ug|l — 0. Passing to a subsequence, we get (xp,) ~ (Uk).
Next, we show that u € dy p. Since || - [| < || - |l¢,, it follows from (1) that

1
Vil = ) < g i+ 3 < Wl

2 As a sequence space, £y is a subset of dy, p. That is, we can identify £, with Range j. More precisely, we claim here that if (j~"xy) is bounded in £y
then u is in Range j. Being a block sequence of (e), (xn) is contained in Range j.
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Since (x,) is bounded, so is (vi). Since supp vy = Ny — oo, we have u € dy p. For the “moreover” part, we argue in a similar
way. By (1), we have

il +
o ey T

Therefore, if (x;) is bounded in £, then so is (vi), hence uef,. O

”Vk”(Zp < ||uk||£p < ||Xnk|(pnk,pnk+Nk]||£p +

Lemma 4.9. Suppose that (up) is a block of type I in d, p generated by some u = > 2, bie. If b; | 0 and u € £, then (uy) has a
subsequence equivalent to (ey)

Proof. By Corollary 4 of [3], we may assume that the basic sequence (u,) is symmetric. It suffices to show that [uy]
is isomorphic to d, , because all symmetric bases in dy, p are equivalent; see, e.g., Theorem 4 of [3]. Without loss of
generality, ||u]l = 1. Lemma 4 of [3] asserts that [u,] is isomorphic to dy p iff (s,(lu)) ~ (sn), where s, = Y1, wj, s,ﬁ“) =
2?21 bf’(sm —Sni—1)), and (&) ~ (B;) means that there exist positive constants A and B such that Ao, < B < Ba,, for all n.

Let’s verify that this condition is, indeed, satisfied. On one hand, taking only the first term in the definition of s,(lu), we get

s > b¥s,. On the other hand, it follows from w; | that sp; — Sn—1) < sy for every i, hence sy bPs, = ||u||fpsn. ]

Lemma 4.10. Let (xp) be a block sequence of (fy) in £, such that the sequences (x,) and (jx,) are seminormalized in £, and dy p,
respectively. Then there exists a subsequence (xp, ) such that (jxn,) ~ (en).

Proof. Clearly, (x,) ~ (fn). It follows that (jx,;) ~ (f,) because, otherwise, j would be an isomorphism on [x,], which is
impossible because j is strictly singular by Theorem 4.3. Applying Theorem 4.8 to (jx;) and passing to a subsequence, we
may assume that (jx;) ~ (un), where (uy) is a block of type 1 generated by some u =Y 2, bje; such that b; | 0 and u € £p,.
Applying Lemma 4.9 and passing to a subsequence, we get (up) ~ (ep). O

Theorem 4.11.If T € J/ \ K(dw,p) then JJ C Jr.

Proof. Write T = AjB where B :dy p — £p and A :dy , — dy p. Let (x,) be as in Lemma 4.6. The sequence (Bx;) is
bounded, hence we may assume by passing to a subsequence that it converges coordinate-wise. Since (Txy) is weakly null
and seminormalized, it has no convergent subsequences. It follows that, after passing to a subsequence of (x;), we may
assume that (Tz,;) is seminormalized, where z; = X2, — Xop—1. In particular, (z,), (Bzp), and (jBz,) are seminormalized.
Also, (Bz;) converges to zero coordinate-wise. Using Theorem 1.3 and passing to a further subsequence, we may assume
that (Bz,) is equivalent to a block sequence (u,) of (f;) and Bz, — u, — 0. It follows from (f;) = (xp) that (fy) = (zn) =
(Bzn) ~ (up) ~ (fn). In particular, (zn) ~ (fp).

Since Bz, — up, — 0 and (jBz,) is seminormalized, we may assume that the sequence (ju,) is seminormalized. By
Lemma 4.10, passing to a further subsequence, we may assume that (ju,) and, hence, (jBz,) are equivalent to (e;).

Passing to a subsequence and using Theorem 1.3, we may assume that (Tz,) is equivalent to a block sequence (v;) of
(en) such that Tz, — v, — 0. Since T € SS(dw,p), no subsequence of (Tz,) and, therefore, of (v,) is equivalent to (fy). By
Proposition 1.8, (v) = (ep). It follows from (jBz,) ~ (ep) that (e;) = (Tz,), hence (Tz,) ~ (en) ~ (vp).

Write v, = ZIPLELH anpen. By Remark 1.4, a, 4 0. Hence, passing to a subsequence and using [10, Remark 9], we may
assume that [vy] is complemented. By Theorem 1.3, we may assume that [Tz,] is complemented. Let P € L(dy, ) be a
projection onto [Tz,] and U € L(£p,dw,p) and V € L([Tzy],dw,p) be defined by Uf, =z, and VTz, =e,. Then we can write

j=VPTU. Therefore J/ C Jr. O

5. dy,p-Strictly singular operators
The ideals in L(d\,,) we have obtained so far can be arranged into the following diagram.

O}=kKcji—= b rSS J vss—=Ldw,p)

AJTP

(see the Introduction for the notations). In this section, we will characterize the greatest ideal in the algebra L(dw ), that
is, a proper ideal in L(dy ) that contains all other proper ideals in L(dy p).

If X and Y are two Banach spaces, then an operator T € L(X) is called Y-strictly singular if for any subspace Z of X
isomorphic to Y, the restriction T|z is not an isomorphism. The set of all Y-strictly singular operators in L(d, p) will be
denoted by SSy.

According to this notation, the symbol SSg,, , stands for the set of all d,p-strictly singular operators in L(dw,p) (not to
be confused with SS(dw p)).



256 A. Kamirfiska et al. / J. Math. Anal. Appl. 389 (2012) 247-260

Lemma 5.1. Suppose that T € SSgq,, , and (xy) is a basic sequence in d p equivalent to the unit vector basis (en). Then Txp — 0.

Proof. Suppose, by way of contradiction, that Tx, # 0. Then there is a subsequence (x;,) such that (Txp,) is seminormal-
ized. Since (x;) is weakly null (Remark 1.7), we may assume by using Theorem 1.3 and passing to a further subsequence
that (Txy,) is a basic sequence equivalent to a block sequence (zy) of (ey).

By Proposition 1.8, either (z;) has a subsequence equivalent to (fy) or (z) = (en). Since (Tx,,) cannot have subsequences
equivalent to (f;) (this would contradict boundedness of T), the former is impossible. Therefore (zj) 5= (e;). We obtain the
following diagram:

(en) ~ (Xn,) = (Txn,) ~ (2) = (en).
Therefore Ty, | is an isomorphism. This contradicts T being in $Sq,, ,. O

Corollary 5.2. Let T € Sde_p. IfY Cdy,p is a subspace isomorphic to dyy,  then there is a subspace Z C Y such that Z is isomorphic
tody,p and T|z is compact.

Proof. Let (x;) be a basis of Y equivalent to (e;). By Lemma 5.1, Tx;, — 0. There is a subsequence (x; ) of (x;) such

T . . . .
that Z,f; ””%';"“H is convergent. Let Z = [x,,]. It follows that Z is isomorphic to dyw p, and T|z is compact (see, e.g.,

[8, Lemma 5.4.10]). O

Theorem 5.3. The set SSy,, , of all dy p-strictly singular operators in L(dw,p) is the greatest proper ideal in the algebra L(dw,p). In
particular, $Sg,, , is closed.

Proof. First, let us show that SSq,, , is an ideal. Let T € S, ,. If A € L(dw,p) then, trivially, AT € S, ,. If TA ¢ SS4,,,
then there exists a subspace Y of dy, p such that Y and TA(Y) are both isomorphic to dy, . Then Aly is bounded below,
hence A(Y) is isomorphic to dy p. It follows that T is an isomorphism on a copy of dw p, contrary to T € $S4,, - S0, SS4,,,
is closed under two-sided multiplication by bounded operators.

Let T, S € S8, ,- We will show that T + S € S8, ,- Let Y be a subspace of dy,p isomorphic to dy,p. By Corollary 5.2,
there exists a subspace Z of Y such that Z is isomorphic to dy , and T|z is compact. Applying Corollary 5.2 again, we can
find a subspace V of Z such that V is isomorphic to dy , and S|y is compact. Therefore (T + S)|y is compact, so that
(T + )|y is not an isomorphism. So, §Sq,, , is an ideal.

Clearly, the identity operator I does not belong to SSg,, ,, S0 SSq,, , is proper. Let us show that SSg,, , is the greatest
ideal in L(dw,p).

Let T ¢ SSq,, ,- Then there exists a subspace Y of dy,p such that Y and T(Y) are isomorphic to dw p. By [10, Corol-
lary 12], there ex1sts a complemented (in dy, ) subspace Z of T(Y) such that Z is isomorphic to d . Let P € L(dw,p) be a
projection onto Z. Put H = T~1(Z). It follows that H is isomorphic to dy,p.letU:dwp— Hand V:Z— dy p be surjective
isomorphisms. Then S € L(dw,p) defined by S = (VP)TU is an invertible operator. Clearly S € 1, hence Jr = L(X).

The fact that SSq,,, is closed follows from [11, Corollary VIL.2.4]. O

The next theorem provides a convenient characterization of d, p-strictly singular operators.

Lemma 5.4. Let T € L(dw,p) be such that Te, — 0. Suppose that (x,) is a bounded block sequence of (ey) in dy, p such that (x,) is
almost lengthwise bounded. Then Tx,;, — 0.
Proof. Write x, = f;;:ﬁq aje;. Since (x,) is bounded, there is C > 0 such that |a;| < C for all i and n € N. Let & > 0. Find
N € N such that [|x}|[n,00) |l < € for all n € N. Let u, be a restriction of x; such that u}; =x}|1 Ny and v, =X, — uy. It is clear
that [[vall = IIX}|[Nn,00) | < €. Also, ||Tun|| < NC-maxp, +1<i<pny ITeEil-

Pick M € N such that ||Tey| < 5 for all k > M. Then

ITxnll < I Tunll + ITvall < NCN +elTll=e(C+ITI)

for all n such that p, > M. It follows that Tx, — 0. O
Theorem 5.5. An operator T € L(dw,p) is dw, p-strictly singular if and only if Te, — 0.

Proof. Suppose that Te, — 0 but T ¢ SSy,, ,- Then there exists a subspace Y of dy,p such that Y is isomorphic to dy,, and
T|y is an isomorphism. Let (x,) be a basis of Y equivalent to (e;). By Remark 1.7, x, %> 0. Using Theorem 1.3 and passing
to a subsequence, we may assume that (x,) is equivalent to a block sequence (z;) of (e;) such that x, — z, — 0. Since (zy)
is equivalent to (e), it is almost lengthwise bounded by Theorem 4.8. By Lemma 5.4, Tz, — 0. Since x, — z, — 0, we obtain
Tx, — 0. This is a contradiction since (x;) is seminormalized and T|(x,} is an isomorphism.

The converse implication follows from Lemma 5.1. O
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Remark 5.6. In Theorem 5.3 we showed, in particular, that SSy,, , is closed under addition. Alternatively, we could have
deduced this from Theorem 5.5.

Recall that an operator T on a Banach space X is called Dunford-Pettis if for any sequence (x,) in X, X, —> 0 implies
Tx, — 0.If 1 < p < oo then the class of Dunford-Pettis operators on d, , coincides with K(dw,p) because dy, p is reflexive.
For the case p =1 we have the following result.

Theorem 5.7. Let T € L(dw,1). Then T is d\y 1 -strictly singular if and only if T is Dunford-Pettis.

Proof. If T is Dunford-Pettis then T is d,y, j-strictly singular by Theorem 5.5 because (e,) is weakly null.

Conversely, suppose that T is dy 1-strictly singular. Let (x;) be a weakly null sequence. Suppose that (Tx,) does not
converge to zero. Then, passing to a subsequence, we may assume that (x;) is a seminormalized weakly null basic sequence
equivalent to a block sequence (u,) of (es) such that x, — up, — 0. Clearly, (up) is weakly null. In particular, (u;) has no
subsequences equivalent to (f;). By Theorem 4.8, (uy) is almost lengthwise bounded. Hence, by Lemma 5.4, Tu, — 0. It
follows that Tx, — 0, contrary to the choice of (x;). O

6. Strictly singular operators between £, and dyy

We do not know whether the ideals ﬁ SS A ]TP and SS§ are distinct. In this section, we discuss some connections
between these ideals.

Conjecture 6.1. j_f =SSA ]7,1 In particular, every strictly singular operator in L(dw,p) which factors through £,, can be approximated
by operators that factor through j.

The following statement is a refinement of Lemma 1.9. Recall that dy, , is a Banach lattice with respect to the coordinate-
wise order.

Lemma 6.2. Suppose that (x,) and (y,) are seminormalized sequences in d, p such that |xy| > |yn| for alln € N and x, — 0
coordinate-wise. Then there exists an increasing sequence (n) in N such that (xn,) and (yy,) are basic and (x,) = (Yn,)-

Proof. Clearly, y; — O coordinate-wise. By Theorem 1.3, we can find a sequence () and two block sequences (uy) and
(vi) of (ey) such that (xn,) and (yp,) are basic, (xp,) ~ (Uk), (¥n,) ~ (Vk), Xn, — g — 0, yn, — vk — 0, and for each k e N,
the vector uy (vy, respectively) is a restriction of (x,,) (of (yy,), respectively).

For each k e N, define hy e dw p by putting its i-th coordinate to be equal to hy(i) = sign(vk(i)) - (Jug(@)| A [v(D)]). Then
(hr) is a block sequence of (e;) such that |hy| < |ug|. A straightforward verification shows that [hy — vi| < |ug — Xp,|. It
follows that h, — vi — 0. By Theorem 1.2, passing to a subsequence, we may assume that (hy) is basic and (hy) ~ (vi). By
Lemma 1.9, (uy) = (hy). Hence (xn,) = (yp,). O

The next lemma is a version of Theorem 4.8 for the case (x,) is an arbitrary bounded sequence.

Lemma 6.3. If the bounded sequence (x,) in dy, p is not almost lengthwise bounded, then there is a subsequence (xy,) such that
(Xny, — Xny,_,) is equivalent to the unit vector basis (fn) of £p.

Proof. We can assume without loss of generality that no subsequence of (x;) is equivalent to the unit vector basis of ¢;.
Indeed, if (x,,) is equivalent to the unit vector basis of £1 then p = 1. It follows that (x,) is equivalent to (f,) and hence
(Xny, — Xny,_,) is equivalent to (fy), as well.

Without loss of generality, sup, ||| = 1. Since (x,) is not almost lengthwise bounded, there exists ¢ > 0 such that

YVNeNIneN |xilnoo| >c. (2)

Let % > & | 0. We will inductively construct increasing sequences (1) and (Ny) in N and a sequence (yy) in dy p such
that the following conditions are satisfied for each k:

() X [(Nsr .00 | < Eks
(ii) yy is supported on [Ny, Niyq);
(iii) yi is a restriction of xy, ;
(iv) llyell > 53
V) 1kl < s;,kl/p where sy is as in Lemma 3.4.
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For k =1, we put Ny =1, and define n; to be the first number n such that ||x;|| > c¢; such an n exists by (2). Pick N, ¢ N
such that [|xn, [[Ny,00) | < €1. Put y1 = Xn, [[Ng,Ny)- It follows that 1> ||y1]l > ¢ — &1 > 5, and the coordinates of y; are all at

2 ’
most 1 (= s;”p ), hence all the conditions (i)-(v) are satisfied for k = 1.

Suppose that appropriate sequences (ni)le, (N,‘):»(il], and (y,~)§?:1 have been constructed. Use (2) to find ng4q such

that ||x,*;k+1 [2Ny11,00) I > €. Let z be the vector obtained from xp, ., by replacing its N, largest (in absolute value) en-
tries with zeros. Then ||z|(ny, .00l = 12* [Ny q.00) | = ||x,*;k“
that [|Xn, [[Ne .00 | < &kt It follows that [z, ,.00)ll < Ekt1. PUt Vi1 = ZI[Nyy 1. Niyo)- TheD [[Yiq1ll > ¢ — &xq1 > 5, and
the inductive construction is complete.

The sequence (yy) constructed above is a seminormalized block sequence of (e;) such that the coordinates of (yy)
converge to zero by condition (v). Using Remark 1.4 and passing to a subsequence, we may assume that (yj) is equivalent
to the unit vector basis (f;) of £;.

Since (x;) contains no subsequences equivalent to the unit vector basis of £;, using Rosenthal’s ¢;-theorem and pass-
ing to a further subsequence, we may assume that (x; ) is weakly Cauchy. For all m > k € N, we have: [|Xn,|[Ny,,00) [ <
1% | [Ne1.00) || < k. Therefore [|xp,, — X | = | Xn — %) [ Nm.00) | = 1 Xy [(Naoo) | = &k = 1 Ymll — &k = § — &k > §. It follows
that the sequence (uy) defined by uy = Xu,, — Xn,, , is seminormalized and weakly null. Passing to a subsequence of (x,),
we may assume that (uy) is equivalent to a block sequence of (e;). By Proposition 1.8, (fy) = (ug).

Let Vi = Xny, — (KXny_; [1,N90)- Then [lug — viell = [1Xny,_; l[Nyy.00) | < E2k—1 — 0. By Theorem 1.2, passing to a subsequence
of (xn,), we may assume that (vy) is basic and (vy) ~ (ui). Also, (vi) is weakly null. Note that |yy| < |vi| for all k e N,
since supp Yok < [Nok, Nok+1), so that yy is a restriction of vi. By Lemma 6.2, passing to a subsequence, we may assume
that (vg) >= (y2r). Therefore we obtain the following diagram:

(fi) = () ~ (Vi) 2= (Yar) ~ (far) ~ (o).

It follows that (uy) is equivalent to (f). O

-1
[2Ngy1,00) I > €. By Lemma 3.4, [|z]co < stﬁ. Choose Niyp such

Corollary 6.4.If T € SS(€p, d\y,p) then the sequence (T fy) is almost lengthwise bounded.

Proof. Suppose that (T f;) is not almost lengthwise bounded. By Lemma 6.3, there is a subsequence (fy,) such that (T fy,, —
Tfny._,) is equivalent to (fy). It follows that T|f, _r, ~is an isomorphism. O

Remark 6.5. If we view T as an infinite matrix, the vectors (T f;) represent its columns.

Theorem 6.6.If T € L({1, d 1) is such that the sequence (T fy) is almost lengthwise bounded, then for any € > 0 there exists S € L(£1)
such that ||T — jS|| < &, where j € L(¢1,dw.1) is the formal identity operator.

Proof. Let ¢ > 0 be fixed. Find N € N such that [|(Tfn)*|[n,00) |l < € for all n. Let z; € dy, 1 be the vector obtained from T f;,
by keeping its largest N coordinates and replacing the rest of the coordinates with zeros.

Define S: ¢y — dw 1 by Sfn = zy. Note that ||T — S|| = sup, [[(T —S) full = sup, IITfn — zn|l < &; in particular, S is bounded.
Let F =span{eq,...,en}. Since dim F < oo, there exists C > 0 such that

1
EIIXIIz1 < xlldy, 1 < Clixlle,

for all x € F. Observe that for each n € N, the non-increasing rearrangement (Sf,)* is in F. Therefore, for all n € N, we have
ISfalley = [ Sf* N, < ClSf* Ny, , = CUSfalla,,, <CISI.

It follows that the operator S : £; — £; defined by S f, = Sf, belongs to L(£1). Obviously, S = jS. So, |T — jS|| <&. O

The next corollary follows immediately from Theorem 6.6 and Corollary 6.4. This corollary can be considered as a support
for Conjecture 6.1.

Corollary 6.7. SS(£1, d.1) is contained in the closure of {jS: S € L(¢1,dw.1)}.
Question. Does Corollary 6.7 remain valid for p > 1?
The following fact is standard, we include its proof for convenience of the reader.

Proposition 6.8. If X is a Banach space then SS(X, £1) = K(X, £1).
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Proof. Let T ¢ IC(X, ¢1). Pick a bounded sequence (x,) in X such that (Tx,) has no convergent subsequences. By Schur’s
theorem, (Tx;) and, therefore, (x,) have no weakly Cauchy subsequences. Applying Rosenthal’s ¢1-theorem twice, we find
a subsequence (xp,) such that (x;) and (Tx,,) are both equivalent to the unit vector basis of £;. It follows that T is not
strictly singular. O

Propeosition 6.9. For all p € [1,00), SS(dw,p, £p) = K([@dw,p, Lp).

Proof. By Proposition 6.8, we only have to consider the case p > 1. Let T ¢ KC(X, £,). Pick a bounded sequence (x;) in X
such that (Tx;) has no convergent subsequences. Since d,, , contains no copies of £1, by Rosenthal’s £1-theorem we may
assume that (x;) is weakly Cauchy. Passing to a further subsequence, we may assume that the sequence (Ty,), where
Yn = X2n — Xan—1, is seminormalized. It follows that (y,) is also seminormalized. Also, (y,) and, therefore, (Ty,) are weakly
null. Passing to a subsequence of (x;), we may assume that (y,) and (Ty;,) are both basic, equivalent to block sequences of
(en) and (fy), respectively. By [3, Proposition 5] and [17, Proposition 2.a.1], (fn) = (yn) and (fy) ~ (Tyn). So, we obtain the
diagram

(fn) = (Yn) 2= (Tyn) ~ (fn).
Hence [yy] is isomorphic to [Ty;,], so that T is not strictly singular. O

The following lemma is standard.
Lemma 6.10. Let X be a Banach space. Every seminormalized basic sequence in X is dominated by the unit vector basis of ¢1.

Lemma 6.11. Let (x,) and (y,) be two sequences in a Banach space X such that (xy) is equivalent to the unit vector basis of £1 and
(yn) is convergent. Then the sequence (z,) defined by z, = xp + yn has a subsequence equivalent to the unit vector basis of £1.

Proof. Observe that (z;) cannot have weakly Cauchy subsequences since (x,) does not have such subsequences. Since (zy)
is bounded, the result follows from Rosenthal’s £;-theorem. O

Recall that an operator A between two Banach lattices X and Y is called pesitive if x > 0 entails Tx > 0.
Conjecture 6.1 asserts, in particular, that if T € S5(dw,p) and T = AB for some A:dy , — £, and B :{, — d\y , then

T € JJ. In the next theorem, we prove this under the additional assumptions that p =1 and both A and B are positive.

Theorem 6.12. Let T € SS(dw,1) be such that T = AB, where A € L(¢1,dw 1), B € L(dw 1, ¢1), and both A and B are positive. Then
Te i

Proof. Define a sequence (Ay) of operators in L(¢1,dy, 1) by the following procedure. For each n € N, let Ay f, be obtained
from Af, by keeping the largest N coordinates and replacing the rest of the coordinates with zeros. Since Af, > 0 for all
n €N, this defines a positive operator £1 — dy 1. Also, ||An fall < I|Afall < ||A]l for all n € N, hence ||[An|| < [|A]l.

Define Ay = A— Ay. It is clear that 0 < A} fn < Afy for all n e N, hence Ay, >0 and || A} |l < ||A]l. We claim that A} — 0
in the strong operator topology (SOT). Indeed, since A}, f, is obtained from Af, by removing the largest N coordinates, the
elements of the matrix of A} are all smaller than ”si,\,” by Lemma 3.4. In particular, if 0 < x € £1, then Ayx | 0; it follows
that ||Ayx|| — 0 because dy,1 has order continuous norm (see Remark 1.5). If x € £1 is arbitrary then [|Ayx|| < ||Ay[x|| = 0.

We will show that ||A\B|| - 0 as N — oo, so that |AB — AyB|| — 0 as N — oo. Since (A fy)s2; is almost lengthwise
bounded (in fact, the vectors in the sequence (Ay fp)q2; all have at most N nonzero entries), the theorem will follow from
Theorem 6.6.

Assume, by way of contradiction, that there are ¢ > 0 and a sequence (Ni) in N such that HA}V’(BH > c. Then there exists
a normalized positive sequence (i) in dy, p such that ||A’Nkak|| > c. By Rosenthal’s ¢1-theorem, we may assume that (xy)
is either weakly Cauchy or equivalent to (f).

Assume that (x) is weakly Cauchy. Then (Bxy) is weakly Cauchy. Since (Bxy) is a sequence in £1, it must converge to
some z € £1 by the Schur property. Then ||A;\,ka,< - A;sz|| < ||A§\,k |l - IBxx — z|| < ||A|l - || Bxg — z|| — 0. Since A;Vk — 0 in SOT,
it follows that A}Vk Bx, — 0, contrary to the assumption. Therefore (x;) must be equivalent to (fy).

IAll
SN

ﬂ';;” IIB]| — 0. Hence, passing to a subsequence, we may assume that (A;\,kak) is equivalent to a block sequence (uy) of (e;)
k

Since the entries of the matrix of A} are all less than , the coordinates of the vector Ay, Bx, are all less than

such that each uy is a restriction of A;Vk Bxy. In particular, the coordinates of (uy) converge to zero. Passing to a further
subsequence, we may assume by Remark 1.4 that (A’Nkak) ~ (fn).

The sequence (Txy) cannot have subsequences equivalent to (f,) since T is strictly singular. Therefore, by Rosenthal’s
£1-theorem, we may assume that (Tx) is weakly Cauchy. Since d 1 is weakly sequentially complete (Remark 1.5), the
sequence (Txy) weakly converges to a vector y €dy 1. Since the positive cone in a Banach lattice is weakly closed, y > 0.
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Note that Tx, > A;Vkak > uy, > 0 for every k. Since (uy) is a seminormalized block sequence of (ey), it follows that (Txy)
is not norm convergent. Write Tx, = y + hy; then (hy) converges to zero weakly but not in norm. Therefore, passing to a
subsequence, we may assume that (hy) is seminormalized and basic (but not, necessarily, positive).

Let 1, = A}Vkak — (Aj\,k Bxx A y) >0, k € N. Observe that A;Vk Bxy Ay €[0,y] for all k. Since dy, 1 has order contin-
uous norm and the order in dy, ; is defined by a 1-unconditional basis, order intervals in dy 1 are compact (see, e.g.,
[24, Theorem 6.1]). Therefore, passing to a subsequence of (x;,), we may assume that (A;Vk Bxx A y) is convergent, hence,
passing to a further subsequence, (ry) is equivalent to (f;) by Lemma 6.11 and Theorem 1.2.

It follows from y + hy > A;Vkak > 0 that |hy| > 1y for all k. Passing to a subsequence, we may assume by Lemma 6.2 that
(hy) %= (rg) ~ (fn). By Lemma 6.10, in fact (hy) ~ (fn), and, hence, by Lemma 6.11, (ABxy) ~ (fn). Since also (x¢) ~ (fy), this
contradicts to T=AB € SS(dw.1). O
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