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a b s t r a c t

Let G be a simple connected graph with maximum degree d, and let tG denote the graph
obtained from G by replacing each edge with t parallel edges. Vizing’s Theorem says that
td ≤ χ ′(tG) ≤ td+ t . When t = 1, i.e., when tG is a simple graph, Holyer proved that it is
NP-hard to decide if χ ′(tG) = td+ t or not. Here we show, using a recent result of Scheide,
that when t > d/2 it is not NP-hard to answer this question, and in fact

χ ′(tG) = td+ t if and only if G = Kd+1 and d is even.

This characterization is best possible in the sense that for any pair of positive integers t
and d with t ≤ d/2, there exist non-complete simple connected graphs G with maximum
degree d and χ ′(tG) = td+ t .

© 2010 Elsevier B.V. All rights reserved.

Amultiple of a simple graph G is a multigraph obtained from G by replacing every edge with the same number of parallel
edges. If each edge is replaced by t parallel edges, then we call the resulting multigraph tG. Note that if G has maximum
degree d, then tG has maximum degree td. So, the chromatic index χ ′ of tG (the minimum number of colours needed to
colour the edges of tG such that adjacent edges receive different colours), is at least td. Vizing’s Theorem [9] tells us that in
fact,

td ≤ χ ′(tG) ≤ td+ t.
When t = 1, i.e., when tG is a simple graph, Holyer [2] proved that it is NP-hard to decide if χ ′(tG) = td + t or not.
Here we show that when t > d/2 it is not NP-hard to answer this question, and in fact we provide the following simple
characterization.

Theorem 1. If G is a simple connected graph, and t is an integer with t > d/2, then χ ′(tG) = td + t if and only if G = Kd+1
and d is even.

Theorem 1 is a strengthening of a conjecture made by the present author in [5], and it is in some sense best possible.
That is, for any pair of positive integers t and d with t ≤ d/2, there exist non-complete simple connected graphs G with
maximum degree d and χ ′(tG) = td + t . Following our proof of Theorem 1, we shall provide explicit examples of such
multigraphs.
It is easy to see that multiples of odd cliques really do achieve Vizing’s upper bound, i.e.,
χ ′(tKd+1) = td+ t

for any t and any even d. The fact that d + 1 is odd implies that the maximum size of a colour class in tKd+1 is d/2. Since
tKd+1 has td(d+ 1)/2 edges, this tells us that

χ ′(tKd+1) ≥
⌈
td(d+ 1)/2
d/2

⌉
= td+ t.
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By Vizing’s Theorem, we have our desired equality.
This method of attaining a lower bound for the chromatic index can be generalized. That is, for any multigraph G,

χ ′(G) ≥ dρ(G)e,

where

ρ(G) = max
{
2|E[S]|
|S| − 1

: S ⊆ V (G), |S| ≥ 3 and odd
}
.

The famous Goldberg–Seymour Conjecture ([8,1], see also [3]) asserts that

χ ′(G) ≤ max {dρ(G)e,∆(G)+ 1} ,

where∆(G) denotes themaximumdegree ofG. TheGoldberg–Seymour Conjecture is a remarkable generalization of Vizing’s
Theorem for simple graphs. The conjecture is far from being established, but there are a number of results towards it. For
example, Marcotte [4] has shown that the conjecture holds for all multigraphs with no K−5 (K5 less one edge) minor, and
recently, Scheide [7] (see also [6]) has proved that

χ ′(G) ≤ max
{
dρ(G)e, ∆(G)+

√
(∆(G)− 1)/2

}
. (1)

As we shall see, this result of Scheide is just what we need to prove Theorem 1.

Proof (Theorem 1). We have already seen that multiples of odd cliques do achieve Vizing’s upper bound; we now show
that equality holds only for these graphs. To this end, let G be a simple connected graph with maximum degree d and
χ ′(tG) = td+ t for some integer t greater than d/2. Since t >

√
(td− 1)/2 and G has maximum degree td, Scheide’s bound

of (1) implies that χ ′(tG) ≤ dρ(tG)e. However dρ(tG)e is also a lower bound for the chromatic index, so equality holds.
The equality dρ(tG)e = td+ t implies, by the definition of ρ, that there exists a set S ⊆ V (G), with |S| ≥ 3 and odd, such

that
⌈
2|E(tG[S])|
|S|−1

⌉
= td+ t . This equation is equivalent to the following, withm denoting |E(G[S])|:

td+ t − 1 <
2tm
|S| − 1

. (2)

Sincem ≤ |S|(|S|−1)2 , line (2) implies that t|S| > td+ t − 1, and hence that |S| > d+ 1− 1/t . On the other hand, since G is
regular, we have m ≤ d|S|/2, and so (2) yields |S|(t − 1) < td + t − 1. Since both sides of this inequality are integers, we
can rearrange to get

|S|(t − 1) ≤ (t − 1)(d+ 1)+ d− 1. (3)

Note that we may assume t ≥ 2, as otherwise d = 1 and our characterization holds trivially. Hence from (3) we obtain
|S| < d+ 1+ d−1

t−1 . By invoking d ≤ 2t − 1, we find that |S| ≤ d+ 1+
2t−2
t−1 = d+ 3, with equality only when d = 2t − 1.

However, d+ 3 is even when d = 2t − 1, while |S| is always odd. We conclude that |S| ∈ {d+ 1, d+ 2}.
If |S| = d+ 2, then d is odd. Multiplying (2) by (d+ 1)/t yields

(d+ 1)d+ (d+ 1)− (d+ 1)/t < 2m. (4)

Since t ≥ d+1
2 , we have

( d+1
t

)
≤ 2, and hence line (4) implies that 2m > (d+ 2)d− 1. We conclude that G[S] is a d-regular

graph on (d+ 2) vertices, which is not possible when d is odd.
We may now assume that |S| = d+ 1. This implies that d is even, and that (2) can be rewritten as d(d+ 1)− d/t < 2m.

Since d < 2t and d(d + 1) is even, we obtain 2m = d(d + 1). Since G is connected, we conclude that G[S] = Kd+1 = G, as
desired. �

We now show that the inequality in Theorem 1 is sharp. That is, we show that when t ≤ d/2, the characterization does
not hold. To this end, we provide two classes of examples—one class of graphs where maximum degree is even, and one
class of graphs where maximum degree is odd. In what follows, G denotes the complement of a simple graph G, that is, the
simple graph with vertex set V (G)where two vertices are adjacent if and only if they are not adjacent in G.

Proposition 2. Let t be any positive integer, and let d be any even integer such that d ≥ 2t. If G is a 2-regular graph on d + 3
vertices, then the maximum degree of G is d and χ ′(tG) = td+ t.

Proof. Since G is 2-regular and |V (G)| = d+ 3, G is d-regular and |E(G)| = d(d+ 3)/2. As |V (G)| = d+ 3 is odd, we obtain

χ ′(tG) ≥ dρ(tG)e ≥
⌈
2t[d(d+ 3)/2]

d+ 2

⌉
=

⌈
td2 + 3td
d+ 2

⌉
= td+

⌈
td
d+ 2

⌉
= td+

⌈
t −

2t
d+ 2

⌉
.

Since d ≥ 2t , this implies that χ ′(tG) ≥ td+ t , and hence Vizing’s Theorem gives our desired equality. �
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Proposition 3. Let t be any positive integer, and let d be any odd integer such that d ≥ 2t + 1. Let G be the simple graph with
d+ 2 vertices obtained from a 1-regular graph with d+ 1 vertices by adding one edge incident to the remaining vertex. Then the
maximum degree of G is d and χ ′(tG) = td+ t.

Proof. Note that |V (G)| = d+ 2 and that every vertex in G has degree exactly d, except for one vertex of degree d− 1. This
implies that |E(G)| = (d(d+ 2)− 1)/2. As |V (G)| = d+ 2 is odd, we obtain

χ ′(tG) ≥ dρ(tG)e ≥
⌈
2t[(d(d+ 2)− 1)/2]

d+ 1

⌉
=

⌈
td2 + 2td− t
d+ 1

⌉
= td+

⌈
td− t
d+ 1

⌉
= td+

⌈
t −

2t
d+ 1

⌉
.

Since d ≥ 2t + 1, this implies that χ ′(tG) ≥ td+ t , and hence Vizing’s Theorem gives our desired equality. �

Together, Theorem 1 and Propositions 2 and 3 provide a threshold for multiples of simple graphs achieving Vizing’s
Theorem. For any pair of positive integers t, dwith t > d

2 , the t-multiple of a simple graph G (where G hasmaximum degree
d) achieves Vizing’s upper bound if and only if G is an odd clique. On the other hand, for every pair of positive integers t, d
with t ≤ d

2 , there exists a simple graph Gwithmaximum degree d, which is not an odd clique, such that tG achieves Vizing’s
upper bound.
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