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ABSTRACT

Information measures A, (entropies, divergences, inaccuracies, information im-
provements, etc.), depending upon n probability distributions which we unite into a
vector distribution, are recursive of type u if

A (D1:P2: P35 sPm) = B 1(PL+ P2y D35 D)

P1 P2 )
P1+tpe P1H Py

+u(p1+p2)A2(

If also a similar equation holds with three instead of two distinguished vectors, then p
has to be multiplicative, except if all A,, are identically 0. The information measure is
semisymmetric if A ;(p;, P, P3) = A5(P1, P3» P2)- We determine all semisymmetric (in
particular, symmetric) recursive information measures of multiplicative type, allowing
first only positive probabilities. Previously the cases n < 3 have been examined mainly
for p(t)=p(7, 79, .., Ty) = 11752+ - - 7.2», and some probabilities were allowed to be
0. This has made the proofs easier. But permitting certain probabilities to be 0 would
exclude most information measures important for applications, so the description of
appropriate domains became complicated. However, we show how the measures
which we determine here can be extended to the “old” domains and to more general
ones.

1. HISTORY, MOTIVATION, TERMINOLOGY

Entropies, deviations (directed divergences, inaccuracies, etc.) and infor-
mation improvements (generalized directed divergences) depend on one, two,
LINEAR ALGEBRA AND ITS APPLICATIONS 52/53:1-30 (1983) 1
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2 J. ACZEL AND C. T. NG

or three (for our purposes finite, discrete) probability distributions, respec-
tively [6]. Some efforts have also been made recently to deal with information
measures depending upon more than three probability distributions ([14],
[35], etc.). We will deal here with information measures depending upon an
arbitrary number n of finite probability distributions, each containing, say, m
probabilities, the same m for each distribution (since they are approximations,
estimates of each other, or in other ways connected). We will unite the
corresponding probabilities in the n distributions into n-dimensional vectors,
which we denote by Latin letters. So all lower case Latin letters, even with
subscripts, will stand for vectors, except i, § k,m,n etc. denoting natural
numbers. Sets of vectors will be denoted by Latin capitals. Scalars (real
numbers) will be denoted by Greek characters.

The purpose of this paper is to determine all such information measures
satisfying certain natural conditions.

The class of information measures which were most thoroughly investi-
gated are the symmetric recursive ones. (It seems that Faddeev [11] was the
first to apply recursivity for characterization of an information measure; cf.
[6]). Recursivity means [p;= (mg, mjs,..., 7))

Am(pl’ Pz: p3""’pm)

Py Py )

=A__ + Poy Payeees +(m, + A( ,
m 1(1’1 P2 P3 Pm) ( 11 21) 2 P+ Dy P+ Pg

(m=3,4,...). (1)

(The operations on vectors—here additions and divisions, and later also
subtractions and multiplications—are done componentwise.) If the probabili-
ties belong to events, then (1) describes how the measure of information
changes if an event is split into two. Recursivity is also connected to the
Huffman coding procedure. It is even more natural to suppose that the A, ’s
are symmetric. For our purposes, it will be sufficient most of the time to
suppose that they are semisymmetric, that is,

As(Pl’pz’P3)=As(Pl’pSapz)- (2)
If also

Ag(p1s pgs P3) = Ag(pg. P1. D3), 3)

then the information measure is symmetric. Examples of symmetric recursive
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information measures are the Shannon entropy

- X mlog m, (4)
k=1
the Kullback directed divergence
Z T IOg ﬂ > (5)
k=1 Ok

and the Theil information improvement

Y. mlog P (6)
k=1 Ok

We did not specify till now the domains of the A, and of the equations
(1), (2), (3). As n complete probability distributions, (p,, py;...,p,,) should
satisfy

pr+pe+ o +p, =1 p20 (j=12,...,m),

the additions (as before) and inequalities being meant componentwise, and
0,1 standing for (0,0,...,0) and (1,1,...,1), respectively. However, the exam-
ples (4) and, even more, (5) and (6) show that some caution has to be
exercised with O probabilities, because these expressions are not defined if
some 7 or p, or o, are 0. The definition

0Olog0: =0

takes care of this problem for (4), and also for (5) if =, = 0 was the problem.
But how about 0; = 0 in (5), and p; = 0 or o, = 0 or both in (6) (in particular
if 7 =0 for the same k)? In fact, if such values were permitted in the
suppositions, these important information measures would be excluded from
our characterizations.

One way of getting around this difficulty is to require that, whenever o, or
py or both are zero for a given k, then m should be zero too for that k
[6, 13-17, 19, 20, 33, 36]. This leads to pretty complicated domains (cf. [7]).
We get simpler domains (but potentially more difficult proofs) if we just
exclude zero probabilities, except for the first distribution (7). In the case
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n = 2, this program has been carried out completely in [2, 4, 7, 8], both for (1)
[and (2)] and for the measures of degree a which we will mention below. In
the present paper, we completely eliminate zero probabilities (supposing even
7+ 0) and determine on this more difficult domain all semisymmetric
recursive information measures depending upon n probability distributions
(not just for n < 3), along with the generalizations to be outlined in the next
paragraph. This has been done before only for n =1 (cf. [6, 9, 28]). We will
show also how to derive from our results those on the previously handled
domains.

As mentioned, we deal also with a rather wide range of generalizations: In
[12] (cf. {9, 6]) a generalized recursivity has been introduced for n =1, first
called [9] of type a and later [6] of degree a (because “type” sounded too
general). Subsequently (see [6, 18, 21, 23, 32, 34] and the survey [36]) this has
been investigated also for n =2 and n = 3. An information measure (A} is
recursive of degree a = (ay, ay,...,qa,) if

Am(pl, Pz, p3’---3pm)= Am—l(p1+ Pza p39---:pm)

a pl p2
+ + A ( ,———), 7
(7’1 Pz) 2 Pt Py PLtPe ( )

where
x8 = (51’ gz’.“’En)(al-uz---w“n): = gillggz. . gzn_

As a further generalization, we now consider
B (P1sPos D3 sPm) = B iDL+ P2y D3, P)
P P2
+ + A( ———)
AU Py
(m=3,4,...). (8)

We call the {(A,,} satisfying this relation recursive of type p, thus approaching
the original name. As (7) shows, the case where p is multiplicative, that is,

r(pq) =n(p)u(q). (9)

is of particular importance. We call (8) with such p recursivity of multiplica-
tive type. Symmetric recursive entropies of multiplicative type have been
examined in [22, 24, 31, 35] for n=1,2,3 and for the domains containing
some zero probabilities. In this paper, we will first (Sections 2 and 3)
determine all semisymmetric recursive entropies of multiplicative type for all
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dimensions n on the open domain described by

p]_—'l, p]>0 (j=1a2"",m)’ (10)
1

m
i=
and then (Section 4) also on the older domains allowing some zero probabili-
ties, which we have described above.

An advantage of considering (8) rather than (7) is the possibility of
extension to more general fields than the reals. We don’t elaborate on this,
since we see no applications yet.

We can also give another explanation why it is natural to assume that p in
(8) is multiplicative (9): Let us suppose that, in addition to (8), the similar
equation (cf. e.g. [6, p. 62], [35])

8, (P Pos P3s Py s D)

=Am—2(pl+ p2+p3, p4,---,Pm)

P Po P3
Prt Pt ps PPt Py PPt

+ M(pl +pt Ps)As

holds, at least for m = 4. This and (8) imply

A lpa(1—r), pgr,p(1-q),1-p]
=A0y(p,1-p)+u(p)As[q(1-1).qr,1-4q]
=Ay(p,1-p)+u(p)As(q,1—q)+p(p)p(q)A,(1—r,r).

On the other hand, two more applications of (8) give

Aylpg(1—7), pgr,p(1-q),1-p]
=A3[pq, p(1-q),1-p]+p(pg)A,(1—r,7)
=Ay(p,1-p)+u(p)As(q.1- ) +p(pg)As(1—r1,7).

Thus comparison indeed yields p(pg) = u(p)p(q), that is (9), if Ay(1—r,r)=
0. [If Ay(1—r,r)=0, then, by (8), all A, are O whether p is multiplicative or
not.]

In Section 2 the case where the multiplicative p is not additive [p(p + q)
#=u(p)+p(q) (p,q,p+q<10,1[")] is settled with an argument analogous
to one applied in linear algebra in order to establish the connection between
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bilinear and quadratic forms. In Section 3 we prove for the remaining case
where p is both additive and multiplicative that it is linear too. Therefore, and
because of the multiplicativity, Equation (1) and the similar ones obtained by
permuting the components are the only recursive equations left. They will
then be solved completely.

A preliminary announcement of some of these results is contained in
[3, 29].

2. MULTIPLICATIVE NONADDITIVE TYPES

We first derive a functional equation with a single unknown function
(rather than the sequence {A,,}) from (2) and (8) on (10). We introduce this
function ¢: I — R by the definition

$(q):=08,(1-q,9) (q€I), (11)
where
1:=]o,1[". (12)
We use (8) for m =3 and (2):

P Ps
Ay(py + Py, p) + 1(py + py)A ( ——-)
2(1’1 Pe Ps) #(Pl Pz) 2 Pi+ Py DL+ Do

= As(pp P2 Pa)

P P3 )

= Ag(p1> B3 12) = Ao(py + P3. py) + +A( ’
3(P1s P3, o) = Ba(py + p3, o) + (D) + p3) A, prtp3 Pt

and obtain, with (11) and with x = p;, y = p,,

s +u1-0e( ) e +u-ne( ) 1)
for all (x,y) < D, where
D:={(x,y)lx,y,x+y<l) (14)

[remember that p,=1-x—y€I, cf. (12)]. We call functions ¢: I - R
which satisfy (13) on (14) n-dimensional information functions of type p. As
mentioned before, the multiplicativity (9) is also supposed for p, g € I, so we
are dealing with n-dimensional information functions of multiplicative type.
The {A,) can be determined from ¢ with the aid of (11) and (8).



MULTIPLICATIVE TYPE RECURSIVE n-INFORMATION 7

In order to solve (13) in the case where p is multiplicative but not
additive, we prove the following.

LemMa 1. If ¢ satisfies (13) on (14) and p satisfies (9) for all p,q € 1,
then the function ¥: D — R, defined by

¥(x,y) = o(x)+u(1-2)o( 7Lz )-9(x+y)  [(x.9)eD], (15)

satisfies
¥(x,y)=¥(y,x), (16)
Y(x,y)+¥(x+y,2)=¥(x,y+2)+¥(y, 2), (17)
and
Y(tx, ty) = p(t)¥(x,y) - (18)

whenever x,y, z,x +y+ z,t €L

Proof. In view of (15), Equation (16) is the same as (13).
We prove (17) and (18) by using (15) and the multiplicativity (9)
repeatedly:

Y(x,y)+¥(x+y,z)

o) +u1-2)0( ) - o(x +u)+a(x +0)

z
l-x-y

2 o(x)+u(l- x)[qb( - x)“‘(l‘ 1zx)¢( 1f/y(/l(zj)x) )}

+u(1-x-y)¢( )—¢(x+y+Z)

—¢o(x+y+z)

Do) +u-n| ¥ 5 )+ o L2 - slxy+ 2)

—x’1—x

(15)
=‘I’(x,y+z)+p,(l—x)‘l'(1!_lx,l_z_x). (19)

By the symmetry (16) of ¥, the left-hand side is symmetric in x and y while
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the right-hand side is symmetric in y and z. Hence both sides are symmetric
in x, y, z. This symmetry yields (17), while comparison of the right-hand sides
of (17) and (19) gives

¥y, 2)=p(- 0¥ 1 125 ):

which is (18) after renaming the variables. ]
It is easy to see that p, being multiplicative (9), is identically zero on I
[cf. (12)), if it is zero for one q, € I. Indeed, then
p(pg)=0 forall pel; (20)
in particular,

w(x)=0 if xisclose enough to 0. (21)

For each q € I, we will have g* as close to 0 as we want to by choosing a
large k. Then, by (21) and (9), 0 = u(g*)=u(q)*, so u(g)=0 on I. Since
g = 0 is both multiplicative and additive, we relegate this case to Section 3
and suppose here that p is nowhere zero on I.

Now we can extend first g to P: = ]0,00[" and then ¥ to P? with their
properties (9), (16), (17), and (18) intact. All t € P can be written as t = p/q
with p, g € I. We define

)

n(t)=ﬁ(§):=‘;—§§—) (p.qcl) (22)

[since p(g)=0]. Because of (9), g is unambiguously defined and is an
extension of p satisfying (9) (cf. _[5]):

E(st)=p(s)a(t) (s,t€P). (23)

Again, [ is nowhere 0 on P.
The extension of ¥ to P2 is done by the definition

T’(x,y)=—l—‘lf(sx,sy), where (sx,sy)eD, sl (24)

p(s)

(possible, since p is nowhere 0 on I). Because of (18), ¥ is unambiguously
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defined and is an extension of ¥. Indeed, if also ¢t €1 and (&x, ty) € D, so
much the more (stx, sty) € D. By (18)

p(s)¥(tx, ty) = (stx, sty) = pu(t)¥(sx, sy),
so we have

1 1
u(s) u(t)

and (24) is unambiguous. If (x, y) € D, then, by (18),

¥(sx,sy)= V(tx,ty)

5 omo0) = B ()= ¥(x.0),
so ¥, as defined in (24), is an extension of ¥. We also see that ¥ and [ satisfy
¥(x,y)=¥(y,x), . (25)
V(x,y)+¥(x+y,2)=T(x,y+2)+¥(y, 2), (26)
and
V(tx,ty) =g (t)¥(x,y) (27)

for all x,y,z,t€P. We prove for instance (27). Write t = p/q, where
p,q €I and (px, py) € D. Then, by (24),

@'(x,y)=—ﬂ(17)w(px,py)

and

V(tx, ty) = W(%, ';—y) = M—(lq—)*‘l’(px, py).

Because of (22) we have indeed (27).

We now proceed to determine ¥. First we note that, for n=1 and
#(£) = ¢2, the equations (25), (26), and (27) are satisfied by all symmetric
bilinear forms. Just as symmetric bilinear forms can be represented by their
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diagonals, the quadratic forms, we may expect that ¥ can be represented
through its diagonal and, ultimately, by . We follow up this idea by the
following computation, first using (25) and (26) in order to get

F(px, py)+¥(px + py,qx + qy)
=¥(px,qx +(p+q)y)+¥(py, 9= + qy)
=[¥(px,qx +(p+q)y)+¥(ax.(p + q)y)] - ¥(ax,(p + q)y)
+[¥(qx, qv) + ¥(qx + qy, py)] - ¥(ax, qv)
= [¥(px,qx)+ ¥((p+ q)x.(p + q)y)] - ¥(qx.(p + a)y)
+[¥(qx.(p+ q)y)+F(qy, py)] - ¥(ax, qy)
=¥ (px, qx)+¥((p + q)x.(p + q)y)+ ¥(qy, py) — ¥(ax, qy),
¥(px, py)+¥(qx,qy)—¥((p+q)x.(p +q)y)
=¥(px,qx)+¥(py,qy)—¥(p(x +y),q(x +y)).
With (27) we get

[E(p)+E(q9)~E(p+@)]¥(x.y) = [E(x)+E(y)—E(x+y)]¥(p.q)
(28)
forall x,y,p,q € P.

At this point we make use of the assumption that p, and thus {, is not
additive, so that there exist py, qo € P for which (po)+ f(qo)— E(po + Go) *
0. Put into (28) p=p, and g=gq, in order to obtain, with a=
¥(Po> 90)/ [ F(Po)+ #(Go) — B(Po + Go)ls

V(x,y)=afi(x)+afi(y)—af(x+y) forall x,yeP. (29)
In particular, ¥ is of the form (29) on D, that is,
¥(x,y)=oap(x)+ap(y)—ap(x+y) onD. (30)

Evidently, functions of the form (30) are indeed solutions to (16), (17), and
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(18). With this general solution for ¥, Equation (15) is reduced to

W) +p(-0¥ 755 )-Wx+¥)=0 oD, (31)
where
¥(x) = ¢(x) - o). (32)
Putting y = (1 — x)z into (31), we get
W)+ pL-x)(=) = Y(x + 2 - x2) (33)

for all x, z € I. We distinguish two cases.
If u(t) = 1, we use the symmetry of the right-hand side of (33) to get

Y(x)+p(1—x)¥(z) =9(z)+p(1- z)y¥(x).
By fixing z = z, with u(1 - z,) = 1 we get
¥(x)=Bu(l—x)—B,

where 8 = {(z,)/[#(1 — z,)—1] is a constant. This and (32) give

o(x)=ap(x)+Bu(l-x)-B  (xel), (34)
and then (8) and (11) yield
Ao (P1s Pos-sPm) = Bu(py)+a X p(p,)—B (35)
j=2

(Z}"=1pj= 1; p;> 0, j=1,2,...,m; m =2,3,...) with constant a, B.
If, on the other hand, u(t)=1 on I, then (33) is reduced to

Y(x)+¢(z) =y(x + 2 —xz),
or, with A(x): = ¢(1-x),

AMzy)=A=x)+A(y) (x,yel). (36)
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Thus, from (32),
o(x)=a+Al=z) (z€I), (37)

and, by (8) and (11),

A (p1:Pos- o) = (m —Da+ A(p,)

m
ij=1; p;>0, j=12,...m; m=23,...]|. (38)
i=1

1t is easy to verify that (34) always satisfies (13) and that (35) satisfies (2)
and (8), while (37) satisfies (13), and (38) satisfies (2) and (8) if A satisfies (36)
and p(t)=1. We have proved the following.

TuzoreM 1. Suppose that p is multiplicative (9) on I? but not additive.
Then the general solution of (13) on (14) is given by (34) for p(t) £ 1 and by
(37) with (36) for u(t)=1. Further, the general semisymmetric recursive
entropies of type p are given by (35) for wW(t)# 1 and by (38) for p(t)=1,
where A is an arbitrary solution of (36) and a, B are real constants. If also (3)
is supposed, then the A,’s are fully symmetric and B = a in (35), A=0 in
(38).

We notice that no regularity conditions were needed. If ¢ [or A,; cf. (11)]
is even weakly regular, say bounded on a set of positive measure, then, in (37)
and (38),

}‘(x)= Z 'YkIOggk [ng]O,l[, k=1’2""’n; x=(§1,£2,...,£")],
k=1

Y1» Ygs - +» ¥, being arbitrary constants (cf. [30]).

3. MULTIPLICATIVE ADDITIVE TYPES

We now go over to the remaining case where p: I = R is both multiplica-
tive

p(pg)=p(p)u(q) (p.q€l) 9)
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and additive
p(s+e)=pn(s)+p(t)  [(s,t)eD]. (39)

We introduce the function »:]0,1[ - R by

v(r):=p(7,7,...,7)  (r€]0,1]).

It immediately follows from (9) and (39) that » is both additive and multi-
plicative. So we have either

v(t)=1 (40)
or

v(7)=0 (41)
on 10, 1[. (This is well known for real-valued functions additive and multiplica-
tive for all reals, but can be just as easily proved on our restricted domains:
»(12)=w(1)2> 0, so » is bounded from below, and therefore all such solu-
tions of »(o + 7)=w»(6)+»(7), even on the open triangle {(6, 7)o, 7,0 +
7€)0,1[}, are of the form »(7)= yr, which satisfies »(o7)=v(6)r(7) if, and

only if, v is either 0 or 1.)
In both cases

”"(Tx)=f"‘(7£1’7£2=""7£n)=”(7’ T""’T)”(él’ g2”"’£n)
=v(T)u(y. &, 080)- (42)

In the case (41) this gives with y = 7x, that p is identically O:

p(y)=p(rx)=0. (43)

In the case (40), on the other hand, (42) establishes

u(rx) = 7u(x)

so, together with (39), we have that p is linear (more exactly, p can be
extended to a linear map R" — R). So

n

p(x) =p(é;,65,...8,)= Z oy

k=1
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But this satisfies (9), that is,

n n n
Z abim = E o€, E AT
k=1 i=] k=1

if, and only if,
a0, =0 for i=k and of=aq,.

So o =0 or a; =1, but if an & = 1, then all other a; = 0 (i = k). Thus, in the
case (40), u is a projection:

M'(x)="‘(£l,£2""’£n)=£k forsomeﬁ'xed k=<1’2’--'an}‘ (44)
We have proved the following.
ProposiTiON. A ﬁzﬁction p: I =R is additive and multiplicative, i.e.

satisfies (9) and (39) [cf. (12), (14)], if, and only if, p is either identically zero
or a projection (44) of I to 10, 1[.

So the only cases not settled yet are, in addition to

B,(P1s Pos PaseesPm) =B 1(P1+ P2, P35, Pm)s

m
Lp=1 p>0, j=L2...m; m=34,..|, (45
ji=1

the equation (1) and the similar ones with m; + 7, (k=2,...,n) in place of
7y, + 7y,. For the latter, we may restrict ourselves to (1) [and (2)] without
restricting generality.

The argument at the beginning of Section 2 translates these into

o(x)=o(y) (46)

(1) +(1-8)8(TE5) o+ -m)e( ). @)

respectively, on D for ¢: I = R, as defined by (11), (12), and (14).
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Equation (46) simply means that ¢ is constant
¢(x)=8 (x€l), (48)

and, in view of (11) and (45),

A, (p1, Pgs--sPn) =8 (constant)

.Zp].=1; p;>0, j=12,....m; m=23,..| (49)

As to (47), for convenience we change our notation slightly in this section.
We write §,m for £,,m, and u=(4,,....§,), v=_(9g,...,m,) (50, in most of
this section, Latin characters stand for (n — 1)-component vectors).

We write also

¢(&,u)=(£,§s,...6,) =0(x)  (x€1), (50)

so that (47) goes over into

o6, 0)+ (1006 125 12 ) =o(n o)+ (- w15 125
(51)
for

& E+ne]o0,1], (52)
u,0,utvelo,1[*" 1 (53)

We fix u and v temporarily so that, with the notation

$1(7) = o(7, u), $5(7) = o(r,0),
a(=9(r.122)  a=e(r =), (54)

Equation (51) becomes

#i()+ (1= 00 72 ) = eu(m+ (- ma| 1)
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for (52). It has been proved in [27] that this implies, among others,
o(m)=7A(7)+(1- )R- 1)+ g7 + B,
da(T)=TA(7)+ (1= 1)AQ~ 1)+ ag7 + B,
where A:]0,1[ - R is a solution of
Xor)=A(o)+A(7) (o,7€]0,1]). (55)
Comparing this with (54) and letting u, v vary again, we get
o(r,u)=1X(1)+(1—7)AQ— 1)+ a(u)7 + B(u)
(r€lo,1[, uelo,1[*7Y). (56)

If we put (56) into (51), we get, in view of (55),

lfu)n-'-'B(l

= a(0)n+B(v)+ o 725 )¢+ B( 725 )(1-m).

a(w)+ B(u)+af —)a-¢)

Comparison of the coefficients of £ and of the terms independent of ¢ and 7
yields

a(u)=a(lfv)+,3(lfu)a (57)
B(u)+B( 7= ) = B(0)+B( 1= ) (58)

for (53). We solve these equations here by a method similar to [8]. Another
proof can be found in {3]. Equation (58) is just (13) for 8 with u(¢)=1 and
n — 1 instead of n. By Theorem 1, (37),

Blu)=N(1-u)+e (uelo,1["7), (59)

where ¢ is constant and A:]0,1[* ~! — R satisfies

X(tu)=X(t)+X(u) (t,uelo,1[*7"); (60)
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consequently also
_ _ _ u n—
}\(%)=}\(u)—}\(t) (t,u,7e]o,1[ 1). (61)

We take this into account when substituting (59) into (57) and get

a(u)=a( lfv)+>r(1—u—o)—>:(1—u)+s

=a( 1’_‘U)+X(1—u—u)—X(1—0)+X(1— o)
~A(u)+A(u)-A(1-u)+e
for (53). Introducing ¢ = u/(1 — v) and using (61) again, this goes over into
a(u)+A(1-u)—A(u)=a(t)+A(1—t)—A(t)+e,

which shows that both sides have to be constant (say v) and that y =y + ¢, so
¢= 0. Thus we have, for all u €10,1[" !,

a(u)=A"(u)=A"(1-u)+y (62)
and [cf. (59)]

Blu)=A(1-u) (velo1["7Y). (63)

Since (62) and (63) with (60) always satisfy (57) and (58), we have proved the
following.

Lemma 2. The general solution of the system (57), (38) for u,v,u+ v
€10,1["~ ! is given by (62) and (63). Here v is an arbitrary real constant and
A:10,1[" ! > R is an arbitrary solution of (60).

In view of (56), (62), and (63), we have
$(&,u) =£[A(E)+ X ()] + (1-H[RA-§)+ X (1-uw)]++¢ (649

If we write

Mx)=A(&,u) : =A(§)+ A (u),
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this A:]0,1[" - R satisfies (36) and we can write (64) as
¢(x)=EM(x)+(1— E)A1—x)+ ¢ (65)

It is easy to check that (65), with an arbitrary constant y and an arbitrary
solution A of (36), always satisfies (47) on D.

Remembering that in our case and in the other cases of nontrivial
[1(¢) = 0] additive and multiplicative i, we have (44), so (65) and the similar
formulas, with other components distinguished instead of the first, can be
written as

¢(x) =p(x)[Mx)+v]+p(A-x)A1-x)  (x€I).  (66)

Making use of (8), (9), (39), and (11), we get

P arepa) =BPOMp)+ ) [Mp) 7]

m
ij=l; pj>0; j=1,2,...,m; m=2,3,...|. (67)
i=1

Of course, (66) satisfies (13), and (67) satisfies (2) and (8) always when p is
both additive and multiplicative. We have proved the following.

TaeOREM 2. If u is both additive (39) and multiplicative (9) on I2, then
the general solution of (13) on (14) is given by (48) if u(t)= 0 and by (66) if
w(t) = 0, and the general semisymmetric recursive entropies of type p are in
this case given by (49) if u(t)=0 and by (67) if p(t)* 0, where v, are
arbitrary real constants and \ is an arbitrary solution of (36). If also (3) is
supposed (symmetry), then y = 0 in (66) and (67).

If, as after Theorem 1, we wish to determine the weakly regular, say
measurable solutions or those bounded on a set of positive measure, we can
(cf. [6,10,26]), change A so that it has the same regularity properties. So,
under these conditions, we have in (66) and (67) [6, 10,26,30]

AMx)= X vlogé  [&<€101[, k=12,...,0; x=(§,....80)],
k=1

(68)

again with arbitrary real constants y;, Y55+ .- s Y-
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4. EXTENSIONS TO BOUNDARY POINTS

We are now showing how our solutions can be extended to the “old”
domains mentioned in Section 1. Since that has been the case most com-
pletely researched before, we start with (44), in particular (1) and (47). We
will deal simultaneously with the cases where just the first [or, in the general
case (44), the kth] component of the vectors is 0 (or 1), or several, say n,,
components, including the first [the kth] are O (or 1). Therefore, we divide in
this section every (n-component) vector into an n,-component part with
subscript 1 and an (n — n, }component vector with subscript 2. So we write
(47) [cf. (51)] as

<¢>(x1,x2)+(1—£)¢(L -—yz—)

1_xl, 1_x2

X x
= 6o 0)+ (1= me| 24 722

(69)
Considering boundary probabilities in (1) (in the first components or in

several, including the first) means permitting, in addition to D [as defined in
(14)), also the points with

2, =y,=0=(0,...,0) (70)

or
=0, y,€]0,1[™ or y,=0, x,€]0,1[™ (1)

or
oty =1=(,...,1), x,y,€]0,1[™ (72)

in the domain of (69), while we keep
X5, Yp, Xp T Yo €]0,1[" 77 (73)
We first note that, for x; €]0,1[™, x5, y, €]0,1[" ™, x, < y,,

>‘("1’ x5) =A%), 9s)
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depends only upon x, /y,. Indeed, by (36),
A(x g, Tott5) = A(xy, 25) + M1y, up) (74)

for x,u, €10,1[™, x,, u; €0,1[" "™ So, if also 85,8, €]0,1[" ™™, 55 < 1,
and

X2 _ S .
—_=—, tha.t 1S, t2x2 = Szyz,
Y o

and s, € ]0,1[™, then
A(sy, 82)+ A(xp, yg) = M(syxp, sayp) = A(sy%0, B9%0) = A(sy, 1) + M2y, %3),
that is,

A(sy, 82) = A8y, 8) = Mxy, 25) = AM(xp, 5),

as asserted. Thus we can extend the definition of A(u,, u,) to u; =1 by

x
7\(1, —3) :=Nxy, %5) = A%, 95)
Y2

(xle]O,l["1 arbitrary, xz,yg,%e]o,l["_"l), (75)
p)
and the extended A will still satisfy (74) and, as a consequence, also

A(i ’—2) = Aty t,)~ Muy, ) (76)

2
Uu; Uy

[compare (75)]. The extension (75) of A is similar to the extension (22) of p
and can also be carried out to ]0, oo[" if desired.

Now we substitute into (69) first y; = 0 (including 1 = 0) and x, €10,1[™
[cf. (71)], and get, by (65),

E(xp, 1)+ (1— A1 —x,,1— x2)+y£+(1—£)¢(0, Y )

1-x,

, o
=¢(0, y2)+£>\(x1, l—fig)+(1—§)>\(1—xl, #)”5
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or, in view of (75),

EN(1,1- y2)+(1~z)¢(o,ﬁfz_)

Xo

1-x,—y,
’ (1' xz)(l"‘ !/2)- ’

~6(0.50)+ (=71
and, with (75) and £, = y, /(1 — x,),
6(0,y,) —A(1,1-y,) = (1= £)9(0,8) - (1-£)A(L,1-8,).  (77)
But this implies
¢(0,y5)—~A(1,1-y,)=8 (constant),
and, substituting $(0, y,) = A(L, 1 y,)+ B into (77), we see that B = 0 and
¢(0,y)=A11-y,) (yo€]0,1["™™). (78)

Now, that is exactly what we expect as the extension of (65) to x;,=0
(consequently £ = 0), if we agree upon

0-A(0,x,): =0, (79)
which is customary (like 0-log0 : = 0). The function given by (78) indeed

satisfies (69) for (71) and also for (70), in view of (74).
We substitute now (72) into (69) and get, by use of (65),

EX(x1,x0)+(1- A =2, 1—xp)+yE+ (1~ §)¢(1, 1_32__)

Xz

=(1-&)AM1—x,,y,)+ EM(x,1—yp) +y(1— §)+$¢(1’ lfzyz)'

We transform this by using (75) again:

(l—g)[¢(1,lf2x2)—x(1, o),
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or, with s, =y, /(1 —x,), tz x5 /(1 ¢5),
(1= £)[6(L s5) =M1, s,)—v] = £[(1, )~ A(L, &)~ v].

This implies that ¢(L, £3)—=A(l,£;)— v =0, ie.
o(Le)=A(La)+y  (ne]01["™).

This is again what we expect as the extension of (65) to x, =1, with the
convention (79).

Going over to the remaining trivial case u(¢)= 0 [cf. (43)] of additive and
multiplicative p, it is clear that, by extending (45) or (46) to some boundary
points of their domains, the validity of (49) and (48), respectively, will also be
extended to the values 0 (or 1) of the respective components. Thus, we have
proved the following (cf. [8] for a special case).

Tueorem 3. If, in addition to D [see (14)), also the points satisfying
(70) or (71) or (72), with (73), are included into the domain of (13) and p is
both additive and multiplicative, then the general solutions continue to be
presented by o(x) =8 if u(t)=0, and by

o(x) = (x, x5) = &A(xy, x5) + (1= AL — 21,1 — x,) + v
=& [A(x)+y]+(1-£IA1-x) (81)

[ef. (65)] if (t) =7, [see (44)], where now x = (21, %5, %, €10,1[™ U(O,1),
x, €]0,1[" ™™ with the convention (79). Here v, 8 are arbitrary constants. In
(81), x, contains the kth component &, of x, and A is an arbitrary solution of
(74) with (75).

The same conventions extend the respective solutions A, (D, Pgs+ - sPp) =
6 and

m

Am(pl, p2""’pm) = 7rlk>‘(pl)+ Z ij[A(pj)+Y]
j=2

of (2) and (8) (n additive and multiplicative) to the case where some
probabilities may be 0, with the same restrictions.
We consider now (13) with p(¢) =1, that is,

d(rrxa)+ o T2 T ) (i) + o T2 T2 ) (69)
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allowing again, in addition to D, points satisfying (70), (71), or (72) with (73).
By substituting, again, y, = 0, x, €]0,1[™ [cf. (71)] into (82), we get, in view
of (37),

Y2 \_ . 1-x,—y,
1—x2) ¢(0,y2)+a+>\(1 xl’——_—_l—yz )

a+AM1l-x,,1- x2)+¢(0,
or, with (75),

o072 ) 00w =L 5 )

—A(ll— xz) AL 1—y,).

Introducing t, = y, /(1 — x,) again, this goes over into
¢(0,y,)—A(1,1—y;) = (0,2,)—A(1,1— ;) =B (constant).
So
$(0,4p) =B+ A(L1-y,) forall y,€]0,1[>"™.  (83)

This satisfies (82) for (71) and also for (70).
At last, we substitute (72), that is x; + y, = 1, into (82), using (37):

Y2 \_ _ Xg
l—xz) a+A(x,1 y2)+¢(l,l_y2)

a+A(l—x,1—x,)+ ¢(1,

(84)

and specify x; =3 =(3,...,3), s2 =2, /(1 —y3), ty =y, /(1 —x,) in order to

get
o(Lt,)~o(1,55) =A(3,1-y5)—A(3,1—x,— y;)

+A(5 I~ 2 ve) - A(3,1-x,)

=A(1,1-t,)=A(1,1-s,).
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So, for some constant vy,

o(L,t)=v+A(1,1-¢,)  forall ¢,€]0,1[" "™,

(85)

Putting (85) back into (84) or just choosing y, = x, in (84), we are in for a

surprise:
A1-x;,1-x5)=A(x;,1—x,).
Equation (74) implies (cf. [1, 25])
A(xy, x5) = A(x) + An(x5),

where

}‘i(xdyi)‘_'}‘i(xi)"')\i(yc) (i=12).

So (86) goes over into
A(xy)=M(1-x,),

that is,

xl _
M T2 ) -0

(86)

(87)

(88)

But, as we have mentioned before, every solution of (88), bounded on an
interval (and {z,|2, = x, /(1 —x,), x; €]0,3[™) is an interval) is of the form

}\1(51,---@",) > Yelog &,

- k=1
and this can be 0 on an interval only if
Afx)=0.
Therefore (87) becomes

A(xy, x5) = Ag(xy) = A(L, X5)s

(89)
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and (37) is reduced to
- o(x)=at+Ay(1-1x,).

Thus we have the remarkable fact that extending the domain D of (82) to
include some boundary points [those which satisfy (72)] restricts even the
solution on the original domain D.

In view of (37), (83), (85), and (89), we have proved the following (cf. [2]
for the special case n =2, n; =1).

TueoreM 4. The general solution of (82) for D and for (70), (71), (72)
with (73) is given by

atA,(1-x,) if x,€]0,1[™,
o(x), %) =( B+A(1-x,) if x,=0,

where a, B,y are arbitrary real constants and X,:]0,1{" "™ = R is an arbi-
trary solution of (88).

From this we can build up A,, (m =2,3,...) from ¢ with the aid of (11)
and (8) [u(¢)=1].

Finally, if p is multiplicative but not additive and not identically 1, we
write (13) as

Y1 Yo
Xy, %o )+ pu{l—2x,,1— ( ,——-—)
¢(xy, x5) +p(1—xp,1-x,)9 1-x,°1-x,
— — 1- S S
oy u2) T p(l-yn1- 0o 7= - 7= - (90)

and put into it (71) (y; =0, x, €10,1["!) and (34):

op(xy, x5)+Bu(l—x,1—x,)—B+p(l—x,,1- x2)¢(0, oo ilzxz)

=¢(0,9,)+p(1,1- yz)[an(xl, lf—zyz)+ﬁu(1— %, I—M)—ﬁ].
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Here and in what follows we suppose that p has been extended with the aid of
(22) to 10, oo[" (and omit the bars). Then p satisfies [compare to (74) and (76)]

toty)_ p(tty)
tiu,tty) = t), 1. U, U and (_1’_&)=
p(ttey, tatag) = p(ty, b Ju(uy, up) M, uy | pluy,u)

forall t,,%,€]0,00[™, u,u,€]0,00["" ™ (92)

(p is nowhere 0, as shown in Section 2). So (91) can be written as

p(l—xl,l-xz)[¢(’1 )“3 B"( “—xzyz)

=¢(0,y,)+B - Bu(1,1-y,).

If we divide this by p(1, y,) and write £, = y, /(1 — x,) again, we get

$(0.t)+B—Bp(L1-t) .\ $(0,4,)+ B8~ Bp(1,1—ys)
(1, ) w1==.1) u(1,y,)

=« (constant), (93)

that is,

$(0,4,) = o’u(L,y5)+Bu(L1-9p)-B  (y2€]0,1[""™). (94)
and

wp(l—x,1)=a.
Hence either ¢’ = 0 and
$(0,4;) =Bu(L,1-y,)-B8  (y.€]0,1["™™), (95)
or
p(t,1)=1,

that is [cf. (92)]

p(ty, ) =p(1, ) = pa(ty), where po(tytts) = po(ta)pa(u,). (96)
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The functions given by (95) with arbitrary constant 8 and, if (96) holds, also
(94) with arbitrary constants «’, 8 satisfy (91) and also

Y
> l-xz

¢(0,x2)+p.(1,1—x2)¢(0 )=¢(0,y2)+,u.(1,1—y2)¢(0, Xy )

1-y,

obtained from (90) by the substitution (70).
We conclude by putting (72) and (34) into (90):

ap(xy, 2)+ Bu(1— %, 1-x5) = B+ p(1-x,,1- x2)¢(1, lgzxz)

= ap(l=x,,95)+ Bu(x1, 1~ yp) = B+ p(x,, 1~ y2)¢(1, 1f2y2 ) (97)

We substitute here x, = 3, s, = x5 /(1 — 4,), &, =y, /(1 — x,), divide (97) by
w(3,1—x —y), and apply (92) in order to get

¢(L,s)+B—ap(l,sp) _ ¢(Lt)+B—ap(l,ty) _
p(L,1-s,) p(l,1-1,)

B’ (constant).

Putting
¢(Lty) = ap(l, )+ 8'u(1,1-¢,) -8 (98)
into (97), we get, with (92) and with ¢, = x, /(1 —x,),
B’ = B'u(t),1).
So, either 8’=0 and

¢(1,£,) = ap(1,4,) - B (%9)

or

n(t,1)=1
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and (96) holds. The functions given by (99) (with arbitrary constant «, 8 and,
if (96) holds, also (98) with constant a, 8, B’ indeed satisfy (97). So we have
proved the following (cf. [2, 4] for n =2, n, =1, p(7, 1) = T/ 752).

TrEOREM 5. The general solutions of (90) (with p # 1 multiplicative but
not additive), for the domain covering D and (70), (71), (72) along with (73),
are given by (34), (95), (99), and, if (96) holds, also by

apy(x5)+ Bug(l—x,)— B ~ for x, €]0,1[™,
&(x1,%5) ={ &po(x5)+ Buy(l1—x,)—B for x,=0,
apg(x5)+ Buy(1—x,)—B for x,=1, -

where a, &, B, B’ are arbitrary constants and po(x5) = (1, x5).

Again, it is easy to build up A, (m = 2,3,...) from ¢ with the aid of (11)
and (8). In particular, since (95) and (99) can be considered as extensions of
(34) with p(0, t;) = 0, in this case A, is given by (35) also if some components
of a vector p; are 0. Values of ¢ and A,, at other boundary points can also be
easily determined by extending the domains of (13) and (8), respectively.
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