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Abstract In the present analysis, we have investigated the effects of induced magnetic field and

heat source/sink on fully developed laminar natural convective flow of a viscous incompressible

and electrically conducting fluid in the presence of radial magnetic field by considering induced

magnetic field into account. The governing equations of the considered model are transformed into

simultaneously ordinary differential equations and solved analytically. We have analyzed the effect

of Hartmann number, heat source/sink parameter and ratio of outer radius to inner radius on the

fluid velocity, induced magnetic field, induced current density and temperature field by the graphs

while the values of skin-friction, Nusselt number, mass flux and induced current flux are given in the

tabular form. We observed that the values of the velocity, induced magnetic field and induced cur-

rent density have decreasing tendency with increasing the values of the Hartmann number. The

results show that an increasing value of the heat source/sink parameter leads to increase the veloc-

ity, induced magnetic field, induced current density and temperature in case of heat source and vice

versa in case of heat sink.
� 2016 Faculty of Engineering, Alexandria University. Production and hosting by Elsevier B.V. This is an

open access article under the CC BY-NC-ND license (http://creativecommons.org/licenses/by-nc-nd/4.0/).
1. Introduction

The studies of natural convective flow along a vertical cylinder
have wider range of applications in so many fields such as tech-

nology, agriculture, oceanography and geothermal power gen-
eration. The study of transport phenomenon with annular
geometry has attracted its applications in the thermal recovery
of oil, solar power collectors and design of magnetohydrody-
namic power generators, etc. The magnetohydrodynamics
may be used for pinching the hot plasma. In oceanography,

the speed of ships is measured by MHD flow meter in which
the induced voltage is proportional to the flow rate. We can
optimize the fluid flow by using heat source/sink in concentric
annulus. The flow of viscous incompressible fluid in concentric

annuli was first studied by Couette [1] in order to measure the
fluid viscosity. Some authors, such as Ramamoorthy [2], Jain
and Mehta [3], Raptis and Singh [4], Chamkha [5], Jha and

Apere [6], Sheikholeslami et al. [7,8,11,12], Hamza et al. [9],
and Sheikholeslami and Rashidi [10] have studied the MHD
flow problems with neglecting the induced magnetic field.
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Nomenclature

a radius of inner cylinder

b radius of outer cylinder
g acceleration due to gravity
H0

0 constant magnetic field
H0

z0 induced magnetic field in z0-direction
H non-dimensional induced magnetic field in

z-direction
Cp specific heat at constant pressure

Jh induced current density long h-direction
Ha Hartmann number
r0; h0; z0 cylindrical coordinates

r non-dimensional radial distance
T0 temperature of the fluid
T temperature of the fluid in non-dimensional form
T0
f ambient temperature

T0
w temperature at outer surface of inner cylinder

u fluid velocity in non-dimensional form along axial
direction

u0 velocity of fluid along axial direction

U characteristics velocity of fluid
Nu1 Nusselt number at inner cylinder
Nuk Nusselt number at outer cylinder
Q0 volumetric rate of heat generation/absorption

S heat source/sink parameter

Greek symbols
b coefficient of thermal expansion

j thermal conductivity of the fluid
le magnetic permeability
m kinematic viscosity of the fluid
g magnetic diffusivity

q density of the fluid
k ratio of outer radius and inner radius
r conductivity of the fluid

s1 skin friction coefficient at inner cylinder
sk skin friction coefficient at outer cylinder
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Arora and Gupta [13] have extended the Jain and Mehta’s
problem with considering the effect of induced magnetic field.

The analytical solutions for the fully developed natural convec-
tion in open ended vertical concentric annuli with mixed kind
of thermal boundary conditions under a radial magnetic field

have been obtained by Singh et al. [14]. Guria et al. [15] have
performed the study of effects of wall conductance on MHD
fully developed flow with asymmetric heating of the wall.

Singh et al. [16] have studied the hydromagnetic free convec-
tion in the presence of induced magnetic field. Later on, the
effect of induced magnetic field on natural convection in verti-
cal concentric annuli has been investigated by Singh and Singh

[17]. Further, Kumar and Singh [18] have discussed the effect
of the induced magnetic field on free convection when the con-
centric cylinders are heated/cooled asymmetrically.

In many problems, there may be plausible temperature
difference between the surface and the ambient fluid. This obli-
gates the consideration of temperature dependent heat sources/

sinks which may exert strong effect on the heat transfer char-
acteristics. The study of heat source/sink in MHD fluid flow is
gaining attention because of its increasing application to many
engineering problems. The application of heat transfer is very

significant in production engineering to improve the quality of
the final product. The flow over a stretching plate was first
considered by Crane [19] who found a closed form of analytic

solution of the self-similar equation for steady boundary layer
flow of a Newtonian fluid. The mixed convection flow over a
vertical plate with localized heating and cooling along with

magnetic effects and suction/injection effects was studied by
Chamkha et al. [20]. Sharma and Singh [21] investigated the
effect of variable thermal conductivity and heat source/sink

on MHD flow near a stagnation point on a linear stretching
sheet. Recently, Bhattacharyya [22] analyzed the effects of heat
source/sink on MHD flow and heat transfer over a shrinking
sheet with mass suction. Lavanya and Ratnam [23] have

obtained analytical solution by taking the effect of radiation
and mass transfer on unsteady MHD natural convective flow
past a vertical porous plate embedded in a porous medium
in a slip flow regime with heat source/sink and Soret effect.

Babu et al. [24] have studied the effects of radiation and heat
source/sink on the steady two dimensional magnetohydrody-
namic (MHD) boundary layer flow past a shrinking sheet with

wall mass suction by numerical technique. Ibrahim et al. [25]
have obtained the numerical solution of effects of variable
thermal conductivity and heat generation on the flow of a vis-

cous incompressible and electrically conducting fluid in the
presence of a uniform transverse magnetic field with variable
free stream near a stagnation point on a non-conducting
stretching sheet. Recently, Kumar and Singh [26] have studied

the exact analysis of effects of Newtonian heating/cooling and
induced magnetic field on natural convective flow in an annu-
lus cylinders.

Here, the aim was to discuss the effects of heat source/sink
and induced magnetic field on natural convective flow in
vertical concentric annuli with radial magnetic field. We have

obtained the analytical solution for the velocity, induced
magnetic field and temperature field by solving the non-
dimensional governing linear simultaneous ordinary differen-
tial equations using the non-dimensional boundary condition.

Also, we have obtained the analytical solution for the govern-
ing differential equations at singular point Ha ¼ 2:0. Finally,
we focus on the effects of the heat source/sink parameter

and the Hartmann number on the velocity, induced magnetic,
induced current density, Nusselt number, skin-friction, mass
flux and induced current flux using graphs and tables. We

can compare this analysis with Singh and Singh [17] by taking
S= 0, i.e. in the absence of heat source/sink.
2. Mathematical formulation

The governing equations of an electrically conducting fluid in
hydromagnetic flow together with the Maxwell’s electromag-

netic equations in the steady state case are as follows:
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0
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Figure 1 Physical model.
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Continuity equation

r � V ¼ 0; ð1Þ
Momentum equation

qðV � rÞV ¼ �rPþ lðr2VÞ þ ðJ� BÞ þ qg; ð2Þ
Magnetic field equation

ðr2HÞ þ r � ðV�HÞ ¼ 0; ð3Þ
Energy equation

ðV � rÞT ¼ j
qCp

r2Tþ Q0

qCp

: ð4Þ

We have considered the steady and laminar flow of a vis-

cous, incompressible and electrically conducting fluid in the
fully developed region between vertical concentric annuli of
infinite length with heat source/sink and induced magnetic

field. The z0-axis is taken along the axis of the co-axial
cylinders and measured in the vertical upward direction and
r0-denotes the radial direction measured outward from the axis

of cylinder. Also the applied magnetic field is directed radially

outward in the form of ½aH0
0=r

0�: The radius of inner and outer

cylinders is taken as a and b respectively. We take T0
w and T0

f

the temperatures at outer surface of inner cylinder and the
ambient temperature respectively. Let z0 be the direction of

the flow along the axis of concentric cylinders. Therefore, the
radial and tangential components of the velocity are taken as
zero i.e. u0r0 ¼ u0h0 ¼ 0. The velocity component u0z0 is indepen-

dent of h0 due to axial symmetry of fluid flow. The transport
phenomena depend only on the variable r0 because the flow

of fluid is fully developed and the cylinders are of infinite
length. So, for the considered model the velocity and magnetic

fields are given by ½0; 0; u0ðr0Þ� and ½aH0
0=r

0; 0;H0
z0 ðr0Þ�

respectively.
As components of H and V are [0, 0, u0(r0)] and

½aH0
0=r

0; 0;H0
z0 ðr0Þ� respectively, we have (see Fig. 1)

r2V ¼ 1

r0
@

@r0
r0
@V

@r0

� �
þ 1

r02
@2
V

@h2
þ @2

V

@z2

� �

¼ 1

r0
@

@r0
r0
@V

@r0

� �� �
¼ d2u0

dr02
þ 1

r0
du0

dr0

� �
; ð5Þ

r2H ¼ d2H0
z0

dr02
þ 1

r0
dH0

z0

dr0

� �
; ð6Þ

J� B ¼ ðr �HÞ � B ¼ leðr �HÞ �H ¼ aleH
0
0

r0
dH0

z0

dr0
; ð7Þ

r � ðV�HÞ ¼ aH0
0

r0
du0

dr0
: ð8Þ

Using Eqs. (5)–(8) in Eqs. (1)–(4), the basic transport equa-
tions for the considered model by applying the Boussinesq
approximation are obtained as follows [17]:

m
d2u0

dr02
þ 1

r0
du0

dr0

� �
þ gbðT0 � T0

fÞ þ
aleH

0
0

qr0
dH0

z0

dr0
¼ 0; ð9Þ

g
d2H0

z0

dr02
þ 1

r0
dH0

z0

dr0

� �
þ aH0

0

r0
du0

dr0
¼ 0; ð10Þ
j
qCp

d2T0

dr02
þ 1

r0
dT0

dr0

� �
þ Q0

qCp

¼ 0: ð11Þ

The boundary conditions for the velocity, induced magnetic

field and temperature field are given as follows:

u0 ¼ H0
z0 ¼ 0; T0 ¼ T0

w; at r0 ¼ a; ð12Þ

u0 ¼ H0
z0 ¼ 0; T0 ¼ T0

f; at r0 ¼ b: ð13Þ
in the above equations, u0; g; b; le; q; g; j; Cp; T0, T0

f and

Q0 are the fluid velocity, acceleration due to gravity, coefficient

of volume expansion, magnetic permeability, density of the
fluid, magnetic diffusivity, thermal conductivity of the fluid,
specific heat at constant pressure, temperature of the fluid,

ambient temperature and heat source for Q0 > 0 and heat sink
for Q0 < 0 respectively.

Application of the non-dimensional variables defined as

u ¼ u0=U; r ¼ r0=a; k ¼ b=a; T ¼ ðT0 � T0
fÞ=ðT0

w � T0
fÞ;

H ¼ ðH0
z0 Þ=ðraleH

0
0UÞ; ð14Þ

in Eqs. (9)–(11) has resulted the following equations in non-
dimensional form:

d2u

dr2
þ 1

r

du

dr
þHa2

r

dH

dr
þ T ¼ 0; ð15Þ

d2H

dr2
þ 1

r

dH

dr
þ 1

r

du

dr
¼ 0; ð16Þ



3128 D. Kumar, A.K. Singh
d2T

dr2
þ 1

r

dT

dr
þ S ¼ 0: ð17Þ

The boundary conditions for the velocity, induced magnetic
field and temperature field in non-dimensional form are

obtained as follows:

u ¼ H ¼ 0; T ¼ 1; at r ¼ 1; ð18Þ

u ¼ H ¼ 0; T ¼ 0; at r ¼ k: ð19Þ
In above equations, we have used some additional non-
dimensional parameters such as the Hartmann number, the

heat source/sink parameter and characteristic velocity of the
fluid and they are defined as follows:

Ha ¼ leaH
0
0

ffiffiffiffiffiffiffiffi
r=l

p
; U ¼ gba2ðT0

w � T0
fÞ=m;

S ¼ Q0=jðT0
w � T0

fÞ ¼ ðQ0a
4gbÞ=jðUmÞ: ð20Þ
3. Analytical solution

3.1. Solution for Hartmann number ðHaÞ– 2:0 & 4:0

Analytical solutions of Eqs. (15)–(17) with boundary condi-
tions (18) and (19) are obtained as follows:

u ¼ A1r
Ha þ A2r

�Ha þ A3 þ ðA4 log rþ A5Þr2 þ A6Sr
4; ð21Þ

H ¼ A7 � ðA1r
Ha � A2r

�HaÞ=Haþ r2fA4ð1� 2 log rÞ � 2A5g
=4� ðA6Sr

4Þ=4; ð22Þ

T ¼ A8 þ A9 log r� Sr2=4: ð23Þ
The skin-frictions and the Nusselt number at outer surface

of inner cylinder and at inner surface of outer cylinder in non-
dimensional form are obtained by using Eqs. (21) and (23) as

follows:

s1 ¼ du

dr

� �
r¼1

¼ HaðA1 � A2Þ þ ðA4 þ 2A5Þ þ 4A6S; ð24Þ

sk ¼ � du

dr

� �
r¼k

¼ HaðA2k
�Ha�1 � A1k

Ha�1Þ � fA4ð1þ 2 log kÞ þ 2A5gk
� 4A6Sk

3; ð25Þ

Nu1 ¼ � dT

dr

� �
r¼1

¼ �ðA9 � S=2Þ; ð26Þ

Nuk ¼ � dT

dr

� �
r¼k

¼ �ðA9=k� Sk=2Þ: ð27Þ

The induced current density along h-direction is obtained

by Maxwell’s equation as follows:

Jh ¼ � dH

dr

� �

¼ A1r
Ha�1 þ A2r

�Ha�1 þ ðA4 log rþ A5Þrþ A6Sr
3: ð28Þ

The mass flux and the induced current flux of the fluid
through the annuli are obtained by using Eqs. (21) and (22)
as follows:
Q ¼ 2p
Z k

1

rudr

¼ 2p½A1ðkHaþ2 � 1Þ=ðHaþ 2Þ þ A2ðk�Haþ2 � 1Þ=ð�Haþ 2Þ
þ A3ðk2 � 1Þ=2þ A4fk4ð4 log k� 1Þ þ 1g=16
þ A5ðk4 � 1Þ=4þ A6Sðk6 � 1Þ=6�; ð29Þ

J ¼ fA1ðkHa � 1Þ � A2ðk�Ha � 1Þg=Haþ A4f2k2 log k
� ðk2 � 1Þg=4þ A5ðk2 � 1Þ=2þ A6Sðk4 � 1Þ=4: ð30Þ

The constants A1, A2, A3, A4, A5, A6, A7, A8 and A9 appearing
in above equations are defined in Appendix A.

3.2. Solution for Hartmann number ðHaÞ ¼ 2:0

In this section, we have solved the governing differential
equations for the singular point Ha ¼ 2:0 because the

mathematical expressions A4 ¼ f�A9=ð4�Ha2Þg and A5 ¼
f4A9=ð4�Ha2Þ2 � A8=ð4�Ha2Þg occurring in Eqs. (21) and
(22) clearly indicate that they have the singularity at

Ha ¼ 2:0. The expressions for the velocity and induced
magnetic field at Ha ¼ 2:0 are given as follows:

u ¼ B1r
2 þ B2r

�2 þ B3 þ r2 log rðB4 log rþ B5Þ þ B6Sr
4; ð31Þ

H ¼ B7 � ðB1r
2 � B2r

�2Þ=2þ r2fB8 þ ðB9 þ B10 log rÞ log rg
þ B11Sr

4: ð32Þ
In this case, the skin-friction at cylindrical walls and

induced current density along h-direction are obtained as

follows:

s1 ¼ 2ðB1 � B2Þ þ B5 þ 4B6S; ð33Þ

sk ¼ �2ðB1k� B2k
�3Þ � kf2ðB4 þ B5Þ log k

þ 2B4ðlog kÞ2 þ B5g � 4B6Sk
3; ð34Þ

Jh ¼ B1rþ B2r
�3 þ r log rðB4 log rþ B4Þ þ B6Sr

3: ð35Þ
Also, in this case the mass flux and induced current flux are
given as follows:

Q¼ 2p½B1ðk4 � 1Þ=4þB2 logkþB3ðk2 � 1Þ=2þf8B4k
4ðlogkÞ2

þ 2ðB5 � 2B4Þk4 logkþ 8ðB4 �B5Þg=32
þB6Sðk6 � 1Þ=6�; ð36Þ

J ¼ ½fB1ðk2 � 1Þ � B2ðk�2 � 1Þg=2þ A6Sðk4 � 1Þ=4
þ f2B4k

2ðlog kÞ2 þ 2ðB5 � B4Þk2 log k� ðB4 þ B5Þ
� ðk2 � 1Þg=4�: ð37Þ

The constants B1, B2, B3, B4, B5, B6, B7, B8, B9, B10 and B11

occurring in above equations are defined in Appendix B.

3.3. Solution for Hartmann number ðHaÞ ¼ 4:0

Here, we have calculated the expression for the velocity and
induced magnetic field at another singular point Ha ¼ 4:0

because the mathematical expression A6 ¼ f1=4ð16�Ha2Þg
appearing in Eqs. (21) and (22). The solution for u and H at
Ha ¼ 4:0 is as follows:
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Figure 2c Effect of the ratio of outer radius to inner radius on
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u ¼ C1r
4 þ C2r

�4 þ C3 þ r2ðC4 log rþ C5Þ þ C6Sr
4 log r; ð38Þ

H ¼ C7 � ðC1r
4 � C2r

�4Þ=4þ r2ðC8 þ C9 log rÞ
þ ðC10 þ C11 log rÞSr4: ð39Þ

The skin-friction at cylindrical walls and induced current
density along h-direction are calculated in this case as follows:

s1 ¼ 4ðC1 � C2Þ þ C4 þ 2C5 þ 4C6S; ð40Þ

sk ¼ �4ðC1k
3 � C2k

�5Þ � kðC4 þ 2C5 þ 2C4 log kÞ
� C6Sk

3ð4 log kþ 1Þ; ð41Þ

Jh ¼ C1r
3 þ C2r

�5 þ rðC4 log rþ C5Þ þ C6Sr
3 log r: ð42Þ

The mass flux and induced current flux for singular point
Ha ¼ 4:0 are obtained as follows:

Q ¼ 2p½C1ðk6 � 1Þ=6� C2ðk�2 � 1Þ=2þ C3ðk2 � 1Þ=2
þ f4C4k

4 log kþ ð4C5 � C4Þðk4 � 1Þg=16
þ B6Sf6k6 log k� ðk6 � 1Þg=36�; ð43Þ

J ¼ ½fC1ðk4 � 1Þ � C2ðk�4 � 1Þg=4
þ f2C4k

2 log kþ ð2C5 � C4Þðk2 � 1Þg=4
þ A6Sf4k4 log k� ðk4 � 1Þg=16�: ð44Þ
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Figure 2b Effect of the heat source/sink parameter (S= �0.5,
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Figure 2a Effect of the heat source/sink parameter (S = 0.5, 4.0)

on the velocity profiles with Ha = 2.0, 4.0, 6.0 at k= 2.0.
The constants C1, C2, C3, C4, C5, C6, C7, C8, C9, C10, C11 and

C12 are defined in Appendix C.

4. Results and discussion

The effects of heat source/sink parameter, Hartmann number
and ratio of outer radius to inner radius on the velocity of
the fluid are shown in Figs. 2a–2c. Observation of Figs. 2a
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�2.0) on the induced current density field profiles with Ha = 2.0,

3.0, 4.0 at k= 2.0.

Figure 5a Effect of the ratio of outer radius to inner radius on

the temperature field at S = 1.0.

Figure 5b Effect of the heat source/sink parameter on the

temperature field at k= 2.0.
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and 2b clearly indicates that with increasing value of the heat
source/sink parameter, fluid velocity increases in the case of

heat source and decreases in the case of heat sink because
the thickness of thermal boundary layer enhances (internal
heat energy increases) in case of increasing heat source param-

eter and reduces (internal heat energy decreases) in case of
increasing heat sink parameter. Also, it is clear from Figs. 2a
and 2b that the velocity decreases in both cases (heat source

and heat sink) with increasing value of the Hartmann number
because the Lorentz forces increases with increasing the
Hartmann number. The presence of Lorentz force reduces

the force on the velocity field and hence the velocity profile



Table 1 Numerical values of the Nusselt number at inner and

outer cylinder in non-dimensional form.

S k Nu1 Nuk

�2.0 2.0 2.60674 �0.196631

3.0 3.55120 �1.482930

�1.0 2.0 2.02472 0.262358

3.0 2.23072 �0.589761

1.0 2.0 0.860674 1.18034

3.0 �0.410239 1.19659

2.0 2.0 0.278652 1.63933

3.0 �1.730720 2.08976
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reduces with the effect of magnetic field. This implies that the
Hartmann number reduces the velocity. Study of Fig. 2c

reveals that the influence of the ratio of outer radius to inner
radius is to increase the velocity of fluid, because in such situ-
ation the annulus space between two cylinders increases, in

both cases of heat source and heat sink.
Table 2 Numerical values of the skin-friction at inner and outer cy

S k Ha s1

�2.0 1.8 2.0 0.218179

3.0 0.216758

4.0 0.214941

2.0 2.0 0.234067

3.0 0.231403

4.0 0.228105

3.0 2.0 �0.320533

3.0 �0.358803

4.0 �0.399614

�1.0 1.8 2.0 0.243736

3.0 0.242484

4.0 0.240882

2.0 2.0 0.286186

3.0 0.284074

4.0 0.281455

3.0 2.0 0.189933

3.0 0.169993

4.0 0.148673

1.0 1.8 2.0 0.294850

3.0 0.293935

4.0 0.292763

2.0 2.0 0.390424

3.0 0.389416

4.0 0.388157

3.0 2.0 1.21087

3.0 1.22758

4.0 1.24525

2.0 1.8 2.0 0.320407

3.0 0.319661

4.0 0.318704

2.0 2.0 0.442544

3.0 0.442087

4.0 0.441508

3.0 2.0 1.72133

3.0 1.75638

4.0 1.79353
In this section, we have observed the influence of the Hart-
mann number, ratio of outer radius to inner radius and the heat
source/sink parameter on the induced magnetic field. Figs. 3a

and 3b show that the induced magnetic field increases and
decreases as values of the heat source/sink parameter increase
in case of heat source and heat sink respectively due to

enhancing the thickness of thermal boundary layer in case of
increasing the heat source parameter and reducing in case
of increasing the heat sink parameter. The increase in value

of the Hartmann number implies that the induced magnetic
field decreases since the Lorentz force acts in opposite direction
of the induced magnetic field. The ratio of outer radius to inner
radius is to increase the induced magnetic field profiles, since

the gap between two cylinders increases, in both cases of heat
source and heat sink which is shown in Fig. 3c.

In Figs. 4a and 4b, we have analyzed the effect of heat

source/sink parameter on the induced current density. It
clearly indicates that the induced current density increases with
increasing heat source parameter and decreases with increasing

heat sink parameter. It is also clear form Figs. 4a and 4b that
the induced current density has decreasing tendency with
increasing value of the Hartmann number due to the presence
linder in non-dimensional form.

sk Q J

0.0635563 0.108529 �7.63278 � 10�17

0.0643458 0.105685 0.0

0.0653552 0.102046 �2.94903 � 10�17

0.0479931 0.159515 0.0

0.0493252 0.154008 �4.44089 � 10�16

0.0509743 0.147173 0.0

�0.359025 �3.62186 �2.22045 � 10�16

�0.346268 �3.32340 8.88178 � 10�16

�0.332664 �3.00211 �2.22045 � 10�16

0.0827320 0.132299 2.08167 � 10�17

0.0834277 0.128785 0.0

0.0843176 0.124290 �1.73472 � 10�18

0.0849256 0.236942 �8.32667 � 10�17

0.0859817 0.228500 1.11022 � 10�16

0.0872909 0.218032 0.0

�0.0761659 �0.377939 �3.88578 � 10�16

�0.0695191 �0.340617 4.44089 � 10�16

�0.0624124 �0.300735 4.45824 � 10�16

0.121083 0.179840 �1.38778 � 10�17

0.121591 0.174986 2.77556 � 10�17

0.122242 0.168778 1.73472 � 10�17

0.158790 0.391796 �2.77556 � 10�17

0.159295 0.377485 5.55112 � 10�17

0.159924 0.359748 �2.77556 � 10�17

0.489552 6.10990 �5.55112 � 10�17

0.483979 5.62494 0.0

0.478092 5.10201 �2.22045 � 10�16

0.140259 0.203611 �1.38778 � 10�17

0.140673 0.198086 0.0

0.141205 0.191022 �4.16334 � 10�17

0.195723 0.469224 �5.55112 � 10�17

0.195951 0.451978 0.0

0.196241 0.430607 2.77556 � 10�17

0.772411 9.35382 2.77556 � 10�16

0.760728 8.60772 0.0

0.748343 7.80339 �4.30211 � 10�16
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of Lorentz force. Study of Fig. 4c indicates that the induced
current density profiles have increasing nature with increasing
value of ratio of outer radius to inner radius, due to increment

in the annulus space between both the cylinders.
The effects of the heat source/sink parameter and the ratio

of outer radius to inner radius on the temperature field are

shown in Figs. 5a and 5b. The influence of ratio of outer radius
to inner radius is to enhance the temperature field for both
heat source and heat sink. It is also observed that an increase

in the heat source/sink parameter leads to increase in the tem-
perature profiles, due to reducing the thickness of thermal
boundary layer.

The effects of the heat source/sink parameter and the ratio

of outer radius to inner radius on the Nusselt number are pre-
sented in Table 1. It is observed that the numerical value of the
Nusselt number at inner (outer) cylinder decreases (increases)

with increasing the heat source/sink parameter in case of heat
source and having reverse trend in case of heat sink. This
implies that the thermal source has tendency to enhance rate

of heat transfer at cylindrical walls whereas thermal sink has
reverse effect on it.

Table 2 represents numerical values of the skin-friction at

inner surface of outer cylinder and at outer surface of inner
cylinder, mass flux and induced current flux of fluid. This is
attributed to the fact that the skin-friction at cylindrical walls
and mass flux increase and decrease with increasing the heat

source/sink parameter in case of heat source and heat sink
respectively. The skin-friction and mass flux increase with
increasing ratio of outer radius to inner radius in case of heat

source but in case of heat sink it increases for k 6 2:0 and
decreases for k > 2:0: The skin-friction decreases with increas-
ing the Hartmann number at inner and outer cylinders in case

of heat sink for any values of ratio of outer radius to inner
radius and in case of heat source it decreases for k 6 2:0 and
then increases for k > 2:0. The mass flux has decreasing ten-

dency with increasing the Hartmann number in case of heat
source for any values of ratio of outer radius to inner radius
and in case of heat sink it has decreasing tendency with
increasing the Hartmann for k 6 2:0 and increasing tendency

for k > 2:0. The induced current has oscillatory nature with
increasing the Hartmann number, heat source/sink parameter
and ratio of outer radius to inner radius in both cases of heat

source and heat sink.

5. Conclusions

In the present investigation, the effects of induced magnetic
and heat source/sink on natural convective flow in vertical
concentric annuli are carried out. The following conclusions

have been drawn from the present analysis:

� The velocity, induced magnetic field and induced current den-
sity have decreasing tendency with increase in the value of

Hartmann number in both cases of heat source and heat sink.
� The effect of induced magnetic field is to increase the veloc-
ity, induced magnetic field and induced current density

profiles.
� The effect of heat source/sink parameter is to increase the
values of velocity, induced magnetic field, induced current

density and temperature field in case of heat source and
to decrease all these fields in case of heat sink.
� The ratio of outer radius to inner radius is to increase the

velocity, induced magnetic field, induced current density and
temperature field in both cases of heat source and heat sink.

� Numerical values of Nusselt number at inner (at outer)

cylinder decrease (increases) with increasing heat source/
sink parameter in case of heat source and increase
(decreases) in case of heat sink.

� Also, the numerical values of skin friction and mass flux at

cylindrical walls increase (decrease) with increasing heat
source/sink parameter in case of heat source (sink) and in
generally they have decreasing tendency with increasing

Hartmann number.
Acknowledgment

One of the authors, Dileep Kumar is thankful to the Univer-
sity Grants Commission, New Delhi for financial assistance
in the form of a Fellowship to carry out this work.
Appendix A

A1 ¼ ðA10 �A11Þ=2ð1� kHaÞ; A2 ¼ ðA10 þA11Þ=2ð1� k�HaÞ;
A3 ¼�ðA1 þA2 þA5 þA6SÞ; A4 ¼�A9=ð4�Ha2Þ;
A5 ¼�A8=ð4�Ha2Þ þ 4A9=ð4�Ha2Þ2; A6 ¼ 1=4ð16�Ha2Þ;
A7 ¼ fðA1 �A2Þ=Ha� ðA4 � 2A5Þ=4þA6S=4g;
A8 ¼ 1þS=4; A9 ¼ f�1þSðk2 � 1Þ=4g= logk;
A10 ¼ A4k

2 logkþA5ðk2 � 1Þ þA6ðk4 � 1Þ;
A11 ¼HafðA4 � 2A5Þðk2 � 1Þ � 2A4k

2 logk�A6Sðk4 � 1Þg=4:
Appendix B

B1 ¼ðB12�B13Þ=2ð1�k2Þ; B2 ¼ðB12þB13Þ=2ð1�k�2Þ;
B3 ¼�ðB1þB2þB6SÞ; B4 ¼�A9=8; B5 ¼ð�4A8þA9Þ=16;
B6 ¼ 1=48; B7 ¼fðB1�B2Þ=2�B8�B11Sg;
B8 ¼ðB5�B4Þ=4; B9 ¼ðB4�B5Þ=2; B10 ¼�B4=2;

B11 ¼�B6=4; B12 ¼ k2 logkðB4 logkþB5ÞþB6Sðk4�1Þ;
B13 ¼ 2fB8ðk2�1ÞþðB9þB10 logkÞk2 logkþB11Sðk4�1Þg:
Appendix C

C1 ¼ ðC12 �C13Þ=2ð1� k4Þ; C2 ¼ ðC12 þC13Þ=2ð1� k�4Þ;
C3 ¼�ðC1 þC2 þC5Þ; C4 ¼ A9=12; C5 ¼ ðC9 þ 3C8Þ=36;
C6 ¼ 1=32; C7 ¼ fðC1 �C2Þ=4�C8 �C10Sg;
C8 ¼ ðC4 �C5Þ=4; C9 ¼�C4=2; C10 ¼ C6=16;

C11 ¼�C6=4; C12 ¼ C4k
2 logkþC5ðk2 � 1Þ þC6Sk

4 logk;

C13 ¼ 4fC8ðk2 � 1Þ þC9k
2 logkþC10Sðk4 � 1Þ þC11Sk

4 logk:
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