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Abstract

We construct a class of quadratic gauge invariant actions for extended string fields defined on the ten-
sor product of open superstring state space for multiple open string Neveu—Schwarz (NS) sectors with or
without one Ramond (R) sector. The basic idea is the same as for the bosonic extended string field theory
developed by the authors [1]. The theory for NS” sector and NS"~1_R sector contains general n-th rank
tensor fields and (n—1)-th rank spinor—tensor fields in the massless spectrum respectively. In principle,
consistent gauge invariant actions for any generic type of 10-dimensional massive or massless tensor or
spinor—tensor fields can be extracted from the theory. We discuss some simple examples of bosonic and
fermionic massless actions.
© 2016 The Authors. Published by Elsevier B.V. This is an open access article under the CC BY license
(http://creativecommons.org/licenses/by/4.0/). Funded by SCOAP3.

1. Introduction

In the previous paper [ 1], the authors constructed an extended string field theory (ESFT) which
describes massless higher spin fields accompanied with a tower of massive fields, in hoping
that it may give a possible ultraviolet completion of the higher spin gauge theory. There the
key ingredient is a tensor product of open string state space which naturally gives higher spin
fields at a massless level provided with the proper restriction of the states as an extension of the
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Lo — Lo = 0 condition for the closed string. Although the interaction is still to be studied, both
the gauge-invariant and the gauge-fixed free actions of the various types of higher rank tensor
fields are systematically extracted from the quadratic action of ESFT.

In the present paper, we extend the above mentioned construction to include fermionic fields
i.e. higher rank spinor—tensor fields as well as bosonic pure tensor fields, especially in a super-
symmetric way. Thus we use the NSR formalism with GSO projection to setup building blocks
of open string state space. For the sake of brevity we only consider the simplest supersymmetric
case where the tensor product space consists of only two sectors, namely NS ® --- ® NS and
NS ® --- ® NS ® R sectors, so that the resultant theory has A/ = 1 supersymmetry. If we could
include interactions, we would have to consider not only these two sectors but also all other
possible sectors with arbitrary number of R factors. One may also think that the simplest tensor
product with A" = 1 is a heterotic-type construction, namely the theory with (Bosonic)’~! ® NS
and (Bosonic)"~! ® R sectors. For the heterotic-type case, however, we have to properly treat ex-
tra 16-dimensions and thus we will have many lower-spin massless modes. Therefore we restrict
ourselves to the above mentioned case with NS” and NS"~'-R sectors and try to understand
the structure of the free minimal supersymmetric theory with massless higher-rank spinor—tensor
fields as well as tensor fields.

This paper is organized as follows. In the next section, we briefly review the free covariant
open superstring field theory for NS and R sectors. We then show that the ‘a-gauges,” which
is a class of covariant gauge fixing conditions valid for bosonic string field theory [2,3], can
be extended to the superstring field theory in both sectors. In the main section 3, we construct
free extended string field theory for NS” and NS"~!-R sectors and discuss the properties of the
actions. Massless spectrum of these sectors generally includes higher-spin fields since it is given
by the n-th rank tensor field and the (n — 1)-th rank spinor—tensor field respectively. We see
that the basic structure of the actions for NS” and NS"~!-R sectors does not depend on n. We
then explicitly see the massless part of the actions and give some examples of gauge invariant
actions for several types of tensor or spinor—tensor fields. We close the section by giving some
comments. In the final section 4, we give summary and some discussions. In Appendix A, we
summarize the basic properties of open superstring states and operators.

2. Quadratic action of superstring field theory in NS and R sectors

In this section, we first recall the quadratic action of covariant open superstring field theory
in NS and R sectors. We then see how the a-gauges [2,3] can be extended to the gauge invariant
action in NS and R sectors.

2.1. State space and the gauge invariant action

The state spaces for NS and R sectors we use have the form
HNs) = FNS 4 o FNS) Hr) = F® 4 (vo + c0Go) F®. (D

Here the spaces ™S and F® consist of states with arbitrary number of non-zero modes of
matter (o, ) and ghost (b, ¢, B, y) oscillators operated respectively on the ghost number 1
ground states

0, p; b; =Ins (=10, p) @ [ 1) ® | = 1)),
1 1
0. p.a: d: =7)R (=10, p.a) @ [ ) @[ = 7)) 2)
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For the R sector, we use the constrained space H ) following the formulation developed in
refs. [4-8]. Note that we choose the picture number —1 for the NS sector and —% for the R
sector as in ref. [9]. That is, the ground states | — 1) and | — %) satisfy

Brl—=1)=y|—1)=0 (for r > 0), (3)

1 1
,Bn|_§>=0 (forn > 0), Vn|_§>=0 (for n > 0). “4)
The number of independent matter ground states |0, p,a) (@ =1, ---,32) for the R sector is

2P/2 = 32 which is equivalent to the dimension of 10-dimensional spinor. We regard the opera-
tion of the fermion zero mode Yo (= +/2¥o") on |0, p, a) as

P10, p.a) =10, p. )T, (5)
where Fffa denotes the 10-dimensional gamma matrix. In particular, for the operator 7!! defined
by the product of all the ¥o"’s as 71 = yo” - - - o°, the relation

71110, p.a) =10, p, 6T, (©)

holds for T =T9... T2 We set that |0, p, a) is Grassmann even (or odd) if 711 =1 (or y'! =
—1). We introduce the projection operators

PL=1(1+f“), PR=1(1—>7“) @)
2 2

which respectively extract the !! = 41 component from the ground states {|0, p, a)}. We often
use the notation representing the ground state with 7!! = 41 as

1 1
|0,p,a:L)EPL|O,p,a;¢;—E), |0,p,a:R)EPR|0,p,a;¢;—§). (8)

Note that |0, p,a: L) and |0, p, a : R) are Grassmann odd and even respectively.
On the spaces Hns) and H ), BRST operators Ons and Qr are defined respectively. They
are divided by ghost zero modes as

Ons = O +coLo + boM, 9)
Or = Q +coLo +boM + 1 Go + BoN — yo°bo. (10)

The definition of Go, Q M, and N with other details of the matter and ghost operators are given
in Appendix A.

String fields ®ns and Uy are expanded by the ghost number 1 string states within the spaces
Hns) and HR). For each state, we assign a tensor or spinor—tensor field of appropriate Grass-
mann property so that the string fields become Grassmann even in total, that is, all fields within
®ns are Grassmann even and those within ‘ilR are Grassmann odd. For future convenience, we
separate those string fields into two parts and represent

dns=¢ 4+ cow,  Yr=1v 4 (o +coGo)x (11)

where ¢, w € FNS) and v, x € F®)_We also have to take into account the GSO projection [10]
which is defined by the G-parity operators

Gns = (-, Gr=p! (-1 (12)

where
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Fns=) (= -Yr +B—ryvr —v=rB) — 1, (13)
r=1

FR=Y_ (Yn-Vn+Bon¥n— V-nBn) + v0ho. (14)
n=1

After performing the GSO projection and truncating the string fields to satisfy Gnsr = 1, the
gauge invariant action for each sector is written as

1 1= A
Sis = 5 (@nsIQns@xs) . Sk =3 ( Wrlcod(0) Orr) (15)
where (®| = (|d>>)T and (ERl = (\iJR|1Z00 and 8’ (yo) = [6(y0), Bo]. Details of Hermitian conju-
gation and inner products are given in Appendix A. If we use the notation |-)) instead of |-) as

in eq. (A.40), in terms of the inner product notation ((-|| - ||-)) given by eqgs. (A.34)—(A.37), the
gauge invariant action for each sector is rewritten as

$ns =~ (I#11L018) ~ {91100 — (w1l G116} ~ ol M116)) (16)

Sk = % (((&néonz/f))+((fo||Q||x)>+((an||w))+ %(<X||<GOM+ Méo>||x>)> LA

Here we have used the decomposition of QNSR:
Ons = 0 +coLo +boM, (18)
Or = 0 +coLo +boM + y0Go + foN — yo’bo. (19)

Each action Sns or Sg is invariant under the gauge transformation

S®ns = OnsA,  SUR = QRrA. (20)

Here A € Hns and Ace ‘Hr are ghost number O string fields with Gns r = 1. Note that the gauge
transformation is consistent with the GSO projection since [Gns.r, Ons.r] = O is satisfied. By
expressing the gauge parameter fields as A = A + cgp and A=x+ (vo + c0Go)E, the gauge
transformation is also rewritten as

NS: 8¢ = Or+ Mp, Sw= Lo\ — Qp, 1)
- 1 -~ - - -

R: 8y =0k +(GoM + MGo)§, 8x=Gox+ QF. (22)

auxiliary

Note that the NS action is divided into two local gauge invariant parts Sns = Slr\?é“ + S\s
consistently as in the case of bosonic theory [2,3] whereas the action Sg does not have such
decomposition. Note also that the sum Sys + Sg has A = 1 supersymmetry in D = 10 [11,12]
and the explicit form of the supersymmetry transformation is given e.g., in [4]. We will see the

explicit form of the transformation for the massless part of the action in the next subsection.
2.2. Massless action and the supersymmetry transformation

We now explicitly see the properties of massless part of the action for later convenience. From
now on, we fix o’ = 1. Massless fields are given by string states of level Nieye] = % for NS sector
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and Njeye] = O for R sector. Thus the corresponding string fields in the form of eq. (11) after GSO
projection are

de P

2= = / 2m)D W_%IO, pidi—=1)Au(p), (23)
aPp -1 L ;

On2=0= | 5D ﬁﬁ_yo: pidi—1iC(p) (24)

for NS sector and

dP 1
wmzz():/#PL'O’p’a;\L;_§>Ca(p)s (25)

for R sector. Here the two fields A, and C in the NS sector are Grassmann even real fields while
¢, in the R sector is Grassmann odd left-handed real spinor field. The action for each sector can
be given by substituting the above ¢,,2_, and w,,2_, into Sns, and V,,2_q (with x,,2_, = 0) into
Sr. The result in the space-time representation is obtained after replacing ip, — 9, as

U0 = / dPx o st = / dPx £y =0

where

o 1 1
=0 = SA0A" = 2C 4 Co, A"

1 S
= —ZFWF“ - E(C —9,AM2, (26)

1 -
Ly=0— it 27)

with £ = ¢T1%= ¢Tr%). The NS action SI’\I”§=O is invariant under the gauge transformation
SA, =9uA, 8C =0 (28)
which is read by substituting

dPp 1 .
omP E'B_% 0, p; {; —1)ir(p) (29)
into eq. (21). Note that the NS part is divided into minimal physical part and the auxiliary field
part as E’I(I’;:O = Eﬁ;zo’mm + Eilu; iliary (ith

)‘m2=0 =

20 mi 1 i 1
‘Cgs 0, min — _ZF/WFMU’ Ei}ls)u lary _E(C _ 3MAM)2. (30)

The sum of the action SK};=0 + ngzo naturally represents the A = 1 supersymmetric gauge
theory in D = 10. The supersymmetric transformation for massless string fields is explicitly
calculated by using the relation given by eqs. (A.49)—(A.52) as

8cAy=éTue,  8.C=0,  8.=iJA,T"e—iCe. 31)

where € is a left-handed real spinor field.
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2.3. Gauge fixing: extension of the a-gauges

We briefly comment on the gauge fixing problems for each sector by concentrating on the
possible extension of a-gauge conditions, a class of covariant gauges, introduced by the present
authors for the bosonic string field theory in refs. [2,3].

In the NS sector, since the structure of the state space and the BRST operator with respect to
ghost zero modes is similar to that of bosonic string theory, the a-gauge conditions [2,3] for the
bosonic string field theory can be applied to the action Sxg straightforwardly. That is, the gauge
invariance of the action Syg is fixed by the condition

aQ¢p+ Mw=0 (32)

for an arbitrary real parameter a (# 1). For a = 0 and a = oo, the condition respectively cor-
responds to the Feynman—Siegel gauge and the Landau gauge. The gauge-fixed action can be
constructed by introducing the string fields with all the ghost numbers as in the case of bosonic
string field theory.

In the R sector, on the other hand, direct extension of the a-gauges for bosonic theory to the
action Sr cannot be performed since the contributions from the superghost zero modes yp and B
should be taken into account. For example, the condition such as an// + MGy x = 0 does not
completely fix the gauge invariance of Sg. We can however show that the modified condition

a(Qy — Nx)+MGox =0 (33)

for arbitrary a ( 1) completely fixes the gauge invariance for Sg. We regard this class of gauge
conditions as the (modified) a-gauge for the R-sector. For a = 0, the condition is reduced to
x = 0 and it coincides with the Feynman—Siegel gauge. For a = oo, unlike the bosonic or NS
case, the condition does not have a particular property.

3. Construction of extended superstring field theory

3.1. NS" sector

We construct the quadratic action of the extended string field theory for NS” sector. This can
be accomplished by applying the similar procedure used for constructing the extended bosonic
string field theory [1] since the state spaces for both theories have the same structure with respect
to the ghost zero modes. We first provide the direct product space of n distinct open string state
spaces for NS sector as

Hys' (P) =HiNg) (P) ® - ® HNs, (1) (34)
and impose the condition on | f)Ns» € Hns (p) as

by~ bé”>|f>Nsn =0 (g = L) Iner =0 4%

for i, j = 1,---,n. The latter equation of (35) is equivalent to the level matching condition
(0 (])
Ny —N

level level —
as L(()’) =02p?/2+ ngv)el . Here, £ is introduced as a scale factor instead of «’ of the case of
string theory n =1 or 2. In the following, we fix £ = +/2 and O‘o =V2pt.
We can construct the consistent extended string field theory on the restricted space HNS"
(C Hnsr) which is spanned by states satisfying the condition (35). This space can be divided

into two parts

= 0 since the operator L( D is written by using the level counting operator Nl(elv)e]
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Hign = Fns' + EoFns? (36)

where ¢o = Y 7 lc(()l) and fNS'z(C }' FQL Ns) ® - ® ]?((IG)S)) does not include ghost zero modes.

Note that each .F((IZ\I)S)(C ’H(NS)) is a copy of FNS) given in (1). A state | f)ngr € Fxst can be
represented by the form

|Finst = OF10, pi L1 - 1INy (37)

where O 7 is an operator consisting of non-zero mode matter and ghost oscillators and

10, 4 g =10, ps b =D @+ @10, ps bs =g (= e+ 10, pInse)
(38)
level 40 not depend
on i and we often omit the index i. We also choose the GSO pI‘Q]eCthH for every part i as
GI(\’I)S =+1. We denote by Hg\](;, ) such GSO projected space.
On the space HNS"’ we define the extended BRST operator Qng» as the sum of Q(Z) for all
i’s: ONs® = D iy QI(\I)s This operator can be divided by the ghost zero modes as

is the ground state. On the restricted space H., N » the operators b(’) (’) and N

Ons' = @ + & Lo+ boM (39)

where
Q= ZQI(\?S, M=ZMU). (40)

For D = 10, QNS" =0 holds. As in the case of bosonic theory, M, M~ (= Z?:] M~®) and
M (=7, Mz(i)) constitute the SU(1, 1) algebra (A.26) for any n. Also, the relation

Q? 4+ LoM =0 41)

holds and the projection operators like P, Wi and S defined for the bosonic extended string
field theory [1] can also be defined for our NS” sector theory. These operators play an important
role in constructing the gauge fixed action for the a-gauges.

The inner product on the space Hy, is defined by

1 (i
Nt (0, /5 L el 610, pi bV nse = (=)D m) Ps P (p — p)
(42)
where
s 1
(10, ps 41+ ns) T = (0, P34 L = s (0, P ) (43)
The left-hand side of eq. (42) can be written as g (0, p |c(") . c(_lfc(()l)---c(()")cil)m
c )|(), PIns - For convenience, we introduce the product s (O, p|| - 110, p))ns» as

"D 060, pl e 10 - c§10, py 4 - Vs = ns (0, P11O1N0, phins
(44)

with
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ns (0, p'111110, phnst = 2m)P 8P (p — p') (45)

where O is an arbitrary operator consisting of matter and ghost oscillators without by and cp.
Note that we can assume (— 1)‘0‘ = 1 since the left-hand side of eq. (44) vanishes otherwise.

The extended string field ®ng for NS” sector is expanded by all states | f%(p)) € ’H;\gn )
of ghost number Ny = n associated with the corresponding fields ¢ ¢« (p) as
dPp k
Cb n — B —— . 46
NS [ )P Xk:If (P (p) (46)

where the Grassmann parity of ®ng» (and thus that for each field ¢ s« (p)) should be even. The
quadratic action is given by

Lt
Sist = 5 (=" D2 (o

C(()l) - --C(()n_l)|QNs" CDNS">~ 47)
If we divide the extended string field as
Ongn = ¢ + Cow (48)

according to the division eq. (36) and use the notation given in eq. (44) by replacing |¢) — |¢))
and |w) — |w)) as in the case of n = 1 open string case, the action is represented by

Snsr = 3 ([#1120119) — (#113l1w) ~ (011 211g) ~ fwll M) (49)

which is exactly the same form as the action for open NS sector eq. (16). Note that we regard
that the Grassmann parity of |¢)) and |w)) is (—1)" and (—1)"~! respectively.
For D = 10, this action is invariant under the gauge transformation

SPns? = Ons? Ans? (50)
where Agr is the ghost number Ng = n — 1 string field which is expanded by fields in ’Hg\](;, )
with Ng =n — 1. The transformation can be rewritten in terms of ¢ and x as

8¢ =Or+Mp,  Sw=Lor— Op, (51)

where Ans? = A+ Cop. We see that the structure of the action and the gauge invariance is parallel
to that of bosonic string field theory in NS sector. Thus, gauge-fixing procedures effective for
open string field theory for NS sector can also be applied to our theory.

As in the case of bosonic theory, the action can be divided into two gauge invariant part:

Snst = Spen + Sygn )
where
i 1
Ns =5 {ellLo(l = Po)lle), (53)
xiliar 1 ~ »
S = gle +WiQelMIlw + Wi Q). (54)

Here Py = —LLO QWl Q and W), which plays a role of inverse of M on fgﬁf 1, is defined in
the same way as for the bosonic theory [1]. The auxiliary field part S;us)i,ﬂiary can be decoupled

from the physical action Sﬁ;ﬂ if we only deal with the quadratic action. However, if we consider
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the supersymmetric action by combining with the fermionic action Syg.-1_g given in the next

. - . ili .
subsection, the auxiliary fields in S;US’S 'Y are necessary for representing the supersymmetry

transformation in a simple manner as in the case of n =1 given in eq. (31).
3.2. NS""'_R sector

We now construct the extended string field theory for NS"~!-R sector. We provide the n—1
copies of the state space of NS sector and a state space of R sector and take the direct product as

1 -1

Hys-1r (P) = HiNs) (P) @+ ® Hixg) (P) ® Hiwy (). (55)
Then, we impose the condition on | f) ygn-1_g € H ngr-1_g(P) @S

by = b ns1 =0, (LG = L) yg1 g =0 (56)
for i, j =1,---,n where we assign n the space for R sector and consider HR) = ”HER) The
latter equation restricts the level of each i part as Nl(elv)el =...= ng:/ell) ngz,)el + 5. We define
the restricted space H/NSH—R by imposing the condition (56) on H ygn-1_g- The space can be
represented as

/H/NS"*LR = ]}NS;H_R + ()/0 + Eoéo) ]:-Nsnfl_R &)

where ¢ =) 7_, c(() D and F Nsn-1_g 18 a space of states without ghost and superghost zero modes

in H/Ns"*l-R ]:Nsn ig=H Ns-1 g 1 (.7-'(18) ® - ® f((NS) ® F®))- As in the NS" sector,

note that the operation of bg) and Lg) on states in H’ does not depend on i. Also, we

Ns"~I-R
choose the GSO projection for all n parts as GI(\I)S =Gr=+41({ =1,---,n—1) and denote by

HCE T gy ) the GSO projected space.

Ns"~ IR Ns"~ IR
On the space H' Ns-1 g We define the extended BRST operator Q ygn—1_g as
Q v R—ZQ(” (58)
i=1
This is decomposed by ghost zero modes as
Qng1g = @+ Lo +boM + y0Go + BoN — yo2bo. (59)
Here Q and M is the sum of all the corresponding operators in n parts:

n—1 n—1 n
, =ZQI§§ ( ZQ“’) M=3" M + Mg (:ZM@). (60)
] i=l1

i=l
We see that the structure of Q \gm1_p With respect to ghost zero modes is similar to that for open
superstring theory in R sector. In fact, the relation

>+ LoM+GyN =0 ©1)

holds and the algebraic structure among the operators Qand M along with M~ ="M @) -
and M, =37, MZ(') is the same as that for the n = 1 open superstring case.
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The inner product on the space ’H’N we use is given by

s"=IR
10, s 4tV  LR)eg” e 8710, pi At - L a LR 1.
= (=" 22m)PsP) (p — p)saw (62)
where

10, p; 41 - VLR 11y = 10, p3 41 - 1" gt ®10, p,a: L(R)). (63)

Note that /10, p,a: L) =10, p,a: L) and y[410, p,a : R) = (=1)"|0, p,a : R). We introduce
another notation of inner product as before:

D2 0, p L d  LIR)IOC e 8 (o) 7 10,
VM at LR)) 1,1 = (0, p',a'110110, p. a)) (64)
with
(0. p'. 1110, p,a) = @m)P8P (p — P)Saw. (65)

where O is a Grassmann even operator consisting only of non-zero mode oscillators as in the
n = 1 open superstring case. Note that the new notation of inner product is to be applied to the

. 1+ )
GSO projected space H NS R

The extended string field \i'(,,_ 1,1) for the NS"~1_R sector has ghost number Ny = n and

expanded by states | X (p)) in 7' ST

NS R associated with Grassmann odd fields ¥ ¢« (p) as

A de k
By = / e BURTLG) (66)
Note that \il(,,_l, 1y is Grassmann even. The action is given by

1 =12 3 1 >
SNS”’I—R: 5(—1)" lln(n h/2 <\I/(,,_1,1)|c(() ) "'C(()n)cs/()/())QNsn—l_R\I’(n_l)l)). (67)
If we divide \i'(n_ly 1) by ghost zero modes as

Uiy =9+ (Vo + Eoéo) X (68)

and use the notation given by the right-hand side of eq. (62) after replacing |¢) — |¥)) and
|x) — |x)), the action can be rewritten in a convenient form:

1/,- =~ - ~ 1 ~ ~
Snst1 R =5 <((¢|IGOIW>) +{wl1Qlx) + (xnQiv) + S (x11(GoM +MG0)||X)>)
(69)
where (V| = ((1//|1/~/8. This action is invariant under the gauge transformation
SWoo11) = Qg g Aw—1.1) (70)

where [\(,1_1,1) is ghost number Ny = n — 1. This transformation is also expressed as

5¢=Qx+%(éoM+MGO)g, §x = Goh + Q¢ (71)



188 M. Asano, M. Kato / Nuclear Physics B 910 (2016) 178-198

if we write A(n,],l) =i+ O0+ 5060)5 . We see that the structure of the above gauge invariant
action § ygn—1_g is parallel to that of open superstring field theory in the R sector. Thus we can
straightforwardly apply the modified a-gauge condition eq. (33) for the theory in R sector to our
action S ygn-1_g for general n.

3.3. Massless part of Sns» and S ygn-1_p

We now see the structure of the massless part of the action for NS” or NS”~! R sector given in
the previous subsections. The action for massless fields includes only a few kinds of oscillators:
", y_1 and B_,1 for NS part and wg for R part. Thus, the operators Q and M on general

) 2 2

2
massless extended string states are reduced to

Q=2 i (g ). M=
for NS” sector and
=0 = Zf Pu (V(i i t/f“f)yf)) LM = —22 AIRNCE)
and
N=0=0, G0 = p gt (74)

for NS"~1_R sector. Note that (Qﬁ;,,zo)2 = (Q’(’,'f:lol))2 = 0 is satisfied not only for D = 10 but

also for arbitrary space-time dimension D. Furthermore, for the R sector, since N™ =0 =0, the
relation
(O = —LoM{ =0 = =P My =)

holds instead of general eq. (61), and the modified a-gauge condition given by eq. (33) is reduced
to the form of the original a-gauge condition eq. (32) for bosonic or NS” sector theory.

We give some examples of gauge invariant actions for simple bosonic n-th rank tensor fields
and fermionic (n — 1)-th rank spinor—tensor fields extracted from Sl'\’fsn Oand § ';‘IS; R

From the massless part of the action SI’\'I‘S,T O for the NS” sector, as in the case of bosonic
extended string field theory [1], we can extract consistent gauge invariant actions for n-th rank
tensor fields of arbitrary symmetry classified by the Young diagrams of n boxes. For example,
for totally symmetric field A ....,,, = A(u;.--u,)» in order to obtain the corresponding action, we
provide the extended string states of the form

20 (
Ir\InS" sym /(Zn)D 1//({31 (2) 1/f(n) 10, PN Auipia--100) (P)
3 DY D 0 By — By V)10 PINS' Dieegin ) (P).
i<j
(75)
|C() Z( 1) 1//'(“1 _'wﬂnfl)ﬂ . |0 » ’liC ( )
NS sym (zn)p k1) (kz) (ky_) P 1Ys PYINS (12 pn—) P

(76)
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where we have omitted the subscripts —% for oscillators and wrote e.g., xpg.) instead of 1,//8)l K,

2
Also, n — 2 indices k,’s are chosen so that {k,,i, j} = {1,2,---,n} and k, < k; for r < s in
eq. (75),and n — 1 k,»’s in eq. (76) are chosen similarly: {k,/, j} ={1,2,---,n} asinref. [1]. By
substituting eqgs. (75) and (76) in eq. (49), we obtain

m2=0 _ D
SNS" sym = /d X L sym an
in the x-representation after replacing ip,, — 9, with

1 1 n
Ln,sym — EAMI"'anDAM Mn __ En(n _ I)Dul“'linlejDM Mn—2 __ ECulmuHC’” MHn—1

F1C oy O APV — (0 — 1)C gy, 9 DF2 =D (78)

as expected. This is divided into the minimal action part and the auxiliary field part: £, sym =

min auxiliary
En sym + ['Vl sym.~ as

1

Lym = EAM'--MDAMMM" —n(n = 1DDyy...p, ,OIDHHn2

+ %BMA‘““'"“"" Y Avpyogr s 1000 — 1Dy 8,8y ARVET =2

— -2
L= D=2 ;(” ) g DRI SV D (79)

5 n 2
Ezuz}]'r;?ry = _E (Cm'--unq - 3MAMM1'"M:1—1 +(n— 1)3(;“ Duz--~un_|)) . (80)

These Lagrangians are respectively invariant under the gauge transformation

1
5Au|~-un = a(ll«l)‘ll«Z'“Mn)’ 8DM1"'Mn—1 = ;au)‘mumun—z’ 8CMI"'M/1—1 = D)\’Ml'”ﬂn—l'

81)

Here, Ay ..,y = A(up--u,_y) Which is given by the extended string field

—0 ( 1) (M Mn—
AXsm sym) = (27.[)0 Z NG (kll)‘”<k2) Yk, i)ﬂ(1)|0 PINS" EM (g —1) (P)-

(82)

Similarly, gauge invariant action for other mixed symmetric n-th rank tensor fields can be ex-
tracted from Sng». The result is parallel to the one obtained from the bosonic extended string
field theory [1] and we do not go into detail here.

On the other hand, from the action S m? N =0 R for NS" 1R sector, we can extract gauge invari-
ant actions for various (n—1)-th rank left- handed real spinor—tensor fields. The simplest one is
for the totally symmetric spinor—tensor field ¢**1**#»=1)_ for which the corresponding extended
string field is given by
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(n Hn—1)
V3 m) /(2n)DW(1>1“"/’<n—1l) 10, P, @) ¢y, 1y (P)

+ Y D F g ) i By — Bayyo)I0. paal) o, L (P),
i<j

(83)

20 (= 1)] ! e Jn—2)
|X("711*1y1),5ym = (27.[)D Z (kll).”w(kn 2)’3(1)|0 p,a)) X(Ml “Hn— 2)(p)

(84)

where ¢ = +¢, T'''w = +w, 'y = —x and the tensor indices for ¢, w, and yx fields are
restricted to be totally symmetric. We have omitted the subscripts —% for oscillators as before.
Also, n — 3 indices k;’s are chosen so that {k,,i, j} ={1,2,---n—1} and k, < k; for r < 5 in
eq. (83),and n —2 k,»’s in eq. (84) are chosen similarly: {k,, j} = {1, 2, - - - n—1}. By substituting
egs. (83) and (84) into eq. (69), we obtain

i < -~
Smsn I_r /de E{ - ¢‘“ Mn_lﬂ¢lil"'.unfl + (n - 1)(” - 2)6()#61 ﬂn_g’ﬁwﬂl“'ﬂnff‘
= (0 =2 s = DR 0p )
)_(l“m””lizﬁxlll“‘#n—z ] .
(85)

This action is equivalent to the so-called fermionic triplet action [14,15] and the physical degrees
of freedom include those for fields with spin less than or equal to n — % It is invariant under the
gauge transformation

+ 1t D1 Xpta--ptn 1) = Kty ooopty o Op PP Hn=2 4 n—1

1
8Ppurpny = 0w Mg st —1)s SOpyeopry 5 = ﬁau)"ﬂﬂl"'ﬂn—y

S Xt tn—a = P puyooptn (86)

where T'''A =+ and Ay, » = A(uy-u,_o)- This gauge transformation is calculated by sub-
stituting

20 ( 1) =l (n Hn—2) ;
A =1,1).sym ) /(27,)0 oo Ve Vi P10 P al 13y, (P)

(87)

into eq. (71).

For the spinor field with totally anti-symmetric tensor indices ¢yy,....,_,], the gauge invari-
ant action is not simple enough compared to that for bosonic totally antisymmetric tensor field
Biy,..,1 Whose minimal Lagrangian is given by the form £~ Hy,...,,,., H*!""# by the field
strength H of B. In fact, gauge invariant action for ¢y,,...,,,_;1 should contain the sequence

2=0
(i1 o -3l ¢[/41 Mn—sl> T from the W(’Z ll)» part, and

X1 sl X[m 4 -+ from the | X (n-1, 1))) part. Thus, the corresponding action includes
n—2 klnds of lower rank fermionic fields other than the original ¢ [w1--un_y] field in total. This
difference of properties between bosonic and fermionic actions results from the fact that the

of lower rank spinor—tensor fields qb
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bosonic action can be divided into two gauge invariant parts as eq. (52) while the fermionic ac-
tion does not have such a consistent decomposition. For example, the action for the 2nd rank
spinor—tensor field ¢,,,) includes two more fields ¢’ and x,. It can be calculated from NSZ-R

. 2__ .
action S”;IS;?R and the result is

2_ i - T .
nIzIS;?R,asym - [de { B 5(])[“”];9(]5[#”] —i¢'pe’ + z)(“ﬁxu
— I Bty — 10D + T8 + 27,09 . (88)

Note that ¢,,, and ¢’ are the left-handed (I''! = 1) and x is the right-handed (I'!! = —1) real

fermionic fields. Similarly, in S&”;,iqiR, all the fields belonging to W’”ZZO)) and | Xm2=0)> are
left-handed and right-handed respectively. The above action S”lfIzS??R asym is invariant under the

gauge transformation

Suy =20[uhv), 8¢ =0 — PE, Sxu = —Pru +0,E. (89)
For any other general (n—1)-th rank mixed-symmetric spinor—tensor field, we can similarly
extract the consistent gauge invariant action from the total action §m°=0" Note that such gauge

NS~ R’
invariant actions are classified by Young diagrams of n—1 boxes as in the case of tensor fields in

the bosonic extended string field theory [1].
3.4. Some comments

We give some comments on the actions Syg» and Sygn-1_g We have constructed above. The
basic structure of these actions does not depend on n and the properties of these actions are
parallel to those for n = 1 open superstring actions in NS and R sectors. For example, all the
fields in Sng» and Syge-1_g are respectively bosonic and fermionic fields, and the action Sys»
can be divided into two consistent gauge invariant parts, minimal action part and auxiliary fields
part, while Sygn-1_g cannot. Also, no-ghost theorem is trivial from the structure of the BRST
operator in D = 10 and the physical degrees of freedom can be easily obtained by counting the
right-cone degrees of freedom.

On the other hand, concrete physical spectrum depends on n. For example, the number of
physical degrees of freedom of massless spectrum for both NS” and NS" 'R sectors is 8" which
is respectively described by the n-th rank tensor field Ay, ...;, and the n-th rank left-handed real

spinor—tensor field ¢zl el where [1; represents the D — 2(= 8) transverse degrees of freedom

and a the physical 8 degrees of freedom for the spinor index. Note that the equations of motion
for NS"~ 1R sector reduce the number of spinor indices by half and thus the number of massless
degrees of freedom for both sectors coincides with each other. There is also the infinite tower
of massive fields for both sectors and the number of physical degrees of freedom also coincides
with each other. This is natural since the total action S, = Sxgn + Sygn-1_g should have N =1
spacetime supersymmetry in D = 10. For n = 1, this is reduced to the usual supersymmetry for
open superstring theory. For n = 2, this symmetry between NS-NS and NS-R sectors is a part
of N =2 supersymmetry of closed superstring theory which is realized by including R-NS and
R-R sectors in addition to the two sectors. For general n, if we include all 2" sectors consisting of
totally n NS and R parts in addition to NS” and NS"~!-R sectors, we might be able to construct
the theory with N = n supersymmetry.
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As to the construction of general sectors including more than two R parts, it is difficult to
obtain an appropriate gauge invariant action in a straightforward way. For example, even for the
R-R sector, it is known that we cannot construct the consistent gauge invariant action from the
string field on the tensor product of two state spaces H r) ® H (r) with (or without) simple restric-
tion such as Lo — I:o = 0 used for NS-NS or NS—R [5,13]. In general, it is possible to construct
a consistent action by choosing a state space other than H Ry ® Hg). One example is given in
ref. [13] where a certain gauge invariant action is constructed based on an asymmetrically chosen
state space of the form H{g, ® H.

We comment on the extension to general spacetime dimensions D # 10. As we have seen
above, since the BRST operator is nilpotent on general massless states for any D, the massless

part of the action is consistently applied for general D. For fermionic massless part of the action
m*>=0
st L HOWENER e e 0

a particular spacetime dimensions other than D = 10. For example, for D = 4, the left-handed

real spinor—tensor fields (¢, w and x) appearing in the action eq. (85) should be interpreted as
general Weyl (or Majorana) spinors. The similar reinterpretation is needed when we apply the
actions to general D.

however, we have to be careful about the type of spinors when we apply the action to

4. Summary and discussion

We have constructed the consistent quadratic gauge invariant actions for extended superstring
field theory for NS” and NS"~!-R sectors. The corresponding actions Syg» and Snsn-1_g are
extensions of those for NS and R sectors of open superstring field theory. The massless spec-
trum of the theories for NS” and NS"~!—R sectors in general includes higher-spin gauge fields
represented by general n-th rank tensor fields and spinor—tensor fields respectively. From the ac-
tions, we are able to extract general quadratic gauge invariant actions for any type of tensor or
spinor—tensor fields.

For massless fields, the actions for n-th rank tensor fields or spinor—tensor fields are clas-
sified by Young diagrams of n boxes. The simplest examples are the actions eqs. (77) and (85)
which are respectively for totally symmetric tensor and spinor—tensor fields. For a general mixed-
symmetric tensor or spinor—tensor field represented by a certain Young diagram, we can obtain
the explicit form of the action by extracting the corresponding part from Sng» or Sygn-1_g and
calculating the inner products of extended string states. The actions for bosonic fields are the
same as the ones obtained from the bosonic extended string field theory given in ref. [3] except
for the space-time dimensions. For fermionic fields, the structure of the actions are more com-
plicated than that for bosonic fields as we have seen in the example of massless anti-symmetric
field in the previous section.

Note that there have been various attempts of constructing consistent actions or field equa-
tions for general higher-spin fields in flat spacetime (e.g., [14-20]). From the perspective of
constructing a consistent gauge invariant action for general higher-spin field represented by an
unconstrained (spinor—)tensor field in flat spacetime, our method has certain advantages since
the gauge invariance and the no-ghost theorem are trivial and covariant gauge fixing is straight-
forward. Note also that the actions for massless fields can also be obtained from the tensionless
limit of open superstring field theory for NS or R sector.

Since we have successfully constructed the free extended superstring field theories as well as
the bosonic ones, our next task is to see whether we could also construct the consistent interaction
terms. For this purpose, we would like to analyze the structure of the known interaction terms for
open and closed string field theory and study whether it is possible to extend them to the n > 2
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case. This should be a challenging task since we do not even know what is the physical objects
represented by the theories for n > 2. On the contrary, we may take more algebraic approach
such as As./Ls. We would like to tackle the problem for the simpler bosonic extended string
field theory by using the gauge invariance structure as a hint.
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Appendix A. Useful relations for open superstring states and operators

Matter and ghost oscillators The (anti-)commutation relations of the matter and ghost oscilla-
tors for NS and R sectors are summarized as [}y, ayl=mn* 8, _n, (b, cn} = 6m.—n,

NS: {1//#’ 1//;} = 77’”5r,ﬂ-, R: {1//;,1" 1[/;} = nlwsm,fn (Al)
with n,, = diag(—=1,+1,---,+1) and
NS: [vr, Bs]l = Sr,—Sv R: [ym. Bul= (Sm,—n (A.2)

where m,n € Zand r,s € Z + % Hermitian properties are given by

(aﬁ,ﬁ)% =a”, . bjn =b_,, cjn =C_m, (A3)
Bi=—B—r. ¥ =v—r. Bhi=—B-m. Vy=V-m (A4)
Wt =y Y =", m#£0), (A5)
W) =Wy (=290 v v). (A.6)

We often use ¥ (= v/2v)) instead of ) since the commutation relation for v is the same as
for Gamma matrices [['#, 'V] = 2n#".

Super Virasoro generators Matter part of super Virasoro generators is given by

[e¢]

1 1/1
L™= %" 5 Qo G+ 3 (En + q) Vg Vgin i —K18p0  (AT)
m=-00 q+%€Z (NS)
q€Z (R)
with k1 =0 for NS and k| = —% for R and
NS: G =3 am-VYsim R G =1 am - Vutm (A8)
mez mez

Ghost part is

o0
3
L= 3" m=m)ibopCrim:+ Y (—n—q):yn_qﬂq:—xzan,o, (A9)

2
m=-00 g+1iez (NS)
q€Z (R)

with kp = 1 for NS and Ky = % for R, and
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1
NS: G§g) = Z (Em - S) ComPBmts —2 Z Y—rBs+r> (A.10)
mez r+%eZ
1
RGP =) (5’" - n) ComButn =2 ) V-mPutn. (A.1D)
meZ meZ

In total, L, = Lf,m) + Lf,g) and G, = Gém) + G;g) (g + % € Z for NS and g € Z for R) and the
total super Virasoro algebra in D = 10 is given by

1
[Ln, Linl= W —m)Lyym, [Ln’Gq]z (En_q> Gn-‘,—qa {Gq’Gp}Zqu+p- (A.12)
BRST operators BRST operators Ons and Qr, which are nilpotent (Q%S = Q2R =0) in

10-dimensional spacetime, are written as the form egs. (9) and (10). The definitions of M and Q
in (9) and (10) are given by

o0
M==Y 2mcwem — Y. 20 4% (A.13)
m=1 g+ieZ.g (NS)
q€Z=o (R)
- 1
0= Z C—mLfnm) -3 Z (m—n) :c—mCpbpim: + Z Y—q Gt(lm)
m##0 mn#0 g+1eZ (NS)
m~+n7#0 qGZZ#o (R)
1
> VepVegbprgt Y <5m - q) c-mV—gPntq (A14)
p+q€Z4o (NS) meZo,q+1 €Z(NS)
Pq.p+q€lzy (R) gm,q+meZzo (R)

where Z-o and Z- denote the sets of positive integers and non-zero integers respectively. The
operators N and G are defined only for the R sector as

3
N=>" SMCm Vi (A.15)
mez
~ m
Go= Z A Y — Z (Eﬂ—mcm + 2bm)’—m> . (A.16)
meZ meLixo

Note that Go is the non-zero mode part of Gy = Gém) + G(()g) and Go = G + 2bgcp holds. The
relation between Go and L is given by Goz(: Goz) = Lg. Also, Lg is written by the level
counting operator Nieye] as

1
NS: Lo=a'p*+ Nievel — > R: Lo=0o'p?® + Nievel (A.17)
where af = +/2a’p* and Njeye is explicitly given by

Nievel = Z (a—p - oy +n(c_pbp + b_ycp))
n€Z>0
+ Y gV Vgt a(—v—qBy + B-q¥y)- (A.18)

g+iezZ.o (NS)
q€Z=0 (R)
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Commutation relations for these operators are

[0, M]=[M,N1={0,Go}={0,N}={Go, N} =0, [M,Gol=2N. (A.19)
Also, N% = 0. Nilpotent property of Q is rewritten as

NS: Q?+MLy=0, R: Q%+ MLo+GoN =0. (A.20)
Hermitian property of the above operators is given by

NS: O0'=0, M'=m, (A.21)

R O'=J00U. M =M. Gol=i0Godl. N'=-N. (A22)

Ghost number operator and the SU(1, 1) algebra  Ghost number operator N, defined on Hs)
and H g, is given by Ny = Ng + cobo — yoBo + 1 with

Ne= ) (Combn—bomen) = D (r-gBg+B-q¥e)- (A.23)
meL=0 q+%€Z-0 (NS)
g€Z-0 R)

Thus the ground states given by egs. (2) have ghost number Ny = 1. The operator Ng counts the
ghost number of the ghost non-zero mode part. We can check the relations

[Ng. 01=0Q, [Ny, M1=2M, [Ny, N]=2N. (A24)
Note also that if we define
=1 1
M~ == S bmbm + > SB-aPa (A.25)
m=1 q+ieZ.o (NS)

q€Z=p (R)
and M, = %Ng, M, M~ and M, constitute the SU(1, 1) algebra
M, M™1=2M_, M, M]=M, M, M 1=-M" (A.26)

as in the case of bosonic string theory.

Inner products  Inner product for spaces Hns) and H Ry we use is given by the following rules:

0,910, p) = 2m)P8P (p— p), (Lol 4) = (Ole—1coc1]0) =1, (A.27)
1 1

NS: (=1|-1)=1, R: (—§|8(y0)|—5):l. (A.28)
Thus,

Ns(0, p's s —1leol0, p; s —ins = 2m)P8P) (p — p') (A.29)
for NS and

(0, p',d": LIcod(10)|0, p,a: LYy = 2n)P8P) (p — p')suw (A.30)

0, p',a": Rlcod ()10, p,a: R) = —2m)P8 P (p — p")uwr (A.31)

for R. Here [0, p,a: L) = P.|0, p,a; |; —%) and [0, p,a: R) = Pgl0, p,a; |; —3) as is de-
fined in eq. (8). Note that the minus sign of the right-hand side of (A.31) is due to the fact that
Pr|0, p, a) is Grassmann odd.
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For two states | f(p))(= O¢|0, p; |: —1)ns) and [g(p"))(= Ogl0, p; |; —1)ns) in the NS
sector, we define the inner product as

(g(HIF(P) =ns0, p's 1 =110, O£10, p; |3 —1)ns, (A.32)

which can be calculated by commutation relations for operators and the definition of inner prod-
uct for ground state (A.29). We can define the inner product for any two states in the R sector
in a similar manner. Note that in the R sector, when constructing the quadratic action, we use
(f1 = (f1¥o instead of just taking the Hermitian conjugate as ( f|. For a string field which is
given by the infinite sum of string states with the corresponding fields, the relation between | P)
and (®| is

dPp
D) (= <I>):/(2ﬂ)DZij|ﬁ(p>>¢ﬁ<p>, <<1>|=/(2 )DZasﬁ( P fi(p)l.
(A.33)

For convenience, we often use another notation of inner product which does not include cq +1
nor yp given by the right-hand side of the following equations:

Ns(0, p's L =110col0, p; L —1)ns = (0, p'11O1[0, p)), (A.34)
(0, p';a": LIOcod (y0)10, p,a: L) = (0, p'a’||OI10, p, a)), (A.35)
(0, p',a": RIOcod(1)10, p,a: R) = —(0, p’,a'l|0I|0, p, a)) (A.36)

where O is an arbitrary operator consisting only of matter and ghost oscillators without ghost
zero modes and

(0, p'I11110, p)) = @m)PsP)(p — p",
(0, p',d'|11110, p,a) = 2m)PsP (p — p' Yoy (A.37)
The right-hand sides of above three equations (A.34)—(A.36) vanish when (—1)'0| =—1if O

consists only if matter and ghost oscillators. For the R sector, egs. (A.35) and (A.36) can be
rewritten as a united form

(0, p,d": L(R)|Ocod (v0)7'10, p, a - L(R)) = (0, p'd[|O|0, p, a)) (A.38)

and we use this new notation only for the GSO projected state space. Note also that the essence
of the above relations for both sectors is the relation (0, p’|c_1Ocyc110, p) = (0, p’||O||0, p),
i.e., the new notation of inner product corresponds to defining another state space spanned by
states | f(p))) instead of original | f (p)). In concrete, for a state

[f(p) =00, p; s =1)ns or  |f(p))=0rl0, p,a: L(R)), (A.39)
| f(p))) is defined as
) =DOM00,p)  or  1f(p) = (D00, p.a) (A.40)

where |0, p)) (or |0, p, a))) is regarded as a new ground state satisfying b,|0, p)) = c,|0, p)) =0
for n > 0. For example, the NS string field ®ns = ¢ + cow can be expanded by

dD
¢ (= 1¢)) = f(znf’D 30410, pi s —)nsés (). (A1)

dD
o(=lo) = [S053 0 10.p: i ~sog (9 (A42)



M. Asano, M. Kato / Nuclear Physics B 910 (2016) 178-198 197

where (—1)!O% = —1 and (=1)/%%' = 1. Then, if we write
dPp
) == | Go)p Xijof,- 10, PN (p). (A.43)
de /
o)) = / 2P Xijogi 10. pha, (p), (A44)
then the inner product can be expressed as
(@lco - @) = — (Il - lIP) (A.45)
(wlcoM - |w) = (] - [|w)). (A.40)

Note that we apply the new notation of inner product in the right-hand side of egs. (A.45) and
(A.46). The minus sign in the right-hand side of the former equation (A.45) comes from the
relation

(0, p'le-10%,c005¢10, p) = —(0, p'lc-10%,0 scoei 10, p) = =0, pllO}, 04110, p)
(A47)
since (—1)19fl = (=19 = —1.
Supersymmetry transformation for massless fields Supersymmetry transformation can be con-

structed by the fermion emission vertex W(z) [11,12]. The explicit form of the transformation
for the action Sns + Sr is given in ref. [4] as

Sep = Wy + W/ S = —GoWedp + W (A48)
Sew = WeGox Sex = Wew ’

where W, and W/ are operators converting NS states into R states. For massless (Nevel = % for
NS and Njevel = 0 for R) string states, the transformation is given by

Wewr_110. pi J: =I)ns = 0. p.a: R)(T€)a, (A.49)
W(B_110. pi b =Ins =210, p.a: L)ea, (A.50)
Wel0, p,a: Ly =y_110, p; 45 = INsET0)a, (A51)
W0, p.a: Ry =~2y_110, p; }; —1)Nséa- (A.52)

Here ¢ is a Grassmann odd parameter real spinor field which satisfies I'''e = € and €* = €.
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