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A four-point combined DE/FE algorithm is proposed to constrain the rotation of a discrete element about
its linked point and analyze the cracks propagation of laminated glass. In this approach, four linked points
on a discrete element are combined with four nodes of the corresponding surface of a finite element. The
penalty method is implemented to calculate the interface force between the two subdomains, the finite
element (FE) and the discrete element (DE) subdomains. The sequential procedure of brittle fracture is
described by an extrinsic cohesive fracture model only in the DE subdomain. An averaged stress tensor
for granular media, which is automatically symmetrical and invariant by translations, is used to an accu-
rate calculation of the averaged stress of the DE. Two simple cases in the elastic range are given to certify
the effectiveness of the combined algorithm and the averaged stress tensor by comparing with the finite
element method and the mesh-size dependency of the combined algorithm and the cohesive model is
also investigated. Finally, the impact fracture behavior of a laminated glass beam is simulated, and the
cracks propagation is compared with experimental results showing that the theory in this work can be
used to predict some fracture characteristics of laminated glass.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Laminated glass has been widely used to enhance the safety of
structures, such as automobile windshields, which generally con-
sists of two or more layers of glass sheets combined by adhesive
interlayer of tough Polyvinyl Butyral (PVB) under heat treatment.
The impact resistance of laminated glass plate is higher than that
of a single glass plate of same thickness in total. Simultaneously,
the fragments of glass are kept together after broken because of
the adhesion of PVB interlayer. The impact fracture behavior of
laminated glass is more complicated than that of single glass be-
cause of the brittleness of glass, the hyper-elasticity of PVB inter-
layer and the combined influence of both before. So, many
researchers have advocated many numerical methods to study
the impact fracture behavior of laminated glass. Among these
methods, the finite element method (FEM) (Zienkiewicz et al.,
2005) based on continuum mechanics is difficult to simulate the
fracture process from the crack growth of glass to the failure of
PVB interlayer for laminated glass plate. Peng et al. advanced five
laminated windshield FE models and simulated the impact process
by using the LS-DYNA software, however, the crack propagation of
glass was described by deleting the ‘‘glass shell’’ when it reached
failure criterion (Yong et al., 2012). The five FE models were impos-
sible to describe the microscopic behavior in the impact fracture
procedure.

The 3D discrete element method (DEM), which is based on non-
continuum mechanics as proposed by Cundall (1971) in 1970s, can
simulate the fracture behavior of laminated glass (Zang et al., 2007,
2009). In 2009, Shan advanced two sets of spring constants of 3D
DE models based on the principle of minimum potential energy
and analyzed the stress wave propagation in a concrete block
and the splitting process of a marble disc under impact loading
(Shan et al., 2009). Recently, the 3D DEM was used to optimize
the structure of laminated glass plate by Sakai et al. to improve
its impact resistance (Sakai et al., 2013). The validity of the opti-
mum structure was confirmed by the verification analysis. Many
contact searching algorithms were developed for a speedier calcu-
lation (Munjiza and Andrews, 1998; Williams et al., 2004; Munjiza
et al., 2006), however, the poor efficiency of the DEM is the biggest
obstacle of its applications in the large scale engineering problems.

To take full advantage of the both numerical methods men-
tioned before, many kinds of combined DE/FE methods have been
advanced to analyze some engineering problems by many scholars.
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http://dx.doi.org/10.1016/j.ijsolstr.2014.01.026
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The flexible container problem was considered by using the com-
bined finite-discrete element method (Munjiza, 2004). In this
method, each particle was represented by a single DE and each
DE was discretized into some FEs. The deformation of individual
particles was described by using the continua formulation (FE).
The interaction and motion of individual particles was described
by using the discontinua formulation (DE). Now, this approach
has been widely used to analyze some engineering problems, such
as the material fracture behavior (Karami and Stead, 2008), the
powder compaction process (Lewis et al., 2005; Gethin et al.,
2006; Frenning, 2008; Choi and Gethin, 2009) and the deformable
multi-body dynamics (Komodromos and Williams, 2004;
Komodromos, 2005). Another popular combined method is a sub-
regional method. For example, Oñate analyzed the rock cutting
process by using the subregional combined method, where the tool
was discretized with the linear triangle FEs and the rock was dis-
cretized with the circle DEs (Oñate and Rojekb, 2004). The failure
of a pre-stressed aluminum plate under laser irradiation was sim-
ulated. The adjacent region of a failure region was simulated by
DEM, and the rest was calculated by FEM (Tang and Xu, 2007;
Zhang and Tang, 2010). Lei and Zang proposed a combined algo-
rithm based on penalty method to analyze the impact fracture
behavior of a laminated glass plate considering the influence of
the model parameters (Lei and Zang, 2010). Afterwards, Yu et al.
(2010) and Gao et al. (2014) in Zang’s group proposed another
two similar combined algorithms to simulate the impact response
of a front windshield and the vibration process of the glass plate
under impact of a rigid sphere in the elastic range, respectively.
Consensus of the three combined algorithms based on penalty
method is such that there is only one linked point on the DE com-
bined with one linked point on the corresponding FE surface. The
DE may rotate about its linked point and the zero energy mode
may be present on the interface. The interface force will vanish
when the DE rotates about its linked point.

To constrain the rotation of the DE about its linked point, a four-
point combined DE/FE algorithm is proposed to better the compu-
tational precision and analyze the cracks propagation of laminated
glass. There are four linked points on each DE combined with four
nodes of the corresponding FE surface. The interface force is calcu-
lated by using the penalty method. The sequential procedure of
brittle fracture is described by an extrinsic cohesive fracture model
only in the DE subdomain. An averaged stress tensor for granular
media, which is automatically symmetrical and invariant by trans-
lations, is used to an accurate computation of the averaged stress
tensor of the DE. Two simple case in the elastic range are given
to validate the effectiveness of the combined algorithm and the
averaged stress tensor by comparing with the FEM and the
mesh-size dependency of the combined algorithm and the cohe-
sive model is also investigated. Finally, the impact fracture behav-
ior of a laminated glass beam is simulated, and the cracks
propagation is compared with the experimental results showing
that the theory in this paper can be used to predict some fracture
characteristics of the laminated glass.
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2. Basic theories of the discrete element model

The first two parts of this section give an introduction about the
kinematic formulation and the spring constants of the DE model
which are followed by the extrinsic cohesive fracture model and
the averaged stress tensor of the DE.
i
ks

Fig. 1. Twenty-seven spheres discrete element model.
2.1. The kinematic formulation of the DE model

In the DE model, there are many rigid sphere elements (discrete
elements). The forces and the moments acting on each DE are given
by the second Newton’s law. The response of the whole system is
described through the interaction of each DE with its neighbouring
DEs in the system. The kinematic formulation for the discrete ele-
ment i can be represented as (Zang et al., 2007):

mi €ai ¼
XNi

n¼1

f in þ Ri

Ii _xi ¼
XNi

n¼1

rin � f in þ K i

8>>>>><
>>>>>:

ð1Þ

where Ni is the number of neighbouring DEs of the element i; mi and
Ii are the mass and the rotary inertia of the element i, respectively;
ai is the displacement of the element i;xi is the rotational velocity
of the element i around its center; f in is the force acting on the ele-
ment i by its neighbouring discrete element n; rin is the arm of the
force to the center of the element i; Ri and K i are the external force
and the moment acting on the element i, respectively.
2.2. The spring constants of the twenty-seven spheres DE model

A twenty-seven spheres DE model (Shan et al., 2009) is used to
analyze the cracks propagation of laminated glass. As shown in
Fig. 1, there are three kinds of DEs (spheres) connecting with the
discrete element i (black sphere). The discrete element i is con-
nected with the discrete element j by one normal spring kn and
two tangential springs ks. The red spheres (such as j1) are the dis-
crete elements of the first kind, the greens (such as j2) the second
kind and the yellows (such as j3) the third kind. The relationship
between the spring constants and the linear elastic constants had
been established based on the strain energy equivalence of elastic
body with the elastic potential energy of all the normal and tan-
gential springs (Shan et al., 2009). For the linear elastic material,
the normal and the tangential spring constants of the twenty-
seven spheres DE model can be represented as follows:

kn1 ¼ Eð1�mÞ
12r2ð1þmÞð1�2mÞV

kn2 ¼ Eð1þ2mÞ
12r2ð1þmÞð1�2mÞV

ks1 ¼ ks2 ¼ Eð1�4mÞ
12r2ð1þmÞð1�2mÞV

kn3 ¼ ks3 ¼ 0

8>>>>><
>>>>>:

ð2Þ

where kn1; kn2 and kn3 represent the normal spring constants be-
tween the discrete element i and its three kinds of the connective
DEs (such as j1; j2 and j3), respectively; ks1; ks2 and ks3 represent
the tangential spring constants between the discrete element i
and its three kinds of the connective DEs respectively; m is Poissons
ratio; E is Young’s modulus; V is the volume of the DE and r is the
radius of the DE; The volume is V ¼ 8r3 for the twenty-seven
spheres DE model.
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2.3. The extrinsic cohesive fracture model

Particularly for the brittle material, such as glass and ceramic,
the essence of its brittle fracture can be sought at the atomic or
molecular level (Lawn, 1993). To describe the sequential picture
of brittle fracture, the extrinsic cohesive fracture model is added
between the two joint models of the DE, the connective model
and the contact model (Gao and Zang, 2013).

The effective quantities gives the basis of the extrinsic cohesive
fracture model which integrate the effective traction and the effec-
tive separation between the neighboring elements (Ortiz and
Pandolfi, 1999; Zhang et al., 2007). The relationship between the
effective cohesive traction and the effective separation, as shown
in Fig. 2, can be represented as:

fn ¼ rn
eff A ¼ rcdnA

deff

dmax
eff

� deff

dc

 !,
dmax

eff ð3Þ

fs ¼ rs
eff A ¼ grcdsA

deff

dmax
eff

� deff

dc

 !,
dmax

eff ð4Þ

where fn and fs are the normal and the tangential forces respec-
tively, and the two components of the tangential force are:

fs1 ¼ fsus2=us ð5Þ

fs2 ¼ fsus3=us ð6Þ

here us2; us3 and us are two tangential displacements and the sum of
the tangential displacement respectively; dc is the critical separa-
tion; dn and ds are the normal separation and the tangential separa-
tion, respectively; g is the shear stress factor; dmax

eff is the max
effective separation until current time from the initial moment;
deff is the effective separation at current time; A is the equivalent
area between the DEs.

The effective separation deff at current time can be obtained
from the following formulas:

deff ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
d2

n þ ðgdsÞ2
q

; rn
eff > 0

g dsj j; rn
eff 6 0

8<
: ð7Þ
2.4. The averaged stress tensor of the discrete element

An averaged stress tensor, which was automatically symmetri-
cal and invariant by translations, was developed by Fortin for gran-
ular media (Fortin et al., 2003; de Saxcé et al., 2004). The averaged
stress of each granular is calculated by:

r ¼ 1
V

Z
V

rðqgÞt � 1
V

Z
V

rðq€uÞt þ 1
V

rf t
c ð8Þ
1

1

δeff/δc

σeff
σc

___

Fig. 2. The relationship between the effective traction reff and the separation deff .
in which V is the volume of granular; r denotes the position vec-
tor of a current point of the granular; q is the density; g is the
gravity acceleration; u is the displacement vector of a current
point of the granular; f c is the contact force acting on the gran-
ular. The three items in the right hand side denote the stress
components contributing to gravity, inertia force and contact
force, respectively.

In order to calculate the averaged stress of the DE, the contribu-
tion of connect force, cohesive traction and interface force between
the DEs to the stress components are subjoined in Eq. (8), and the
stress component owing to the gravity vanishes by taking the mass
center of the DE as origin. So the averaged stress of the DE can be
obtained by:

r ¼ � 1
V

Z
V

rðq€uÞt þ 1
V

rf t
c þ

1
V

rf t
n þ

1
V

rf t
v þ

1
V

rf t
i ð9Þ

in which f n; f v and f i denote the connect force, the cohesive trac-
tion and the interface force acting on the DE, respectively.

Remark. The external force acting on the center of the DE is
regarded as the contact force. The position of the acting point is on
the spherical surface of the DE and keeps the same as the initial
time.
3. The four-point combined DE/FE algorithm

The first part of this section gives the weak form of the system
governing equation. The second part presents the four-point com-
bined algorithm followed by the interface force calculation and
time step.

3.1. The weak form of the system governing equation

A continuous 3D elastic solid (solution domain) is considered
with the volume X and the surface S as shown in Fig. 3. The elastic
solid is divided into two subdomains, Xa and Xb with the surfaces
Sra; Sua and Srb; Sub, respectively, which are to be joined together
along an interface Sab. Here Sra and Srb are the surfaces prescribed
the external forces, Sua and Sub are the surfaces prescribed the dis-
placements (Lei and Zang, 2010). In this work the solution domain
is decomposed into the DE and FE subregions which are combined
with the four-point combined DE/FE algorithm based on the pen-
alty method presented detailed later.

Based on the theory of the solid mechanics the combined DE/
FE algorithm is equivalent to solving the conditional stationary
value of functional. The functional is given by the following
formula:

Pp ¼ Ppa þPpb ð10Þ
Sσa

Ωa

x

z

y

Sσb

Sub

Sua

Sab

Ωb

Fig. 3. Solution domain divided into two subdomains.
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in which Ppa and Ppb are the functionals that are related to dis-
placement ua

i and ub
i respectively, here ua

i and ub
i are the displace-

ment functions in the subregion a and b. The kinematics condition
restrains the displacements of the points on the interface Sab of
the two subdomains to satisfy the impenetrability:

ua
i � ub

i ¼ 0 ð11Þ

In this work the product of the kinematics condition is intro-
duced to the functional in Eq. (10) by using the penalty method:

P�p ¼ P�p ua
i ;u

b
i

� �
¼ Ppa þPpb þ

Z
Sab

a
2

ua
i � ub

i

� �2
dS ð12Þ

where a is the penalty factor and is close to +1.
The first variation of P�p is:

dP�p ¼ dPpa þ dPpb þ
Z

Sab

a ua
i � ub

i

� �
dua

i � dub
i

� �
dS ð13Þ

in which

dPpa ¼
Z

Xa

rijdua
i;j � ð�f i � c _ua

i � q€ua
i Þdua

i

h i
dX�

Z
Sra

�pidua
i dS ð14aÞ

dPpb ¼
Z

Xb

rijdub
i;j � ð�f i � c _ub

i � q€ub
i Þdub

i

h i
dX�

Z
Srb

�pidub
i dS ð14bÞ

Here, rij is a component of the Cauchy stress tensor; �f i and �pi are the
body force per unit volume and the boundary tractions per unit area
respectively; c and q are the damping coefficient and the material
density. Because of the independence of ua

i and ub
i ; dP

�
p ¼ 0 can be

decomposed:

dPpa þ
Z

Sab

aðua
i � ub

i Þdua
i dS ¼ 0 ð15aÞ

dPpb �
Z

Sab

aðua
i � ub

i Þdub
i dS ¼ 0 ð15bÞ

Eqs. (15a) and (15b) are the weak forms of the system governing
equations for the subdomains a and b, respectively. According to
the principle of virtual displacement, it is obvious that the item
aðua

i � ub
i Þ in Eq. (15) is the stress acting on the interface Sab.

3.2. The four-point combined DE/FE algorithm

As illustrated in Fig. 4, there are three typical combined DE/FE
algorithms, which are the nodal combined algorithm (Lei and Zang,
2010), the surface-center combined algorithm (Yu et al., 2010) and
the freely combined algorithm (Gao et al., 2014), developed by
researchers in Zang’s group.

For the nodal combined algorithm, there are four discrete ele-
ments D1;D2;D3 and D4 combined with the four nodes N1;N2;N3

and N4 of the finite element F, respectively, the linked points
L1; L2; L3 and L4 on the DE are coincident with the four nodes at
D

F

N1(L  )1 N2(L  )2

N3(L  )3N4(L  )4

F

D1 D2

D4 D3 N1

N4

(b) Surface-cen(a) Nodal combined algorithm

Fig. 4. The three combine
the initial moment respectively; for the surface-center combined
algorithm, there is one discrete element D combined with a surface
N1N2N3N4 of the finite element F, the linked point L1 is just located
at the surface center; for the freely combined algorithm, the dis-
crete element D is combined with the surface N1N2N3N4 of the fi-
nite element F, the linked point L1 may be located at any point of
the surface. For these combined DE/FE algorithms, there is only
one linked point on the DE combined with the corresponding FE
surface. The DE may rotate about its linked point and the zero en-
ergy mode may be present on the interface. The interface force will
vanish between the DE and FE subregions when the DE rotates
about its linked point.

In order to constrain the rotation of the DE about its linked
point and eliminate the zero energy mode on the interface, we pro-
pose a four-point combined DE/FE algorithm. As shown in Fig. 5,
the discrete element D is combined with the square surface
N1N2N3N4 of the finite element F. The linked points Liði ¼ 1;2;
3;4Þ on the discrete element D coincide with the nodes Ni of the
finite element F at the initial moment, respectively. The displace-
ment constraint between the discrete element D and the finite ele-
ment F is imposed on the linked points Li and the nodes Ni based on
the penalty method. So it is impossible for the discrete element D
to rotate about its linked points.

For an elastic solid, the brittle fracture is processing only in the
DE subdomain. Taking account of the spatial arrangement of dis-
crete elements as shown in Fig. 1, the artificial interface between
the DE and FE subdomain should be a plane or a collection of some
planes, such as the interfaces of the glass beam and the laminated
glass beam in the later Section 4. An artificial interface of the arbi-
trary geometry can be constructed for the four-point combined DE/
FE algorithm. As a simple example of a 2D arbitrary geometry, the
interface of an elliptic subdomain in a square plane is illustrated in
Fig. 6. The interface (the green polyline) between the DE and FE
subdomain tends to the red ellipse (the real boundary between
two subdomains) if the size of the DEs is small enough.

Remark. For the four-point combined DE/FE algorithm the FE
surface on the interface should be square. Yet the DE is not limited
to combine with the four nodes of the FE surface. The linked point
on the FE is not always the node of the FE surface and may be any
point on the FE surface. One DE may be combined with some FE
surfaces and one FE surface may be combined with some DEs.
Because the interface stiffness tends to infinity, the deformation of
the FE surface on the interface is constrained. However, the error of
the simulation result can be neglected for the small deformation
problems.
3.3. The interface force calculation

The essence of the combined DE/FE algorithm is the imposition
of the displacement constraint on the interface. It is finished by
acting the displacement constraint on some discrete points (linked
D

F

N2

N3

N1 N2

N3N4L 1 L 1

ter algorithm (c) Freely combined algorithm

d DE/FE algorithms.



F
D

N1(L1)

N3(L3)

N2(L2)

N4(L4)

Fig. 5. The four-point combined DE/FE algorithm.

Fig. 6. The interface construction of an elliptic subdomain.
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points) of the DE and FE on the interface by the penalty method.
Hence, the second item of Eq. (15a) and/or (15b), the interface
force, can be calculated by the following equation in a matrix form:Z

Sab

aðua
i � ub

i Þdua
i dS ¼

X
e

due>Ke
cDue ð16Þ

where,

Ke
c ¼

Z
Se

ab

N>aNdS

is the interface stiffness matrix, in which a is matrix of the penalty
factor, and N is a matrix of shape functions for the nodes in the FE;
Due ¼ un � ul is a vector of the relative displacement between
nodes in the FE subregion and their corresponding linking points
in the DE subregion. Here, un and ul are the vectors of the displace-
ment of nodes and their linking points respectively.

After some simple mathematical operations, the interface force
in Eq. (16) may be calculated by the following simple formula:Z

Sab

aðua
i � ub

i Þdua
i dS ¼ Kc

X
e

ðdue>DueÞ ð17Þ

where Kc ¼ cKr2 is the interface stiffness, in which c is the scale fac-
tor; K ¼ minðKd;Kf Þ, in which Kd ¼ Ed=ð1� 2ldÞ;Kf ¼ Ef =ð1� 2lf Þ,
and Ed and Ef are Young’s modulus of the DE and FE subregion
respectively, ld and lf are Poissons ratio of the DE and FE subre-
gion, respectively; the penalty factor a is set to be a ¼ cK in the
numerical simulations. The detailed procedures of the interface
force calculation are given by the following part of this section.

As shown in Fig. 5 the displacement of the linked point Li (i = 1,
2, 3 and 4) on the DE can be obtained by:
ul
i ¼ ud þ ud

r ð18Þ

in which ud is the translational displacement of the DE center; ud
r is

the relative displacement between the linked point Li and the DE
center. The displacement of the linked point on the FE surface is
the displacement of the corresponding node, un

i .
After obtained the displacements of the two linked points, the

interface force acting on the linked point Li can be calculated by
the following formula:

f d
i ¼ Kcd ð19Þ

in which d ¼ un
i � ul

i is the penetration or separation vector between
the linked point Li on the DE and the node Ni of the corresponding
FE surface.

The interface force acting on the linked point Li is equivalent to
a force Fd

i and a moment Md
i acting on the DE, in which the force

Fd
i ¼ f d

i and the moment Md
i is calculated by the following formula:

Md
i ¼ rd

i � f d
i ð20Þ

here, rd
i is the arm of the interface force f d

i to the DE center.
The interface force acting on the linked point Ni (node) of the FE

surface equals and opposites to the force acting on the linked point
Li:

f n
i ¼ �f d

i ð21Þ
3.4. Time step

Since the Central Difference Method, which is conditionally
convergent, is employed in the four-point combined algorithm,
the time step must satisfies the numerical stability conditions.
According to the physical theory, the momentum transferring from
one body to the other in a single time step Dt should not exceed the
total momentum exchanging during a two-body collision process
(Lei and Zang, 2010). So the critical time step Dtcr in the combined
model may be given by:

Dtcr 6 minfDtdcr;Dtccr;Dtfcrg ð22Þ

in which,

Dtdcr ¼

ffiffiffiffiffiffiffi
md

kn

s
ð23Þ

is the critical time step in the DE subdomain, here md and kn are the
mass of the DE and the normal stiffness between DEs;

Dtccr ¼min
i;j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2mn

i md
j

nikcðmn
i þmd

j Þ

vuut ð24Þ

is the critical time step determined by the DEs and the nodes near
the interface Sab, here mn

i is the mass of node i; ni is the number of
FEs which contain node i;

Dtfcr ¼
Lmin

Cf
ð25Þ

is the critical time step in the FE subregion, here Lmin is the mini-

mum effective length of FEs, Cf ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ef ð1� lf Þ= qf ð1þ lf Þð1� 2lf Þ

� �q
is

the velocity of elastic wave, and qf is the density of material in the FE
subregion.
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4. Numerical test

4.1. The vibration of the cantilever beam under impact load

To investigate the influence of the penalty factor a on the sim-
ulation results, the four-point combined DE/FE algorithm is used to
simulate the vibration of a cantilever beam under impact load and
the simulation results with different scale factors c are compared
with that of the FEM. The cantilever beam is illustrated in Fig. 7.
The size of the cantilever beam, which is subjected to a dynamic
load at the place 2.0 mm apart from the right end (the free end,
and the left end fixed), is 120 mm � 12 mm � 20 mm. The load,
whose maximum total force is 147 N and rise time is t0 ¼ 2:0 ms
(shown in Fig. 8), is uniformly distributed on the surface of the
beam. The material constants of the cantilever beam are: Young’s
modulus E = 74.09 GPa, Poisson’s ratio l ¼ 0:2, and density
q ¼ 2500 kg/m3.

As one of the important parameters of the penalty method, the
scale factor c in Eq. (17) or Eq. (19) influences the simulation re-
sults. In this work, the difference between the simulation results
calculated by the four-point combined method with different scale
factors is considered. The cantilever beam is discretized into 4800
DEs with the radius of 0.5 mm (the blue subregion as shown in
Fig. 7 and 24,000 cubic FEs with the size of 1 mm. Fig. 9 shows
the deflection (displacement in the y direction) at point A on the
right free end. It shows that, when a large enough scale factor c
is set, the results calculated by the four-point combined algorithm
can be convergent and agree with that calculated by the FEM very
well.

To investigate the influence of the size of the DE subregion on
the simulation results the dimension of the DE subregion in the y
direction, denoted by w, is changed from 2 mm to 4 mm and
6 mm. The cantilever beam is discretized into 9600 DEs with the
radius of 0.5 mm and 19,200 cubic FEs with the size of 1 mm for
the combined model in which w equals 4 mm and 14,400 DEs
and 14,400 FEs for the combined model in which w equals 6 mm.
From the investigation mentioned above the scale factor c is set
to be 0.015 for the three combined models. The deflection at point
A on the right free end as shown in Fig. 10 illustrates that the sim-
ulation results calculated by the four-point combined algorithm
with different sizes of the DE subregions agree with that calculated
by the FEM very well.

To study the influence of the size of the discrete and finite ele-
ments on the simulation results, the combined model in which w
equals 4 mm is discretized into three sets of DEs and FEs with dif-
ferent element sizes. The cantilever beam is discretized into 1200
DEs with the radius of 1.0 mm and 2400 cubic FEs with the size
of 2 mm, 9600 DEs with the radius of 0.5 mm and 19,200 cubic
FEs with the size of 1 mm, 76,800 DEs with the radius of
0.25 mm and 153,600 cubic FEs with the size of 0.5 mm, respec-
tively. The scale factor c is set to be 0.015 for the three combined
models. Fig. 11 shows the deflection at point A on the right free
end. It illustrates that the simulation results calculated by the
four-point combined algorithm with different element sizes agree
120
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Fig. 7. Cantilever beam under impact load.
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Fig. 11. The deflection at point A on the right free end.
with that calculated by the FEM very well when the size of the ele-
ment is small enough.

From the studies in this subsection, the four-point combined
algorithm can achieve a favorable result when the penalty factor a
is set large enough and the size of the element small enough, no
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matter whether the size of the DE subregion is small or large. Fur-
thermore the penalty method is conformed by these investigations.
Fig. 13. Element configuration of the combined model.

Table 1
Material properties of the glass beam.

Material Glass Support Impactor

Density q (kg/m3) 2500.0 2400.0 –
Young’s modulus E (GPa) 74.09 5.0 210.0
Poisson’s ratio m 0.2 0.4 0.269
Tensile strength rt (MPa) 100.0 – –
Energy release rate Gf (N/m) 10.0 – –
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Fig. 14. Y-displacement of the center point on the bottom of the glass beam.
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4.2. The impact behavior of the three-point bending glass beam

The excellence of the four-point combined DE/FE algorithm is
certified by comparing its simulation results of a three-point bend-
ing glass beam with those of the FEM and the surface-center com-
bined DE/FE algorithm (Yu et al., 2010). Subsequently, the
validation of the averaged stress tensor is certified by comparing
the effective stress (v–m) of the DE with that of the FEM. Then
the extrinsic cohesive fracture model is utilized to simulate the im-
pact fracture of the glass beam and the mesh-size dependence is
also investigated in the last part of this subsection.

The geometric model of the glass beam is shown in Fig. 12. The
initial velocity of the impactor is Vy = �1.0 m/s, the size 4 mm �
4 mm � 10 mm and the mass 125 g. The impactor is just on the
top of the glass beam. The size of the glass is 200 mm �
20 mm � 10 mm and each support 10 mm � 4 mm � 10 mm. For
the combined model, the glass is discretized into 28,000 cubic
FEs of the size 1 mm and 12,000 DEs with the radius of 0.5 mm.
The whole glass beam model is discretized into 28,220 FEs and
12,000 DEs and the final element configuration of the combined
model is illustrated in Fig. 13 which is used to simulate by using
the four-point and surface-center combined DE/FE algorithm. The
FEM model of the glass beam used to simulate by using the FEM
is discretized into 40,220 cubic FEs.

Table 1 lists the material properties of the glass beam. The
impactor is considered as rigid body.

Without considering the fracture of the glass beam, the
y-displacement curves of the center point at the bottom of the
glass beam are calculated by three numerical methods, FEM,
four-point and surface-center combined DE/FE algorithm, as
shown in Fig. 14. The scale factor c is set to be 0.013 for both of
the combined algorithms. The curve of the four-point combined
DE/FE algorithm is almost coincident with that of the FEM,
however, the error of surface-center combined DE/FE algorithm
comparing with the FEM is larger than that of the four-point com-
bined DE/FE algorithm. For the surface-center combined DE/FE
algorithm, a larger scale factor may better the result, which can
not reach the precision of the FEM. So the four-point combined
DE/FE algorithm is a better alternative to simulate the impact
fracture process of the laminated glass later.

The effective stress (v–m) curves of two elements (one DE and
one FE just blow the glass beam in the combined model and the
FEM model, respectively) are illustrated in Fig. 15. The error of
the effective stress of the DE comparing with that of the FE is small
enough for engineering problems.

Fig. 16(a) and (b) show the effective stress (v–m) contours of
the glass beam at about 0.55 ms and 1.10 ms respectively. The
stress distributions simulated by two numerical methods
20

4

Unit: mm

Glass

SupportImpactor 4

200

10

100

z

y

x

Fig. 12. Three-point bending glass beam.
(the FEM and the four-point combined DE/FE algorithm) are simi-
lar with each other.

It is obvious that the computational time is greater when using
the four-point combined DE/FE algorithm. For the nodal combined
DE/FE algorithm the spatial arrangement (Hexahedron layout
(Zang et al., 2007; Lei and Zang, 2010)) of DEs was different from
those of the others (Cubic layout: Twenty-seven spheres), so the
comparison of computational time is proceeding among the last
three methods, the surface-center combined method, the freely
combined method and the four-point combined method. The sim-
ulations of the impact of the glass beam are carried out with a PC.
The principal characteristics of the PC are Intel Core i3–370
2.4 GHz (CPU), 2.00 GB (RAM) and Windows 7 Home Basic SP1
32bit (OS). The physics time is set to be 10 ms and the time step
1.2�10�4 ms. Fig. 17 illustrates the computational time of the three
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Fig. 15. Effective stress (v–m) of the center point on the bottom of the glass beam.
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combined algorithms. The computational time of the surface-
center combined method is identical with that of the freely com-
bined method because there is only one linked point for both of
them. The efficiency of the four-point combined method has been
reduced only 4% compared with the computational time of the
both previous methods. The four-point combined method has little
effect to reduce the calculation efficiency if the scale of the DEs on
the interface is small enough.

Discussion mentioned above shows that the four-point com-
bined DE/FE algorithm is precise enough to calculate the displace-
ment and stress fields in the elastic solid for the impact problems.
In order to utilize the four-point combined DE/FE algorithm for the
impact fracture of the glass beam and verify the feasibility of the
extrinsic cohesive fracture model, the mass of the impactor is
changed to be 1 kg with the initial velocity of vy = �3.13 m/s to
make sure the impactor have enough kinetic energy to damage
the glass beam.
r = 1.0 mm

r = 0.5 mm
(a) Time = 130 μs

Fig. 18. Cracks profiles with
Since the spatial arrangement of the DE has been identified, the
mesh dependency of the cohesive model in the DE subdomain is
simplified by the size influence on the impact fracture. The DE sub-
domain as shown in Fig. 13 is discretized by the discrete elements
with different radii, r = 1.0 mm, 0.5 mm, respectively. The crack
profiles of the glass beam with different element sizes are dis-
played in Fig. 18. In order to illustrate the damage of the glass
the DE’s color is set to be red if the joint model of springs between
DEs is changed from the connective model to the cohesive or con-
tact model and the main crack is marked by a green line. As shown
in Fig. 18(a) one main crack is not propagating completely from the
bottom of the glass to the top with the coarse mesh (r = 1.0 mm) at
about 130 ls while the fracture reaches the top side of the glass
with the fine mesh (r = 0.5 mm). Fig. 18(b) shows the final fracture
states at about 300 ls. One main crack is captured in each of them
and the cohesive or microcrack zones are distributed around the
main cracks. The gap size on the bottom is about 0.70 mm. The size
of the cohesive or microcrack zone with the coarse mesh is similar
to that with the fine mesh. The distribution of the cohesive or
microcrack zones is symmetrical and the main cracks locate in
the middle of the glass. The fracture profiles as shown in Fig. 18
indicate the cohesive model in the combined method is mesh-size
insensitive and the model with the fine mesh can provide a good
resolution for the impact fracture of the glass beam.

Fig. 19 shows the impact fracture history of the glass beam in
which one main crack propagates only in the DE subdomain. As
shown in Fig. 19(a) the glass beam begins to damage at the bottom
at about 57 ls. Subsequently, the main crack progresses upwards
in a very short period of time (about 63 ls) to the upper of the
glass beam as shown in Fig. 19(a) and the fracture reaches the
opposite side at about 120 ls. During the fracture process the joint
model of the springs between DEs varies from the connective mod-
el to the cohesive or contact model in the surrounding area of main
crack and the microcracks and the cohesive zone are located in the
red region. Fig. 19(d) illustrates the final fracture state of the three-
point bending glass beam at about 300 ls.

The crack location and the crack propagation sequence of the
glass beam are identical with the tests in some literatures (Lawn,
1993). So the theory mentioned in this paper can be utilized to
simulate the impact fracture process of laminated glass.
4.3. The impact fracture analysis of the laminated glass beam

In this section, the impact fracture process of a laminated glass
beam is simulated to compare with the experimental results to
verify the effectiveness of the theory in this work.

The impact fracture model of the laminated glass beam is
shown in Fig. 20. The laminated glass is suppressed by two outer
layers of glass with the size of 200 mm � 10 mm � 10 mm and
one piece of PVB interlayer with the size of 200 mm � 4 mm
� 10 mm. The four supports and the impactor have the same size
as those in Section 4.1. The initial velocity of the impactor is
r = 1.0 mm

r = 0.5 mm
(b) Time = 300 μs

different element sizes.
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(c) Time = 120 μs (d) Time = 300 μs

Fig. 19. Impact fracture history of the glass beam.

4

4
10

10
4

Unit: mm SupportImpactor

Glass

200

10

100

z

y

x

PVB

Fig. 20. Impact fracture model of the laminated glass beam.

Fig. 21. Element configuration of the laminated glass combined model.

1898 W. Xu, M. Zang / International Journal of Solids and Structures 51 (2014) 1890–1900
Vy =�3.13 m/s and the mass 1 kg. The impactor is just on the top of
the laminated glass beam. The geometries of the laminated glass
beam are the same as the test pieces (Zang et al., 2009). The mate-
rial properties of PVB are such that Young’s modulus is
Ep = 50.0 MPa, Poisson’s ratio mp = 0.48 and density qp = 100.0 kg/m3.
The whole laminated glass beam is discretized into 28,220 cubic
FEs and 20,000 DEs and Fig. 21 illustrates the final element config-
uration of the laminated glass combined model.

Fig. 22 illustrates the impact fracture procedure of the lami-
nated glass beam. The beam begins to damage at the bottom of
the upper glass at about 50 ls as shown in Fig. 22(a). Subsequently,
(a) Time = 50 μs

(c) Time = 205 μs

(e) Time =

Fig. 22. Fracture procedure of
the crack progresses upwards in a very short period of time (about
30 ls) in the upper glass and the crack propagates only in the DE
subdomain to the top of the upper glass at about 80 ls as shown
in Fig. 22(b). After the PVB compressed fully, another main crack
begins to propagate upwards in the lower glass at about 205 ls
as shown in Fig. 22(c). As time passes, the fracture reaches the
opposite side at about 225 ls as shown in Fig. 22(d). Fig. 22(e)
shows the final cracks mode at about 500 ls in which there are
only two main cracks propagating in the laminated glass beam.
During the fracture process there are some microcracks and cohe-
sive DEs in the red surrounding area of the main cracks.

In order to validate the effectiveness of the theory in this paper,
the simulation results are compared with the impact failure exper-
imental results of the laminated glass beam (Zang et al., 2009).
Fig. 23 shows the photos of two sets of the impact fracture exper-
iments of the laminated glass beam. Time interval of the first set
(Fig. 23(a)) was 20 ls and only the crack propagation of the upper
glass was recorded. Time interval of the second set (Fig. 23(b)) was
100 ls. The complete fracture process was recorded which in-
cluded the cracks occurrence and propagation but not detailed.
The fracture procedures in the vicinity of the impact point were
photographed taking into account the capacity deficiency and
small camera angle of the high-speed camera in both sets of exper-
iments. The impact fracture procedure of laminated glass is a very
complicated phenomenon. Because of the differences in the pro-
duction, the experiments conditions and the uniformity of the
material, the impact fracture experiments may be different with
each other for the laminated glass beams without notches or
pre-cracks. Comparing the impact fracture experiments with the
simulation results, we notice there are differences in the occur-
rence of the cracks of the upper and lower glass, but the location
of the cracks and the propagation paths are similar to the experi-
mental results. So the theory mentioned in this paper is effective
(b) Time = 80 μs

(d) Time = 225 μs

500 μs

the laminated glass beam.



(a) Time interval = 20 μs (b) Time interval = 100 μs

Fig. 23. Impact fracture experiments of the laminated glass beam.
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to predict some macroscopic fracture characteristics such as the
crack location and crack propagation. In the future this method
may be implemented in the study that the automobile laminated
windshield subjects to the head impact for the protection of pedes-
trians safety.

From the discussion mentioned above, we notice the PVB inter-
layer plays an important role for appeasing the impact load. As
shown in Fig. 22(c), the single upper glass brakes into fragments
and loses the resistance ability for the impact load, however, there
are one main crack begins to progress in the lower glass at about
205 ls. Furthermore, by comparing the whole fracture procedure
of the glass beam and that of the laminated glass beam as shown
in Fig. 19 (about 63 ls) and Fig. 22 (about 175 ls), we conclude
that the PVB interlayer can absorb more energy to temporize the
penetration of glass under impact load. When a traffic accident
happens, the laminated glass can reduce the probability that heads
of passengers may penetrate through the front windshield or any
solid flying objects crashing into automobile from outside.
5. Summary

Based on the theory in the paper, the corresponding numerical
code has been developed in Fortran 90/95 programming language
and the impact behavior of the three-point bending glass beam and
the impact fracture procedure of the laminated glass beam are sim-
ulated by using the numerical code. From the investigations in this
work, the conclusions are summarized as follows:

(1) A four-point combined DE/FE algorithm is proposed to con-
strain the rotation of the DE about its linked point and analyze
the cracks propagation of the laminated glass.
(2) The effectiveness of the four-point combined DE/FE algo-
rithm is validated by comparing the simulation result with
those of the FEM and the surface-center combined DE/FE algo-
rithm in the elastic range.
(3) The average stress tensor for granular media is used to an
accurate computation of the averaged stress tensor of the DE
and its effectiveness is certified by comparing the simulation
result with that of the FEM in the elastic range.
(4) The results calculated by using the four-point combined DE/
FE algorithm can be convergent as long as the penalty factor is
set large enough and the combined method and the cohesive
model is mesh-size insensitive.
(5) The impact fracture simulation result of the laminated glass
beam is compared with the experimental results to validate the
effectiveness of the theory in the paper.

In this work, only the simple crack propagation is simulated.
However, considerable more work will be carried out for more
complicated impact fracture phenomenon. The size of the cohesive
zone will be evaluated quantitatively and the occurrence of micro-
crack needs more investigation in the future.
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