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I. INTRODUCTION AND NOTATION

In Luke [/] and Fields [2], rational approximations to certain classes of
hypergoemetric functions are developed. The results include as special cases
the main and off diagonal entries of the Padé matrix [3, 4] for the Gaussian
hypergeometric function, one of whose numerator parameters is unity.
A well-known property of this matrix is that the numerator and denominator of
each entry satisfy the same three-term recurrence formula. Recently, Wimp [5]
derived explicit recursion formulae for a certain class of hypergeometric
functions closely related to the denominator polynomials of the Luke and
Fields approximations. Thus, it is natural to ask, using a modified form of
Wimp’s analysis, whether the Luke and Fields approximations satisfy
recurrence properties similar to those of the Padé matrix. This and related
questions are answered in this paper.

The generalized hypergeometric function [6] is defined by the formal

expression
D
Gpseees Xp © H(O‘j)k K
qu(Z):qu z Zzi?—'izc‘,’ (1.1

/81" sfgq kZOE(ﬁj)k '

where
(©) I'lo+p
# I'(o)

We assume that no §; is a nonpositive integer. For ease in writing, we employ
the contracted notation

Y A DI ST CANES
DFq(z)_qu Ig z _k=0 (Bq)k k' (12)

! This work was sponsored by the United States Atomic Energy Commission under
Contract No. AT(11-1)1619.
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Thus (), is to be interpreted as [[%_, («;); and similarly for (8,),. Similar
notations such as I'(«,) standing for TJ2_, I'(«)), and («,)*,, standing for

ﬁ (@)
7=1

J#i

will be used throughout this paper. Considered as a power series in z, ,F,(z)
has a radius of convergence equal to infinity if p < ¢, unity if p=g + 1, and
(in general) zero if p > g + 2. If one of the o, is a negative integer, the infinite
series in (1.1) terminates. If no «; is a negative integer, a meaning can still be
given to F,(z), p>q + 2, by considering it as the asymptotic expansion as
z —> 0, of a certain type of contour integral.

More generally, we define Meijer’s G-function [6] by

z°ds, (1.3)

2 4

I I'-5,+5) .ﬁlf(aj—s)

J=m+l1

a,,) ¢ HITG,-9TIT0-a,+5)
f.i:l J=1

where an empty product is interpreted as 1, 0 <m < ¢, 0 <n<p, the para-
meters are such that no pole of I'(s; — s5),j = 1, ..., m coincides with any pole of
I'd —a, +5), k=1, ..., n,and where the path L runs parallel to the imaginary
axis, and is indented to separate the poles of I'(b,, — s) from the poles of
I'Q — a, +s). The above integral is well defined if p+q<2(m+n) and
larg z| < [(m + n) — (p + g)/2]=. If all the poles of the integrand in (1.3) are
simple, it is easy to see from the residue theorem, that

Er(bj—bh)gr(l‘f‘bh‘"aj)zbh 1,1+bh—ap
J#h
P+1Fq

<~1)p-m-"z) :

p<q or p=q and |z|<]1. (1.4

Y4
a5 T T'(+b,—b) ,HI I'(a; — by)

J=m+1

1+bh——bq
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A similar expansion holds if p>q or p =g and |z| > 1, and follows directly
from (1.4) and the functional relationship

a, 1-5,
Gmrlzl ) =Gprlz . (1.5)
b, 1—a,

Both functional relationships (1.5) and

a, c+a,
2°Gprale | =Gpalz ; (1.6)
b, c+b,

follow directly from the integral definition (1.3).
A special case of (1.4) is

1—o,
0’1 —Bq>

z); p<g+1 or p=g+1, |arg(—2)|<m (1.7

Ep. q(z) = lez:qp+l <_Z

I (
F,
I" ptq
B 3
Thus, E,_, ,(z) analytically extends ,,,F,(2) into the region |arg (1 —z)| <.
Moreover, it can be shown [7] that forp > g + 2,

Ep,q(z) ~ f‘(b) Fq( pz) s
B

I'By)”’
larg(—2)| <(p +1—q)7/2, z—0. (1.8)

The formal Luke and Fields rational approximations to E,, ,(2), $.(z,y)/f.(),
are defined as follows. For a =0 or 1, and the parameters 4, ,, v arbitrary, set

SO0 = 3 A 1) =S0), 19
l/‘n(z’ 7) = é:o An, k 'ykPk—a+1(Z)’

F(r+a11) r olr+a
EF(,+B) 25 ),

n

_ S -k An,rp(r_k‘l"dp) .
=27 2 TG+ B 517 (1.10)
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2l Pyz)=0. (1.11)

It was shown in [2] that if

(=) (n + A (:Bq — )y .

Aok = B Dy 11— )y

A, B arbitrary, (1.12)
then
E, o) = lim $&7), (1.13)

n->+co n( )

under quite general restrictions on p, g, z, y, etc. The significance of the para-
meter ais plainly seen, if in the last line of (1.10) one successively sets z=y~!
and y = 0. For then i,(,0) equals zero if @ =1, and is not equal to zero if
a = 0. Classically, the cases @ =0 and @ = 1 correspond to taking the odd and
even convergents, respectively, of certain continued fractions, see [6, 8].

We note that if 4, , is chosen as in (1.12), the denominator polynomial
fy) is of the general hypergeometric form
z) (1.14)

—n,n+ A,

r+2F s(
Bs

which is known as the extended Jacobi polynomial. A limiting form of the

extended Jacobi polynomial is the extended Laguerre polynomial

—n, a,
,+1Fs< z) . (1.15)
Bs

If n is not an integer, (1.14) and (1.15) are known as extended Jacobi and
Laguerre functions, respectively. In Section II, explicit linear recursion
equations for such polynomials (functions) are derived. In Section III, linear
recursion equations for the corresponding numerator polynomials, $,(z,y), are
also derived. Our results are stated quite generally.

In Section IV, we relate the material of the previous sections to the problem
of finding recursion relationships for the coefficients in the expansion of
Meijer G-functions in series of extended Jacobi and Laguerre polynomials.
In particular, it is shown in [9, 10, /1], that under sufficient restrictions,

m, k-+r
Gir, q+s(wz

. ap) I'(l—c) z )@+ /\) In+ )

bpd) 0T
0,a, —n,n+A1—c
rt2Fs z}, (1.16)
b,n,—n—2A 1—d,

gs Tt

m, k+1
X Gpit, q+2<w
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‘C,, a bl
Gglik+r+ (wz p) . F(l — C,,) (—l)n
r, q+s

a — 1
by d, ra dS)n:O n

\0, ap —n,1—c,
X Gz‘-i-,ﬁzhl w( r+1Fs z]. (117)
\bqy n 1 ds ‘

For generalized hypergeometric functions, (1.16) and (1.17) can be interpreted
as
. (ap)n (“w)"
P+rFq+s( CUZ) Z (Bq)n(n + A)n n'
Bas ps

n+ o, t —n,n+ A, o,

X pFyr @ | 12

”+Bq’2n+’\+1‘ Ps

“p’ Gl‘
p+rFq+s

Bas Psl

n-+ e,
XPFG

n+ 8,

and

z) , (1.18)
wz) _ S @or

ne0 (Bq)n h
z) . (1.19)

—H, O,
w r+lFs
Ps

1I. RECURSION FORMULAE FOR THE EXTENDED JACOBI AND
LAGUERRE FUNCTIONS

In the following, we shall derive a linear, nonhomogeneous difference
equation for the generalized Jacobi function,

—n,n+A a,l

&z, ) = ,HFS( z) ; n arbitrary,

Bs
r+3<s, or r+2=s and |arg(l —2)| <. 2.1

Complementary to &,(z, A) is the function

B,— Dz
EN = G Dm A= D =D

2-8,, 1 e 1em

52 _lsr

Xs-HFr+2( L—Z)_ ’
24+nm2—n—A2—a,

r+l=s or r+2=s and Jarg(l-1/z2)| <7, (2.2)
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in the sense that both are particular solutions of the differential equation
[(B+B—D—-20-m@+n+ DO +o)] Y(2)=(B;— 1D, (2.3)
where

(8+a,)=f[(8+aj), etc., 8=zf—1-- 2.4
321 dz

We shall not only show that &,(z,A) and J7,(z, A) satisfy the same linear, non-
homogeneous difference equation, but that a properly normalized basis of the
related, homogeneous differential equation

[(B+B—1)—z(6—m(@+n+A)(E+a)] Y(z)=0, (2.5

also satisfies the related, homogeneous difference equation.
To describe these bases, normalized with respect to n, it is convenient to
write down the following sets of conditions:

r+3<s, or r+2=s and |[|arg(l—2)|<m,

no two of the parameters, B, (h=1, ..., 5), differ by an } Co, 2
integer,

r+l>s or r+2=s and [arg(l—1/2)|<m,

no two of the parameters, —n,n + A, o (k =1, ..., r), differ J Co 2
by an integer.

Under condition C,, ,, we take for our normalized basis,
'a/rr'l, h(Z’ A)
= (1 + Bui-p(n + X _g, 2! P
Ll1-B—nl1—B+n+M1-8,+«,
X py3ks Z) (2.6)
1 /gh + IBs ‘

h=1,...,s.

Alternatively, under condition C,, ,, we take for our normalized basis,

gn, k(z’ /\)
(—1)3-')
z 2

k=1,...,r 27

=+ 1+ o) o (n+A)_, 27

L1+« — B
X sy1Frp2

L+o+nlto,—n—A1+a—a,
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gn,r+l(za A)

IT'n+1DICn+ ) In+ a,)ei 2
- Tn+NT(n+By)

1—B,—n
XsFr—H
1—2n— A1 —a,—n

z

(;1)_) 29

gn, ,.+2(Z, )‘)

T+ DI'n+2+1-8) eindls=r=1 z=n=A
T I+ NI+ A+ DT+ A+ 1—e)

n+A+1-8 - yser
X sFr+1( QL ’ (29)
MAA+Ln+A+l—e ©

where e® = —1.
With these definitions, we state

THEOREM 2.1. The functions &,(z,y) and 4 (z,y) under the conditions on r, s
and z in Cy, , and C, 5, respectively, satisfy the difference equation

Bs— D+ A,
n+Bi—Dn+A—-r1),

t=max (r+2,5), B,(nA)=0 (2.10)

(pn(zs )‘) + il [Am(n9 )\) + ZBm(n’ A)] (pn—m(z: A) = i

where
Aml(n, X)

(4 1-m),(2n+ A =2m)y(n—m—1+B)
Cmlm A —m)n A —t—m),(n— 1+ By)

—m,2n+A—~t—mn—m+ B,
X sy2F51

1),

e+ -myQuEA=-2m)2n+ A=t 4 1), (n+A—1+1-B)
N G—m!m+A-—m,Cn+A—-t—m)n—1+p5)

1) , 2.11)

2n+A+1—2mn—m—1+ B,

—t+m2n+A—t—mn+A—1t+2—f
X s12Feiy

2n+ A+ 1—t,n+A—t+1-8
10
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B(n, )
(n+1—m),2n+ A= 2m)y,(n—m+e,)
Tm—-D'mtA-m)Qn+A—t—m+ 1), (n—1+8,)

/1—m,2n+/\—t—m+1,n—m+l+cx,1\
Xr+2Fr+l\ A

1],
2n+A+1-2mn—m+«, '}
=(—)’(n+1—m),,,(2n+)\—2m)(2n+/\—t+1),_1(n+/\——t+1—a,)

t—-m—-Dn+2-m,2n+A—t—m+1),_(n—1+p8y)
—t+m+1,2n+A—t—m+1ln+A—rt+2-0
r+2Fr+l< 1)

2.12)

In addition, the functions F, ,(z, \)(h=1,...,8)and G, ,(z,) (k=1,...,r +2)
under the conditions Cy, , and C,,, ,, respectively, satisfy the difference equation

2n+A+l—tn+A—t+1—a

Bz, ) + il (A1, 2) + 2B, )] By-m(z, N) = 0. @.13)

Finally, if no «, is equal to any B,, none of the above functions satisfy a nontrivial
equation of the form specified of lower order than t.

Proof. By analytic continuation with respect to z, it is sufficient to prove the
theorem with the conditions Cy, ; and C, , strengthened to |z| < 1 and |z{ > 1,
respectively. Tentatively, we assume that no «, is equal to any B,, and that
we wish to prove

éo [4n(n, A) + 2B, (1, V)] D,y_(2, A) = K(D,(z, A)), Ay(n, ) =1, (2.14)

where K(D,(z,A)) is a monomial in z, which depends upon the identity of
D,(z,)). A necessary and sufficient condition that &,(z,2), £ (z,A), Z,. (2,
or 9, ,(z,7) satisfy (2.14), is that when these functions are substituted in (2 14),
and the resulting equations are rearranged in powers of z, the coefficients of
2,z 2 Btignd 2t (o, = (k =1, ..., ), 0,y =N, Op iy =N+ A—0),
respectively, are zero for j=1, 2, ..., while the terms corresponding to j=0
reduce to K(D,(z,A)). In order to state these conditions explicitly, we introduce
the polynomials

W—nuw+n+A—1),_,
K= 3 O T O

m=0

S W—n—Duw+n+A—1—1)_n
Y (W)= — Z) Oy s B, (m ). (2.15)
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Then, after some algebra, the above conditions can be written in the form
K(&(z,0) = X,(0),

(B;— 1) ¥,(0)
K& =~ o i D A==’

K(g;l,h(za }\))
= (’1 + ﬁh)l—ﬁh(n + A— t)l—ﬁh Xr(l - ﬁh)zl_ﬂhy h= 11 ceny Sy
K(gn, k(za /\))

=—+1+o) gt +A—1)_q Yi(l —g)z! ™, k=1,..,r,

K(gn, r+l(za A))

T+ D)IQn+A—0)I(n+o,)e™
- I'm+A=0TIm+By)

- Yt(l + n)zl+",

K(gn, r+2(za )‘))

_ —T+ DI+ A—t+1—B)eder-De0
TTrA AT A=+ DI+ A—t+1—a,)

X Y(l—n—A+1t)zlmn 2+, (2.16)

and

X)W —n—1)(w+n+A—1— l)k]jl(w+ozk—— )= Y,(w)f[l(ww,,— 0,
@.17)

whenever w=j, —j, 1 — B, +j or 1 —a, —j, for (z,)), K (z,A), F, (2, N,
or %, (z,)), respectively.

As (2.17) can be viewed as a polynomial form in w of degree <2¢, (2.17) must
actually hold for all w. Moreover, as the «, and B, are independent of n, and
assumed unequal,

S

H(w—%—B,.—1)((w~n—1)(w+n+)\—t—1)’1jl:(w+zxk—1))

=1
must divide X,(w) (Y,(w)), and the resulting polynomial will have degree

<max (r +2—s5,0) (<max(0,s—r—2)). Suppose r+2<s. Then there
exists a number C independent of w such that

X,w)=C hr_[l W+ Bu— 1), 2.18)
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and substitution of this identity into (2.17) yields
Yi)=COv—n—D(wrntA—t— D[ +oe—1.  (2.19
k=1

The alternate assumption, r -+ 2 > s, again leads to (2.18) and (2.19). The value
of the constant C follows from X,(n), i.e.,

X, (n) Q@nr+A—1) Ay(n,A) (n+ A),
-7 Q N7 NN 7 2 w7 3 N 7 0 (220)
n+p—1 m+Ar—0)(n+p—1 G+A-0),E+5—-1
Moreover, it follows from (2.16), (2.18) and (2.19), that
(Bs — 1)(n + Du
é{) = K % A = >
K( n(29 A)) ( n(27 )) (n ‘i‘ﬁs“ 1)(n + A_ t)"
(2.21)

‘K(g;l, ;,(Z, A)) = K(gn, k(z, >\) ) =0.

Finally, the values of A4,(n,) (B,(n,A) given in (2.11) ((2.12)) follow from
(2.18) ((2.19)) by an application of the following lemma.

Lemwma 2.1. If P(x) is a polynomial in x of degree g,
q
Px)=c]] (x—wy), (2.22)
i=1
and t is an integer >q, then P,(x) can be represented uniquely in the form

Pq(x) = m-i_—o (x+ 7):n(x +y-+ E)t—m Oums (223)

_ (=)@ +e—2m)(y+wy)c
m‘ (€)t+1—m

—mm—e—1,1+y+aw,
><q+2FzH-l 1],
l—e,y+ v, l

D)y tett—mtowl)c
T t—-m (4 e+t —2m),

Om

m—tm—t—eltm—t—y—e—w,
X gr2Fgr

1),

(2.24)

1+2m—t—em—t—y—e—w,

provided « #0, +1, ..., £(t — 1). Note that Q,,=0if m=t+ 1. If (y + wg) or
(y + € + w,) are zero, limits must be taken in (2.24).
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Proof. We first show that given P (x), the coefficients Q,, if they exist at all,
are unique. Suppose there exists a set of Q,,*’s which also satisfy (2.23). Then
by subtraction

3 G+ 7+ YnlOn— Qu) =0 (2.25)

for all x. In (2.25) put x+y=—j, j=0, 1, ..., t. Then by Cramer’s rule,
Q.= Q,* foreach m=0, 1, ..., r provided that 4, the determinant of the
coefficients of (Q,, — 0,,*) in the system derived from (2.25), does not vanish.
Clearly, 4 is a lower triangular determinant and is simply evaluated as the
product of all the elements on its main diagonal. Thus,

A=;j0(—)mm!(e~m),_m¢o

under the conditions on ¢ given after (2.24).
Consider the representation formula

N ety
P“(x)“kzok!(t—k)!(x+y+k)P“(“”_k)’ (2:26)

which can be proved as follows: Since

x+yx+y+1)
x+y+k

=X+ Yx+y+k+ D

the right-hand side of (2.26) is a polynomial in x of degree . By direct computa-
tion, theright-hand side of (2.26) agrees with P(x)atthe ¢ + 1 points x = —y — r,
r=0,1,...,t Since g < ¢, this is sufficient to establish (2.26). To derive (2.23),
we use Lemma A.1 proved in the Appendix with n=¢—k, 8= (e —¢)/2 and
z=x-+vy+t. Thus

€—1

k—t,x+y+€,1+7,1

s :
1+E—k,1—x_'y—lye_.2——t

(e=bx+y+1) (e—t)(x+y+k)#0. (2.27)

C(e—)(x+y+k)’

Now put (x +y + £)/(x -+ y + k) from the latter formula into (2.26), express
the ,F; as a sum over m from 0 to ¢, interchange summation processes and
so obtain (2.23) with

o, _(re=2m) S (Cm)m — e — 1),
" mYDes1m = k(1 — e

P(—y—k). (2.28)
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Since

Pofy =i = (e [0 LT E )

(2.28) and (2.29) reduce to the first line of (2.24). Finally, to get the second line
of (2.24), observe that

, (2.29)

P = 3 Gy nla + 7t + ) O,

'}’* =Y + €, = —€, Qma'= = Qt—m9 (230)

1>.

Turning this last series expression for Q,, around, we arrive at the second line
of (2.24), which completes the proof of the lemma.

Under our tentative assumption that no o, is equal to any B, the preceding
lemma determines the 4,(n,A)’s and B,,(n,A)’s uniquely. This is sufficient to
establish the last statement of the theorem. To see this explicitly, we note that
A,(n,A) # 0 and assume that one of the functions of interest, @,(z, A), satisfies
a difference equation of lower order than that specified, i.e.,

or
_ 1) Cm—e—1)(y + e+ w))e
(t—m)! (—)pmrs

m—t,—-m+el+y+et w,
X gi2Fgry

On

I+ey+etw,

S AN + 2B NPy N = Rz, N, AN =1 (231)
m=0

but with ¢’ < ¢. If in this assumed equation, (2.31), we replace n by n—1,
multiply the resulting equation by an arbitrary parameter p; and add it to the
original equation, (2.31), we would then obtain an equation of the form (2.31),
but with ' replaced by ¢’ + 1. After ¢ — ¢’ repetitions of this process, the resulting
equation would still be of the form (2.31), but with ¢’ replaced by ¢. Since, by
the lemma, the 4,,(#n, A)’s are unique, we would have, in particular,

AmA) =p,_y A (n—t,N); p:_ arbitrary,

which would contradict the nonzero uniqueness of 4,(n, A). Finally, our tenta-
tive assumption that no o, is equal to any 8, can be relaxed completely by an
appeal to continuity. The only penalty exacted for such a relaxation is that the
An(n,A)’s and B, (n,A)’s are no longer unique, and that the recurrence formulae
are no longer of the lowest possible order. This completes the proof of the
theorem.
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0,14nl-n-—A1-a,
)(2.32)

0,1-8

satisfies the difference equation (2.10), and if no « is equal to any B, satisfies no
nontrivial equation of the same form, of lower order than t.

COROLLARY 2.1. The function

@)

— 1,r43 —
éa(”) 2, )‘)_ F(_n) F(n + }\) F(OC,) Gr+3,s+l( 4

Proof. Under conditions Cy,,, &(n,z,A) = &,(z,A), while under conditions
C.. » it follows from (1.4) that &(n, z, ) differs from 27 (z,A) by a linear com-
bination of the functions %, ,(z,A) whose coefficients are independent of both
z and n, except possibly for a periodic function of # which has period unity.

Remark 2.1. The determination of the A,(n,A)’s and B,{(n,A)’s was first
given by Wimp [5] in the special case that one of the 8,’s is unity. He gives two
proofs. One of these is algebraic and essentially stems from the solution of the
linear equation systems derived from (2.18) and (2.19) when one puts therein
w=1-—8, h=1, .., sand w=1+n 1—n—-A+1 11—, k=1, .., 1,
respectively. The other proof shows that if the 4,,(n,A)’s and B,(n,A)’s are as
given, they can be represented by contour integrals and that &,(z,A) with one
of the B,’s equal to unity satisfies the then homogeneous difference equation
(2.10).

Remark 2.2. The generalized Jacobi function &,(z, A) will lose its specialized
appearance, if welets=¢g+ landset 8, =1,h=q+ 1.

Remark 2.3. As previously noted, under conditions Cy, , (C,, »), the functions
F,. (2,2 (%,.(z, V), form a basis of the differential equation (2.5),and hence
are linearly independent as functions of z. Although we have shown that these
same functions satisfy the difference equation (2.13), it is not known whether
they form a basis of solutions of (2.13), i.e., whether they are linearly indepen-
dent as functions of n.

Remark 2.4.1f the parameter condition in Cy, , or C, ,is violated, additional
solutions of the difference equation (2.13) can be found via the same limit
processes used to find additional solutions of the differential equation (2.5).

Remark 2.5. If n is a nonnegative integer, no restrictions on r, s and z are
necessary for &,(z,A) to be well defined and for the results of Theorem 2.1 to
hold. In this connection, care must be taken in certain limit processes which
may arise. For example, suppose r=0, s =1, B, = 1. Then from (2.11), we
have 4,(n,)=-Ru+ A=A -D[r+A—1D2n+A-=3)]"'. If we want
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A (n,A) for n=1 and A =1, we must first set n = | and then let A — 1. Thus
A, X)=—1forn=1 andA (n,A) =0forn# 1.
Consider the limit procedure (called a confluence with respect to A)

—mn+ A,

lim &(z/\, X) = hm Y ol

Ao Ao

—H, &, 1
=2k
Bs

which is valid for r + 2 < s. Thus, results for the generalized Laguerre functions
can be deduced from those for the generalized Jacobi functions. In fact, if we
write down the conditions

>0

B

Z) = 6(2), (2.33)

r+2<s or r+l=s and Jarg(l—2z)<m,

no two of the parameters, 8, (h =1, ..., 5), differ by an } Cy
integer,

r=s or r+1l=s and |arg(l—1/2)] <,

no two of the parameters, —n, oy (k =1, ..., r), differ by an } C,
integer,

and let

lim D,(z/A, 2) = D(2),

D,(2,)=H(z,)), F, Wz (h=1,...,5), Y (z2,N) (k=1,...,r+1),
(2.34)

a limiting form of Theorem 2.1 and Corollary 2.1 is the following.

COROLLARY 2.2, The functions &(z) and K (z) under the conditions on r, s
and z in Cy and C., respectively, and the function

En, _TB) i (z (2.35)

Z) F( )IV( r) r+2 s+1

0,1+n,1—oc,)

O’I_IBS

satisfy the difference equation

D,(z) + mél [An(n) + 2Bu(n)] D, _(2) = (n (f B, — 1)

f=max (r + 1,5), (2.36)
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where
— g —m,n—m + B,
A’"(n):(n+1 l‘ﬂ)m(_n m/1+ﬁs”)s+1F 1,
mlin—1+8) m11B
(n +1 —m)m(—)m ”
—nmm4+m)Z@_ _wﬁhh&m~-4+&x (2.37)
l—-mn-—-m+1+a«,
Bm(n):(n+l—m)m(n“m+£r)r+lFr { ’
(m—Dn—1+5) o |
= m), oY (r—u) i
T DI —14B) & Grl-m— i;j-,Bﬁil_En_,, Sun—m+a),

(2.38)

where B\® is the generalized Bernoulli number defined in (A.7), and where the
S.(p,) are the symmetric polynomials defined implicitly by

ITG+p)— 3 S (2.39)

In particular, A,(n) =0, m> s+ 1 and B,(n) =0, m > r + 2. In addition, the
Sunctions F, (z) (h=1,....,8)and Y, (2) (k =1, ..., r + 1) under the conditions
Cy and C, respectively, satisfy the difference equation

D)+ 3 [Anl) + 2Bo)] B, (2) =O. (2.40)

Finally, if no o, is equal to any f8,, none of the above functions satisfies a non-
trivial equation of the form specified of lower order than f.

Remark 2.6. The only part of Corollary 2.2 which does not follow directly
from Theorem 2.1 is the last statement, which is actually concerned with the

uniqueness of
Au) =lim A0, ), By(n) = lim P,
Ao -

The uniqueness of the A4,(n) and B,(n) follows from the limiting form of
Lemma 2.1 when € —» o, i.e.,

LemMa 2.2. If P(x)} is a polynomial in x of degree q,

P =c fII (x— w), @.41)
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and t is an integer >q, then P(x) can be represented uniquely in the form

P()=c mzo ®+7)m O 2.42)

C e N [~m, 1+ y+wy \
5 _ Oy +w)e

| ),
Y T,

_Ore S _@-w!
m!  Lg(g—m—u)!

BT Sy + wyp), (2.43)

where B{® is the generalized Bernoulli number defined in (A.T) and where the
S.(pg) are the symmetric polynomials defined implicitly by (2.39). Note that
0n.=0form=>q+ 1. If (y + w,) is zero, limits must be taken in (2.43).

Remark 2.7. The second lines of (2.37, 38, 43) follow by an application of
Lemma A.2. in the Appendix.

Remarks similar to those following Corollary 2.1 can also be made for
Corollary 2.2.

Ta 1llhiigtrata

integer that

s
[
N
o
3
j=

—n, 1 As %y, 0
%(Z’)‘)':«tFJ Z)
/81’32’/33 |

satisfies the difference equation

D (z,A) + i [An(n, X) + 2B, (1, VD, _.(2, 1) =0, B,(n,) =0, (2.45)
m=1

where
A 1 (l’l, )\)

~ (r=D@n+A-2),(n—2+§) :_ Qn+A-5mnh—-1+p) }
A A=-D2rn+A=5n—-14+PB) CrrA-D—-DEr—-2+p)

Ay(n,A)

 (n=2,Q2n+A-4,n—-3+P) {_2(2n+/\—6)(n—1)(n——2+}3)
T2+ A—=2),02n+A—6)(n—14P) Cr+A=3)n—-2)(n—-3+Ph)

@rn+A—-6),(m(n—1+p8) }
Cn+A=3),n—2)n-3+p)’
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A3(I’l,)\)
(=2 + A= D2+ A~ 6)2n+ A —3)(n+A—3—p)
N (n+A=3)Qn+A=T);(n—1+8)
ll (2n+/\—7)(n+/\—3)(n+/\—2—,8)}
T @enHA-3)n+A-H@m+A-3-p)

(2.46)
Ay(n, A

(n—3)3(n+)\ HRn+A-8)2n+A-3)n+A-3— /3)
n+A—D2n+A—-8),(n—1-+p)

4
1+ 2 4,n3)=0,
m=1

B(n,A)
@nt+A-2)p(m-1+4)
T mAA-Dm—-1+p8 "

B,(n,A)

(= Dn+A—4m—2+a) {1_(2n+)\—5)(n—1+oc)}
T (m+A=2,Qn+A=5)m—1+p) Cn+A=3)Yn—-2+a)f

Bs(n, N

(n 22n+A-3)n+A-3— oc)
T+ A=3)2n+A-5m—-1+p)

Here (n + u + B) is short for

i[l (n+u+pB)
and (n + u + o) is short for

}i]i' (n+u+ ).

Similar recurrence formulae for any hypergeometric function of lower order
than %(z,)) can be found by taking limiting forms of (2.45) and (2.46). In
particular, recurrence relationships for

_n;n+)" oy, 0p —H, &y, 0
2 zls 3y
1811182 BIHBZ’BS
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may be found by replacing z in (2.45) by z8;; z/A and letting B;; A — . If both
numerator and denominator parameters are to be removed from Z(z, ), care
must be taken to obtain the nontrivial recurrence relation of lowest order
e.g., to obtain the recurrence relation for

Z)

—n,n+ A, oy
o
IBI s /82
from (2.45),weseta, = B3 =n+ A+ 1 —¢t,t =4,s0 that A,(n,A) = B;(n,A) = 0.
Recurrence formulae for special cases of the above have been given by Fasen-
meyer [12], and Rainville [13].

1II. RECURSION FORMULAE FOR THE NUMERATOR POLYNOMIALS IN THE
RATIONAL APPROXIMATIONS FOR THE GENERALIZED
HYPERGEOMETRIC FUNCTION
Suppose

Fz) = i:) f.2"+ Ry(2), G.1)

where f, is independent of n and z. In (3.1), replacenby k +1 —a,a=0o0r 1,
multiply both sides by 4, ;¥*, 4, =0 if k> n,and sum from k=0 to k = n.
Then, just as in (1.9), (1.10), we obtain

F(@) hy(y) = a2z, y) + Su(z, ), (3.2)
h) = 3 An (33
l/jn(z’ ’)’) = ’é:a Vk jg: An, rtk f;'(z')/)r) (34)

which can be interpreted as giving a formal rational approximation to F(z),
1.e., ¥,(z,9)/h(y). As in (1.10), alternate expressions can be given for ¢,(z,y).
In particular, ¢.,(z,y) is a weighted sum of partial sums of F(z). We now prove
that if A,(y) satisfies a linear, inhomogeneous recursion relation, then,(z, )
satisfies another linear, inhomogeneous recursion relation and the homo-
geneous portions of these recurrence relations are identical. This general result
is embodied in the following theorem.

THEOREM 3.1. Let h,(y), Y(z,y) be defined as above. Let there exist constants
K, (n), L, (n) and M (n) such that

3 TR + L) by ) = MO,

Kon)=1, Lyn)=0, nxt (3.5)
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Then

0uzy) = > [Kn(®) + yLn()]fnlz)

m=0

n—a T
=" gof;(z'}’)r Zo Kn(n) Ay m, r1a (3.6)
Further, if
—nn+ Al
hn('y) = r+3Fs \'Y » (37)
Bs |

and (3.5) is identified with (2.10), then

P a 1_a(2”+)\—t)tr(n+)\+a—t)
Oney) = Lyme 1B~ 1] n+B—DIn+X

S (a—n)n+A+a—1) o+ a); filzy);
X JZO (Bs +a— l)j '

t=max (r + 2, 5). (3.8)
Proof. Combining the first expression of (3.6) with (3.4), we have
n—m—k

Q)= 3 (Kt + yLa] S 7 5 Ay e A2

Observe that we can replace the upper limits of the » and k summation indices
by n — a and n, respectively, since 4, , =0 if k > n. Thus, we can write

0.5 = 3. Kt + YLu)] 3 'S Ay, s e
VGO AV R

+ kﬁz+l '}’k 20 fr(z}’)' ZO [Km(n) An—m, r+k -+ Lm(n) An—m, r+k—1]'
But in view of (3.3) and (3.5)
t
ZO [Km(n) An—m, J + Lm(n) An~m, j—l] = Oa

for ja positive integer. It follows that Q,(z, y) is given by the second line of (3.6).
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Next, we turn to the proof of (3.8). With 4, , defined by (3.7), and
C - (=mdn + A~ t)le e ,
mk (Bs)k

I ) R k)
B (k - n)m(k +n+A~ Diem n-—m, k»

it follows from (2.15, 18) that

t
2_:0 Km(n) An—m, k= Cn, k Xt(k)9

(n+Bs’-l)(n+A—t)n(Bs_l)k )
Combining (3.9) with (3.6), we arrive at (3.8). This concludes the proof of
the theorem.

The following corollary summarizes these results in a form convenient for
applications.
COROLLARY 3.1. Ifa=0o0r1,

—n,n+ A 05,8, —a,1
hn(’)’) = rrq+3Foipn1

y), (3.10
B+lppa,+1-—a

bz 7) = [— yn(n+ N o8, - 1)]°

B+1)pga,

% S (—n + a)(n + A + @)i(o + @) )ly2)*
2 B+ 15 ey + D+ o k!

—n+k+an+tdr+k+ao,+k+ap+k1

(3.11)

X srgiaf a+p+1<
B+1+k+ap,+k+al+a,+k

andf=max{f+qg+2,g+p+1},
Ku(n, X

_ (n+1—m)(2n-+A—2m) s (n—~m+B) (n—m+py—1) (n—m+o,—a)
m! (n+A—m)n+A—t—m),(n-+B) (n+p,—1) (n+o,~a)

—m, 2n+A—t—m,n—m+B+1, n—m+pg, n—m+ o, t-1-a

1),

X g+p+3F¢+p+2(
2n+A+1-2m,n—m+B,n—m+p,—~1, n—-m+a,~a
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(n+1-m),2n+2—-2m) 2n+A—t+1)e 1 (n+A—1—B) (n+A—1+1—pg) (n+-A—t—cpta)
(t—m)! (n+A—m)p(2n-+A—t—m)(n+B) (n-+p,—1) (n+o,—a)
1) ,

= (_1)g+p+1

—t+m, 2n+A—t—m, n+A—t+1-8, n+A—14+2—py, n+A—t+1-ay+a
x v+p+3Fg+p+2

2n+A+1-t, nt-A—t—B, ntA—t+-1—pg, nt-A~t—apta
3.12)

Ln(n, 3

_ (n+1-m)u(2n+A—2m)ym(n—m-+a,z) (n—m+B,—a) ]
= =1 (A=) RrAA— 1+ D)y (24 B) (1 py—1) (n+-ap~a)

1—m, 2n+A—t—m+1,n—m+1+0,,n—m+1+B—a )
1 ’

(n+1—m)(2n+A--2m) Qu+-A—t+1), -1 (n+A—t+1—0 ) (n+A—t+1—B,+a)
(t—m—1)! (n+-A~m)m(n+A—t—m+1) s (n+B) (n+pg—1) (n+a,—a)

1),

X j+q+2Ff+q+l(

2n+A+1-2m,n—-m+os,n—m+B—a

= (_l)f-l-ll

—t+m+1, 2n+-A—t—m+1, n+-A—t42—g g, n+-A—t+2—Bta
X f+q+2Ff+q+l

A+ 1t nid—t+1—0, ndA—t+1-B+a
(3.13)

thenp(z,v)/h(y) is a formal rational approximation to
al’

8 4 IR
B

d . B(Pq - 1)(“1! —a)(n+A),
"Zo [Km(n: )‘) + '}’Lm(n9 A)] hn—m('}’) - (n + B)(n + Pa— 1)(n i atp— a)(n + A _ t),, ’

(3.14)

such that

and

3 1K, ) + 9L, D] rn(217)

_ " _ l-a Rn+A=0,I'n+A+a—-1)
= ErnedBa= DFBee = Dl 6, 4 g+, ~ a)n g~ DI )
——n+a,n+)\—t+a,af+a’
x f+2Fg+1( "}’Z) .

(3.15)
B+a,p,—1+a

The difference equations (3.14) and (3.15) are homogeneous if
:B(Py —D{a,—a)=0 and [af(:Bq - 1D]*=0,

respectively. In the special case yz=1, f=g=0,A=a+8+1, Eq. (3.15) is
also homogeneous, if 2 + a + o — t is a nonpositive integer.
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Remark 3.1. Note that the ,,,F,,, on the right-hand side of (3.15) is an
extended Jacobi polynomial and so may be generated by application of the
recursion formula developed in Section II.

Remark 3.2. Care must be taken in (3.15) if = 0 and B(p, — 1) approaches
zero. In particular, one must use the relation

+ () +A—1)(op)(y2) f+3Fg+2(

—n,n+A—1t,0,

B(Pq — 1) raFoi (
185 Pa— 1

=B(p,— 1
l—nl+n+A—-t1+041

(3.16)

1+B:P§32

Remark 3.3. Should a numerator parameter o be equal to a denominator
parameter p in (3.10), (3.14) and (3.15) will in general reduce in length only if
o=p=n+A+1—1 For particular numerical valuesof e = p (£ + A + 1 —¢),
(3.14)and (3.15), though still valid, are no longer the desired recursion formulae
of shortest length.

Remark 3.4. Confluent forms of Theorem 3.1 and Corollary 3.1 are easily
found by replacing y by y/A, and letting A — +o.

Remark 3.5. An alternate technique for the evaluation of {,(z,v) as defined
by (3.11) is the following: if

~n+a+k,nt+At+atk0,+k1

Vn, k('y) = r+3Fs Y (317)

ws+k
then
—nta—14+kmn+A+a—-1+k)0B, —1+k
Vn,k—l(y):1+y( )((w —I—f—k) )( )Vn,k(y)’
3.18
Vn,n—a('V)z 1 ( )

IV. RECURSION FORMULAE FOR PARTICULAR G-FUNCTIONS

In this section, we obtain a linear, homogeneous difference equation for the

G-functions
Ap+1
by n,—n— A

0<m«y, O<lI<p+ L 4.1)

'V(n, w, )‘) = G;’;-lll ,q+2 (w
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Clearly, ¥ (n,w, A) includes those G-functions occurring in (1.16) as coefficients
of the generalized Jacobi polynomials. As in Section II, properly normalized
bases of

(D" @ +1—ap1) + (6= b)(6 —m)(d + 1+ N} Y(w) =0,
d

[an equation satisfied by ¥ (n, w, A)], also satisfy the above-mentioned difference
equation for ¥(n,w,A). For example, if p > g + 1, the functions,

Upn, w,X) = Gpitip (‘”e—m('nﬂ_m

Ap+1
3
bh5bl’ e bh-lybh-Hs e bq,na_n - A

Apit
%q+l(n’ w, A) = ei¢n G;:I-Ii-ft}-ﬂ we—iﬂ(MH_D) 4 (43)
n,by,—n— A

p+1
— pf 1,p+1 —i +-
%q+2(n9 w, A) =€ & Gp+li, q+2 we intn P s

—n— A b, n

ap+1
byn,—n—2A
k=1,..,p~(g+ 1), 4.4)

form the desired basis, normalized with respect to #, in a proper sector of the
irregular singular point w = 0. Alternately, if g -+ 1 > p, the functions

with e'* = —1, and

0, p+1 inQk+m+1-p—1
yk(n, w, ’\)"‘:Gp+ti.q+2(we T@kEmt =D

‘aksal7'-~aak—laak+1:--~;ap+1
- (ja+2, 1 im(@—m—1+1
H(n, w,A) = G137 L, | wel™@ 1D ,

byn,—n—A
k=1,..,p+1, 4.5)
Ap+1
Wi, 0,3) = GE% | weminhmsioo :
by,—nn-+2A
h=1,...,q+1—p, 4.6)

1
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form the desired basis, normalized with respect to n, in a proper sector of the
irregular singular point w = . We tacitly assume that all of the above functions
are well defined.

We now state our main result of this section.

THEOREM 4.1. Provided the functions ¥(n,w,)), Un,w,d), Fn,w,X),
Hn,w,N) or W(n,w, ) are well defined, they satisfy the difference equation

o0, 0+ 3 €[00+ Dy, N ¥+, ) =0,

t =max (q + 29p + 1)’ Dt(na A) = Oa (47)

1),

where

~1YQn+A+2/)@2n + d), F
1@n+ X pH3Tp+2

—j+2n+An+2—a,,
Cj(n7A):

2n+A+t+ln+1—a,

()PP A+ Dyt A= 1+ )
=)@+ A+ )+ 1= apyy)

J=t2n+A+jin+A+j+a,,
X p+3Fpi2

1),

2+ A+ 2j+1L,n+A+j—-1+a,.,
4.8

(=DemH Oy L A4+ 2)2n+ A+ D(n+1—b,)
G—=D!'n+1—-a,)
—f+1L,2n+A+j+1,n+2-—b,
><q+2Fq+1( 1)’
Zn+A+t+1,n+1-5,
(=m0 L A+ HNCRr+ A+ D(n+A+j+b,)
- (—j—DICn+ A+ )+ 1 —ayyy)
JHl—=t2n4+X+j+Ln+A+j+ 145,
Xq+2Fq+l<

Dyn,A) =

M+A+2+1,n+A+j+b,

1).
4.9)

Moreover, if no a, is equal to any b, none of the above functions satisfy a non-
trivial equation of the form specified of lower order than t.

Proof. Tentatively, we assume that no g, is equal to any b, and that e is
sufficiently restricted for the following manipulations to be valid. Consider the
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function ¥ (n,w,A). It follows from the integral representation for ¥ (n,w,A)
[see (1.3)], that, for Cy(n, A) =1,
2An,w,A)
= 3 [Con N+t Do, N1¥ (144, 0,3,
=0

n

! ¢
I I'(h—v) II I'l-ap+v) ¥ 2 (n—v)(—n—A—t—0);_; Ci(n, A)
f k=1 k=1 j=0
L

ey

27i dv

q p+l
II I'd-btv) I Ta—v) Lo+1-n) To+ntd+e+1)
k=m+1 k=1+1

1y

k=1
+ 5
2mi

m 1 13
II Ph-1-v) 11 PR-aptv) o’ 3 (n—1-0),(~n—A—t-1-0),; D,{n, })
L-1

1
fI I'Q2-bs+v) pﬁ I'(a,—1-v) I'(v+2—n) L(vtn+A+142)
k=m+1 k=1+1

(4.10)
where the contour L, independent of j, runs parallel to the imaginary axis, and
is indented to separate the poles of I'(b, — v) (h =1, ..., m) from the poles of
I'(1 —a,+v) (k=1, ..., ). Let R(v) denote the integrand of the first integral
in (4.10). Then, moving the contour of integration of the first integral in
(4.10) one unit to the left, we obtain

2n, , 1)

3

!
[ T(b-1-0) T (1-ay0) o P0)

dv+ R “.11)

_ e f k

T 2mi g pHi

-t 1T PQR-betv) 11 Iiag—v) N'o+2—-n) Do+ntA+142)
k=m+1 k=1+1

where

P(v)=(z7+1—n)(a+n+/\+t+1)]g[l(v-{—l—b,,)

X 3 (1= o)f=n— A= 1= ), Csm, N
J=0

— (-1 p+i+m A 1 —
1 "11 (v+ @)

N~

x 3 (n—1—v)—n—A—1—1-0),_, Dy, ),

j=0

and R is the sum of the residues due to those poles of R(v) which lie between L
and L -1, if any.

We now determine the Cy(n,A), D,(n,A) by requiring that P(v) =0 for all v,
so that 2(n,w,)) reduces to just R. Then, under the assumptions that
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t=max(g+2,p+1)and g, # b, it follows, just as in the proof of Theorem
2.1, that there exists a constant C such that

(m—v)n—A—t—10),_;Cin,A)

N

Jj=0

I

p+1
= C(=1)pttim E v+ 1~ay),
4.12)

-

(n—1—v)cn—A—1—1-0v),_,Dy(n, )
J=0

]

~Co+1-m@+ntA+1+ DT[@+1-b).
h=1

Setting v = » in the first line of (4.12), we find
@n+A+1),
(n+1- ap+1').
The values of Cyn,A), D;(n,A) given in (4.8), (4.9) then follow directly from
(4.12, 13) and Lemma 2.1. It also follows from (4.12) that

R(v) = C(~1ym+

C = (—1)ytetiim (4.13)

m i
Hf(bk—v)EF(Z—ak+ D) w®

41 ’
kﬁ. I(l—b, + v)k"rl[l M@ -1-)T@+1—mT@+n+Ar+t+1)
=m+ =1+
which clearly has no poles between L and L— 1. Thus 2(n,w,A) = R=0.
Under our assumption that no g, is equal to any b,, the C,(n,}), D,(n,A) are
unique, which implies that #"(n, , A) does not satisfy a nontrivial equation of
the form specified of lower order than ¢. As before, the tentative assumptions
on a,, b, and w can be relaxed completely by an appeal to continuity. Similarly,
the other functions of the theorem can be shown to satisfy (4.7). This completes

the proof.

Remark 4.1. The functions e"® ¥ (n,w,A) with m=gqg+ 1, €' =—1, and
¥ (n,w, ) with m = g + 2 also satisfy (4.7).

Remark 4.2. Confluent limits can be taken in Theorem 4.1. In particular,
recursion formulae for
¥V (n,w)=lm I'(n + A+ 1) ¥ (n,wl, A),
Ao

ap+l
b
b n

O0<l<p+1], Ogsmxy, 4.19)

X

__ fm,1
= Gpil,a42 (a’
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can be deduced from (4.7). The ¥ (n, w) occur as coefficients in the generalized
Laguerre expansion (1.17).

Remark 4.3. To expand an arbitrary hypergeometric function ,, Fwz),
p < g, in a series of extended Jacobi polynomials, it follows from (1.18) that
it is sufficient to consider
a,) ,

1_‘OCIH-I
nl—pB,—n-—2A
4.15)

n a nonnegative integer, p < ¢, or p =g + 1 and |arg (1 — z)| < «. Comparing
(4.3) and (4.15), we see that

LB+ NI+,
F (ap+l) ‘

with I=p+1, m=0, 1—«,,,=a,,, and 1—pB,=5b, Thus, recursion
formulae for €,(w, A) can be deduced from Theorem 4.1. In particular,
w)

@.17)

nt gy

(“p+ )nw"
Co(w,A) = mp+1Fq+l(

n+Bp2n+A+1

_ I'By@2n+ X I'(n+ A)
F(ap+l)

1 Goflan (—w

Colw, ) = (@, %) (4.16)

(al)n(“2)n(a3)n(a4)n " F

2D =" B n),

(n—|~oc1,n+oc2,n+zx3,n+cx4

n+Bun+By2n+A+1

satisfies the difference equation

B )+ S [EmN+ o™ BN Pu @) =0,  FymN)=0, (4.18)
i=1

where

@n+2x) Cn+A+Dn+a+1)
E‘("’)‘):_(nJr)\){  2n+ A+ 58N+ }
E A_(2n+)\)2{ 22n+A+2)(nt+a+ 1) (2n+)\+2)2(n+a+2)}
o, )*2(n+)\)2 QRn+A+5)@n+ ) @n+A+5,n+a )’
Eyn )= — QCun+A)sn+2A+3—09) {_(2n+)\+3)(n+)\+4—oc)}
W T s N+ A+ S+ )l @A+ DA+ 3—w)f
E(n) Qun+Nm+A+4—a) @.19)

(n+0,@n+ X+ 5)(n+ o)
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__@n+Xmn+p)
P = nt N+
_Qnt N+, Cn+A+3H(m+B+1)
R e Ve A (e e £
_ @n+Nm+A+4-8
B0 = R+ X2 LA+ 5),n+ o)
Here, (n + u + o) is short for
;li_[(n—i—u-}-ocj),
and (n + u + B) is short for
;li];(nﬁ-u%—ﬁj).

Similar recurrence formulae for any hypergeometric function of lower order
than 2,(z,A) can be found by taking limiting forms of (4.18) and (4.19).

APPENDIX
LemMMa A.1.
—n,B+1,1,z+ 28 21+ 26)
£ 3=y
n+28+1,8,1-z2 -
n=0,1,2,...; B(z—n)# 0. (A.1)

Proof. Let V(z) equal (—z)~! times the hypergeometric function appearing
on the left-hand side of (A.1). Clearly V() is a rational function of z, with the
degree of the denominator polynomial one greater than that of the numerator
polynomial. Moreover, as the poles of V(z) are simple and located at
0,1, ..., n we can write

n

vo-3 2

J=0

(A2)

1).

I Tl SOV R Ve ) T B e
VRS RV

n+ 28+ 145,847
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Then, making use of the relation
—n+j,B+1+/2+28
3 1

n+28+1+j,8+j |

_n+j,2j+2/3| 2An—j) —n+j+1,2j+28+1]
=,F 1 O ESE 1],

n+2/3+l+j.

n+28+2+j
(A.3)
together with Gauss’ theorem [6] for summing a , F; of unit argument, we find
B (n+28) B
qj= (—1) 2/8 4 J=n,
(A4)
:O, ]:0’1, an_lx
which proves (A.1).
LEMMA A.2.
-m,1+a, p-m , .
+ m)!
(___)m(ap)‘ p+le( 1) = Z (L._.'__) B;-'-M) Sp—m~J'(aP)’
< J:
a, Jj=0
(A.5)
where the S.(a,) are the symmetric polynomials defined by
p D
TT(x+a)=2 Sda)x, (A.6)
r=1 r=0
and the B{™ are the generalized Bernoulli numbers defined by
e —1\" ~=td
L} = __ Rt—m) (~m) _
( t ) Zof'Bj ,  By™=1. (A7)

If (a,), is zero, limits must be taken in (A.5).

Proof. Let 6 = x D = x(d/dx). It follows from the simple operator equation
)@ —1)---(8—n+1)=x2 D", and the finite difference formula, see [/4,
p- 150, Eq. (90)],

k

xk=3 (I:)B,ﬁ::)x(x—1)---(x—r+1), k=0,1,..., (A8)

r=0

with x replaced by §, that

=3

k
r=0

(’:) BN D, (A9)
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or

p P p—m (m _|_ /

TT@+a)= > x"Dm > ( J) BS™S, - a,). (A.10)
J=1 m=0 =0 m

Now letting (A.10) operate on x*, and making use of the operator equation

(8 + o) x” = x"(p + o), we obtain

fera=3 s e-mi)S (") 655, 0 ),
Jj=1 m=

(A.11)
or
p—m +7 1 r
S (") oS - 2T A
=0\ m m: i=1 x=0
where 4 is the forward difference operator with respect to x. Since
1 nl[g _OrS & m),
ﬁA {;[;_II: (x+aj)} x20— ml < 1 H( +aj) (A.13)
(A.12) reduces to (A.5).
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