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Abstract

We show that the Neumann problem for Laplace’s equation in a convex domain §2 with boundary data in
LP(3£2) is uniquely solvable for I < p < 0o. As a consequence, we obtain the Helmholtz decomposition
of vector fields in L?(£2, Rd).
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1. Introduction
The main purpose of this paper is to prove the following.

Theorem 1.1. Let 2 be a bounded convex domain in R¢, d > 2. Let 1 < p < co. Then the
L? Neumann problem for Au = 0 in §2 is uniquely solvable. That is, given any f € LP(082)
with mean value zero, there exists a harmonic function u in $2, unique up to constants, such
that (Vu)* € LP(082) and g_: = f n.t. on 052. Moreover, the solution satisfies the estimate
I(Vu)*|l, < CIl fll p, where C depends only on d, p and the Lipschitz character of £2.
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Here and thereafter (Vu)* denotes the nontangential maximal function of Vu and n the unit
outward normal to d52. By g—z = f n.t. on 952 we mean that for a.e. P € 382, (Vu(x), n(P))
converges to f(P) as x — P nontangentially. We remark that for a harmonic function u and
p =2, (Vu)* € LP(352) implies that u is in the Sobolev space Lﬁl (£2) [8]. The solutions in

P

Theorem 1.1 satisfy the estimate ||Vu||Lf/ @) SCISfllpfor2< p <oo.
4

It is known that the L” Neumann problem for Au =0 in a bounded C'! domain is uniquely
solvable for any p € (1, o0) [2]. However, if §2 is a general Lipschitz domain, the sharp range
of p’s, for which the L” Neumann problem in 2 is solvable, is 1 < p <2 + ¢, where ¢ > 0
depends on 2 (see [7,15,1]; also see [9] for references on related work on boundary value prob-
lems in Lipschitz domains). In [10], for any given Lipschitz domain £2 and p > 2, Kim and Shen
established a necessary and sufficient condition for the solvability of the L” Neumann problem
in £2. More precisely, it is shown in [10] that the L” Neumann problem for Au =0 in £2 is
solvable if and only if there exist positive constants Co and r( such that for any 0 < r < rp and
Q0 € 052, the following weak reverse Holder inequality on 052,

1 1/p 1 5 1/2
{rd——l / ](Vv)*y”do} <C0{,d—_1 / |(Vv)*| da}, (1.1)

B(Q,r)Nas2 B(Q,2r)Nas2

holds for any harmonic function v in §2 satisfying (Vv)* € L2(8.Q) and g—; =0on B(Q,3r)N
052 (see [10, Theorem 1.1]). Using this condition, Kim and Shen [10] obtained the solvability of
the L? Neumann problem for Au = 0 in bounded convex domains in R? for 1 < p < oo ifd =2;
forl < p<4ifd=3;andfor 1 < p<3+¢ifd=>4(see[10, Theorem 1.2]). Theorem 1.1
extends the results in [10] in the case d > 3 and completely solves the L” Neumann problem for
Laplace’s equation in convex domains.

Our approach to Theorem 1.1 follows the proof of Theorem 1.2 in [10]. To establish the weak
reverse Holder inequality (1.1), we use the square function estimates for harmonic functions in
Lipschitz domains and the local W22 estimate in convex domains. This reduces the problem to
the estimate of

sup [V2o)|P s, (12)
xeB(P,r)

where ¢ € (0, 1), 6(x) = dist(x, §2), and v is a harmonic function in §2 such that g—z =0 on
B(P,3r) N 382 and (Vv)* € L2(382). In [10] the authors used the interior estimates and the
local W22 to obtain that for any x € B(P,r)N 2,

d 12

c i

\Vzv(ﬂK;[a(r—xJ {r_d / Wu(y)\zdy} . (1.3)
B(P.,3r)N§2

By a reflection argument the classical De Giorgi—Nash estimate implies that for any x €
B(P,r)N$2,

5 cr » 129( 1 5 1/2
|V2u(0)| < i = |Vo)|“dyt (1.4)
B(P,3r)N§2
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where « > 0 depends on £2. Substituting (1.3) for d = 2,3 and (1.4) for d > 4 into (1.2) and
choosing ¢ sufficiently close to 0, we see that the exponent of §(x) would be positive for any
p>2ifd=2;for p <4ifd =3; and for p <3 + ¢ if d > 4. This leads to the restriction of p
for d > 3 in [10, Theorem 1.2]. In this paper we will show thatif d > 3, for any x € B(P,r)N$2,

C [ 172
V)| < 7”[5:—”} {r—d f |Vv<y)|2dy} (1.5)
B(P,3r)N$2

for any n > 0. Substituting (1.5) into (1.2), we see that the exponent of §(x) is —n(p —2)+1—t¢,
which would be positive for any p > 2 if n > 0 is sufficiently small.

To show (1.5), we will prove that if £2 is a convex domain with smooth boundary, then for
any g > 2,

1 1/q 1 1/2
{r_d / |Vv|qu} <C{,—d / |Vv|2dx}, (1.6)

B(Q,r)N$2 B(Q.,2r)N$

whenever v is harmonic in £2 and v € C%(£2), g—z =0in B(Q, 3r)NdS2. The constant C in (1.6)
depends only on d, g and the Lipschitz character of £2. Our proof of (1.6) is inspired by a re-
cent paper of V. Maz’ya [12] (also see [11]), in which he established the L°° gradient estimate
for solutions of the Neumann—Laplace problem in convex domains. More precisely, it is proved
in [12] that if ¢ > d and f € L9(§2) with mean value zero, then ||[Vu| 1=y < Cll fllLe(2),
where —Au = f in £2 and g—z =0 on 9£2. Although the proof of (1.6) does not rely on this esti-
mate, the formulation of our main technical lemma, Lemma 2.2, as well as its proof, is motivated
by [12].

With Theorem 1.1 at our disposal, following the potential approach developed by Fabes,
Mendez, Mitrea [3] in Lipschitz domains, we may study the solvability of the Poisson equa-
tion with Neumann boundary conditions in convex domains. In particular, consider the boundary
value problem

Au=felL’ \(2),

ou »
gzgeB_l/p(a.Q), (1.7)
uewhr(2)

Here L’il 0(§2) is the dual of LCII (£2) = Wh4(£2) and Bfl/p(asz) the dual of the Besov space
qu/p(asz) on 082, where g = p—f] We will call u € W7 (£2) a solution to (1.7) with data (£, g),
if

/V” Vodx =—(f, ¢)L’i|,0(9)xL‘|{(Q) +(¢, Tr(d’))Bfl/p(m)xB;’/p(m) (1.8)
Q
for any ¢ € W4 (£2), where Tr(¢) denotes the trace of ¢ on 32.

Theorem 1.2. Let 2 be a bounded convex domain in RY, d > 2. Let 1 < p < oo. Then for
any f € Lfl’o(.Q) and g € Bfl/p(B.Q) satisfying the compatibility condition (f, 1) = (g, 1),
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the Poisson problem (1.7) has a unique (up to constants) solution u. Moreover, the solution u
satisfies the estimate

IVullr < CUI e, @+ 18057, 6o} (1.9)
where C depends only on d, p and the Lipschitz character of 2.

We remark that for bounded Lipschitz or C! domains, the inhomogeneous Neumann problem,

Au=fe L{’/pfsf]’o(fz) in 2,3 =¢ecB” (32) andu € L{ZHW(Q) with s € (0, 1) and

p € (1, 00), was studied in [3], where the authors obtained the solvability for the sharp ranges
of p and s. Analogous results for the inhomogeneous Dirichlet problem in Lipschitz or C! do-
mains may be found in [8]. In particular, it follows from [3] that the boundary value problem (1.7)
is solvable for p € ((3/2) — ¢, 3 + ¢) if £2 is Lipschitz; and for p € (1, 00) if £2 is cl.

Let LY (£2) denote the subspace of functions v in L”(£2, R?) such that f oV -Védx =0
for any ¢ € C'(R?). As a corollary of Theorem 1.2, we establish the Helmholtz decomposition
of L? vector fields on convex domains for 1 < p < oo.

Theorem 1.3. Let 2 be a bounded convex domain in R¢, d > 2 and 1 < p < 0o. Then
LP(2,R?) = grad WP (2) & LL(£2). (1.10)

That is, given any u € LP (82, Rd), there exist ¢ € Wl”’(Q), unique up to a constant, and a
unique v € L2(82) such that u = V¢ + v. Moreover,

max{[[Volr2), IVlliLr) ) < CpllullLr(e), (1.11)
where C,, depends only on d, p and the Lipschitz character of £2.

A useful tool in the study of the Navier—Stokes equations, the Helmholtz decomposition (1.10)
is well known for smooth domains (see e.g. [4]). It was proved in [3] that (1.10)—(1.11) hold for
p € ((3/2) —e,3 +¢) if £2 is Lipschitz; and for p € (1, 00) if §2 is C'. The range (3/2) — ¢ <
p < 3+ ¢ is known to be sharp for Lipschitz domains in R, d >3 (see [3D.

2. Estimates on smooth convex domains

The purpose of this section is to establish the following.

Theorem 2.1. Let $2 be a bounded convex domain in R?, d >3 with C? boundary. Let u €

C3(82). Suppose that Au =0 in 2 and g—z =0on B(Q,3r)Nas2 for some Q € 952 and 0 <
r < ro. Then for any q > 2,

1 1/q 1 1/2
{—d / |Vu|qu} gc{—d [ |Vu|2dx} , (2.1)
r r

B(Q.r)N2 B(0.2rN2

where C depends only on d, q and the Lipschitz character of 2.



J. Geng, Z. Shen / Journal of Functional Analysis 259 (2010) 2147-2164 2151

The summation convention will be used in this section.
The proof of Theorem 2.1 relies on the following lemma. As we mentioned in Introduction,
the formulation of Lemma 2.2 as well as its proof is inspired by a paper of Maz’ya [12].

Lemma 2.2. Let §2 be a bounded convex domain with C 2 boundary. Suppose that v =
V1, ...,v9) € C3(2,RY) and v-n=00n 382. Let g = |v|*. Then for a.e. t € (0, 00),

81),' 31)j 2\ /2 .
/|vg|da<2ﬁ/ ZK_E + |div(v)| { do
(g =1} gz i '
du; v
+2 f {|div(v)|2— b v’}dx, 2.2)
ij Bx,-

{g>1}

where o = HY™! denotes the (d — 1)-dimensional Hausdorff measure and {g =t} = {x € 2:
g)=t}, {g>t)={x e 2: gx) >t}

Proof. Let ¥ be a nonnegative Lipschitz function on [0, co). It follows from integration by parts
that

/W(|V|2) avi . av] dx = _2/ q//(lv|2)vk . aﬂ ;- 8U] dx

Wj 0x; 0x; 0x;
2 2
—/lI/(lv|2) v,-i{dlv(v)}dx
ax,-
2
ov;
+/lP(|V| )v,nj ij do
Y]

Xj 8)6[

d ov;
= —2/ 'I//(|V|2)Uk . aﬂ v - T dx
2

3
+2fl1/’(|v|2)vk- % v - div(v) dx
2

311]' .
—v;in;div(v) ¢ do. (2.3)
0x

This gives
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=/d/(|v|2){v,nl div(v) —vin; Z;x }dcr

9 v v

/-p/ (1vP) { AL R le(V)} 2.4)
ij ax,- 0x Xi

2

Using the assumptions that v- 7 = 0 on 952 and 2 is a convex domain with C? boundary, we
observe that

a .
vin; div(v) — v;n; ai] — —B(vr:vp) =0 ondg,
1

where vr = v — (v - n)n is the tangential component of v on 952 and S(-,-) the second funda-
mental quadratic form of 32 (see [6, pp. 133—134]). Hence,

vy ov; vy .
21 W (v v — v - —Ld <2/11//V2-v-—-v~~d1vvd
/(u)kaxj,aXix (VP) i 5% v divev) d
Q Q

+/W(|v|2){{div(v)}2— Oui -%}dx. 2.5)

0x;
J
2

Let g = |v|2. Then |Vg|? = 4vy - g;k Vi *’”l . It follows from (2.5) that

—1 14 \v4 0 a 9

2/ /(g)| g|2dx<2fw/(g)vk, Vk v Vi vJ

2 3xj 8x] 3;51
2

, oV .
21 W(g) - v - -v; -div(v) dx
8)61‘
Q
ox; 0x;

+/u/<g){{div<v>}2 _ v m}azx. 2.6)
2

We now fix 0 <t <t < o00o. Let ¥ be continuous so that ¥ (s) =1 for s > t, ¥ (s) = 0 for
s <t,and ¥ is linear on [#, ]. In view of (2.6), we obtain

1 1 Ju: av: 2112
VglPdx < —— / v Lo d
2(t —1) / Veldx Tt |g“v|{z dx;  0x; *
t<g<t t<g<t L
1
+— / |VglIv||div(v)|dx
1<g<t
v dv;
+ / wg){{div(v)}z—i.i}dx. @.7)
axj' 3)6,'

8>t
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By the co-area formula, we may rewrite (2.7) as

1 ; 1 A v av; |22
Vgldods < —— - — dod
2(r—t>//' gldods Hf/'V'{Z ax;, o } od
t g=s t g=s L] !
1 T
+—//|v|\div(v)ydods
T—1
t g=s
dv; v,
+ / W(g){{div(v)f—ﬂ-ﬂ}dx. 2.8)
ax]' axi

g>t

Letting T — ¢ in (2.8), we obtain the desired estimate by the Lebesgue’s differentiation theo-
rem. 0O

Next we apply Lemma 2.2 to harmonic functions in £2 with normal derivatives vanishing on
part of the boundary.

Lemma 2.3. Let 2 be a bounded convex domain with C* boundary and Q € 382. Let u € C3(£2).
Suppose that Au =0 in 2 and g—z =0 on B(Q,2r) N as2 for some r > 0. Then for a.e. t €
(0, 00),

/|Vg|da<6¢?f |Vu||V<p|dU+2/ |Vu|?>|Ve|?dx, (2.9)
g=t g=t

g>t
where g = |(Vu)g|? and ¢ € Coo(B(Q,2r)).
Proof. Let v= (Vu)p. Thenv-n =0 o0n 352 and

A 92u du Ay

3x]' _(paxiax]' 8xi 8)6]'.

It follows that div(v) = (Au)p + Vu - Vo = Vu - Vo and

dv; dv;  du dg ou d¢

3)Cj ax,' - 8xi ax]' 8x]' ax,- )

Hence,

dui 9y 12

2\ 1/2
) + |div(v)| = {21Vul* Vo[> — 2(Vu - V)*} '~ + |Vu - Vo

(Z

LJ

ij Bxi

< 3|Vul|Vel. (2.10)
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Next note that

- 92 u 9
|div(v)|” — L = = —(p2|V2u|2 —2¢- 8_“  ou 99
j xiax]‘ E)xi ij

L du By 2
=—Z — =) +[Vul*|Vg|?
Bxl ax, 8x,~ 0x;
< |Vul* Vol (2.11)
In view of (2.10)—(2.11), estimate (2.9) in Lemma 2.3 now follows readily from Lemma 2.2. O

Lemma 2.4. Eet 2 be a bounded convex domain_ inRY, d>3. Let f, g be two nonnegative
functions on 2. Suppose that f € C(2), g € C'(22) and

f|Vg|da<C0{ﬁ/fda+/f2dx} (2.12)
8g=t g=t g>t

for a.e. t € (0,00). Then there exists C depending only on d, q, Co and the Lipschitz character

of §2 such that
1/q 1/p L
{/qux} gc{ffzf’dx} +C|R|1” /gdx, (2.13)

2 2 2

1 _ 2
where p > 1 and[—I = 7

1
p

Proof. By considering gs = g + & and then letting § — 07, we may assume that g is bounded
from below by a positive constant. Using the co-area formula and (2.12), we obtain

o0
/g“|Vg|2dx=/r“ / |Vg|do dt
2 0

g=t
CO/ {ﬂ/fdaJrP/tf dx}dt

<c/g“+%|vg|fdx+c/g°‘+1f2dx, (2.14)
2 2

where o > —1. By the Cauchy inequality with an & > 0,

/g“% Vgl fdx < s/g“Wgde - cgfga“ﬂ dx.

2 2 2
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This, together with (2.14), implies that

/g“|Vg|2dx <c/g“+‘f2dx. (2.15)

2 2

Since £2 is convex, there exists a constant C, depending only on d and [diam(£2)]¢/|$2], such

that
d-2
2d d
{/|w—w9|mdx} /|Vw| dx, (2.16)
2

where w € C!(£2) and wg denotes the average of w over 2. Let 8 > (1/2) and w = gﬁ in (2.16).
We obtain

d—2 2
2dB d
{/gm dx} gcfgzﬂ—2|Vg|2dx+C|9|—l—§{/gﬂdx} ) (2.17)
2 2 2

Let @« =28 — 2. It follows from (2.15) and (2.17) that

d-2

d
{/gfﬁédx} <c/ 261205 + C|R2|” 1{/gﬂdx} (2.18)
2 2 2

for any 8 > (1/2).
We now choose pg > 1 so that 28 — 1)pg = Lig. By Holder’s inequality,

1/po , 1/pg
ol ] i
2 2 2

r1 11
gg{fg(Zﬁ 1)[?0dx}p +C6{/f2p°dx} , (219)
Q
where p; = 2}3—51 Note that p‘ =422 Also 2p = y = 2‘{54/3 and % = —d72d+4’3 .In view of (2.18)-
0
(2.19), we obtain
d—2 d—2+48

24B d 4dp
{/gm dx} <C{/fd—2+4ﬂ dx}
2 2

and g = Zf’;. It follows from (2.20) that

) 2
+C|9|—‘—ﬁ{/gﬂdx} . (220
2

Finally we let p = 5 22d+4ﬁ

l/q 1/p L /8
{/g”dx} {/le’dx} +C|82 —ﬁ‘d_{/gﬂdx} ) (2.21)
2 2
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Note that ; = % —2and 28 = (1 — 2)q. Also —ﬁ - # = ; - %. Since 28 < g, the desired
estimate follows from (2.21) by Holder’s inequality. O

We are now in a position to give the proof of Theorem 2.1.

Proof of Theorem 2.1. Let 1 < p < 7 < 2. Choose ¢ € C;°(B(Q, tr)) such that ¢ =1 in
B(Q, pr) and |Vg| < C[(t — p)r]~ L. It follows from Lemmas 2.3 and 2.4 that

1/q 1/p |
{/|(Vu)<p|2q dx} < c{/ |Vu|2p|V(p|2pdx} +C|9|6‘1/|(vu)¢|2dx, (2.22)
2 2 2

where p > 1 and % = % - %. This yields that
1 1/Q2q) 1 1/2p)
2 2
{—d / |Vu| qu} <C{—d / |Vu| pdx} (2.23)
r r
22NB(Q,pr) £22NB(Q,tr)
for any p > 1 and % = % — %, where 1 < p < v < 2. By a simple iteration argument, we obtain
1 1/q 1 1/p
{_d / |Vu|qu} SC{—d / |Vu|"dx} , (2.24)
r r
2NB(Q,r) 2NB(0,3r/2)

for any 2 < p < g < oo. Estimate (2.1) follows readily from (2.24) and the reverse Holder in-
equality,

1 _\p 1 1/2
{r_d / |Vu|pdx} <C{,—d / |Vu|2dx}, (2.25)

2NB(Q,3r/2) 2NB(Q,2r)

where p =2 + n and n > 0 depends on the Lipschitz character of £2. We mention that (2.25)
with p close to 2 holds even for weak solutions of elliptic systems of divergence form with
bounded measurable coefficients. See e.g. [5, Chapter V] for the interior case. The boundary
case follows from the interior case by a reflection argument. O

Remark 2.5. Let £2 be a bounded Lipschitz domain in R, d >2. Suppose that Au =0 in £2,
(Vu)* € L*(382) and ?TZ =0 on B(Q,3r) N ds2. Then the estimate (2.1) holds for 2 < g <
3+¢ifd>3;and for 2 < g <4+ ¢ if d =2. To show this, one uses the fact that the L?
Neumann problem in Lipschitz domains is solvable as well as the observation that u is C% in
B(Q,2r) N §2 for some « > 0 if d > 3; and for some o > (1/2) if d = 2. We refer the reader
to [14, pp. 188-189], where the same estimate was proved for a Lipschitz domain 2, under the
Dirichlet condition ¥ = 0 on B(Q, 3r) N 9§2. The proof in [14] extends easily to the case of
the Neumann boundary condition. We point out that if d > 3, the C* (« > 0) estimate follows
from the De Giorgi—Nash estimate by a reflection argument. For the case d = 2, one may use
the solvability of the L” Neumann problem in Lipschitz domains for some p = p > 2 and the
square function estimates to show that Vu € Lf/[;(B(Q, 2r)N 2) C L??(B(Q,2r) N 2). By
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Sobolev imbedding, this implies that u is C* on B(Q,2r) N £2 for some o > (1/2).If 2 is ct,
the estimate (2.1) holds for any d > 2 and ¢ > 2. This follows from the fact that the L? Neumann
problem in C' domains is solvable for any p > 2. Since the results in this paper do not use the
estimates mentioned above, we omit the details here.

3. Weak reverse Holder inequality on the boundary

The goal of this section is to prove the following.

Theorem 3.1. Under the same conditions on §2 and u as in Theorem 2.1, we have

{rd—_l / |(Vu)*| do} <c{rd—_1 / |(Vu)*| do} .G
B(Q,r)NIS B(Q,2r)N0S2
for any p > 2, where C depends only on d, p and the Lipschitz character of §2.

We begin with a local W>? estimate.

Lemma 3.2. Under the same conditions on 2 and u as in Theorem 2.1, we have

C

f V2ul® dx < = f \Vul® dx (3.2)
r

B(Q,r)N2 B(0Q,2r)N$2

where C depends only on d.
Proof. Seee.g.[10, p. 1826]. O
Let 6(x) = dist(x, 052).

Lemma 3.3. Let w be a harmonic function in a bounded Lipschitz domain S2. Let p > 2. Fix
xo € §2 such that §(xg) = codiam($2). Then for any t € (0, 1),

/|(Vw)*|pdo < C{diam(2)}’ sug\vzw(x)|”‘2[5(x)]”‘1"/[v2w|2dy
982 e 2

+C|Vw(xo)|’1882], (3.3)
where C depends only on d, p, t, co and the Lipschitz character of 2.
Proof. Seee.g.[10, p. 1827]. O

Proof of Theorem 3.1. Since £2 is a Lipschitz domain, by rotation and translation, we may
assume that Q =0 and

B(Q, Coro) N 2 ={(x", xa): x4 > ¥(x")} N B(Q, Coro)
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where ¥ : R?~! — R such that ¥ (0) = 0 and || V{/||oo < M, and Co = 10/d(1 + M). Let
Sry={(", v () || <r}
We will show that if u € C2(£2) is harmonic in £2 and g—”; =0on S(8r), then
1 ) 1/p 1 5 1/2
{rd—lﬂ(vu)ﬂ da} gc{rd—1 / |(Vu)*| do} , (34
S(r) S(4r)

where C depends only on d, p and M. Estimate (3.1) follows from (3.4) by a simple covering
argument.
For P € 982, define

M (Vu)(P) = sup{|Vu(x)|: x € 2, |x — P| < Cod(x) and |x — P| < cor},
Ma(Vu)(P) = sup{|Vu(x)|: x € 2, |x — P| < Cod(x) and |x — P| > cor}.  (3.5)

Note that (Vu)* = max{M(Vu), M>(Vu)}. The desired estimate for M;(Vu) follows readily
from the interior estimates for harmonic functions. To handle M (Vu), we apply Lemma 3.3
to u on the Lipschitz domain Z(2r), where

Z(p) = {(x", xq): |x’| <pand ¥ (x') <xq < 207/d(1 + M)p}.

This Yields That
1 P < 1 * p
P/} (M1 (V)| do < s |(V)y o |” do
S(r) 9Z(2r)

<Cr = sup | V2o [P s P f IV2u(y)|>dy
Z(2r)
Z(2r)

+C|Vuxo)|”, (3.6)

where §(x) = dist(x, Z(2r)) and (Vu)}(zr) denotes the nontangential maximal function of Vu
with respect to the domain Z(2r). Note that the last term in the right-hand side of (3.6) may be
treated easily, using the interior estimates.

Let I denote the first term in the right-hand side of (3.6). By Lemma 3.2,

1<cr== sup [V2u)|P 7 [s0)]” f |Vu(y)|’ dy. (3.7)
Z(2r)
Z(2r)

Let x € Z(2r). It follows from the interior estimates that for any g > 2,
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> C 1 / Y
[Vue] < a(x)hé(x)]d 'V”'qu}

B(x,8(x))
d
Cra 1 14
[ q
s )]1+%{r" [ e dx}
X Z(2r)
g 172
< — ; { /|Vu| dx} , (3.8)
6(0)1'* 20

where we have used estimate (2.1) in the last step. This, together with (3.7), implies that

t—1+4(p-2) p—1-t—(+Hp-2 | 1 N L
I<Crim TP sup [8(x)] q {—d / [Vu| dy} . (3.9)
x€Z(2r) r Z{ar)

Since p—1—1t—(1+ g)(p -2)=1—1t— %(p — 2), we may choose g > 2 so large that the
exponent of §(x) in (3.9) is positive. Using 6 (x) < Cr, we then obtain

1 p/2 1 ) p/2
Igc{—d / |Vu|2dy} gc{ﬁ / |(Vuy*| da} . (3.10)
r ré—
Z(4r) S(4r)
Thus we have proved that

1 p 1 ) P

S(r) S(4r)

/2

This, together with the same estimate for M,(Vu), gives (3.4). O

Remark 3.4. Let p > 2. It follows from Theorem 3.1 and [10, Theorem 1.1] that if §2 is a
bounded convex domain with C? boundary, the L? Neumann problem for Au = 0 in £ is
uniquely solvable. Moreover, the solution satisfies the estimate ||[(Vu)*||, < C|| g—z |, where C
depends only on d, p and the Lipschitz character of 2.

4. Proof of Theorem 1.1

Let £2 be a bounded convex domain in Rd, d > 2. Let p > 2. We need to show that the L”
Neumann problem for Au = 0 in £2 is uniquely solvable. Since the case d = 2 is contained
in [10], we will assume that d > 3.

The uniqueness of the L” Neumann problem follows directly from the uniqueness of the
L? Neumann problem. To establish the existence, it suffices to show that if f € Cf)’o (R9) and
/. 90 J do =0, then the solution of the L? Neumann problem for Au = 0 in £2 with boundary
data f|yq satisfies [[(Vu)*|l, < CIIf |l p.

To this end we approximate §2 from the outside by a sequence of convex domains {£2;} with
smooth boundaries and uniform Lipschitz characters. Let u; be a solution to the L? Neumann
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problem for Laplace’s equation in §2; with data f; — o;, where «; is the mean value of f
on 982;. It follows from Remark 3.4 that

I (Vuj)*HLp(mj) SCIfj—ajllieroe)). 4.1)

where C depends only on d, p and the Lipschitz character of £2. By a limiting argument (see
e.g. [7]), there exists a subsequence, still denoted by {u;}, such that Vu; — Vv uniformly on
any compact subset of §2, where v is a variational solution of the Neumann problem in £2 with
data f|pe. Using this and (4.1), we may deduce that [(Vv)*|[rrae) < CllfllLr@e). Since
u — v is constant by the uniqueness of the variational solutions, we obtain ||(Vu)*||Lrp0e) <
C|l fllLr(a52)- This completes the proof.

5. Proof of Theorem 1.2

To establish the existence, we first reduce the problem to the case where f = 0. The argument
is standard. Let f € L[_’l’o(.Q) and w = (f) =: Rgﬂ(f). Here R denotes the operator
restricting distributions in R to §2, the map I7 : £'(R?) — D'(R?) is given by the convolution
with the fundamental solution for A in R? with pole at the origin, and f is defined by ( f P) =
(f,Ra(9)) for ¢ € CP(R?). Let g = %. For any ¢ € B{ (3£2) with s = %, define

(A(f),cb):/Vw'VI/fdx—l-(f,lﬁ)Ll_’lo(me‘{(mv G.1)
2
where 1 is a function in L({(.Q) such that 7r(y) = ¢ and ||1ﬂ||Lc11(_Q) < C||¢||Biz/ (a52)- Here we
P

have used the fact that the trace operator 7r: L’f (£2) — Bf / p(a £2) is bounded and onto and that

161155, sy ~ inf{1¥ N30y T(0) = ).

Since

/Vw-dex—l—(f,w):O for any ¥ € C°(£2)
2

and Cf)’o(.Q) is dense in {u € L(f (£2): Tr(u) =0}, it is easy to see that (A(f), ¢) is well defined.
Furthermore,
(A, o) < {Iwllrgy +1F e @) IV L)
< C”f”L’iLO(Q)HI//”L(f(Q)
< C”f”Lfl,o(Q)”¢”B?/p(39)’ (5.2)
where we have used the Calderén—Zygmund estimate ||w ||Lf(9) <C|\f ”L‘il W (2)" It follows that

w is a weak solution to (1.7) with data (f, A(f)) and ||A(f)||B"1/ 02 S CY’IIfllel V(2)" Thus,
—-1/p -1,
by subtracting w from u, we may always assume that f = 0.
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Next, we note that if §2 is a bounded Lipschitz domain, the solvability of the Neumann prob-
lem,

Au=0 1in £,
u p
3 = g€ Bl (082) onas2, (5.3)

was established in [3] for (s, 1/p) in the (open) convex polygon P formed by the vertices,
(1-£0), (1,0, (LLA+8/2), (D, O, (0,d-2)/2),
where ¢ > 0 depends on £2. By interpolation, this, together with Theorem 1.1, implies that the

Neumann problem (5.3) in a convex domain is uniquely solvable if (s, 1/p) is the (open) convex
polygon P; formed by the vertices

(1-¢0), (1,0, (I,(+)/2), (s,1), (©0,1), (0,0).

In particular, the Neumann problem (5.3) is solvable if s = 1/p and 2 < p < co. As a result,
we have proved Theorem 1.2 for 2 < p < oco. The case 1 < p < 2 will be proved by a duality
argument, given in the next section (see Remark 6.5).

6. Proof of Theorem 1.3

Note that

LP(2) = {u e LP(2,RY): /u~V1ﬂ dx =0 forany y € WW(Q)}

2
={uelL? (R, R?): div(u) =0in 2 andu-n=0on 82}, (6.1)
where g = %. Here u - n is regarded as an element in Bfl/p(B.Q). Let X be a normed vector

space and S a subset of X. The set

St={teXx* (¢, f)=0forall f €S}
is called the set of annihilators of S. If S is a closed subspace of a reflexive Banach space X, then
(ST =S (see e.g. [13]). With this notation, we may write LY (£2) = S+ c X = L?(2,R%),

where § = grad WH9(2) c LI(£2, R?). Thus the L”-Helmholtz decomposition (1.10) may be
written as

L7(2,R%) = grad WP (2) @ [grad W' 9(2)} . (6.2)

Lemma 6.1. Let 2 be a bounded Lipschitz domain in R? and 1 < p < oo. Then Cxr(2)={ve
C5°(2,RY): div(v) =0} is dense in L5 (£2).
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Proof. Let X”(£2) denote the closure of C2°(£2) in LP(52,R%). Clearly, grad W4 (£2)
(XP(£2))L. On the other hand, if u € L7(£2, R?) and fQu -vdx =0 for any v e CX(£2),
then u = —Vy for some ¢ € L}OC(.Q) (see e.g. [4, pp. 696-697] for a proof). This im-

plies that u € grad W19(£2). Hence we obtain grad W4(2) = (X (£2))*. It follows that
XP(£2) = (grad W4 (2))L = L5 (£2) and thus C°(£2) is dense in LY (2). O

Lemma 6.2. Let 2 be a bounded Lipschitz domain in R and 1 < p < oo. If the Helmholtz
decomposition (1.10) with the estimate (1.11) holds for the exponent p and constant Cp, then it
holds for the dual exponent g = % and constant Cy = C,,.

Proof. This follows from the fact that if X, X are closed subspaces of X and X = Xo & X1,
then X* = Xy @ Xi. Note that if u € L5 (£2), ve LE(2), ¢ € WIP(2) and ¥ € W9(2),
then

/u-(v+V1ﬂ)dx=/(u+V¢>)-vdx,
2

2
/VQS-(V+V1p)dx=/(u+V¢)-V1pdx. (6.3)
2 2
By a simple duality argument, this shows that the estimate (1.11) holds for the exponent ¢ and
constant C; = Cp. O

Next we will show that the L”-Helmholtz decomposition is equivalent to the solvability
of (5.3) fors =1/p.

Theorem 6.3. Let 2 be a bounded Lipschitz domain in R? and 1 < p < co. Then the LP-
Helmholtz decomposition (1.10) with the estimate (1.11) holds if and only if the Neumann
problem (5.3) is uniquely solvable for s =1/ p.

Proof. Suppose that (5.3) is uniquely solvable for s = 1/p. The uniqueness of the solutions

to (5.3) implies that L) n grad wlr(2) = {0}. Given any u = (uy,...,uq) € L?(£2, RY),
let
B
b0 =5 [ Pl =)y, 64)
1
Q

where I'(x) denotes the fundamental solution for A in RY with pole at the origin. By the

Calder6n—Zygmund estimate, ¢ € WP (£2) and IVollLre) < Clullrro). Since div(u —

V¢) =0 in £2, it follows that A = (u — V¢) - n € Bfl/p(aﬂ) and ||A||Bpl/ 02 S Clua—
—l/p

V| r2), where A may be defined by

(A, 9) =/(u—v¢)-vadx
2
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forp € B (8[2) and ¢ € W14(£2) such that Tr(g)=¢pondf2. Wenowletv=u—V(p+y) €

LP($2, Rd), where ¥ € W17 (£2) is a solution to (5.3) with boundary data A. Observe that for
any ¢ € C®(RY),

/v~V<pdx=(A,<p)—/V1/f-Vg0=O.

2 2

Thus v € LE (£2). Also note that

[V@+9)] 00y < LIVl + 14157, o0)}

<C{lIVPlLr) + lu—VolLr o)}

< CllullLr(2).

Since u = v+ V(¢ + ¥), we obtain the Helmholtz decomposition (6.2).
Next suppose that the L?”-Helmholtz decomposition (1.10) with estimate (1.11) holds. The
uniqueness for the Neumann problem (5.3) follows from the fact that

LP(2)Ngrad WP (2) = {0}.

To show the existence, let ¥ be a solution of the L> Neumann problem in £2 with boundary
data %—‘l/j = g, where g € L*(0£2) and [, , gdo =0. Givenu € L9 (2, R?) N L?(£2,R?), write
u=v+ Ve, where ve LL(2) N L2(2) and ¢ € W'9(2) N W!2(£2). This is possible since
the Helmholtz decomposition holds for exponents g and 2. It follows that

9
’/Vl{/-udx = /VI/J-V(}de’:’/a—wo(qﬁ—a)da
n
2 2 982
oy
<= g —allgr e
on Bfl/p(ag) 1/p
oYy
< ||l = ||¢—05||W1-q(_(2),
anlipr o2

for any o € R. By Poincaré inequality, this yields that

’/Vl// udx

Using ||V llLe(2) < CqllullLa(2), we then obtain

IVollLae)-

H on B, (392)

(6.5)

Iy
IV llLre) < CH—
nligr, o)
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by duality. Since L°°(942) is dense in Bfl/p (0$2), the existence of solutions to (5.3) with data A,

where A € B /p(arz) and (A, 1) = 0, follows from the estimate (6.5) by a simple limiting
argument. This completes the proof. O

Lemma 6.2 and Theorem 6.3 lead to the following.

Theorem 6.4. Let 2 be a bounded Lipschitz domain in R? and 1 < p < oo. Then the solvability

of (5.3) for s =1/ p is equivalent to the solvability of (5.3) for s = 1/q, where ¢ = %.

Remark 6.5. We show in Section 5 that if £2 is a bounded convex domain in R¢, then the
Neumann problem (5.3) is solvable for s = 1/p and 2 < p < oco. Thus, by Theorem 6.4, the
Neumann problem (5.3) in convex domains with s = 1/p is solvable for any 1 < p < co. This
completes the proof of Theorem 1.2.

Remark 6.6. Theorem 1.3 follows readily from Theorems 1.2 and 6.3.
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