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Abstract

A Lorentzian manifold is defined here as a smooth pseudo-Riemannian manifold with a metric tensor of
signature(2n + 1,1). A Robinson manifold is a Lorentzian manifoldM of dimension� 4 with a subbundle
N of the complexification ofTM such that the fibers ofN → M are maximal totally null (isotropic) and
[SecN,SecN] ⊂ SecN . Robinson manifolds are close analogs of the proper Riemannian, Hermite manifolds.
In dimension 4, they correspond to space-times of general relativity, foliated by a family of null geodesics without
shear. Such space-times, introduced in the 1950s by Ivor Robinson, played an important role in the study of
solutions of Einstein’s equations: plane and sphere-fronted waves, the Gödel universe, the Kerr solution, and their
generalizations, are among them. In this survey article, the analogies between Hermite and Robinson manifolds are
presented in considerable detail. 2002 Elsevier Science B.V. All rights reserved.
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1. Introduction and motivation from physics

There is an interesting class of Lorentzian manifolds that bear a close analogy to the Hermite manifolds
of proper Riemannian geometry. They have been introduced and studied by physicists in the work on
solutions of Einstein’s equations, especially those representing gravitational waves. TheseRobinson
manifolds, as we propose to call them, are little known to pure mathematicians. This may be due, in part,
to the fact that physicists, in their work, used a local, coordinate-dependent description of those manifold
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and did not pay enough attention to the geometrical motivation and interpretation of their results. A good
summary of this research by physicists is in [14].

In this article, which is largely an expository survey, we describe the main geometrical structures
underlying Robinson manifolds and emphasize their analogies with Hermite manifolds.

1.1. Motivation from physics

Let E andB be the vectors representing, respectively, the electric and magnetic fields in the Minkowski
space-timeR4 of special relativity theory. IntroducingF = E+ iB, one can write Maxwell’s equations in
empty space in the Riemann–Silberstein form (see [30] and [35, p. 344])

(1)i
∂

∂t
F = curlF and divF = 0.

Among the solutions of (1) especially simple are thenull fields characterized byF2 = 0. The property of
F to be null can be linearized: it is equivalent to the statement

(2)there exists a unit vectorn such thatn× F = iF.

Introducing an orientation inR4 defined by the form dt ∧ dx ∧ dy ∧ dz so that Hodge duality of 2-forms
is given by

�(dt ∧ dx)= dy ∧ dz, �(dy ∧ dz)=−dt ∧ dx, etc.,

putting

F = Fx(dt ∧ dx − i dy ∧ dz)+ cycl. and κ = dt − nx dx − ny dy − nz dz,

one has

(3)�F = iF

and can write (1) and (2) in the equivalent form

(4)dF = 0,

and

(5)there exists a 1-formκ �= 0 such thatκ ∧ F = 0,

respectively.
The virtue of conditions (3)–(5) is that, without change of form, they are meaningful on every oriented,

4-dimensional Lorentzian manifold(M,g). (In fact, conformal geometry of Lorentzian signature is
enough and one can generalize to a 2n-dimensional manifold by assuming, in addition, thatF is a
decomposablen-form.) A 4-dimensional Robinson manifold can be provisionally defined as a Lorentzian
manifold admitting a nowhere zero, complex-valued 2-formF such that conditions (3)–(5) hold. The
vector fieldk associated byg with κ is null. (Pure mathematicians say:isotropic, but this is a misnomer.
The term isotropic was introduced, in this context, by Ribaucour (see Chapter 4 in [11]) in the study of
complex Euclidean geometry: ifC

2 is endowed with the quadratic form(z1, z2) �→ z2
1+z2

2, then a rotation
by the angleα transforms the vector(1, i) into (exp iα, i exp iα). This vector is isotropic in the sense that
its direction does not change under rotations. But null directions in higher dimensions are not invariant
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under rotations. Cartan had the good idea of calling such directions inR
4 optical, but this name has not

caught on.) The fieldk defines a foliation (physicists say: congruence) ofM by null geodesics (Mariot’s
theorem; see [27] and the references given there). Ivor Robinson [26] found a necessary condition on
the foliation, which is also sufficient in the analytic case, but not otherwise [31], for the existence of a
nowhere vanishing solutionF of (3)–(5). In the physicists’ language this condition is expressed by saying
thatk should generate ashear-free null geodetic (sng) congruence; see Section 5.3.

1.2. Historical remarks and plan of the article

In 1910, Harry Bateman [3] discovered a class of transformations, more general than conformal
changes of the metric, that can be used to transform null solutions of Maxwell’s equations into similar
solutions; this work can be considered to be a precursor of the ‘optical’ ideas we are describing here;
see [28,32] and Theorem 2. In a short note of 1922, Élie Cartan [5] mentioned the existence of four
principal optical (null) directions associated with a non-conformally flat Lorentz 4-manifold. He also
pointed out that, in the case of the Schwarzschild space-time, these directions degenerate to form two
pairs of double optical directions. Cartan’s observations went unnoticed for almost 50 years. In the
meantime and independently, A.Z. Petrov [22] devised an algebraic classification of the Weyl tensor (of
conformal curvature) of a Lorentzian manifold and F.A.E. Pirani [23] clarified its physical significance.
Using Weyl (two-component) spinors, Roger Penrose [17] sharpened the Petrov classification and gave a
new derivation of the four null directions; this is recalled here in Section 3.3. This and subsequent work
by Penrose (see [21] and the references given there) has had a decisive influence on the development of
the subject. From the perspective of this article, most significant was the discovery by I. Robinson [26] of
the shear-free property of congruences of null geodesics and their relation to null electromagnetic fields
(Section 5.3). To make the article self-contained and moderately complete, we have included several
classical theorems related to its subject, with references to literature instead of proofs. In particular, in
Section 5.4 we present the Goldberg–Sachs theorem on the connection between the existence ofsng
congruences and the degeneracy of the principal null directions in Einstein manifolds, as well as its
generalization to the proper Riemannian case. A theorem due to R.P. Kerr, giving allsng congruences in
Minkowski space-time is presented in considerable detail in Sections 6 and 7.1. In the last section, we
briefly describe twistor bundles, an important concept that emerged in connection with the study ofsng
congruences. There is a wealth of literature on Penrose’s twistor ideas, in both the Lorentz and proper
Riemannian cases [2,18,20,21,36]. Recent surveys are in [8].

2. Notation and terminology

Our notation and terminology are essentially standard; see, e.g., [4,12,15]. The exterior algebra
associated with a vector spaceW is∧W ; the symbols⊗, ∧ and� denote the tensor, exterior and interior
products, respectively. We use the Einstein summation convention over repeated indices. The canonical
map ofW � {0} onto the associated projective space P(W) is denoted by dir and we writeCPn for
P(Cn+1). A quadratic space is defined as a pair(V , g), whereV is a finite-dimensional vector space over
k = R or C, andg :V → V ∗ is a symmetric (g∗ = g) isomorphism. To save on notation, we use the same
letterg for themetric tensor g ∈ V ∗⊗symV

∗ associated with that isomorphism so thatg(u, v)= 〈u,g(v)〉
andv �→ g(v, v) is a quadratic form. For the symmetrized tensor product of 1-forms we use the notation
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of classical differential geometry, i.e., ifα,β ∈ V ∗, then 2αβ = α ⊗ β + β ⊗ α. This convention allows
us to write the metric tensor asg = g(eν)e

ν = gµνe
µeν , where(eµ) is the coframe dual to(eµ) and

gµν = g(eµ, eν). If N ⊂ V , thenN⊥ is the set of all elements ofV orthogonal to every element ofN .
The Hodge dual ofα is denoted by�α.

All manifolds and maps among them are assumed to be smooth (of classC∞) or real-analytic.
Manifolds are finite-dimensional, but not necessarily compact. Iff :M ′ →M is a map of manifolds,
thenTf : TM ′ → TM is the corresponding tangent (derived) map andTxM ⊂ TM is the tangent vector
space toM atx. The mapf is an immersion (respectively, submersion) ifTf , restricted to every tangent
vector space, is injective (respectively, surjective); an injective immersion is an embedding and defines
M ′ as a submanifold ofM . If π :E→M is a fiber bundle over a manifoldM , thenEp = π−1(p)⊂ E

is the fiber overp ∈M . A map f :M ′ →M gives rise to the induced bundlef −1E →M ′ such that
(f −1E)p =Ef (p) for everyp ∈M ′. If f is an immersion, thenTM ′ is a subbundle off −1TM . The zero
bundle is denoted by0. A Riemannian manifold M is assumed to be connected; it has a metric tensor
field g which is non-degenerate, but not necessarily definite; if it is, then(M,g) is said to beproper
Riemannian. Aspace-time is a 4-dimensional manifold with a metric tensor of signature(3,1).

The module overC∞(M) of all sections of the vector bundleE → M is denoted by SecE. If
X ∈ SecTM , thenL(X) is the Lie derivative with respect toX. If α is a differential form onM and
f :M ′ →M , thenL(X)α =X �dα+ d(X �α) andf ∗α is the pull-back ofα toM ′. We abbreviate∂/∂x
to ∂x . In Section 4 we summarize the definitions and notions related to CR structures needed in this paper;
further details can be found in [10].

To save on notation, we sometimes use the same letter to denote a vector spaceN with some structure
and a fiber bundleN →M with fibers carrying the same structure. Local sections ofN →M may be
denoted by the same letters as elements of the vector spaceN .

3. Algebraic preliminaries

3.1. Maximal, totally null subspaces of vector spaces

Consider a complex quadratic space(V , g). Recall that a vector subspaceN of V is said to benull
if N⊥ ∩ N �= ∅ and totally null if N ⊂ N⊥. Assume now dimV = 2n; if N ⊂ V is maximal totally
null (mtn), thenN⊥ = N so that dimN = n. An orientation having been fixed, the Hodge duality map
� :∧V →∧V can be defined so that�2 = id. If (m1, . . . ,mn) is a frame in anmtn subspaceN , then

(6)�(m1 ∧ · · · ∧mn)=±m1 ∧ · · · ∧mn.

Theannihilator of N ,

N0 = {
µ ∈ V ∗ | 〈m,µ〉 = 0 for everym ∈N}

is anmtn subspace ofV ∗. The set of allmtn subspaces of a complex, 2n-dimensional vector space has
the structure of a complex manifold, diffeomorphic to the symmetric space O2n/Un; its two connected
components correspond to the two signs in (6) characterizing themtn subspaces of positive and negative
chiralities, respectively.

Let now(V , g) be a Euclidean quadratic space, i.e., a real quadratic space such that the form associated
with g is positive-definite. Assume thatV is of positive even dimension. Anmtn subspaceN of the
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complexificationW = C ⊗ V defines a complex orthogonal structureJ on (V , g): this is so because
N ∩ �N = {0} and one can put

(7)J (v)= iv and J (v̄)=−iv̄ for v ∈N.
Conversely, an orthogonal complex structureJ on (V , g) defines themtn subspaceN = {v ∈W | J (v)=
iv}.

Consider now aLorentz space (V , g), defined as a real quadratic space such that the quadratic form
associated withg is of signature(2n+1,1), n= 1,2, . . . . LetN ⊂W = C⊗V be anmtn subspace. The
intersectionN ∩ �N is the complexification of a null real lineK ⊂ V andN+ �N = C⊗K⊥. There is a real
null lineL such thatV =K⊥ ⊕L. The quotientK⊥/K inherits from(V , g) the structure of a Euclidean
quadratic space of dimension 2n and there is an orthogonal complex structureJ onK⊥/K , defined by
J (v modC⊗K)= iv modC⊗K for everyv ∈ C⊗K⊥. Similarly,N0 ∩ �N0 is the complexification of
a real null line and there is the isomorphism

(8)g :K → ReN0 ∩ �N0

obtained by restrictingg :V → V ∗ toK .

3.2. Spinor algebra in dimension 4

Spinor calculus in dimension 4 provides an economical, convenient description of many aspects of
the geometry of Riemannian manifolds of this dimension [15,21]. Since there are so many exhaustive
presentations of this subject, it suffices to give here the rudiments of spinor algebra in a form adapted to
our purposes.

If the dimension of the real vector spaceV is 4, then the complex vector spaceS of Dirac spinors
is also four-dimensional. Let(eµ) be an orthonormal frame inV . A representationγ of the Clifford
algebra associated with(V , g) in S is given by the ‘Dirac matrices’γµ = γ (eµ). The endomorphism
γ5 = γ1γ2γ3γ4 anticommutes with the Dirac matrices andγ 2

5 = id if (V , g) is Euclidean andγ 2
5 =−id if

(V , g) is Lorentzian. PuttingΓ = γ5 in the first andΓ = iγ5 in the second case, one hasΓ 2 = id.
The spaces of ‘chiral’ or Weyl spinors are defined by

S± = {ϕ ∈ S | Γ ϕ =±ϕ}.
LetW = C⊗V and, forv1, v2 ∈ V , putγ (v1+ iv2)= γ (v1)+ iγ (v2), thenγ (w)2 = g(w,w)id for every
w ∈W . If ϕ ∈ S± andϕ �= 0, then

(9)N(ϕ)= {w ∈W | γ (w)ϕ = 0}
is anmtn subspace ofW of the same chirality asϕ.

The transposed endomorphismsγ ∗
µ define the contragredient representation of the Clifford algebra

in S∗, which is equivalent toγ : there is the isomorphismB :S → S∗ such thatγ ∗
µ = BγµB

−1 for
µ = 1, . . . ,5. B restricts to a symplectic formε on each of the spaces of Weyl spinorsS+ andS−. If
(eA), A = 1,2, is a frame inS+ and (eA) is the dual frame inS∗+, thenε(eA) = εABe

B . The complex
conjugate representation given byγ̄µ is also equivalent toγ : there is an isomorphismC :S →�S such
that γ̄µ = CγµC

−1 andC�C = −id in the Euclidean case andC�C = id for signature(3,1). The spinor
ϕc = C−1ϕ̄ is said (by physicists) to be thecharge conjugate of ϕ ∈ S.
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3.3. The algebraic classification of Weyl tensors

The spacesS4+ = ⊗4
symS

∗+ and S4− = ⊗4
symS

∗− are isomorphic to spaces of tensors of rank 4 over
W = C

4, with symmetries of self-dual and anti-self-dual Weyl (conformal curvature) tensors, denoted
by C+ andC−, respectively. Consider 0�= ψ ∈ S4+: there is a frame(eA), A = 1,2, in S+ such that the
componentψ1...1 = ψ(e1, . . . , e1) is not zero. Given such a frame, letϕ(z)= ze1 + e2 ∈ S+, z ∈ C, and
consider the complex polynomialpψ of degree 4,

pψ(z)=ψ
(
ϕ(z), . . . , ϕ(z)

)=ψ1...1z
4 + · · · +ψ2...2.

Let {z1, . . . , z4} be the set of all roots of this polynomial; a root of multiplicitys appearss times in the
set. Then

ψ =ψ1...1ϕ
1 ⊗sym · · · ⊗symϕ

4, whereϕiA = εABϕ(zi)
B, i = 1, . . . ,4.

The spinorsϕi are eigenspinors (with eigenvalue 0) ofψ . The algebraic type of ψ is the sequence
[s1 . . . sk], 1� s1 � · · · � sk � 4, s1 + · · · + sk = 4, of the multiplicities of the roots ofpψ . In the generic
case, all roots are simple,s1 = · · · = s4 = 1. Otherwise, one says thatψ is algebraically degenerate. An
eigenspinor is said to berepeated if its multiplicity s is larger than 1.

The enumeration of the possible degeneracies can be traced back to Cartan [5]; physicists use it now
in a form due to Penrose [17]:

(i) Type I (non-degenerate)[1111],
(ii) Type II [112],
(iii) Type III [13],
(iv) Type D (‘degenerate’)[22],
(v) Type N (‘null’) [4].

I

II D

III N 0

The 0 in the Penrose diagram above represents a vanishingψ . The arrows point towards more special
cases. This classification of complex, self-dual Weyl tensors is often associated with the name of Petrov,
who, however, recognized only three types (I, II and III). The Weyl tensor of a complex Riemannian
manifold decomposes into its self-dual and anti-self-dual parts; their algebraic types are independent.

In the case of real manifolds, one has to consider separately each signature. We restrict ourselves to
the proper Riemannian and Lorentzian cases.

1. In the proper Riemannian case, the Weyl tensor decomposes into the real, self-dual and anti-self-
dual parts; they are independent. The self-dual part is represented by a spinorψ ∈ S4+ that satisfies a
suitable reality condition which implies that the eigenspinors ofψ occur in pairs(ϕ,ϕc). Therefore,
there are only two types ofψ �= 0: either these two pairs are distinct (type I) or they coincide (type D).
Similar remarks apply to the anti-self-dual part of the Weyl tensor. Therefore, the complete algebraic
classification of the Weyl tensor of a proper Riemannian 4-dimensional manifold contains 9 cases; (I,I)
is the most general case and (0,0) represents conformally flat manifolds. The cases(∗,0) and(0,∗) are
referred to as self-dual and anti-self-dual, respectively.

2. In the Lorentzian case, the real Weyl tensor decomposes into its self- and anti-self-dual parts, which
are complex,C = C+ + C−, where�C± = ±iC± so that�C+ = C−. Therefore, the classification is given
by that of the complex, self-dual Weyl tensor presented above.
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4. Cauchy–Riemann manifolds

4.1. Almost CR manifolds

Definition 1. An almost Cauchy–Riemann manifold M of dimension 2n+1 is defined as a manifold with
a distinguished subbundleN of C ⊗ TM, with fibers of complex dimensionn, such that�N ∩N = 0.

One also says thatM has an almost CR structure. The direct sum�N ⊕N is the complexification
of a bundleH ⊂ TM with 2n-dimensional fibers, endowed withJ ∈ Sec EndH such thatJ 2 =−idH;
namely,J (w+ w̄)= i(w− w̄) for everyw ∈N .

The annihilatorN 0 ⊂ C ⊗ T ∗M has fibers of complex dimensionn + 1 andN 0 ∩ N 0 is the
complexification of a real line bundle. Thecanonical bundle [9] of the almost CR structure,Ω =
∧n+1N 0, is a complex line bundle overM and

Np =
{
w ∈ C⊗ TpM |w �ω= 0, 0 �= ω ∈Ωp, p ∈M

}
.

There is a convenient, equivalent description of an almost CR structure by an atlas of CR compatible
charts: every point ofM has a neighborhoodU admitting a collection of 1-forms

(10)
(
κ,µ1, . . . ,µn

)
with κ real andκ ∧µ1 ∧ · · · ∧µn ∧µ1 ∧ · · · ∧µn �= 0

such that

(11)N 0
p = spanp

{
κ,µ1, . . . ,µn

}
for everyp ∈ U .

The pair

(12)
(
U , (κ,µ1, . . . ,µn)

)
is aCR chart. Given any other CR chart(U ′, (κ ′,µ′1, . . . ,µ′n)), on the overlapU ∩ U ′ one has

(13)κ ′ = aκ, µ′α = bακ + bαβµ
β, α,β = 1, . . . , n,

wherea is a real function, thebs are complex anda detb �= 0, whereb= (bαβ). An almost CR manifold
can be defined as an odd-dimensional manifold with an atlas of compatible CR charts, their compatibility
being defined by (13). The(n+ 1)-form

(14)ω= κ ∧µ1 ∧ · · · ∧µn,
is a nowhere vanishing local section ofΩ →M defined onU .

Given (10), one puts

dκ = ihαβµ
α ∧ µ̄β + · · · ,

where the dots stand for exterior products of pairs of the local basis 1-forms other than the products
µα ∧ µ̄β , 1� α,β � n. The transformation (13) induces the change

h′αβ = ahγ δc
γ
αc̄

δ
β, 1� α,β, γ, δ� n,

wherec = (cαβ) is the inverse of the matrixb. The matrixh = (hαβ) is Hermitean and the signature of
the associated HermiteanLevi form is well-defined: it does not change under the replacement (13). The
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almost CR structure is said to benon-degenerate if deth �= 0; it is calledpseudo-convex (sometimes:
strongly pseudo-convex) if the associated Hermitean form is definite.

If the distribution kerκ =H is integrable,κ ∧ dκ = 0, then the CR structure is said to betrivial and,
locally, M = R × C

n. In dimension three, non-triviality of a CR structure is equivalent to its pseudo-
convexity.

4.2. CR manifolds

Definition 2. A Cauchy–Riemann manifold (M,N ) is an almost CR manifold characterized by the
bundleN →M, satisfying the integrability condition[SecN ,SecN ] ⊂ SecN .

The integrability condition is equivalent to

dSecN 0 ⊂ SecN 0 ∧Sec(C ⊗ T ∗M).

In terms of a CR chart (12) of SecN 0 this is equivalent to

(15)dκ ∧ω= 0 and dµα ∧ω = 0 for α = 1, . . . , n.

Clearly, every 3-dimensional almost CR manifold is a CR manifold; we refer to it as aCR space.
If the canonical bundleΩ admits, for everyU in the atlas, a closed local sectionω nowhere zero on

U , then the integrability conditions (15) follow fromκ ∧ω = 0 andµα ∧ω = 0, α = 1, . . . , n.
The chart (12) is said to be locallyembedable (sometimes: realizable) if thetangential CR equation

(16)dz∧ω = 0

hasn+ 1 solutionsz1, . . . , zn+1 such that

spanp{dz1, . . . ,dzn+1,dz̄1, . . . ,dz̄n+1} = C⊗ T ∗
pM for everyp ∈ U .

One then has the exact local sectionω = dz1 ∧ · · · ∧ dzn+1 of the canonical bundle and the map
z :U → C

n+1 ≈ R2n+2, z = (z1, . . . , zn+1), is an immersion. A CR manifold is locally embedable if it
has a CR atlas of locally embedable charts. Every analytic CR manifold is locally embedable [1].

Let M be now an embedable CR space so that there are two solutionsz1 andz2 of (16) and a real-
valued smooth functionG on C

2 such that

(17)G(z1, z2, z̄1, z̄2)= 0 and dG �= 0.

One can then take

(18)κ = i

(
∂G

∂z1
dz1 + ∂G

∂z2
dz2

)
, µ= ∂G

∂z2
dz1 − ∂G

∂z1
dz2.

4.3. CR submanifolds

Definition 3. Let (M,N ) and(M′,N ′) be CR manifolds of dimension 2n+1 and 2n−1, respectively.
If M′ is a submanifold ofM with an embeddingf :M′ →M andN ′ = (C⊗TM′)∩f −1N , then one
says thatM′ is aCR submanifold of M [7].

There is a convenient characterization of CR submanifolds in terms of an atlas of CR charts:
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Proposition 1.Let f :M′ →M define M′ as a submanifold of the CR manifold (M,N ). Let (12) be a
CR chart on M and ω the corresponding local section of the canonical bundle. If, for every such chart,

(19)f ∗ω= 0

and one can find n − 1 linear combinations (µ′1, . . . ,µ′n−1) of the forms (µ1, . . . ,µn) such that
ω′ = f ∗(κ ∧µ′1 ∧ · · · ∧µ′n−1) �= 0, then

N ′ = {w ∈ C⊗ TM′ |w �ω′ = 0}
defines on M′ the structure of a CR submanifold of (M,N ).

Proof. For everyp ∈ M′ the monomorphismTpf , after extension toC ⊗ TpM′ → C ⊗ Tf (p)M,
restricts to a monomorphismN ′

p → Nf (p) and the epimorphism(Tpf )∗ restricts to an epimorphism

N 0
f (p) →N ′0

p . Note that(Tpf )∗(N 0
f (p)∩N 0

f (p)) is the complexification of a real line bundle: it coincides

with N ′0
p ∩N ′0

p . Therefore, given a local basis as in (12), one has

(Tpf )
∗(κ ∧µ1 ∧ · · · ∧µn) = 0

and one can choosen linear combinations of the forms (12) atf (p), κ being one of them, which are
mapped by(Tpf )∗ to a basis ofN ′0

p . ✷

5. Hermite and Robinson structures

5.1. Almost Hermite and almost Robinson structures

Definition 4. An N-structure on a Riemannian manifold(M,g) of even dimension� 4, is a complex
vector subbundleN of the complexified tangent bundleC ⊗ TM such that, for everyp ∈M , the fiber
Np is mtn.

It is known that, if(M,g) is proper Riemannian, then anN -structure onM is equivalent to that of an
almost Hermite manifold; the orthogonal almost complex structureJ onM is defined as in (7) (see, e.g.,
Chapter IX §4 in [12]).

Definition 5. An almost Robinson manifold is a Lorentzian manifold with anN -structure.

In this case, the intersectionN ∩ �N is the complexification of a line bundleK ⊂ TM ; its fibers are
null; they are tangent to a foliation ofM by null curves. An almost Robinson structure onM is said to
be regular if the setM of the leaves of the foliation defined byK has the structure of a manifold such
that the natural mapπ :M → M is a submersion. From now on, only such regular structures will be
considered.

5.2. The integrability condition

Definition 6. TheN -structureN →M on a Riemannian manifold(M,g) is said to beintegrable if

(20)[SecN,SecN] ⊂ SecN.
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Dually, the integrability condition is

(21)dSecN0 ⊂ SecN0 ∧Sec(C⊗ T ∗M).

In the proper Riemannian case, condition (20) is equivalent to the vanishing of the Nijenhuis (torsion)
tensor of the almost complex structureJ and, by the celebrated Newlander–Nirenberg theorem, it implies
thatM is a Hermite manifold; see Chapter IX §2 and 4 in [12].

Definition 7. A Robinson manifold is an almost Robinson manifold with an integrableN -structure.

Let ω be defined as in (14). It characterizesN ,

(22)Np = {w ∈ C⊗ TpM |w �ω = 0}.
In view of (11), the integrability condition (21) of Robinson manifolds is of the sameform (15) as for CR
structures.

Theorem 1.Consider a Robinson manifold M of dimension 2n+ 2. Let (φt) be the flow generated by a
vector field k :M →K , where K ⊂ TM is the null line bundle defined by N ∩ �N = C ⊗K , then

(i) the N -structure on M is invariant with respect to the action of the flow (φt ) and the trajectories of
(φt ) are null geodesics;

(ii) the N -structure on M defines a Cauchy–Riemann structure on the quotient manifold M;
(iii) the 2n-dimensional fibers of the bundle K⊥/K →M have a complex structure and a positive-

definite quadratic form, induced by g.

Proof. (i) Let (κ,µ1, . . . ,µn) be as in (11); in view of the reality ofκ , the integrability condition (21) is
equivalent to

(23)dκ = κ ∧ ρ + iσαβµ
α ∧ µ̄β,

and

(24)dµα = κ ∧ ςα +µβ ∧ τβα, α = 1, . . . , n,

whereρ,ςα andτβα are one-forms and theσs are functions such thatσαβ = σβα. It follows from (22)
that the invariance ofN with respect to(φt ) is equivalent toL(k)ω‖ω; this relation follows from (23)
and (24). Moreover, Eq. (23) implies

(25)κ ∧L(k)κ = 0.

In view of (8) one can takeκ = g(k) so thatL(k)κ = (L(k)g)(k)=∇kκ ; this shows that (25) is equivalent
to the geodetic condition∇kk‖k.

(ii) It follows from (i) that the distributionN ⊂ C⊗ TM descends to a distributionN ⊂ C⊗ TM; its
fibers are of complex dimensionn andN ∩N = 0. Moreover, the integrability ofN implies that ofN .

(iii) Only the complex structure requires a construction: since

K⊥ = Re(N + �N),
one can putJ (w+ w̄ modK)= i(w− w̄) modK for w ∈N . ✷
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Note that ifk andk′ are two sections ofK →M , nowhere vanishing on open subsetsU andU ′ of M ,
respectively, thenk′ = f k, wheref is a nowhere zero function onU ∩U ′. If (φt ) and(φ′

t ) are the flows
generated byk andk′, respectively, then, onU ∩U ′, the invariance ofN with respect to(φt ) is equivalent
to that with respect to(φ′

t ) and the trajectories of these two flows coincide.
There is a local converse to Theorem 1. LetM be a(2n+ 1)-dimensional CR manifold characterized

by differential forms as described in Section 4. Put

(26)π = pr1 :M =M×R →M.

and denote byκ , µ1, . . . ,µn the pull-backs byπ to M of the corresponding forms onM. Let v be the
canonical coordinate onR andk = ∂v ∈ SecTM . The collection of forms

(27)
(
κ,dv,µ1, . . . ,µ1, µ̄1, . . . , µ̄n

)
is a (local) basis of Sec(C⊗ T ∗M); let

(l, k,�Z1, . . . ,�Zn,Z1, . . . ,Zn)

be the dual basis. We shall construct a Robinson manifold(M,g,N) so that (11) holds. With respect to
the basis (27), the metric is

g = g(l)κ + g(k)dv+ g(�Zα)µ
α + g(Zα)µ̄

α.

Note that sincek ∈ Sec(N + �N)⊥, one hasg(k) = g(k, l)κ ; thereforeg(k, l) �= 0. Defining λ =
g(l)+ g(k, l)dv + g(�Zα, l)µ

α + g(Zα, l)µ̄
α so thatk �λ = 2g(k, l), putting gαβ = 2g(Zα,Zβ) = ḡβα,

one obtains

(28)g = κλ+ gαβµ
αµ̄β.

This concludes the proof of

Proposition 2. Locally, every Robinson (2n+ 2)-manifold (M,g,N), having M as the associated CR
manifold, is of the form (26) with a metric given by (28), where the forms κ , µ1, . . . ,µn are obtained by
pull-back of the corresponding forms on M, the functions gαβ :M → C are such that, for every p ∈M ,
the form gαβ(p)z

αz̄β is Hermitean positive-definite, λ is any real 1-form on M such that k �λ is nowhere
0 and N0 = span{κ,µ1, . . . ,µn}.

5.3. Four-dimensional Robinson manifolds: space-times with a non-distorting foliation by null
geodesics

The case of dimension 4 is well known, but, since it is also the most important one, it is worth-while
to review it briefly here. In a sense made precise below, in this case, unlike as in higher dimensions, all
information about the Robinson structure is encoded in the properties of the bundleK .

Let (M,g) be a space- and time-oriented Robinson manifold of dimension 4 with the bundleN →M

of mtn spaces. The fibers of the bundleK⊥/K →M are two-dimensional ‘screen spaces’. According to
part (iii) of Theorem 1, each screen space has a complex structure, which,in this case, is equivalent to a
conformal structure and an orientation; this being preserved by the flow is equivalent to [28]

(29)L(k)g = ρg+ κ ⊗ ξ + ξ ⊗ κ
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for some functionρ and 1-formξ . Physicists say thatk generates a shear-free congruence of null
geodesics. The expression ‘shear-free’ reflects the non-distorting property property of the flow: it
preserves the conformal structure of the screen spaces. Conversely, given a bundleK of null directions,
the space and time orientations ofM induce an orientation in the screen spaces; together with the induced
Euclidean metric this determines a complex structureJ in each screen space. This complex structure
defines the bundleN = {w ∈ C ⊗K⊥ | J (w modC ⊗K) = iw modC ⊗K} with mtn fibers. Eq. (29)
implies [SecK,SecN] ⊂ SecN ; in dimension 4 this is enough to establish the validity of (15). In view
of this, we shall often denote by(M,g,K) a Robinson space-time determined by the bundleK of null
lines satisfying (29). As a consequence of Proposition 2 one has

Corollary 1. Let M be a CR space. Put M = M × R, denote by v a coordinate on R, put k = ∂v,
K = spank, pull-back to M the forms characterizing the CR structure on M to obtain the pair (κ,µ).
Let p :M → R

+ and let λ be a 1-form on M such that k �λ �= 0. If

(30)g = κλ+ pµµ̄,

then (M,g,K) is a Robinson space-time and every Robinson space-time can be locally so described, as
a lift of M.

Problem 1.Characterize the CR spaces that admit lifts to Einstein–Robinson space-times.

Theorem 2.Let (M,g,K) be a Robinson space-time so that g is of the form (30) and the N -structure is
characterized by N0 = span{κ,µ}. Given a function ρ :M → R

+ and a 1-form ξ on M such that

(31)k � (λ+ ξ) �= 0,

define

g′ = ρ(g+ κξ).

Then
(i) (M,g′,K) is a Robinson manifold,
(ii) if F satisfies (3)–(5)on (M,g,K), then it also satisfies these equations on (M,g′,K).

Proof. (i) One hasg′ = ρ(κλ′ + pµµ̄), whereλ′ = λ + ξ andκ ∧ λ′ ∧ µ ∧ µ̄ �= 0 by virtue of (31).
Moreover, the bundleN →M does not change under the replacement ofg by g′.

(ii) The properties (3)–(5) of the formF =Aκ ∧µ also do not change.✷
The theorem originates with work of Bateman [3]; see also [28]. The geometry of(M,g′) may be

rather different from that of(M,g); the electromagnetic fields defined byF in these two space-times
may also be physically distinct. This is illustrated by the following

Example 1. Let R4 be the Minkowski space-time. It is convenient to use a global coordinate system
(u, v,w), where the coordinatesu, v are real andw is complex so that

(32)g = dudv + dw dw̄.
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Consider theN -structure corresponding to span{du,dw}. If A(u,w) is a function complex-analytic in
w, smoothly depending onu, then the complex 2-form

(33)F =A(u,w)du∧ dw

satisfies Eqs. (3)–(5) withκ = du; it describes aplane-fronted electromagnetic wave. IfA depends onu
only, thenF is a plane wave.

Consider now the open submanifoldM of R
4 defined byv > 0 and put, form ∈ R+,

ρ = v2
(
1+ 1

4ww̄
)−2

, dv + ξ = ρ−1
(
1− 2mv−1

)
du+ 2ρ−1 dv.

Then

g′ = (
1− 2mv−1

)
du2 + 2dudv + ρ dw dw̄

and (M,g′) describes the Schwarzschild space-time. The form (33) corresponds now to a wave with
spherical fronts; its amplitude decreases as 1/v along the null lines of the expanding congruence
generated byk = ∂v.

If the CR structure underlying a Robinson space-time(M,g,K) is trivial, then one can choose
coordinates so thatκ = du andµ = dw, as in the last example. In such a case physicists say thatK

defines ansng congruencewithout twist. There are many Einstein–Robinson space-times of this kind.
For example, if the functionf (u, x, y) satisfies the Laplace equation,∂2

xf + ∂2
yf = 0, then theplane-

fronted gravitational wave,

g = f (u, x, y)du2 + 2dudv + dx2 + dy2,

has vanishing Ricci tensor, but is not flat unlessf is linear inx andy. Its Weyl tensor is of type N. The
plane-fronted waves are among Lorentzian analogs of Kähler manifolds of proper Riemannian geometry:
their bundleN →M is invariant with respect to parallel transport.

Problem 2. In dimension� 4, develop a theory of Robinson manifolds analogous to Kähler manifolds.

‘Twisting’ congruences, characterized by dκ ∧ κ �= 0, are more interesting; the Kerr space-time,
describing a black hole arising from the collapse of a rotating star, is a Robinson manifold with a twisting
congruence.

Example 2.In Minkowski space-time, one of the first twisting shear-free congruences of null lines was
described by Robinson around 1963; it played a major role in the emergence of Penrose’s twistors [18,
19]. Robinson established that the metric tensor

(34)g = (
du+ i(zdz̄− z̄dz)

)
dv + (

v2 + 1
)
dzdz̄, z= x + iy

is flat and thesng congruence generated by∂v is twisting. The complex 2-formF = A(x, y,u, v)κ ∧
(dx + i dy) is self-dual and Maxwell’s equations dF = 0 reduce to∂A/∂v = 0 and the equation
Z �dA = 0, whereZ = ∂x + i∂y − i(x + iy)∂u is an operator onR3 introduced by Hans Lewy in 1957;
see [27,34] and the references given there. Lewy constructed a smooth functionh such that the equation
Z �dA= h has no solution, even locally.

The underlying CR geometry onM = R3 with coordinatesu, z = x + iy is given by the pair
(κ = du+ i(zdz̄− z̄dz), µ= dx + i dy). Two solutions of (16) arez1 = x + iy andz2 = u+ 1

2i(x2 + y2)
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so that Eq. (17) is now that of the hyperquadric, i(z̄2 − z2)− |z1|2 = 0. The biholomorphic map

w1 =
√

2
z1

z2 + i
, w2 = z2 − i

z2 + i

transforms the hyperquadric into the 3-sphere of equation

|w1|2 + |w2|2 = 1.

This is the most symmetric, non-trivial, 3-dimensional CR geometry: its group of automorphisms is
SU2,1. The CR structure onS3 can be viewed as obtained from the complex structure ofS2 = CP1 via the
Hopf map.

Several solutions of Einstein’s equations admit this congruence. As an example, we show this for the
Gödel universe [13]. Take its metric in the form given in [28],

(
dX2 + dY 2 − 2(Y dU − dX)(Y dV − dX)

)
/Y 2.

Its Weyl tensor is of type D: the null vector fieldsk = ∂V andl = ∂U generate each ansng congruence.
Considerk; the corresponding CR structure onR

3 with coordinates(U,X,Y ) is given byκ = dX−Y dU
and µ = dX + i dY . Introduce new local coordinates(u, x, y) in R

3 by u = X, z = x + iy =√
Y exp(−1

2iU). One then obtainsκ = κ ′, µ= κ ′ + 2iz̄µ′, where

κ ′ = du+ i(zdz̄− z̄dz), µ′ = dz.

The pair(κ ′,µ′) defines the same CR structure as the pair(κ,µ): it is that of the hyperquadric.

5.4. The Goldberg–Sachs theorem

Consider a 4-manifold(M,g) that is either proper Riemannian or Lorentzian. AnN -structure onM
can be (locally) given by a fieldϕ of chiral spinors: one uses ‘point by point’ the definition (9).

Theorem 3. (i) If the N -structure N(ϕ) is integrable, then the chiral spinor ϕ is an eigenspinor of the
Weyl tensor.

(ii) If (M,g) is conformal to an Einstein manifold, then N(ϕ) is integrable if, and only if, the chiral
spinor field ϕ is a repeated eigenspinor of the Weyl tensor.

For space-times, the theorem was established by Goldberg and Sachs [6]. Its extension to the proper
Riemannian case is due to Plebański, Hacyan, Przanowski and Broda [24,25].

Problem 3.Find a generalization of the Goldberg–Sachs theorem to manifolds of dimension> 4.

In the Lorentzian case, it follows from Theorem 3 and the algebraic classification of Weyl tensors
that a space-time which is conformally Einstein, but not conformally flat, can have at most 2 distinct
sng congruences (type D). The following example shows that there are non-conformally flat space-times
admitting 3 such distinct congruences; we do not know whether there are space-times withC �= 0 and 4
distinct congruences of this type.
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Example 3.Consider a space-timeM = R
4 with the real coordinatesu, v and a complex coordinatew.

Let the metric tensor beg = λκ +µµ̄, where

κ = du+ 1
2i(w dw̄− w̄ dw), λ= dv − 1

2i(w dw̄− w̄ dw), µ= (w+ w̄)dw.

This space-time admits three congruences of shear-free null geodesics: those generated by the vector
fields k1 = ∂u and k2 = ∂v are twisting and are both equivalent to the Robinson congruence. The
congruence generated by

k3 = ∂v − ∂u + 2i(w+ w̄)−1(∂w̄ − ∂w)

is sng and has vanishing twist. The space-time(M,g) has a Weyl tensor of type I and does not admit any
othersng congruences.

5.5. Remarks on the embedability problem

The property of a CR spaceM to be embedable is relevant to the local existence of a non-zero, null
solution of Maxwell’s equations on space-times obtained as lifts ofM. If M is embedable, if the forms
κ andµ are as in (18), andg is given by (30), thenF = A(z1, z2)κ ∧ µ satisfies Eqs. (3)–(5) for every
functionA holomorphic in its two arguments. In fact, less is required for the local existence of such an
F : if the canonical bundle ofM admits a locally defined closed sectionω, then its pull-back toM can
be taken asF .

It is now known that there are CR spaces that are non-embedable, but haveone solution of (16) [29];
by the results of [31], extended to higher dimensions in [9], such CR spaces do not admit closed, non-
zero sections of their canonical bundle. Therefore, space-times constructed as lifts of these CR spaces
do not admit any associated non-zero null solutions of Maxwell’s equations. There are examples of non-
embedable 7-dimensional CR manifolds that have non-zero, closed, sections of their canonical bundle,
but it is not clear whether there are such examples in dimensions 3 and 5. Further remarks on this subject
are in [33].

Lewandowski, Nurowski and Tafel [16] established the following

Theorem 4.If the CR space M lifts to an Einstein–Robinson space-time, then M is locally embedable.

6. The Kerr theorem

The Kerr theorem provides a method for constructing all integrable analyticN -structures in
Minkowski space-time(M,g); even though it is well-known, we present it here because of its importance.
See [20,21,31] for further details and references. Consider the coordinate system and metric (32) as given
in Example 1. The manifold of allmtn subspaces of one chirality of the complexified Minkowski space
C

4 is SO4 /U2 = CP1.
Let z ∈ C and define

(35a)kz = ∂v − z∂w − z̄∂w̄ − zz̄∂u,

(35b)κz = du− zdw̄− z̄dw− zz̄dv,

(35c)µz = dw+ zdv, and λz = dv.
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The map(κ0,µ0, λ0) �→ (κz,µz, λz) is a proper Lorentz transformation. It is induced by the homomor-
phismsC → SL2(C)→ SO3,1. The pair(κz,µz) defines anmtn subspaceNz such that Re(Nz ∩ �Nz)=
dir kz. The subspace corresponding to the ‘point at infinity’ ofCP1 = C ∪ {∞} is defined by the pair
(dv,dw̄) andk∞ = ∂u. Assume nowz to be a complexfunction onM such that its real and imaginary
parts are real-analytic functions of the coordinatesu, v, Rew and Imw. At every pointp of M the pair
(κz(p),µz(p)) defines anmtn subspace ofC⊗TpM . According to (15), theN -structure defined by(κz,µz)
is integrable if, and only if,

(36)dκz ∧ κz ∧µz = 0 and dµz ∧ κz ∧µz = 0.

A simple calculation shows that Eq. (36) reduce to

dv ∧ dz ∧ d(u− zw̄)∧ d(w+ zv)= 0,

dw̄ ∧ dz∧ d(u− zw̄)∧ d(w+ zv)= 0,

and are thus equivalent to

(37)d(u− zw̄)∧ d(w+ zv)∧ dz= 0.

By the implicit function theorem, Eq. (37) implies, locally, the existence of a holomorphic function
H(z1, z2, z3) of three complex variables such that

(38)H(u− zw̄,w+ zv, z)= 0.

This proves a theorem attributed to Kerr:

Theorem 5.Locally, every integrable analytic N -structure in Minkowski space-time R
4 is given either

by the pair (dv,dw̄) or by (35), where z :R4 → C is a solution of (38) and H is a holomorphic function
of three complex variables such that dH �= 0.

DenotingH1 = ∂H/∂z1, etc., one obtains by differentiation of (38)

H1κz + (H2 + z̄H1)µz + (H3 − w̄H1 + vH2)dz= 0.

The condition dH �= 0 impliesH3−w̄H1+vH2 �= 0. If H1 =H2 = 0, thenz= const. and theN -structure
is trivial, i.e., reducible, by a Lorentz transformation of the coordinates, toκ0 = du andµ0 = dw. Define

(39)uz = u− zw̄− z̄w− zz̄v and wz =w+ zv.

Since

(40)L(kz)uz = 0 and L(kz)wz = 0,

the functionsuz andwz descend to the CR manifoldM obtained fromM as described in Theorem 1.
Moreover, the pair(κz,dwz) defines the sameN -structure onM as the pair(κz,µz). The pair(κz,dwz)

defines the CR structure onM.
Assume now thatH1 and/orH2 �= 0. Eq. (38) can be written as

H(uz + z̄wz,wz, z)= 0
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and shows thatwz is a function ofz, z̄ anduz only. The integrability condition dκz ∧ κz ∧µz = 0 is now
satisfied identically and dµz ∧ κz ∧µz = 0 is equivalent to

(41)
∂wz

∂z̄
−wz

∂wz

∂uz
= 0.

Using (41) one obtains

dwz = ∂wz

∂uz
κz +

(
∂wz

∂z
− w̄z

∂wz

∂uz

)
dz.

This shows that the pair(κz,dz) defines onM the same CR structure as the pair(κz,dwz). Let (∂uz,�Z,Z)
be the frame onM dual to the coframe(κz,dz,dz̄) so that

Z = ∂

∂z̄
−wz

∂

∂uz
.

Eq. (41) is now interpreted as a tangential Cauchy–Riemann equation,Z �dwz = 0.
The map(u, v,w) �→ (uz, v, z) is a local diffeomorphism. This is seen by computing the volume form

onM ,

i du∧ dv ∧ dw ∧ dw̄ = i|�Z �dwz − v|2 duz ∧ dv ∧ dz∧ dz̄,

where use has been made of (41). The distribution kerκz is integrable if, and only if,�Z �dwz is real.
Dropping the subscriptsz, one has

Corollary 2. Let (u, v, z) be a local coordinate system on M , let w(u, z, z̄) be a smooth, complex-valued
function satisfying

∂z̄w−w∂uw = 0

and put κ = du+ w̄ dz+w dz̄, µ= dw− v dz. The metric

(42)g = κ dv +µµ̄

is flat and the vector field k = ∂v generates an expanding (divk �= 0) sng congruence.

Example 4.If w = iz, then (42) assumes the form (34) and corresponds to the Robinson congruence of
Example 2.

7. Twistor bundles

Recall a general idea in geometry: if one wishes to study a structure, but there is no distinguished
structure, then it is appropriate to consider the set of all such structures.

Given an oriented Riemannian 2n-manifold (M,g) (conformal geometry suffices), define itstwistor
bundles P± to have, as the total sets, the collections of allmtn subspaces ofC⊗ TM of the± chiralities.
These are bundles with fiber SO2n /Un, which has a canonical metric and complex structure. If�2 =−id,
then complex conjugation inC ⊗ TM changes the chirality of themtn subspaces; this induces an
isomorphism of the bundlesP+ andP−. They are then identified and denoted byP : such is the case
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when(M,g) is a space-time. The Levi-Civita connection onM induces a horizontal distribution onP±;
together with the canonical metric on the fibers, this defines a metric and a canonicalN -structure on
P±, which need not be integrable. If(M,g) is proper Riemannian (respectively, Lorentzian), then so is
P± and its canonicalN -structure defines onP± the structure of an almost Hermite (respectively, almost
Robinson) manifold.

Theorem 6.If M is a space-time, then the integrability of the canonical N -structure on its twistor bundle
P is equivalent to C = 0. If M is a 4-dimensional proper Riemannian manifold, then the canonical N -
structure on P± is integrable if, and only if, C± = 0.

In the Lorentzian case, the theorem was established by Penrose in the course of work that led to
his fundamental twistor programme; see [21] and the references given there. The proof in the proper
Riemannian case is due to Atiyah, Hitchin and Singer [2].

7.1. The Kerr theorem revisited

Let (M = R
4, g) be the Minkowski space-time. According to Theorem 6, its twistor bundleP is a

Robinson manifold so that there is the associated 5-dimensional CR manifoldP . The twistor bundleP
is identified with the set of null directions in the tangent spaces at all points ofM . Its typical fiber is
the ‘celestial sphere’S2 ≈ CP1 so thatP =M × CP1. Locally, the bundleP →M can be conveniently
described as follows. Let(u, v,w) be a coordinate system onM , as in (32). A numberz ∈ C defines a null
direction dirkz at (u, v,w), parallel to the vectorkz given in (35). A point ofP is given by the sequence
(u, v,w,dir kz) or, equivalently, by the sequence(u, v,w, z), i.e., by a sequence of 6 real functions;
they provide a convenient coordinate system onP . In these coordinates, the metric tensor onP is
dudv+dw dw̄+(1+ 1

4zz̄)
−2 dzdz̄. The canonicalN -structure onP is given byN0

P = span{κz,µz,dz}. Its
integrability is easily checked by computingωz = κz ∧µz ∧ dz and verifying that Eqs. (15) are satisfied.
The line bundleNP ∩ �NP → P is spanned by dirkz.

Consider now the CR manifoldP associated withP as in Theorem 1 and the functions defined in
(39). In view of (40) andL(kz)z = 0, the sequence(uz,wz, z) of 5 real functions descends toP and
provides a coordinate system on that manifold. Its CR structure is embedable: three solutions of (16) are
z1 = u− zw̄, z2 = w + zv andz3 = z. Consider a regular congruenceK of null lines onM which need
not be shear-free. The setM of these lines is a 3-dimensional manifold. There is the mapf :M→ P
that sends an element of the congruence onM to its lift to P ,

P

can

can P

M π M
f

Theorem 7.The congruence K of null lines on Minkowski space-time is shear-free if, and only if, the
map f :M→ P defines on M the structure of a CR submanifold of P .

Proof. Let z :M → C be the function defining the congruenceK of null lines. The mapf ◦ π :M → P
sends(u, v,w) to (uz,wz, z) with z evaluated at(u, v,w). A section of the canonical bundle of the CR
manifoldP is ω = d(u− zw̄) ∧ dwz ∧ dz. According to (37), the pull-back(f ◦ π)∗ω vanishes if, and
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only if, the null geodetic congruenceK is shear-free. Sinceπ is a surjective submersion, this holds only
whenever (19) is satisfied.✷

The image ofP in C
3 is the hypersurface (‘generalized hyperquadric’) of equation

(43)z3 − z̄3 + z1z̄2 − z̄1z2 = 0.

Every point of this hypersurface corresponds to a null linel :R →M given, in the coordinate system
(u, v,w) onM , by

l(t)= (
1
2(z3 + z̄3 + z1z̄2 + z̄1z2)− z1z̄1t, t, z2 − z1t

)
so thatl(v)= (u, v,w) and dl/dt = kz. All null lines in M , except those parallel to∂u, can be obtained
by this ‘Penrose correspondence’ betweenM andP . Consider now the embedding

f :C3 → CP3, f (z1, z2, z3)= dir(1+ iz3, z1 − iz2,1− iz3, z1 + iz2).

The image ofC3 by f is CP3 with a CP2 removed. The image of the hypersurface (43) byf is an open
and dense submanifold of the manifoldP0 of null twistor directions

(44)
{
dir(w1,w2,w3,w4) ∈ CP3 | |w1|2 + |w2|2 − |w3|2 − |w4|2 = 0

}
.

Penrose [20] proved the following fundamental

Theorem 8.If M = (S1×S3)/Z2 is the conformally compactified Minkowski space-time, then P = CP3.
Every analytic CR 3-manifold, defining a Robinson structure in M , is obtained as the intersection of
the 5-dimensional CR manifold of projective null twistors (44) with a complex analytic 2-dimensional
submanifold of CP3.

According to Penrose, a non-analytic, shear-free and twisting congruence of null geodesics in
(compactified) Minkowski space-time can be described as corresponding to a complex surfaceΣ in
CP3 that ‘touches only one side’ of the manifold of projective null twistorsP0 so that the real dimension
of P0 ∩ Σ is 3, but the surface cannot be holomorphically extended to the other side ofP0, see [21,
pp. 220–222].

7.2. The Kerr theorem in the proper Riemannian setting

There is an analog of the Kerr theorem for proper Riemannian self-dual (or anti-self-dual) 4-manifolds.
We only sketch the idea of the theorem in thelocal setting. According to Theorem 6, the twistor bundle
P+ of such a self-dual manifold has a canonical integrableN -structure defining there the structure of a
complex 3-manifold so that there is the fibrationCP1 → P+

π→M . Let U be an open subset ofM and
s :U → P+ a local section ofπ such thats(U) is a complex submanifold ofP+. The restriction ofπ
to s(U) induces onU the structure of a Hermite manifold and all local Hermite structures onM can
be so obtained. The insistence on locality is essential: for example, the 4-sphere has no global complex
structure, but it has local Hermite structures.
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