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1. Introduction

Let (X;) be a sequence of standard stationary Gaussian random variables. Define M, = maxj<x<p Xk and r(n) = EX1Xp41,
the partial maximum and the correlation, respectively. It is well known that the limiting distribution of the normalized
maxima differs according to the rate of convergence of r(n). Berman [ 1] proved that the limiting distribution of M,, is similar
to that for an independent and identically distributed Gaussian sequence if r(n) logn — 0, i.e.

lim P (a," (M, — by) < x) = exp {—exp(—x)},

n—oo

where
a, = 2logn)™"2, b, =a;"' + a, (loglogn + log4r) /2. (1.1)
Forr(n)logn — y € (0, co), Mittal and Ylvisaker [8] proved that
o0
lim P (a," (M, — by) <x) = / exp [— exp (—x —y+ \/Zyz)] ¢(z)dz,
n— oo oo

where ¢ (x) is the probability density function (pdf) of a standard Gaussian random variable. For r(n) logn — oo with some
regular conditions for r(n), the strongly dependent case, McCormick and Mittal [6] proved that

lim P (r "*(n) (Ma — (1 —r(0))/* by) <x) = &%),
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where @ (x) is the cumulative distribution function (cdf) of a standard Gaussian random variable. For more details, see
Sections 4.3, 6.5 and 6.6 of Leadbetter et al. [4]. McCormick [5] introduced the following condition:

logn

> Irk) —r(m)| = o(1) (1.2)
k=1

asn — oo and considered the maximum centered at the sample mean

_ 1<
Xp==> X
i3
For r(k) < 1 for some k and (1.2) holding, McCormick [5] showed that

nanch (an_l (% — bn) < x) =exp{—exp(—x)}, x€R.

McCormick and Qi [7] and Peng and Nadarajah [11] considered the joint limiting behavior of the partial sum and maximum.
Hu et al. [2] and Peng [10] studied the joint limiting distribution of the partial sum and point process of exceedances.

For the limiting distribution of the extremes of vector Gaussian sequences, see [3,12-14]. The aim of this note is to
establish the joint limiting distribution of the maxima of complete and incomplete samples of stationary Gaussian vector
sequences under some weakly and strongly dependent conditions similar to those of [9,8], where the univariate case is
considered.

Let {X;, = (Xn1, Xn2, - . ., Zna), n > 1} be a sequence of d-dimensional stationary Gaussian random vectors, i.e.
EX, =0, Var (X)) =1 (1.3)
forn>1and1<i<dand
Cov (Xii, Xi) = ry (Il — k|) (1.4)
for1 <i,j<d, k1> 1.Let M,(f) denote the sth order statistic (componentwise) and M,ﬁl) = M,. Define the norming
constants
a;, = (ay,...,0an), b, = (by, ..., by) (1.5)

with a, and b,, defined by (1.1). Wisniewski [13] proved the following main result:
Theorem 1.1. Let (X;) satisfy rjj(n) logn — pj; for 1 <1i,j < d and maxq<izj<d,n>o || < 1. Then
_ d
a;' (MY —b,) > M (p) +R,Z

fors > 1, where p = (pji, 1 <i<d)andR, = («/Zp,-,-, 1<i< d) , Z is a standard Gaussian vector with variance-covariance

matrix (pij/ /Piij) ., and
d s—1
P(M®(p) <x) = 1_[ exp {— exp (—x; — pii)} Z {exp (= — o)} /1
i=1 =0

Furthermore, M® (p) and Z are independent of each other.

Now suppose that some of the variables of X, can be observed. Let &;; denote the indicator of the event that X;; is observed.
Then S,;; = €1;+ &2+ - - - + &y is the number of observed random variables from the set {Xy;, Xoi, . . ., Xy}, where 1 <i < d.
In order to prove the main results, the following conditions are needed:

C;. The sequence (S;) satisfies

Sni

P
— —> pi €(0,1]
n

asn— ooforl <i<d.
C,. The indicator random variables {e;, 1 < k < n, 1 <i < d} are independent, and also independent of {X]}.

For simplicity, we will use the following notation throughout this note:

u, = (Unt, .-, Und) , Vi = (Un1, - -+ Und) (1.6)

where u,; = apXx; + by, vpj = apy; + by and x; < y;for 1 <i < d, and

max{X, 1 <k <n,eu=1}, ifSyu>1,

My = max {Xqj, . .., Xni} » My = {—oo if S, = 0.
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2. Main results
In this section, we consider the asymptotic distribution of the maxima of complete and incomplete samples from
multivariate weakly dependent and strongly dependent stationary Gaussian sequences. We obtain two theorems.
Theorem 2.1 is for the weakly dependent case and Theorem 2.2 is for the strongly dependent case. Corollaries 2.1 and 2.2

are particular cases of these theorems.

Theorem 2.1. Let the d-dimensional stationary Gaussian vector sequence {X,} satisfy the conditions (1.3) and (1.4). Suppose that
the conditions C; and C; hold. Assume further that

rj(mlogn -0, 1<i,j<d (2.1)
asn — oo. Then, for u, and v, defined by (1.6), we have
P{M, < u,, M, <v,} — ]_[exp{—pf exp (—x;)} exp {— (1 — p;) exp (—yi)} (2.2)
i
asn — oQ.

Corollary 2.1. Under the conditions of Theorem 2.1, for a, and b,, defined by (1.5), we have
d
~ d
P {Mn <aX+ bn} — 1_[ exp {—pi exp (—x;)}
i

asn — oo, where X = (X1, X2, ..., X4).

Theorem 2.2. Let the d-dimensional stationary Gaussian vector sequence {X,} satisfy the conditions (1.3) and (1.4). Suppose that
the conditions C; and C; hold. Assume further that

rij(n)logn — p; € (0,00), 1<1i,j=<d (2.3)
asn — oo and
sup |ry(m)| < 1. (2.4)
1sij<d

n>0

Then, for w,, and v, defined by (1.6), we have

~ +00 400 d
lim P {Mn <u, M, < Vn} = / e / HeXP [—Pi exp (—Xi — pii + 2,01‘1‘21')}
—00 -0 T

n—oo

X exp {— (1 —pi)exp (-J’i — pii + Zpiili)}¢ (z1,22, ..., 2q) dzy - - - dzg,

where ¢(z1, 22, ..., zq) is the joint pdf of a d-variate Gaussian vector X, with zero mean and variance-covariance matrix

(Pi/ /PiiB5) g

Corollary 2.2. Under the conditions of Theorem 2.2, for a, and b,, defined by (1.5), we have

~ +00 +oo d
lim P{Mnfanx+bn}=f f HEXP{—Pz’EXP(—Xf—Pﬁ-F 2Piizi)}¢(21722,~-~,Zd)dZ1“'dZd
—00 —00 i

n—oo

asn — oo, where X = (X1, X2, ..., Xq).

3. Proofs

In this section, we shall prove the main results. Firstly, let {X}, k > 1} denote a sequence of independent d-dimensional

Gaussian vectors with EX; = 0, Var(X;;)) = 1,1 < i < d, Cov(X,fi,X,fj) =0fori #j,0 < k < nand Cov(X,:‘i,X,j) =0

for 0 < k # | < n. Define M to be the partial maxima of the sequence {X};, 1 < k < n}, i.e. M;; = max{X};, ..., X} for

1 <i<d. Alsolet IV[: denote the partial maxima of the observed variables, i.e.

v max {Xg, 1 <k<n,eq=1}, ifSy=>1,
] —oo, if Sy = 0.
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Forv = (vq, ..., vg), v; € (0, 00), define
n'? .. 0 a1—-w)'? ... 0
A(v) = : : , B(v) = : . :
0 ceeyyt? 0 e (1=

For the strongly dependent case, we need the following construction. Let Xy be a d-variate Gaussian vector with zero
mean and variance-covariance matrix (p,-j / /p,-,-,ojj) dxd- Suppose that X is independent of {X}, k > 1}. For p(n) = (011(n),

.., paa(n)) and p;;(n) = p;i/(log n), define the d-variate Gaussian variables
Y = XA (p(n)) + X;B (p(n)) (3.1)

for1 <k <n,ie.

Y = pi (X5 + (1 — pa(n) V2 X, (3.2)

for1 <k <nand1 <i < d.Itis easy to check that EY); = 0, Var(Y};) = 1and Cov(Yy;, Yj) = pj(n) for1 <k #1<n,
where p;(n) = p;/(logn). Let M;* and M;* denote, respectively, the partial maxima of {Yy, 1 < k < n} and that of its
observed variables, i.e.

max{Yy, 1 <k <n,eu =1}, ifS;>1,

i = maxtt Yl B = {7 S = 0

for 1 <i < d.Noting (3.1) and (3.2), we have

M;* = X;A (p(n) + MiB (p(m) . M = X5A (p(m) + M;B (p(n)) . (3.3)

M = pi (X5 + (1= pa(m) 2 My, My = pi 2 (X3 + (1= pi(m) /2 M

for 1 < i < d. Here, we use the convention a — 0o = —oo.
To prove our main results, we need some lemmas. The first one will be used to prove Theorem 2.1.

Lemma 3.1. Let the d-dimensional stationary Gaussian vector sequence {Xy} satisfy the conditions (1.3), (1.4) and (2.1). Suppose
that the conditions Cy and C, hold. With {X}} defined as above, we have

nll>ngc |P{Mn =u, M, < Vn} - P{M: < up, Mz = Vn}| =0.
Proof. For fixedi € (1,..., d) and component sequence (Xy), firstly suppose that just {X;, ;, ..., Xik,-,i} have been observed
from the set {Xy;, ..., Xy}, which is one case of {Sy; = ki}. Let N ={1,2,...,n}, = {i1, ..., i}, M) = max{X;, | € I}}
and M*(I;) = max{X}, | € I;}. Then, by the Normal Comparison lemma given in [4] and noting that u,; < v, for 1 <i < d,
we have

[PAM©;) < i, M(N /1) < iy 1 <0< d} = P{M*(I) < tpi, M* (N /1)) < vpi, 1 < i < df|

d . ) up; K > sk o
] rn()|exp{—m}+ 2 Z nZ}ru()|exP 21+ R

< K n
k 1<i#j<d k=0

|
iz1 k=1

for some absolute constants K; > 0 and K, > 0. So, by (2.1) and by arguments similar to those of the proof of Lemma 4.3.2
in [4], we obtain

n u24+u24
n ri(k)|exp{——2 Y _t .0 34
2 | "[ z<1+|ry<k>|>] 0

and

- up;
n; |rii (k)| exp {—m} -0 (3.5)

uniformly for all k;, 1 < i < dasn — oo. The result follows by the condition C,, the total probability formula and the
uniform convergence of (3.4) and (3.5). O

The following result is useful for proving Theorem 2.2.
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Lemma 3.2. Let the d-dimensional stationary Gaussian vector sequence {X} satisfy the conditions (1.3) and (1.4). Let {Y}} be
the Gaussian vector sequence defined above with equal correlations. Suppose that the conditions C; and C, hold. Assume further
that both (2.3) and (2.4) hold. Then

lim |P{M < u,, M, <vn}—P{M**<u M <v}|=0.

n—oo
Proof. For fixedi € (1, ..., d) and component sequence (Xy;), firstly suppose that just {X;, ;, ..., Xik,.,i} have been observed
from the set {Xy;, ..., Xy}, which is one case of {Sy; = k;}. Define & = {1,2,...,n}, I = {iy, ..., ik}, M(I;) = max{X;;, | €

I;} and M**(I;) = max{X;/*, | € I;}. Then, by the Normal Comparison lemma of [4] and noting that u,; < vy, for1 <i < d,
we have

[PAM () < tpi, M (N /) < vpiy 1 <0< d} — P{M**(Ii) < Uiy M (N /1) < vpin 1 <0 < d|

4 u2.+u2.
K ii(k) — pii (k) — pii . m i
< 321 Zh’ (k) — pii (Tl)|EXp{ (k)} Z nZ’m(() p}(n)‘exp[ 2(1+w,~j(k))}

1<i#§d k=0

where w;;(k) = max{|r;j(k)|, p;j(n)}, and K3 and K, are absolute constants. So, by arguments similar to those of the proofs of
Lemmas 4.3.2 and 6.4.1 in [4], we obtain

n uz,—|—u2,
nE rii(k) — pij(n)|exp | ————"2— 1 — 0
2 0= p{ 21+ wi(k)
and
n U2
n E ri(k) — pii(n)|exp{ ——*——1 = 0
2 [rii (k) — pii(n)] p{ 1+ U.)ﬁ(k)}

uniformly for all k;, 1 <i < d,as n — o0. So, the result follows by the condition C, and the total probability formula. O
Proof of Theorem 2.1. By Lemma 3.1, we only need to prove

d
lim P {M; < u,, M; < v,} = [ ] exp {—piexp (—x)} exp {— (1 — ps) exp (—y1)} . (36)

n—oo

By using the total probability formula, we obtain

d n d
P{M; < up M} < v} =D P{Sw =k ... Spa = ka} [ [ {® @)} {@ (wni)}" ™.
i=1

i=1 kj=1
Define

d d

=Y Y PiSm=ki ..., S =ka} [ [{® @)} {® (o)} (37)
i= { -|>8 i=1

and

d d

=Y Y PSu=ki ..., Su=kat ] [{® @)} {® (o)} (38)
i=1 ;. "—'—p,—|55 i=1

By the condition Cq, we have

d
2y <Y P(Su/n—pil = &) >0 (3.9)
i=1

asn — oo. By (3.8), the inequalities

b33 <]‘[{q>(un. )P D (vgi))" P ”Z D PGSm=ki o, S = ko) (3.10)
= 1V1‘7—p,‘<s
and
% > ]‘[{cb(un. J1PEO (v} WZ D PSm=ki ..., S =ka) (3.11)

Vl ‘*—Px
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hold. By (3.7)-(3.11) and the condition C;, we have

d

limsup P (M;; < u,, M; < v,) < [ ] exp{— (pi — &) exp (—x)} exp {— (1 — pi — &) exp (—y1)} (3.12)
n—oo i=1
and
- d
liminfP (M; < un, My < v,) > [ [exp{— (i + &) exp (—x)} exp {— (1 — pi + &) exp (—yy) (3.13)
i=1

for every ¢ € (0, min{p;, 1 <i < d}). So, by letting ¢ | 0in (3.12) and (3.13), we obtain (3.6). The proof is complete. O

Proof of Theorem 2.2. By Lemma 3.2, in order to prove (2.2), it sufficient to show that

d

. Sk Kok _ oo oo —n Y. — . 7.

lim P(M}* <u, M}* <v,) = Hexp piexp [ —x; — pii + /2piizi
—o0 —co

n—oo

X exp {— (1—pi)exp (_J’i — pi + ZPiiZi)}¢ (21,22, ...,24)dzq -+ - dzg. (3.14)
By (3.3) and the total probability formula, we obtain
P(M* < u, M;* < v,) = P (X;A (p(m) + M;B (p(n)) < un, X;A (p()) + M:B (p()) < Vy)
+00 +oo -
= / . / [P(M; = (0 — ZA (o) B~ (p(m) . M < (v, — ZA (o () B (o(n) )]

X @ (21,22, . ..,29)dz1dzy - - - dzy

+oo +oo 1N d
= / / Z P(Su =k, ..., S :kd)l_[{cp @)} {® )" M@ (1,22, ..., 20) dz1dz, - - - dzq,
—00 —00 k=1 i

1<i<d
(3.15)
whereZ = (21,23, ..., zg) and
G = Uni — Zi+/pii(N) o b — zi/ pii(n) 1<i<d
- 77 Tl' - 77 f— f— .
" /T= pa(n) VT i)

Note that q,; = a, (xi + pii — «/Zp,-,-zi) + b, +o0(a,) and t,; = a, (yi + pii — «/Zpi,-z,-) + b, + o(a,) from the proof of Theorem
6.5.1in [4]. So, one can check that

nll)ngo {® (qn)}" = exp {— exp (—Xi — pi + 2,0:‘:‘21‘)]
and
Jim {o (tni)}" = exp {— exp <_.Vi — pii + 2piizi>} .

By arguments similar to those of (3.6), we have

n

d
> PSw = ki Sna = ko) [ 4@ (@) {0 ()"

ki=1
1=<i<d

d
- 1_[ exp {_pi exp (—Xi — Pii + zpiizi) } exp {— (1 —pi)exp (__Vi —pi + 2/01121) }
;
asn — oo. Combining this with (3.15), we obtain (3.14) by the dominated convergence theorem. The proofis complete. O
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