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form) for which u is orthogonal (respectively, symplectic). Since a
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form (respectively, a regular non-hyperbolic quadratic form, respec-
tively, a regular nonalternate symmetric bilinear form) for which u
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1. Introduction

1.1. The problem

In this paper, K denotes an arbitrary field and char(KK) is its characteristic. We choose an algebraic
closure K of K. We use the French convention for integers: N denotes the set of non-negative integers,
and N* := N~ {0} the set of positive ones. Given integers a and b, we denote by [[a, b]| the set of all

integers n such thata < n < b.

We denote by M, (KK) the algebra of square matrices with n rows and entries in K. A matrix
A of M (K) is called alternate when it is skew-symmetric with zero diagonal entries, i.e.,, VX €
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K", XTAX = 0 (of course, when char(KK) # 2, the alternate matrices of M,(KK) are its skew-
symmetric matrices).

Similarity of two matrices A and B is written A ~ B. For k € N* and A € K, we denote by
Jk(A) € Mg (K) the Jordan matrix of order k with eigenvalue A.

Given a monic polynomial P = x" — Zﬁ;éakx" € K[x], we denote by

0 0 ap

10 aq
cP):=1{0 "-. :

: 0 ap—2

0 1 an—1

its companion matrix.

Given a vector space V over K, we denote by GL(V) the group of linear automorphisms of V.

A symplectic form is a non-degenerate alternate form. For such a form b on a vector space V, a
symplectic morphism of (V, b) is an automorphism u of V such that ¥Y(x, y) € V2, b(u(x), u(y)) =
b(x, y).

The reduction of special endomorphisms (e.g. selfadjoint endomorphisms, orthogonal - or unitary
- endomorphisms, normal endomorphisms) plays an important part in the study of real and complex
vector spaces. The generalization to an arbitrary quadratic or symplectic form, however, is much more
difficult (see the early treatments in [1,2,8,14,15]). A complete classification of selfadjoint, skew-
selfadjoint and orthogonal automorphisms is however known up to the classification of hermitian
forms when char(K) # 2 (see [10,11])

Instead of trying to find canonical forms for special morphisms in this setting, an easier problem
is to find necessary and sufficient conditions for an endomorphism to be selfadjoint, skew-selfadjoint
or orthogonal for at least one regular quadratic form (or for a symplectic form). The first important
result on the topic was obtained by Frobenius [3], who proved that every endomorphism of a finite-
dimensional vector space V is selfadjoint for at least one regular symmetric bilinear form on V (to
put things differently, every square matrix is the product of two symmetric matrices, one of which is
nonsingular). Later, Stenzel [12] determined when an endomorphism could be skew-selfadjoint for a
regular quadratic form, or selfadjoint or skew-selfadjoint for a symplectic form: he only tackled the
case of complex vector spaces but his results were later generalized to an arbitrary field [6].

In this paper, we tackle the case of the automorphisms of a finite-dimensional vector space that are
orthogonal (respectively, symplectic) for at least one regular quadratic form (respectively, symplectic
form). In Chapter XI of [4] and more recently in [7], this problem is solved for orthogonal morphisms
when the underlying field is C, but the proof generalizes to an arbitrary algebraically closed field of
characteristic not 2 (this yields the possible Jordan canonical forms of the matrices in the orthogonal
group 0,(C)). The solution for symplectic morphisms is also known [5] for algebraically closed fields
of characteristic not 2. The deep results from [10] yield the solution to both problems for an arbitrary
field of characteristic not 2.

Here, we completely solve the problem for an arbitrary field, possibly of characteristic 2. Although
the results are already known in the case char(K) # 2, we reprove them along the way since doing
so has a low additional cost.

Definition 1. Let u € GL(V) for some finite-dimensional vector space V over K. We say that u is:

e essentially orthogonal when u is g-orthogonal for some regular quadratic form q on V, i.e.,
Vx eV, qu(x)) = qx);

e essentially bilin-orthogonal when u is an isometry for some regular symmetric bilinear form
bonV,ie,Y(x,y) € V2, b(u(x), u(y)) = b(x, y);

e essentially symplectic when u is a symplectic morphism for some symplectic formbonV, i.e.,
V(x,y) € V2, b(u(x), u(y)) = b(x, y).
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When char(K) # 2, the essentially orthogonal morphisms are the essentially bilin-orthogonal
ones. When char(K) = 2, the following implications hold:

u essentially orthogonal = u essentially symplectic = u essentially bilin-orthogonal.

Indeed, the polar form of a regular quadratic form is symplectic.

Our main problem may now be stated: determine canonical forms for essentially orthogonal,
essentially bilin-orthogonal, and essentially symplectic morphisms.

We adapt the same definitions to square matrices: notice then that the set of essentially orthogonal
(respectively, essentially bilin-orthogonal, respectively, essentially symplectic) matrices of M, (K) is
invariant under similarity, and we have the following characterizations:

e amatrix M € GL,(K) is essentially symplectic if and only if M'AM = A for some nonsingular
alternate matrix A;

e amatrix M € GL,(KK) is essentially bilin-orthogonal if and only if MTSM = S for some nonsin-
gular symmetric matrix S;

e ifchar(K) = 2,thenM € GL,(K) is essentially orthogonal if and only if there exists A € M, (K)
such that MTAM + A is alternate and the alternate matrix A + AT is nonsingular.

Let M € GL,(K) have one of the above properties. Then there exists a nonsingular matrix A €
GL,(K) such that M = A~'(M~1)TA, hence M must be similar to (M~")T. However, (M~ 1T is itself
similar to M~ (see [13]).

Proposition 1. Let M € GL,(K) whichis either essentially orthogonal, essentially symplectic or essentially
bilin-orthogonal. Then M ~ M1,

As we shall see, the converse is not true (this is obvious for essentially symplectic morphisms since
symplectic forms exist only in even dimensions).

1.2. Main results
Before stating our main theorems, we need a few extra definitions:

Definition 2. A polynomial P(x) € K[x] has valuation 0 if P(0) # 0. Given a monic polynomial
P = Zzzoakx" € K][x] of degree n and valuation 0, we define P* := % Z}zzoan_kxk and call it the
reciprocal polynomial of P. We say that P is a palindromial when P = P*.

Remark that when P = [];_, (x — Ay), one has Pt = i (x — Aik) Moreover, the map P > P*

defines an involution on the set of monic polynomials of K[x] with valuation 0 and satisfies (PQ)* =
P#Q* for all such polynomials: in particular, it preserves divisibility and irreducibility.

We now state our main results.
Theorem 2. Let A € GL,(K). The following conditions are equivalent:

(i) Ais essentially symplectic.

(ii) Ais similar to A~" and, for every k € N and each one of the eigenvalues 1 and —1, the number
of Jordan blocks of size 2k 4 1 associated to A is even.

(iii) YA € K\{0,1, =1}, Yk € N*, rk(A — Alp)K = rk(A — %In)k and, for every k € N and each
one of the eigenvalues 1 and —1, the number of Jordan blocks of size 2k + 1 associated to A is
even.

(iv) All the elementary factors of A are palindromials and, for every k € N and each one of the
eigenvalues 1 and —1, the number of Jordan blocks of size 2k + 1 associated to A is even.
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(v) There are nonsingular matrices B and C such that A ~ B&® B~ @ C, all the elementary factors of
C are palindromials and C contains only even-sized Jordan blocks for the eigenvalues 1 and —1.

Theorem 3. Let A € GL,(K) and assume that char(K) = 2. The following conditions are equivalent:

(i) Ais essentially bilin-orthogonal.

(ii) Ais similar to A~! and, for every k € N*, the number of Jordan blocks of size 2k + 1 associated
to A for the eigenvalue 1 is even.

(ii) VA € K\{0, 1}, Vk € N*, rk(A — Al)¥ = rk(A — %In)k and, for every k € N*, the number
of Jordan blocks of size 2k + 1 associated to A for the eigenvalue 1 is even.

(iv) All the elementary factors of A are palindromials and, for every k € N*, the number of Jordan
blocks of size 2k + 1 associated to A for the eigenvalue 1 is even.

(v) There are nonsingular matrices B and C such that A ~ B @ B! @ C, all the elementary factors
of C are palindromials and each Jordan block of C for the eigenvalue 1 is either even-sized or has
size 1.

Theorem 4. Let A € GL,(K) and assume that char(K) # 2. The following conditions are equivalent:

(i) A'is essentially orthogonal.

(ii) Ais similar to A~ and, for every k € N* and each one of the eigenvalues 1 and —1, the number
of Jordan blocks of size 2k associated to A is even.

(ii) VA € K~{0,1, =1}, Yk € N*, rk(A — Al)* = rk(A — %In)’< and, for every k € N* and
each one of the eigenvalues 1 and —1, the number of Jordan blocks of size 2k associated to A is
even.

(iv) All the elementary factors of A are palindromials and, for every k € N* and each one of the
eigenvalues 1 and —1, the number of Jordan blocks of size 2k associated to A is even.

(v) There are nonsingular matrices B and C such that A ~ B® B~! @ C, all the elementary factors of
C are palindromials and C contains only odd-sized Jordan blocks for the eigenvalues 1 and —1.

Theorem 5. If char(KK) = 2, then the essentially orthogonal matrices of M, (IK) are its essentially sym-
plectic ones.

When n is even, condition (iii) in Theorem 3 implies that the number of Jordan blocks of size 1 for A
is even: this shows that being essentially bilin-orthogonal is the same as being essentially symplectic
(whereas not every non-degenerate symmetric bilinear form is symplectic).

Structure of the paper: In Section 2, we reduce the proofs of Theorems 2-5 to the following elementary
cases:

e Ajis similar to B @ B~ for some nonsingular matrix B (this is easily dealt with in Section 2.3).

® A is unipotent i.e., triangularizable with 1 as its sole eigenvalue: see Section 3.2 for the neces-
sary condition for A to be essentially orthogonal (respectively, symplectic, respectively, bilin-
orthogonal), and Section 3.3 for the sufficient condition.

® A is the companion matrix of P for some integer a > 1 and some irreducible palindromial
P of degree greater than 1 (see Section 4 for the fact that such a matrix is always essentially
orthogonal and essentially symplectic, hence also essentially bilin-orthogonal). When K is finite,
this involves field extensions and hermitian forms.

The last two sections deal with refinements of the above theorems for specific fields of characteristic
2.InSection 5, we determine, when K is perfect and char(KK) = 2, the bilin-orthogonal automorphisms
u that are orthogonal for at least one nonalternate regular symmetric bilinear form, i.e., we determine
the matrices that are similar to a matrix of the orthogonal group 0, (K). In Section 6, we investigate
the essentially orthogonal morphisms when K is finite and has characteristic 2. In that case, there are
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exactly two equivalence classes of regular quadratic forms on a given even-dimensional vector space
V over K (namely, the hyperbolic and the non-hyperbolic ones), and we give necessary and sufficient
conditions for an automorphism of V to be orthogonal for at least one regular quadratic form belonging
to a given equivalence class.

2. Reducing the problem to more elementary ones
2.1. Two basic principles

Let A and B be two essentially orthogonal (respectively, essentially symplectic, respectively,
essentially bilin-orthogonal) matrices. Since the orthogonal direct sum of two regular quadratic forms
(respectively, symplectic forms, respectively, symmetric bilinear forms) is regular, the matrix A@B :=

AO
is essentially orthogonal (respectively, essentially symplectic, respectively, essentially bilin-

orthogonal).

Notice also that if A is an essentially orthogonal (respectively, essentially symplectic, respectively,
essentially bilin-orthogonal) matrix, then its opposite matrix —A is also essentially orthogonal
(respectively, essentially symplectic, respectively, essentially bilin-orthogonal).

2.2. When is a nonsingular matrix similar to its inverse?
The following characterizations are known but we prove them as they are crucial to our study:
Proposition 6. Let A € GL,,(K). The following conditions are then equivalent:

(i) Ais similar to A~ 1.
(ii) YA € K0}, Vk € N*, k(A — A" = k(A — 11y)~.
(iii) The elementary factors of A are all palindromials.
(iv) There are nonsingular matrices B and C such that A ~ B @ B~! @ C and all the irreducible
monic factors in the minimal polynomial of C are palindromials.

Proof. e Theequivalence between (i)and (ii)is straightforward since rk(A~! —AlL,)* = rk A=¥ (A—

11)* = rk(A — L1,)" for every A € K~ {0} and k € N*,

® Given a monic polynomial P € K[x] with valuation 0, notice that the companion matrix C(P)
has a cyclic inverse with minimal polynomial P¥, and hence is similar to C(P¥). As P > P*
preserves divisibility, if the elementary factors of A are Py, . . ., Py, then the elementary factors
of A"lare P¥, ..., Pf: this proves (i) < (iii).

® Let B be a nonsingular matrix, let C be a square matrix all whose elementary factors are palin-
dromials, and assume that A ~ B @ B~! @ C. Then

Al'~B '®eBpCc ' ~B '®BOC~A

by applying (iii) = (i) to C. Therefore (iv) = (i).

® Implication (iii) = (iv) needs to be proved only when A is a companion matrix. Assume then
that A = C(P) for some palindromial P € K[x]. Then the involution Q — Q¥ must permute
the irreducible factors of P, therefore we may write

P o A H#NQ d Bi
P=[lQ" @ []R.
i=1 j=1

where Qq, ..., Qp, Ry, ..., Rq are irreducible and monic, Q1, . . ., Qp, Qf,...,Q;*,RL .y Rg
are all different, Ry, . . ., Rq are palindromials,and oy, . . ., atp, B1, . .., Bq are positive integers.



1390 C. de Seguins Pazzis / Linear Algebra and its Applications 436 (2012) 1385-1405

It follows that

p p q
A~ @M & PchH™ & DR,
i=1

i=1 i=1
Setti A o R NP
etting B := @ C(Q;") and C := @ C(R;"), we then have
i=1 j=1

A~B@®B l@dcC

and all the irreducible monic factors in the minimal polynomial of C are palindromials. [

Using the same techniques as in the preceding proof, the equivalence between statements (ii) to
(v) in each one of Theorems 2, 3 and 4 is obvious and we shall give no further details about it. In each
of these theorems, it remains to prove only implications (i) = (ii) and (v) = (i).

2.3. Matrices of the form B @ B!
The case of matrices of the form B @ B~ is the easiest one:

Proposition 7. Let B € GL,(K). Then the matrix B @ B! is both essentially orthogonal and essentially
symplectic.

Proof. A previous remark shows that B®B ™! issimilartoA := B& (B') !, so it suffices to show that A
0 I —I

is essentially orthogonal and essentially symplectic. Setting S := n:| andK := [ n:| , we see
In In

that S and K are both nonsingular, with S symmetric and K alternate. A straightforward computation
shows that ATSA = S and ATKA = K, hence A is essentially symplectic, and it is essentially orthogonal
if char(K) # 2.

01
If nevertheless char(K) = 2, set C := |: n} and notice that C + €T = K is nonsingular and
00

ATCA + C = 0, hence A is essentially orthogonal. [

Notice also that the matrix (1) € M;(K) is essentially bilin-orthogonal (any regular symmetric
bilinear form on K is adapted to it).

Let us now see what remains to be proved of the implication (v) = (i) in each theorem:

(a) We need to prove that for every irreducible palindromial P € K[x] which has no root in
{1, —1}, and every integer a > 1, the companion matrix of P? is both essentially orthogonal
and essentially symplectic.

(b) We need to prove that, when char(K) # 2, the Jordan matrix Jo;41(1) is essentially or-
thogonal for each k € N (in which case this is also true of Jox+1(—1) since it is similar to
—Jak+1 (1))

(c) We need to prove that the Jordan matrix Jo; (1) is essentially symplectic for each k € N* (in
which case this is also true of Jx(—1)), and essentially orthogonal for each k € N* when
char(K) = 2.

Knowing this also yields Theorem 5 provided Theorem 2 holds: indeed, it shows that if char(K) = 2,
then A is essentially orthogonal whenever it satisfies property (v) in Theorem 2.
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2.4. Reducing (i) = (ii) to the unipotent case

Here, we show that the implication (i) = (ii) in Theorems 2-4 needs to be proved only in the
case of a unipotent matrix. We already know that a matrix that is essentially orthogonal, essentially
symplectic or essentially bilin-orthogonal is similar to its inverse, so we will not care anymore about
this part of condition (ii).

Our starting point is the following basic lemma:

Proposition 8. Let b be a regular bilinear form on a finite-dimensional vector space V, and assume that b
is symmetric or alternate. Let u € GL(V) be a b-isometry, i.e. V(x, y) € V?, b(uix), u(y)) = b(x,y). Let
P e K[x] be a monic polynomial with valuation 0. Then Ker P(u) = (Im P* (u))~*.

Proof. The adjoint u* of u with respect to b is u~". Writing P = Zzzoakxk, with a, # 0, and setting
Q:= Zzzoan,kxk, we find that

PW* =PW*) =P N =Qw)ou"=agP*w)ou™",

therefore Im P(u)* = Im P#(u) and the claimed result follows from the classical identity Kerv =
(Im v*)-, which holds for every endomorphism v of V. O

Corollary 9. Let b and u be as in the Proposition 8, and let P and Q be monic polynomials with valuation
0 such that P* is prime with Q. Then Ker P(u)_L, Ker Q (u).

Proof. Indeed, Ker Q (u) C Im P*(u) since P* is prime with Q. O

With the same assumptions, assume further that char(KK) # 2 and split the minimal polynomial p
ofuas = R(x) (x — 1)P(x + 1)9 where R has no root in {1, —1}, hence neither does R*. The previous

corollary and the kernel decomposition theorem show that V = Ker R(u) é_ab Ker(u — id)P é_ab Ker
(u+1id)?, hence Ker(u—id)P and Ker (u+-id)¥ are both regular b-spaces: we deduce that the restrictions
of uto Ker (u—id)P and Ker (u+id)? are both isometries for regular bilinear forms which are symplectic
(respectively, symmetric) if b is symplectic (respectively, symmetric): moreover, if u is essentially
orthogonal, then its restrictions to Ker(u — id)? and Ker(u + id)? are essentially orthogonal. This
leaves us with only two cases: u — id is nilpotent or u + id is nilpotent. However, in the second case,
(—u) — id is nilpotent hence only the first case needs to be addressed (see Section 2.1).

The case char(K) = 2 is handled similarly and even more easily since only the eigenvalue 1 needs
to be taken into account.

In order to prove implication (i) = (ii) in Theorems 24, it suffices to prove the following result:

Proposition 10. Let b be a regular bilinear form on a finite-dimensional vector space V, and u € GL(V)
be a b-isometry, i.e., Y(x,y) € V2, b(u(x), u(y)) = b(x, y). Assume that u — idy is nilpotent.

(a) Ifbis symplectic, then, for every k € N, the number of Jordan blocks of u with size 2k + 1 is even.

(b) Ifchar(K) = 2 and b is symmetric, then, for every k € N*, the number of Jordan blocks of u with
size 2k + 1 is even.

(c) If char(K) £ 2 and b is symmetric, then, for every k € N*, the number of Jordan blocks of u with
size 2k is even.

3. The case of unipotent matrices

We start by giving two proofs of Proposition 10; the first one is short. The second one is substantially
longer and may thus be skipped at first reading; it is, however, unavoidable in order to grasp fully the
discussion featured in Section 6. Let b be a regular bilinear form, symmetric or alternate, on a finite-
dimensional vector space V, and u € GL(V) be a b-isometry such that u — id is nilpotent.
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3.1. Short proof of Proposition 10

(i) Assume that b is symplectic. It then suffices to prove that rk(u — id)2k is even for every
k € N.
For every k € N and every x € V, one has

b (x), (u — id)* () = b(™" —id)* W), @ —id)* )
= (=D*b((u — id) &), (- id)*(x) = 0.

This shows that the bilinear form (x, y) — b(u¥(x), (u—id)2*(y)) is alternate, hence its rank
is even. However its rank is that of (u — id)¥ since (x, y) — b(u¥(x), y) is non-degenerate
(because u € GL(V)).
(ii) Assume now that b is symmetric and char(K) = 2. It suffices to prove that rk(u — id) is
even for every k € N*,
Let k € N*and x € V, and sety := (u — id)*~!(x). With the same computation as in (i),

b (), (u — id)** (%) = b((u — id)(y), (u — i) () = b(u), u®)) + b(y, y) = 0.

Asin (i), this shows that rk(u — id)? is even.
(iii) Assume that b is symmetric and char(K) # 2. It then suffices to prove that rk(u — id)2k+1
is even for every k € N.
For every k € N and every x € V, setting y := (u — id)¥(x), one finds:

bk (u + id)(x), (u — id)*T(x)) = b((id —u)*(u + id) (x), (u — id)*T(x))
= (=D*b((u +id)(y), (u — id)(¥))
= (—=D¥(by), uy)) — b(y,y)) = 0.

Setting ¢ : (x,y) — b(u*(u + id)(x), y), we deduce that (x, y) — c(x, (u — id)Z*T1(y))
is alternate, hence its rank is even. However this rank is that of (u — id)***? since c is non-
degenerate (indeed b is non-degenerate and uk o (u + id) is an automorphism of V since
char(K) # 2 and u is unipotent).

3.2. Long proof of Proposition 10
Set n := dim V. In this proof, orthogonality is always considered with respect to b unless specified

otherwise.
Using the Jordan reduction theorem “block-wise" yields a decomposition * :

2n  k
V=& & Vi,
k=1 i=1

where for every k € [1, n]l, some Vj ; might be {0} and:

e foreveryi € [1, k — 1], the linear map u — id induces an isomorphism from Vj ; to Vi i41 ;
® (u—id)(x) = 0foreveryx € Vi .

2n
Then Ker(u — id)*™' @ @ V;;_xy1 = Ker(u — id)* for every k € N*. For each k € [1, n]], set
i=k

Fg:=Vor—1xk  Gr:=Vay and Hg = Vop k1.

1 For convenience purpose, we use 2n instead of n as an upper bound for the first direct sum.
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The following diagram accounts for the action of u — id on the various spaces we have just defined.

Fp |— {0}

G |>| H |— {0}

V3‘1 e F2 :> V3’3 d {0}

Va1 = - = Vogkm1 = | Gk |— | Hi | = Vaggo2 — -+ — Vap ok — {0}

Vakg1,1 = -+ = Vo = | Frt | = Vagi k2 = - = Vakg1,2e41 — {0}

Set

and

2n k
E:=¢& ®
k=1 i=[(k+1)/2]+1

Notice that dim Fj (respectively, dim G, = dim Hy) is the number of Jordan blocks of size 2k — 1
(respectively, 2k) for u.
Proposition 8 yields:

Vk € N*, Ker(u —id)* = [lm(u - id)"f.
Forevery k € [1,n]l and i € [1, k]|, we see that V} ; C Ker(u — id)k“_i and Vi ; C Im(u — id)i—1,
and it follows that
ELEBFDGCDH).
On the other hand, we notice that codimy E = dim(E & F & G & H), therefore
E'=EQF®GOH

and we deduce that F @ G @ H is b-regular.

Using again the relation Ker(u — id)* L Im(u — id)¥ for each k € N*, we find that for every
(k, ) € [1, n]% k < limplies Hy LHj, and k < [ implies F;_LF; and H,LG;.

Finally, we work with W := F & G @ H equipped with the (symmetric or alternate) regular bilinear
form by, induced by b, and we consider the endomorphism v of W that coincides with u on G and is
the identity on F & H: since (u — id)(F @ H) is included in E, and is therefore orthogonal to W, we
find that v is a by -isometry with Ker(v — id) = F @ H and Im(v — id) = H.

Claim 1. Foreach k € [[1, n]|, the subspaces Fy and G, & Hy, are b-regular.

Proof. Notice that H- = Im(v— id)l = Ker(v —id) = F @ H (orthogonality is now considered with
respect to by ).

1L 1
We deduce that both F and G & H are b-regular. Since F = F{ @ F, & - - - @ F, it follows that
Fy, ..., F, are all b-regular.
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n
Notice then that Hy is orthogonal to H; & EB (Gx @ Hy). Since dim G; = dim Hy, we deduce that the

orthogonal subspace of H; in H ® G is EB (G,< @ Hy), which shows that both G; @ Hy and EB (Gy @D Hy)
are b-regular. Continuing by 1nduct10n we find that Gy @ Hy is b-regular for each k € [[1 n]] d

At this point, we may prove Proposition 10 by distinguishing between three cases:

(a) Assume that b is symplectic. Then, for each k € [[1, n]], the restriction of b to F, X Fj is
symplectic, which shows that dim F, is even.

(b) Assume that char(K) = 2 and b is symmetric. Let k € [[2, n]]. The key point is that the
quadratic form x +— b(x, x) vanishes on Fj. Indeed, given x € F;, we may find some y €
Vok—1.k—1 such that x = u(y) — y, hence b(x, x) = b(u(y), u(y)) + b(y,y) = 0 since b is
skew-symmetric. It follows that b induces a symplectic form on Fi, hence dim Fj is even.

(c) Assume finally that char(K) # 2 and b is symmetric. Let k € [[1, n]] and denote by vy the
endomorphism of Gy @Hy induced by v.Set p := dim Hy. Then Hy is a totally isotropic subspace
for b, hence we may find an hyperbolic basis B of Gy & Hj, whose first p vectors belong to H.

I, A
Since Hy = Ker(vy—id) = Im(vy —id), we find that Mg (vg) = P forsomeA € GL,(K).
01l
Since B is hyperbolic and vy is bg,gH,-orthogonal, a straightforward computation shows that
A is skew-symmetric. Since char(K) # 2, this shows that dim Hy = p is even.

The proof of Proposition 10 is now complete, and it follows that implication (i) = (ii) in Theorems 2,
3 and 4 is proved.

3.3. Jordan blocks with eigenvalue 1

Our aim here is to prove the following two results, which are already known in the case char (K) # 2.
We reproduce the proof for the sake of completeness and because the strategy is to be reused later on.

Proposition 11. Let n € N*, Then the Jordan matrix J, (1) is essentially symplectic. If char (K) = 2, then
Jon(1) is also essentially orthogonal.

Proposition 12. Assume that char(K) # 2. Let n € N. Then the Jordan matrix Jon41(1) is essentially
orthogonal.

Proof of Proposition 11. LetA = (a;j) € M,(K). A straightforward computation shows that Jon (DT
AJon(1) = Aif and only if both of the following conditions are satisfied:

(i) aij—1 + ai—1j + ai—1,j—1 = 0 forevery (i, j) € [[2, 2n]%;
(if) ax,1 = a1 = Oforeveryk € [[1,2n — 1]|.

We construct such a matrix A € My, (KK) as follows:

we set a; j := O wheneveri+j < 2n+ 1,

we set aj on+1—i := (—1) foreveryi € [1, 2n]|;

we set a; j := O wheneveri > nandj > n;

we then define (doubly)-inductively a; j for i from n down to 2 and for j from 2n — i + 2 up to
2nby aij = —@jj—1 — dit1,j-1;

e symmetrically, we define g;; for j from n down to 2 and for i from 2n — j + 2 up to 2n by
Qij = —0ai—1,j — Ai—1,j+1-
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One checks that A satisfies conditions (i) and (ii). Moreover, A has the form

00... 01
—1 %
01 * ok
| —1 * * %
and hence A is nonsingular. Had we replaced the second point by azp11—i; 1= (=D the matrix
would have been AT since the other conditions are symmetrical. Since Qnt1—ii = (-1 =
—(—1)*" and all the other conditions are linear, this shows that A" = —A. As all the diagonal entries

of A have been set to zero, this shows that A is alternate. Therefore J,,,(1) is essentially symplectic.
Assume finally that char(IK) = 2 and choose an arbitrary symplectic form b for which u : X +—
Jon(1)X is a symplectic morphism. Then a (regular) quadratic form g with polar form b is determined
by choosing (q(e1), . . ., q(ezn)) arbitrarily in K*" (where (eq, . . ., ez,) is the canonical basis of K>").
Given such a form g, the map u is g-orthogonal if and only if q(u(e;)) = q(e;) for every i € [[1, 2n]],
which is equivalent to having q(ej—1) = —b(e;j, e;_1) whenever i > 2. Obviously one may find a
quadratic form g which fits these conditions (and we may even choose q(e2;) as we please). O

Proof of Proposition 12. Using the same arguments as in the previous proof, we see that it suffices
to find a nonsingular symmetric matrix A = (a; ;) € Mapy1(K) which satisfies:

(i) ajj—1 +ai—q1,j+aj_1j—1 = Oforevery (i,j) € [2,2n+ 172%;
(ii) ax,1 = a1,k = Oforevery k € [[1, 2n]l.

We construct such a matrix A € My 11 (K) as follows:

® we set a;j := 0 wheneveri+j < 2n + 2;

® we set a; yp42—i ‘= (=1 foreveryi e [[1, 2n + 1]);
® we setq;j := Owheneveri >n-+1andj >n+1;
=1 . =1y . _

® we set aj p41 := ——— wheneveri > n+ 1and ap11,j := ——— wheneverj > n+1;

e we then define (doubly)-inductively a; j for i from n down to 2 and for j from 2n — i + 3 up to
2n+1byajj = —0jj—1 — Gi41,j—1;

e symmetrically, we define g; ; for j from n down to 2 and for i from 2n — j + 3 up to 2n + 1 by
Gij = —0i—1j — di—1,j+1-

One checks that A satisfies conditions (i) and (ii) and is both symmetric and nonsingular, the key points
being that ap41,n4+1 + dnt1,n42 + Gn2.n+1 = 0and ap41,n42 = An42,n41 (this is precisely where we
need the assumption on the characteristic of K). [

4. The case of elementary companion matrices

In order to conclude our proof of Theorems 2-4, we must prove implication (v) = (i) in each of
them. By the considerations of Sections 2.2, 2.3, and 3.3, we must prove the following proposition:

Proposition 13. Let P € K[x] be an irreducible palindromial with no root in {1, —1}, and let a € N*,
Then the companion matrix C(P?) is both essentially orthogonal and essentially symplectic.

We distinguish between two cases, whether K is finite or not.
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4.1. The case of an infinite field

Assume that K is infinite, and notice that Proposition 13 holds trivially in K: indeed, any palin-
dromial Q of K[x] with degree 1 is x — A for some A € K~ {0} such that % = ), hence A = #+1.

It follows that Theorems 2, 3 and 4 all hold for the field K. It thus suffices to prove the following
result:

Proposition 14. Assume that K is infinite and let 1L be a field extension of K. Let A € M, (K), and
assume that A is essentially orthogonal (respectively, essentially symplectic, respectively, essentially bilin-
orthogonal) in My, (IL). Then A is essentially orthogonal (respectively, essentially symplectic, respectively,
essentially bilin-orthogonal) in M, (K).

Proof. The line of reasoning here is classical.

e Assume that ATSA = S for some nonsingular symmetric matrix S € M,(IL). Choose a basis
(b1, ..., by) of the K-linear subspace of L. spanned by the entries of S, and splitup S = bS; +
-+ -+ bpSp where Sy, .. ., S, are symmetric matrices of M, (K). Since A € M, (K), we find that
ATS.A = Sy for every k € [[1, p]l, hence AT (x;S1 + - - - + XpSp)A = X151 + - - - + XS, for every
(x1,...,%) € KP.

The polynomial det(x1S; + - - - + x,Sp) € K[x1, ..., xp] is nonzero since det(b;S; + - - - +
bySp) # 0. As K is infinite, we deduce that we may find some (x4, ..., xp,) € KP such that
det(x1S1 + - - - +xpSp) # 0.1t follows that S i=x151+ -+ XpSp is a nonsingular symmetric
matrix of M, (K) which satisfies ATS'’A = §'.

This shows that A is essentially bilin-orthogonal over K if it is essentially bilin-orthogonal
over L.

e Asimilar argument shows that A is essentially symplectic over K if it is essentially symplectic
over L.

e Assume finally that char(K) 7 2 and A is essentially orthogonal over IL. Choose M € M, (IL)
such that ATMA + M is alternate and M + MT is nonsingular. As before, split up M = b;M; +
-+ 4 byM, where My, ..., M, are all matrices of M, () with ATMA + My, alternate for each
k € [[1, pll,and (b, ..., bp) € P is linearly independent over K. With the same argument as
before, we see that we may find (x1, ..., xp) € KP such thatx; (M; + MlT) + et xp (M) +Mg)
is nonsingular, in which case M’ := x;M; + - - - + x,M,, is such that ATM’A + M’ is alternate
and M’ + (M")T is nonsingular. This shows that if A is essentially orthogonal over L, then it is
essentially orthogonal over K. [

As a consequence of Theorems 2-5, Proposition 14 still holds when K is finite, although we do not
know any direct proof of it.

4.2. The case of a finite field

When K is finite, we know that P, being irreducible, must be separable (i.e., it has distinct roots
X1, ..., Xy in K). As we have seen earlier, we must have n > 2 (in fact, n is even since no root of P in
K is fixed by the involution a — a~'). We introduce the quotient field L := K[x]/(P(x)) and denote
by y the class of x in it. Since P is a palindromial, y~! is another root of P in L. hence we may find an
automorphism o of L over K such that o (y) = y 1.1t follows that 62(y) = o (y ") = o (y) ! =y,
hence ¢ = id because L. = K][y].

We then define the subfield K’ = {z € L : o (z) = z} of L and notice that IL is a quadratic
extension of K': indeed, L. = K'[y], and (X — ¥)(X — o (y)) is the minimal polynomial of y on K’
sincey ¢ K',yo(y) = 1andy + o (y) € K’ (because o2 = id).

By an hermitian matrix of My (IL), we mean an hermitian matrix with respect to the quadratic
extension K’ — L, i.e., a matrix H € My (L) which satisfies o (H)T = H.
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Let us come back to the matrix C(P%) and remark that
C(P") ~ Ja(1) ® C(P).
There are numerous ways to prove this: we note that, over K,

C(PY) ~ C((x —x1)) B C((x —x)) @ -+ - B C((x — xn)*)

~ Ja(x1) @ Ja(x2) @ - - - DB Ja(Xn)

~x1Ja(1) @ - - ® X Ja(1)

~ Ja(1) ® Diag(x1, . .., Xn)

~Ja(1) ® C(P),
and invoke the invariance of similarity when the ground field is extended. It then suffices to prove that
A :=J4(1) ® C(P) is both essentially orthogonal and essentially symplectic. Now set D := I; ® C(P)
the block-diagonal matrix with a diagonal blocks all equal to C(P). Then D has P as minimal polynomial
hence D induces a structure of IL-vector space on V := K", Moreover u : X — AX is [L-linear since

A commutes with D, and u is represented by the matrix y.J,(1) in some basis of the [L-vector space V.
We need the following result, which we will prove later:

Lemma 15. There is a nonsingular hermitian matrix H € My(IL) such that J,(1) is H-unitary, i.e.,
o (Ja(1) Hla(1) = H, e, Ja()"Hla(1) = H.

Fix such a matrix H and denote by b : (X, Y) — o (X)THY the hermitian product on V (identified
with IL%) associated to it. Since yo (y) = 1, we find that y. idy is b-unitary, and we then deduce from
the assumptions that u is b-unitary. Set finally

q: X Trrx (b(X, X))
and notice that q is a quadratic form on the K-vector space V for which u is orthogonal.
Notice that for every (X, Y) € V2,
qX +Y) —qX) — q(Y) =Trrrjx (b(X, Y) 4+ b(Y, X)) = Trgr /i (Tr e (b(X, Y)))
=Tk b(X, Y),

and since b is non-degenerate, it follows that the polar form of g is also non-degenerate (whatever the
value of char(K)).

Assume finally that char(K) # 2. We may then choose ¢ € L\’ such that o (¢) = —e¢, and
classically

X,Y) — e(bX,Y) —b(Y, X))
is a symplectic form on the K’-vector space V for which u is a symplectic morphism. It follows that
(X, Y) = Trgy k(e (b(X, Y) — b(Y, X)))
is a symplectic form on the K-vector space V for which u is a symplectic morphism. We may then
finish the proof of Proposition 13 by establishing Lemma 15.
Proof of Lemma 15. Assume first that char(K) # 2, and choose ¢ € L\ {0} such that o (¢) = —e.

e [fais odd, we use Proposition 12 to find a nonsingular symmetric matrix S € Mg (K) such that
Ja(DTSJ4(1) = Sand we setH :=S.

e [fais even, we use Proposition 11 to find a nonsingular alternate matrix N € M, (K) such that
Ja(DTNJ,(1) = N, and we set H := ¢N.

In any case, H has the claimed properties.
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Assume now that char(KK) = 2. If a is even, we find a nonsingular alternate matrix N € M, (K)
such that J,(1)TNJ;(1) = N, and we notice that H := N is hermitian. Assume finally that a is odd.
Then K’ = Ker(o + id). Choose a € IL.~\K’ and notice that 8 := « + o («) belongs to K’'~.{0}. We
write a = 2b + 1 for some integer b, and define H € M, (KK) as follows:

we set h; j := 0 wheneveri+j < 2b + 2;

we set hj pp42—i := B foreveryi e [[1,2b+ 1];

we set h; j :== O wheneveri > b+ 1andj > b+ 1;

we set hj p11 := o wheneveri > b+ 1and hp 1 := o(a) wheneverj > b + 1,

we then define (doubly)-inductively h; ; for i from b down to 2 and for j from 2b — i + 3 up to
2b+1byhj = —hjj—1 — hit1j-1;

e symmetrically, we define h; j for j from b down to 2 and for i from 2b — j + 3 up to 2b + 1 by
hij = —hi_1; — hi—qj41.

As in the proof of Proposition 11, one shows that H is nonsingular, hermitian, and J,(1)THJ,(1) = H. O

This finishes our proof of implication (v) = (i) in Theorems 2, 3 and 4. Therefore, all those theorems
are proved, and Theorem 5 follows from them and from Proposition 13, as explained earlier.

5. Refinements for symmetric bilinear forms in characteristic 2

In this section, we assume that K has characteristic 2 and is perfect (e.g. K is finite or algebraically
closed). Let n € N*, Then the following results hold (see Chapter XXXV of [9]):

e ifnis odd, the matrix I, is, up to congruence, the sole nonsingular symmetric matrix of M, (KK);
e foreveryn € N, the matrix I, is, up to congruence, the sole nonsingular nonalternate symmetric
matrix of M, (K).

When n is odd, we have successfully determined the Jordan canonical forms of the elements in the
group O, (K). Assume, for the rest of the section, that n is even. Then we have two congruence classes

0 Iyn
of symmetric matrices in M, (K): the one of I, and the one of |: "/ . We have already classi-
Inpa O
fied the essentially symplectic morphisms, so we are now interested in the automorphisms that are
orthogonal for some regular nonalternate symmetric bilinear form. A necessary condition for having

this property is the following:

Proposition 16. Let u € GL(V) and assume that there is a regular nonalternate symmetric bilinear form
b for which u is orthogonal.

Then 1 is an eigenvalue of u.

Proof. We lose no generality in assuming that V = K" and b : (X, Y) — X"Y.Setq : X — b(X, X),
and notice that q(x1, ..., Xp) = (X1 + - - - + x,)% for every (x1, ..., x,) € K". Since g o u = q and
char(K) = 2, we deduce that the linear form f : (x1,...,x,) — X1 + - -+ + x, satisfiesf ou = f.
This proves that 1 is an eigenvalue of the transposed endomorphism u” : (KM)* — (K™)*, hence 1
is an eigenvalue of u. O

Remark 1. The result actually holds for an arbitrary field of characteristic 2, with a subtler proof (see
exercise 17 in Chapter XXXV of [9]).
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We shall see that the converse is true, which leads to the following theorem:

Theorem 17. Assume that K is perfect of characteristic 2, and let n € N*, Let A € GLy,(KK). The following
conditions are equivalent:

(i) Ais similar to a matrix of O, (K).
(ii) Ais essentially symplectic and 1 is an eigenvalue of A.

For an arbitrary field of characteristic 2, condition (ii) characterizes the even-sized matrices that
are orthogonal for at least one regular nonalternate symmetric bilinear form (use Remark 1).

In order to prove the theorem, we consider an essentially bilin-orthogonal morphism u € GL(V),
with dim V even, and assume that 1 is an eigenvalue of u. We need to find a nonalternate regular
symmetric bilinear form b on V for which u € O(b). Notice that since dim V is even, three situations
may arise:

(a) ThereisaJordan block of size 1 for the eigenvalue 1 of 1, in which case the proof of implication
(v) = (i) in Theorem 3 gives an explicit construction of a nonalternate b (the key point being
that id is orthogonal for the nonalternate form (x, y) — xy).

(b) Atleastone Jordan block of u for the eigenvalue 1 is even-sized: in this case, we define A almost
as in the proof of Proposition 11 but set azn 2, = 1 instead of az; 2, = 0. One checks that this
yields a regular nonalternate symmetric bilinear form for which X — J,,X is orthogonal. Us-
ing the method of the proof of implication (v) = (i) in Theorem 3, we find a well-suited b for u.

(c) There is an integer k > 1 such that u has a Jordan block of size 2k + 1 for the eigenvalue 1;
since u is essentially bilin-orthogonal, it has an even number of such blocks (with k fixed);
rather than use all these blocks to form a matrix of type B @ B~!, we may then keep a pair of
them separated from the rest and try to prove directly that their direct sum is orthogonal for
some nonalternate regular symmetric bilinear form. If this is true, then the same arguments
as before show that we may find a well-suited b for u.

In order to conclude our proof of Theorem 17, it suffices to establish the following lemma:

Lemma 18. Let n € N*. Then there is a nonalternate nonsingular symmetric matrix S € Mgy (K) such
that Jon4+1(1) @ Jan+1(1) is S-orthogonal.

Proof. We work with

L I 0)
0L .
Janr1 (D@L = ,
R )
0 0 I

which is similar to J;,+1 (1) @ Jon+1(1). We search for a suitable S of the form

S11 S12 - S12n+1
S$2.1 S22 c++ S22n41

b
Son+1,1 Son+1,2 * 0 Sond1,2n4+1

where the S; ;s are 2 x 2 matrices. The condition that Jon41(1) ® I is S-orthogonal is equivalent to
having:
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(i) Sij—1 + Si—1,j + Si—1,j—1 = O forevery (i, j) € [2, 2n + 1]%;
(ii) Sk,1 = S1,k = Ofor every k € [[1, 2n]].

01 00
SetK := |: :| and L := |: :| and notice that L + LT = K. We define the S; ;s as follows:
10 10

we set S; j := 0 wheneveri+j < 2n + 2;

we set S; op+2—; := K foreveryi € [[1, 2n 4 1]];

we setS;j := Owheneveri >n+1,j>n+1and(i,j) # 2n+1,2n+1);

we set Sopt1,2n4+1 = I2;

we set Sj p+1 := L wheneveri > n+1;

we set Spy1j = L" wheneverj > n + 1;

we then define (doubly)-inductively S; ; for i from n down to 2 and for j from 2n — i + 3 up to
2n+1byS;j = —Sij—1 — Sit1,j-1;

e symmetrically, we define S; j for j from n down to 2 and for i from 2n — j + 3 up to 2n + 1 by
Sij = —=Si—1j — Si—1,j+1.

One checks that S is symmetric, nonsingular, nonalternate (consider the last two diagonal entries) and
that Jon41(1) ® I is S-orthogonal. O

6. Refinements for quadratic forms over a finite field of characteristic 2

In this section, K is a field of characteristic 2. If K is finite, there are two equivalence classes
of regular quadratic forms of dimension 2n over K. We wish to determine, for a given essentially
orthogonal automorphism u € GL(K?"), the equivalence classes of the regular quadratic forms for
which u is orthogonal.

Since the theory of quadratic forms in characteristic 2 is rather exotic, we start with a quick reminder
of some notations and basic facts.

e Themap P : x — x*> + x from K to K is a group homomorphism for + with kernel {0, 1}. If K
is finite, then its range is a subgroup of index 2 of K.
e Given a regular quadratic form q over a finite-dimensional K-vector space, we choose a sym-

Al
plectic basis of the polar form by: in this basis, q is represented by a matrix of the form |: n:|,
0B

and the class of tr(AB) in the quotient group K/P(K) =~ Z/2 is independent on the choices
of the basis and of the matrices A and B: this class, denoted by A(q), is the Arf invariant of q.
When q is hyperbolic, its Arf invariant is 0.

o The Arfinvariant is additive from _L to +, and when K is finite, it classifies the regular quadratic
forms of a given dimension up to equivalence.

® [n particular, for every a € K, the Arf invariant of the quadratic form [1, alg : (x,y) —
x? 4+ xy + ay? on K2 is the class of a in K/P(K).

6.1. A sufficient condition for being orthogonal for both types of regular quadratic forms

Let u € GL(V) be an essentially orthogonal automorphism. We claim that if 1 is an eigenvalue of u,
then, for any § € K/P(K), there is a regular quadratic form g on V with Arf invariant § and for which
u is g-orthogonal. Since Theorem 2 shows that the odd-sized Jordan blocks of u for the eigenvalue 1 are
paired, it suffices to prove the following lemmas (the case of Jordan blocks of size one being trivial):

Lemma 19. Let n € N* and § € K/P(K). Then there is a regular quadratic form on K" with Arf
invariant & for which J,,,(1) is orthogonal.
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Lemma 20. Letn € N* and § € K/P(K). Then there is a regular quadratic form on K42 with Arf
invariant 8 for which Jop41(1) @ Jan+1(1) is orthogonal.

Proof of Lemma 19. Denote by (e, . . ., ez,) the canonical basis of K"

If n = 1, we remark that any orthogonal group contains a reflection and that every reflection of a
2-dimensional vector space over K is represented by the matrix J(1).

Assume now thatn > 2,and leta € K.

We define A = (a;j) € M,(K) as follows:

we set a;j := O wheneveri+j < 2n + 1,

we set a; on41—i := 1 foreveryi € [1, 2n];

we set a;j := O wheneveri > n+1landj >n+1,

we set dpt1,n41 :=0;

we set aj 1 := awheneveri > n+ 1,and a,41j := a wheneverj > n+ 1,

we then define (doubly)-inductively a; j for i from n down to 2 and for j from 2n — i + 2 up to
2nby aj ;= —a;j—1 — Ait1,j—1;

e symmetrically, we define g;; for j from n down to 2 and for i from 2n — j + 2 up to 2n by
Qjj = —0i—1,j — Ai—1,j+1-

The matrix A is nonsingular and alternate, and J,,(1)TAj>,(1) = A. Define then q as the unique
quadratic form on K*" with polar form b : (X, Y) + X' AY and such that g(e,,) = 0and q(e;) = i i1
foreveryi € [1,2n — 1]. Then X + J>,(1)X is g-orthogonal and q(e;) = 0 for everyi € [1,n — 1].
It follows that span(eq, ..., e,—1) is totally g-isotropic. Using the hyperbolic inflation principle (see
[9, Chapter VII, Proposition 3.2.5]) , we find that g is Witt-equivalent (see [9, Chapter IX, Definition
1.0.26]) to its restriction ¢’ to span(e,, e;11) (notice that span(ey, ..., e,y1) is the orthogonal of
span(eq, ..., e,—1) for b). However q(e;) = b(ey, ep+1) = 1and q(ep+1) = b(en+1, en+2) = a,and
(en, enr1) is a symplectic basis of span(ey, e, 1), hence ¢ >~ [1, a]x. We deduce that A(q) = [a],
which completes the proof. [J

Proof of Lemma 20. The strategy is quite similar to that of our proof of Lemma 18. We work with
M := Jon+1(1) ® [,. We let a € K and we find a nonsingular alternate matrix S of the form

S11 S12 - S1.2n+41
S$21 S22 o S2on41
Son+1,1 Sant+1,2 + 0 Sant+1,2n4+1

01 ao

such that MTSM = S, where the S; s are 2 x 2 matrices. Set K := |: } and L := |: } and notice
10 11

that L + LT = K. We then define the S; ;'s as follows:

we set S; j := 0 wheneveri+j < 2n + 2;

we set Sj op42—i = K foreveryi € [1, 2n 4 1]];

we set S; j := O wheneveri >n+1landj > n+1;

we set S; p+1 := L wheneveri > n+1;

we set Spq1j = LT wheneverj > n+1;

we then define (doubly)-inductively S; ; for i from n down to 2 and for j from 2n — i + 3 up to
2n+1by Sij:= =Sij—1 — Sit1,j-15

o symmetrically, we define S; ; for j from n down to 2 and for i from 2n — j + 3 up to 2n + 1 by
Sij = —Si—1j — Si—1,j+1.
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One checks that S is alternate and nonsingular, and that M'SM = S. Denote by (eq, ..., ean+2) the
canonical basis of K***2, and let q be an arbitrary quadratic form on K***2 with polar form b :
(X, Y) — X"SY.Then M is g-orthogonal if and only if q(e) = q(ex + ex—y) for every k € [3, 4n + 2],
i.e,, q(ex) = b(ex, ex+2) forevery k € [[1, 4n]l.

In this case, q(e;) = q(e3) = --- = q(ez) = 0, and since span(eq, ..., €2,) is totally b-singular,
it follows that it is also totally g-isotropic. As in the previous proof, the hyperbolic inflation principle
ensures that g is Witt-equivalent to its restriction ¢’ to span(ezn11, €2nt2). However q(exny1) =
b(ean+1, €2n+3) = aand q(ezn+2) = b(ean+2, €2n+4) = 1,and (e2n+1, €2n+2) is a b-symplectic basis
of span(eyn11, e2n12), hence A(q") = [a]. We deduce that A(q) = [a], which completes the proof. [J

Corollary 21. Assume that K is finite and let u € GL(V) be an essentially symplectic morphism. If 1
is an eigenvalue of u, then there exists an hyperbolic form on V for which u is orthogonal and a regular
non-hyperbolic quadratic form on V for which u is orthogonal.

6.2. On essentially symplectic morphisms for which 1 is not an eigenvalue

In this section, we assume that K is finite and we consider an essentially symplectic morphism u of
which 1 is not an eigenvalue. We intend to prove that all the quadratic forms for which u is orthogonal
are equivalent: we do so by calculating their Arf invariant. Let g be a regular quadratic form for which
u is orthogonal (we say that q is u-adapted), and denote by by its polar form.

Lemma 22. Let W be a linear subspace of V which is both totally bg-singular and stabilized by u. Then q
vanishes on W.

Proof. Indeed, for every x € W, one has q((u — id) (x)) = q(u(x)) + q(x) + bq(x, u(x)) = 0, and the
result follows since u — id is an automorphism of the finite-dimensional vector space W. [

We now split up the minimal polynomial of u as
p

g =QQ*PY" - Py,

where Q is prime with 0*, and Py, ..., Pparepairwise distinct irreducible palindromials with a degree
greater than 1 (and the a;’s are positive integers). Both Q and Q¥ are prime with each Py. The subspaces
W := Ker(Q Q*)(u), V; := Ker Pf‘ (), ..., V, := Ker Pg" (u) must then be pairwise g-orthogonal,
hence

q~qwlay,L...Lqy,

Notice that qy is hyperbolic: indeed Ker Q (1) and Ker Q¥ (u) are both totally bg-singular and stabilized
by u, so the previous lemma shows that g vanishes on both of them. It follows that

p
A(g) = D Aqyy)-
k=1

It now suffices to investigate the case i, is a power of an irreducible palindromial P with deg P > 1:

Proposition 23. Let P € K[x] be an irreducible palindromial of degree greater than 1. Let u € GL(V) be
an automorphism whose minimal polynomial is a power of P, and let q be a regular u-adapted quadratic
form on V. Denote by N the number of blocks of type C(P***1) (with a € N) in the primary canonical form
of u. Then A(q) = N - [¢], where ¢ € K\P(K).

Before proving this result, we immediately deduce our final theorem:
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Theorem 24. Assume that K is a finite field of characteristic 2. Let u € GL(V) be an essentially symplectic
automorphism, and denote by N the number of blocks of type C(P?**1), with a € N and P an irreducible
palindromial of degree greater than 1, in the primary canonical form of u.

(a) If 1 is an eigenvalue of u, then there is an hyperbolic form q; on V and a regular non-hyperbolic
form gz on V such that u € 0(q1) N 0(qy).

(b) If 1 is not an eigenvalue of u and N is even, then every u-adapted regular quadratic form on V is
hyperbolic.

(c) If 1 is not an eigenvalue of u and N is odd, then every u-adapted regular quadratic form on V is
non-hyperbolic.

We now turn to the proof of Proposition 23. To start with, we use essentially the same method as in
the proof of Proposition 10 (see Section 3.2). With the same notations, we replace the endomorphism

k
u—id with P(u) and add the condition that the subspace @ Vj ; be stabilized by u forevery k € [[1, 2n]]
i=p
and everyp € [[1, k]|. Finally, foreveryx € F&® G® H, v(x) is defined as the unique vector of F G H
such thatv(x) —u(x) € E(that we may decompose V into the sum of the V} ;s is a classical consequence
of the generalized Jordan reduction theorem).

Notice that Ker P(v) = F® H and Im P(v) = H.The rest of the arguments of Section 3.2 hold in this
new context, which shows that E is totally bg-singular, hence totally g-isotropic by Lemma 22. Applying
again Lemma 22 to v on H, we find that H is totally g-isotropic. The hyperbolic inflation theorem then
ensures that g is Witt-equivalent to qr, which leads to A(q) = A(qF).

We have thus reduced the situation to the one where P is the minimal polynomial of u, which we
now consider. As in Section 4.2, we set I, := K[x]/(P(x)), denote by y the class of the indeterminate
xinL, by o the K-automorphism of L such that o (y) =y~ ',and weset K' := {z € L : o(z) = z}.
Notice that u induces a structure of IL-vector space on V. This reduces the situation to the one where
V = L™ for some n > 1, and u is the multiplication by y in the vector space IL".

Lemma 25. Let B be a symmetric bilinear form on the K-vector space IL such that B(ya, yb) = B(a, b) for
every (a, b) € L?. Then there s a (unique) ¢ € L such that B(a, b) = Try k (c o (a)b) forevery (a, b) € L2

Proof. Since (a, b) — Try/k (ab) is a regular bilinear form on the K-vector space L, there is a unique
endomorphism ¢ of the K-vector space L such that V(a, b) € L%, B(a, b) = Trr/k (¢(a)b). Since K
is a finite field, IL. is a Galois extension of K. Therefore, we may decompose ¢ = >’ ccai(/K)r7-T fora
unique family (A ) of elements of L. However, B(ya, yb) = B(a, b) for every (a, b) € L and hence the

uniqueness of ¢ shows that ¢ (yz)y = ¢(z) foreveryz € LL.Sinceyp(yz) = 2 reGal(L/K)YT (AL.T(2)
for every z € I, we deduce that yt(y)A; = XA for every T € Gal(L/K). Let 7 € Gal(L/K). If
7(y) = y~ !, then T = o since y generates LL as a K-algebra. We deduce that A, = 0 whenever
T # o.Therefore ¢ = A, 0, hence c := A, has the required properties. [

Claim 2. The polar form bq of q has the form (X, Y) +— Trp /x (o(X )TAY) for some nonsingular hermitian
matrix A € My(LL) (hermitian in the sense that o (A)T = A).

Proof. Denote by (e, . . ., e,) the canonical basis of the L-vector space L. For every (i, j) € [[1, n]?,
the map b;j : (a,b) — bg(ae;, bej) satisfies the conditions of Lemma 25, so we may find z;; € L
such that b; j(a, b) = Trp/k (z;,jo (a)b) for every (a, b) € 2. Set then A := (zij)1<ij<n € Mp(IL) and
notice that

VX, Y) € (LM, be(X,Y) = Trr k(o (X) AY).
Since by is symmetric, it follows that

Trr, k(0 (X)TAY) = Trp k(0 (Y)'AX) = Trr, k(0 (0 (Y)'AX)T) = Trx (0 (X) o (A)TY)
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for every (X, Y) € (L")% Let (X, Y) € (L")? and A e L. Applying the previous identity to (X, AY)
yields Trp/k (Ao (X)TAY — o (X)To(A)TY)) = 0. It follows that o (X)"AY — o (X)To(A)"Y = 0.
Therefore o (A)T = A. Finally, since bq is regular, we find that A is nonsingular. O

The relations Vx € V, q(u(x) — x) = bq(x, u(x)) and the fact that u — id is an automorphism of V
show that q is the unique quadratic form on V with polar form by such that u € 0(q). Since the map
X > Trg/k (0 (X)TAX) qualifies, it equals g.

Notice that the Gaussian reduction of hermitian forms still holds in characteristic 2. Since K is
perfect, we deduce that q is equivalent to the form (x1, ..., X;) = Trg//k (X0 (x1) + - - - +x00 (xn)),
which is itself equivalent to the orthogonal sum of n copies of the form x > Trg//k (xo (x)) on the
K-vector space L. In order to conclude, we prove the following:

Claim 3. The quadratic form ¢ : x — Trgr /K (xo (x)) on the K-vector space L is non-hyperbolic.

Choose a € K'~P(K'). Notice that ¢ : x — xo (x) is a regular non-isotropic quadratic form on the
2-dimensional K’-vector space L, hence its Arf invariant is a. This shows that this form is equivalent to
[a, 11x’ (both have the same Arf invariant). Let B := (eq, ..., e;;) be a basis of the K-vector space K’

P, P
and set P := (Trg//k (ei€j))1<i,j<m and Pq := (Trg/ Kk (aeie;j))1<i j<m. Obviously, the matrix |: ‘ }
0P

Im O
represents ¢ in some basis of the K-vector space IL. Multiplying it by C := |: " 1:| on the left
0 P~

Py I
and by CT on the right, we find that |: ¢ ml:| represents ¢, hence A(¢) = [tr(PaP_l)]. However
0 P~

tr(P,P~1) = tr(P7'P,) = Trx//k (@) since Py = P X Mp(x > ax). In order to conclude the proof of
Claim 3, it suffices to establish the following final lemma:

Lemma 26. Let K — IL be an extension of finite fields of characteristic 2. Then Try/k induces a group
isomorphism from IL/P(LL) to K/P(K).

Proof. For every x € I, notice that

TRk +x) = D> o@+x= >  o®+ > ok =P rLxK),
o €Gal(L/K) o €Gal(L/K) o €Gal(L/K)

therefore Try ;g maps P(IL) into P(K). It follows that Tr/k induces a group homomorphism from
L/P(L) to K/P(K). This homomorphism is onto since Try/x maps L onto K, being a nonzero K-
linear form on L. Since both groups IL/P(IL) and KK /P (KK) have order 2, the claimed result follows. [J

This finishes the proof of Proposition 23 and Theorem 24.
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