An Intemational Joumal

computers &

mathematics
with applications

PERGAMON Computers and Mathematics with Applications 45 (2003) 217-228
www.elsevier.com/locate/camwa

Asymmetric Responses of Rotating,
Thin Disks Experiencing Large Deflections

A.C.J. Lvo

Department of Mechanical and Industrial Engineering
Southern Illinois University Edwardsville
Edwardsville, IL 62034-1805, U.S.A.
aluo@siue.edu

C. D. MoOTE, Jr.
Office of the President, Main Administration Building
University of Maryland, College Park, MD 20742, U.S.A.
dmote@deans.umd. edu

Abstract—An analytical nonlinear solution for the asymmetric mode vibration of rotating disks
is given in this paper through a recently developed, accurate plate theory instead of the von Karman
model. The nonlinear solution can reduce to the linear one when nonlinear effects vanish. The
symmetrical response is also recovered when the nodal diameter vanishes. The natural frequency
varying with rotation speed and deflection amplitude is investigated through a 3.5-inch diameter
computer memory disk. From this investigation, it is found that the softening of rotating disks
may occur for larger nodal-diameter numbers. The methodology given in this paper can be applied
to nonlinear responses in structures such as rotating shafts and traveling plates. © 2003 Elsevier
Science Ltd. All rights reserved.
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differential equations.

1. INTRODUCTION

The vibration of rotating disks is a complicated, mathematical, and mechanical problem. With
the wide application spectrum of rotating disks in industry, in 1850, Kirchhoff [1,2] developed the
plate theory rather than the membrane theory, to investigate the free vibration of rotating disks.
Lamb and Southwell [3] and Southwell [4] extended Kirchhoff analysis when rotational in-plane
stresses in both free and centrally clamped disks were considered. Since then, the linear vibration
analysis of rotating disks has been used to predict the response and stability of rotating disks
(e.g., [5,6]). With computer developments, a thin, rotating circular disk is used as a primary
data storage device. Increasing the rotation speed of disks leads to increases in data rates from
memory. Therefore, rotation speeds of disks in disk drives are used to 25,000 rpm or higher.
However, at such high speeds, rotating disk flatness and waviness become an important factor
causing failures in data reliability, and the large amplitude vibration may happen. In the linear
plate theory, membrane forces generated by disk deflections are not modeled, and it cannot give
an appropriate prediction of the vibration of rotating disks in disk drives at such high speeds. The
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nonlinear plate theory has been considered as a candidate to inhvestigate the vibration of rotating
disks. For the nonlinear vibration of circular disks, in 1957, Tobias [7] applied the von Karman
theory to the disk and reduced it to an oscillator problem with modes containing a specified
number of nodal diameters through the Galerkin method. In 1964, Nowinski [8] used a similar
method and theory to predict the natural frequencies of rotating disks, and the thermal stability
of the rotating membrane disk was discussed [9]. The von Karman theory was also used for the
nonlinear analysis of rotating disks (e.g., [10-12]). The von Karman theory considers a balance
of force created by the curvature of the disks in the transverse direction. The membrane forces
arising from force balances in the in-plane directions and moment balances are not included. The
von Karman theory can give a good prediction of the symmetrical, transverse responses of rotating
disks. To avoid the above limitations, in 1999, Luo [13] developed an approximate plate theory
when the membrane forces in six force and moment balances were considered. Such a plate theory
can apply to the asymmetrical responses of the rotating disks possessing flatness and waviness or
experiencing an asymmetric response. For plate imperfections, in 1990, Wang [14] used the Monte
Carlo method to analyze the nonlinear vibration of rectangular plates with random geometric
imperfections. Herein, the disk imperfections caused by specific, nodal diameter waviness will be
considered, instead of the random ones.

In this paper, nonlinear equations of motion governing the vibration of rotating disks with
large deflection are derived from the accurate plate theory developed in [13]. Approximate,
analytical solutions for the asymmetrical mode, nonlinear vibration of rotating disks are developed
through the Galerkin method. The natural frequencies and displacements of the 3.5-inch diameter
computer memory disk are considered as an example.

2. EQUATIONS OF MOTION

Consider a flexible, circular disk rotating with constant angular speed €2, as sketched in Figure 1.
The disk is clamped at the hub r = g, free at the outer edge r = b, and is of uniform thickness h.
The rotating and stationary coordinate systems are (r,¥,7) and (r,6,7), respectively. They
satisfy

0=v+Qr. (1)

Figure 1. Asymmetric, rotating disk with clamped-free boundaries.

For large deflection plates, the accurate plate theory in [13] requires
2 L1 2
Up,yr o(uﬂ,r) o [(Uz,r) } ) Up,r + E(uz,r) <1, 1+e =1,

1 1 1 L 1 1/1 2 (2)
—Urgo|—-uge | =ol||-ue y —Upg+—Uge+ - | “Ue | K1, l+egm1,
T ro r 7 r T 2 \r

where a comma in the subscript denotes partial differentiation, and three displacement compo-
nents of a material point on the disk are represented by u,, ug, and u,.
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Under (2), three components of strain in the middle surface are approximated by

1 9 1 1 1 9

Er = Upr + §(uz,r) ) €0 = ~Ur+ —Ugp + ﬁ(uz,e) ) )
1 1 ’

Vo = ~Urg +Usr — ~Us + ~(uz,r)(uz).

T T T
From (2) and (3), the accurate plate theory in [13] gives force and moment balances
1

[Nr e (QrUz,r)] r + - [Nrﬂ - (Qeuz,r)] 0

) 7‘ 1 (4)

1
+ = (Nr — No) + pohQ@®r = poh (iir + 200 + Q?ur,00) ,

T
1 1 1 2 . _ , _
Nyg — ;(Qruz,a) += Ny — ;(Qouz,o) + ;Nro = poh (ig + 2Qug e + NVugee), (5)
r 0

B

1 1711
; [T(Nruz,r) + (Nreuz,e) + rQr],r + ; [;(Neuz,ﬁ) + (NTOUZ,T) + QG

6 (6)
= poh (ﬁz + 29112,9 + 9211,2,09) ,
1 1 1 .
Mr,r + ;MTG,B + ;(Mr - M9) + ;(N'rGuz,O) - Qr =0, (7,)
1 2 .
MrG,r + ;MG,O + ;(M'r9) + (N'reuz,r) - QO - 07 (8)

where the superscript dot denotes derivative with respect to time 7, and {Q,,Q¢} denote shear
forces. In the von Karman theory, shear force contributions in (4) and (5) and membrane force
contribution in (7) and (8) were not considered. The membrane forces {N,, Ny, N,¢} are

Eh 1 1 1 1
N, = m {um« + 5(“2,1‘)2 +v |:;’U,r + ;u0,0 + Eﬁ(u”’)z} } ,
Eh 1 1 1 1
Ny = T3 {;ur + -uge + ﬁ(uz,g)2 +v [ur,r + —Q-(UZ,T)Z] } , (9)
Eh 1 1 1
Npg = m [ue,r + Fure — Ue + ;(uz,r)(uz,e)] )

and the bending and twisting moments {M,, My, M4} are

1 1
M,.=-D |:Uz,rr +v (_'U'z,r + _2uz,99):| )
T T

M,

Il
|
]
TN
==
e
3
R

1 .
, + T_ZUZ,GO + 'Uuz,rr) ) (10)

1 1
M. = —(1 - ’l))D (;uz,re - ;3”2,0) y

where E and v are Young’s modulus and Poisson ratio, and D = ER3/12(1 — v?).
For convenience, we introduce dimensionless variables as follows:

T Uy Ug Uz a
=7 - 3 = = UZ =T =T,
R=3 Ur=7, U=, b T \
g_ﬁ ‘- ECpT 9 = V1260 2 - E (11)
X - V120 ey P po(l—v?)
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With (11), substitution of (7)-(10) into (4)—(6) yields
UR R UR 1- 3—v
U ZRE _ZR °—7
RERT o~ ~m + om Unoe-l- °R U9R9 5R?
1-v 1+ 1
+Uzr (UZ,RR + WUz,w) +Smr Uz roUzo + -5 [(Uz r)? - 7 (Uz 0)?

(12)
= [(v Uz), Uz,R] o} +Sqep

= —2- (UR + 2Q*UR,9 + Q*ZUR,gg)

1+
Ue,o

&2

+ E { [(VZUR),R UZ,R]’

Uggse 1-w Usr Us 1-v 3—v

2 T (UBRR+ 7 72t 5 Urre t Sz Ure
1+ Uzg |Uzge 1 —v Uz r
2R UZRUZR0+ R [R2 +— (UZRR+ R )]
_|__

(13)
12 {[% (V2UZ),R UZ’G:I + is [(V2UZ)’0 Uz’e] 9}

+

£2

* *2
-5 (U9+29 Uppo + 0 Um)
1

Ur U 1
2 6.9 2
7 (#{vna+ j0nn o |G+ ¢ g 0a| Vs
U U, 1
+(1_v){U9R+_I‘I;_0_ﬁe‘FRUZRUZO}UZ())YR
U U,
+—}—2<_ﬁ{}§+ ;0 2R2(Uzo) +U[URR+ (Uz,r)? }Uze

(14)
Uroe Up 1
+(1-v) {U()R + R R + RUZRUZO} Uz|3),9
- (V“Uz + Uz + 20Uz + 0*2Uz,40)
Similarly, the membrane forces in (9) become
NR={URR+2(UZR) [ Ur+ % er+2Rz(Uza)]}
Ny = {RU +§U9,9+W(Uz,a)2+v [UR,R+—(UZR)2]} (15)
_ 1—w 1
Nprg = ( 5 ) (UG,R+ =Ugpgo —

RUR RUG + R(Uz r)(Uz, o))
Accordingly, the boundary conditions become

Up=Uyg=Uz=0

Uzr=0, at R =k,
U + (lU + LU ) =0
zrr+ | pUzr+ p3lUz00 ) (16)
at R=1.
(VzUz) 1 Uzr— —Uz =0
R R2 R o0

In addition, the radial and shear forces at R = 1 require Ng = Ngg = 0, i.e.,

1 2 1 1 2
— — e —_— =0
UR‘R-I— Q(UZ,R) [RUR+ RU9’0+ 2R2(UZ’9) ] s

1
Ugr + sUry

1 at R=1.
RURS ~ EU" + "R'(UZ,R)(UZ,O) =0,

(17)
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Considering the waviness only in the transverse direction, the initial conditions on transverse

motion are
Up=Ur=Usg=Up=0, Uz=%(R,6), Uz;=¥(R), att=0. (18)
3. PERTURBATION

To proceed with the perturbation analysis of (12)-(14) in small parameter 0 < £ = h/b < 1
we consider series solutions satisfying (2) like
Upg=eUP +UP +.-., Up=UP +WP +-, Up=eUP +UP +.. . (19)
Without loss of generality, we retain terms through €2 to avoid higher order calculation. Substi-
tution of (19) into (12),(13) for order €2 gives

2
U() UI(:) 1-v_ (2 1+UU(2)
6,08

) R,R
Ugrr + R RE TRz YRee T 3R
3 - 2 (1) 1 1-v l+v .y ;0 .
T OR? Uég (Uégzlﬁ” SR2 Uzoa t SR ZoraUs (20)
L-v w21 oy | Laepn
2) (2)
U( 1-w y@ + Ue,R B Uéz) 1 + 'UU(2) n 3 - U(g)
R2 2 ¢RRT R R? 2R ~RRE T gp2 RO
(21)

(1)
=0.

1+v

' 1—
222+ 15 (Ve U

1 1
Ué }QU(Z 319 R R2

2R
The boundary conditions in (16) and (17) and initial conditions in (18) are retained for U ‘“,
U, and USY,
U =UP =UP =0, USR=0, at R =&
(1) 1w M\ _
UZRR+ﬂ<RUZR+R2Uzoo> 0, (22)
) | at R=1,
277(1) —v (1) (1) _
(v0f) o (UYR “RYZ )99‘0’
Lrom @ @ (1)
Uih + 5 (USk [ U+ 5 Uee Uzo) | =0
5 (U8R) v | gV + qUid + 5 (v6h) wno
(2) (2) 2) (1) (1)
Ue,R+§UR,e RUe( + RU Uzs =0,
vP =P =UuP =0® =0, UP =006, UY=¥R0O), att=0. (24)
4. GALERKIN PROCEDURE
A solution for the transverse displacement satisfying the boundary condition (22) is
(25)

o] 4
= Z Z CmR™** [fsc(t) cos(s8) + fss(t)sin(sH)],

s=0 m=0

where fq.(t) and f,5(t) are generalized coordinates. s denotes the number of nodal diameters
=0,1,...,4) are determined by (22) and (25). In this analysis, the

and the coefficients Cp, (m
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single-mode solutions for specified s will be sought. Solutions of mode coupling with many s will
not be included.
Substitution of (25) into (20),(21) for specified s leads to

U =0 (F2 + £2) + I [cos(256) (£2 - f2) + 25in(286)(focfss)]
Q*2 {Rg [(1+v)s* = (3+v)s?] R7! (1 -v)x? +3+1}] R} (26)

96 [(1—v)k? + (1 +v)] (1 —v)k2 + (1 +0)]
v =P [sin(2s0) (f2 — f2,) — 2cos(250)(fscfss)] » (27)

and the functions Hg2), H(lz), and ng) are given by

4
m§? = AR+ AR+ Y (A05m1+m2+28R + A38 1+m2+2sR'1) log

miy,me=0
+ Z m1+mz+2s + Aol _ 51(‘)n1+m2+23 Rm1+m2+23—1 (28)
=0 m1+m2+23——2 2 my +mae + 2s ’

H(lz) — —a‘1A1R2s+1 _ A2R2s—1 + blABR—2s+l + A R—-2s—1

: . 142, -9 .
+ —ar1 A mi1t+mae —A mi+mz
Z [ ! 1m1+m2—2 2 m1 + ma

my,ma=0

. 1-62 . 1-8
+b A mi+mg+4s mi1+mao+4s Rm1+m2+23—1 29
! 3m1+m2—+-4s—2 4m1+m2+4s (29)

+ Z [ alAl m1+m2R28+1 - A259n1+m2R2s-1

mi,ma2= =0

+byAgb2 L. L RTMH 4 A46&1+m,+4,R-28-1] log R,

ng) = A R2s+1 +A2R2s—1+A3R—23+1+A4R—2a—1

52 - 40
+ m1+m2 +A2 mi1tms
ml"mzz—o [ my +ms — 2 (R
2
As 1- 6m1+m2+48 “41 6m1+m2+48 RMitmat2s-1 (30)v
my +mag +4s — 2 my + mg +4s

4
+ Z [A mi+ma R28+1 + A26?n1+‘m2R23_»1

m;,mg:O

+ Aj682 R2s+1 4 4,60

mi+ma+4s mi1+ma+4s

R‘2"1] log R,

where all the coefficients A9, A3,...,As and A$,AY,...,As are determined by (20)-(23)
and (26)—(30), and 6] is the Kronecker delta. Substitution of (19) into (15), retention of the
terms €2, and use of U}(:) and Uéz) gives the membrane forces

Np= %9*21\7,% + Nro (f2, + f%) + Nr1 [(FZ — £2) cos(258) — 2(fscfss) sin(2s6)] ,

Na = -91—69*2N6{‘ + NGO (ffc + fs2.9) + N01 [(fszc - fszs) COS(QSG) - 2(fscfss) sin(236)] ) (31)

Nro = Nro1 [(f2 — f2) sin(2s8) + 2(fscfss) cos(256)] ,
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where Npgo, Rgo, - - -, Nre1 are computed through 1'[82), ng), and H§2). The linear membrane
forces are
Né _ (1-v) [(3 +v)k? - (1+ v)n4] (1+4v) [(1 —v)k* + 34 v] (34 v)R
(1 —v)k2+ (1 +v)] R? (1-v)r2+(1+v) (32)
. =v)[(1+v)r* = (B+v)s?]  (1+v)[(1—-v)k* +3+7] 5 o
[(1-v)x?+ (1 +v)] R? (1-v)kZ+(1+v)
For specified s, substitution of (25)—(27) into (14) and use of the Galerkin method yields
.. . 02 e .
fsc + 2Q*sts + <M - QﬂSZ) fsc + ’Y_m ( s2c + fs23) fse =0
Bs Bs (33)
. . Q2 )
fss_QQ*sfsc‘}' (%12‘9*232) fss’*‘lsc—%{g( sc+ )fSS:
] S

where the coefficients o, Yo, Bs, Vs0, Vsc are related to the plate stiffness, centrifugal forces,
inertia forces, and membrane forces. The second term in (33) is caused by the Coriolis force.
When s = 0, the two equations in (33) are identical. The problem reduces to the symmetrical
one. For the symmetrical response, no Coriolis force contributes to the symmetrical response.
Only the centrifugal force caused by rotation affects the symmetrical response. Therefore, the
analyses given by Lamb and Southwell [3] and Southwell [4] are only for the symmetrical response
of rotating disks.
The normalization of the initial conditions in (26) gives

0 _ ;]‘A_ / " / (R, 0)R™** cos(s8) dR do,
" 1 <
o _ _5; / / U(R, 6)R™* cos(s6) dR df,
(34)
1 4
0 = = Z / / ®(R,§)R™"* sin(s) dR d6,
1 4
o= L mz / / (R, 6)R™" sin(s6) dR df,
where 4 4 | omene2es
mz; =m+n+2s+lc mCn. (35)

5. NONLINEAR SOLUTIONS

Integration of (33) with initial conditions in (34) leads to a constant energy function
1. : 1 (0, + Q% . N2 Vsc + Ys0 2
H=g (e ) v 5 (B0 - @) (o £2)+ 250 (4 £2)" = B (50
S s

For the hardening disk (vs. + ¥s0) > 0, and for the softening disk (s + vs0) < 0. For (vs + vs0)
> 0, the solution to (33) with (34) is

oo = -Q—kl}?(—-—Zpl (cos {[(2L + 1)ws + Q78] ¢ + (2 + 1o + o
+cos {[(20 + 1)ws — 2*s]t + (20 + 1) — d0}), (57)
fos = ﬂ:rT?(s_kJ ;p[ (sin {[(20 + Dw, + Q*s]t + (2L + 1)po + do}

—sin {[(2] + 1w, — Q*s]t + (20 + 1)o — ¢o})
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where K(k,) is the complete elliptic integral of the first kind, &, = /1 — k2, A, is the amplitude,
ws is the natural frequency without Coriolis forces, and ¢y is the initial phase.

i B-C 1 C vVBrn

=, ke = — —— Wy = —F——"7"77,
N *~ V2 2B * 2vB K(k,)
/
B~ O il FralfEe =ty m—seah|(143) T

3 2K (ks)o 2K(ks)po , | wAS
A s dn ks T 2w, K (ks)AY

= VR EPR A= \/ (78 - @ s8] + [0+ @]

where dn and tn are the elliptic functions.
Substitution of (37) into (25) gives transverse displacement

] @)

tan ¢g =

sP1Cm
U = ZZM”‘ BT (cos {120+ 1wy + 9] + (20 + 1)po + do — 56}

oo o 2kaK(k) (39)
+ cos {[(2 + L)ws — 78]t + (21 + 1)po — o + 0}
For (vsc + vs0) < 0, the solution to (33) with (34) is
7('A > *
fse = STNAC qu (sin {[(21 + 1)ws + Q*s]t + (20 + 1)wo + do}
+sin {[(21 + 1)w3 Q*s]t + (20 + 1)po — do}) , (40)
fss = 5% K(ks Zq; —cos {[(21 + 1)w;s + 2*s] ¢ + (20 + 1)o + do}
+ cos {{(2! + 1) ws — *s]t+ (20 + 1)po — d0}),
where
_ - B w \/ C1 +B, w
hac*”YsO" * Ch +Bl, * 2\/5 K(ks),
1\ 7K (k)
Bi = {/C} — Avsc + Vs0lBs B0y C1 =y — W2y, =csch[(l+— ]
1 \/ i = 47sc + Vs01Bs Eo 1 Y q 3) Kk )
0 2K (ks )po 2K (ks)wo mwA°
— 1 td )
e I e Y e R <o
. R 2 . 2
A= A= \/ [£2. - @9)12] + [1% + @ 9)5%] -
Substitution of (40) into (25) gives
Uy - TA@Cm R x ‘ _
Z Z 2k K (k) (s1n{[(2l + Dw, + Q*s]t + (20 + 1) + o — 56} (42)

{1=0 m=0
+ sin {[(20 + 1w — Q*s]t + (2L + 1)o — ¢o + s6});

Ug) and Uéz) can be determined from (26) and (27) in a similar manner.

From time-dependent sine and cosine terms in (39) or (42), they indicate two dimensionless,
modal frequencies
. { (2l + Vws £ Q*s, if (20 4+ Dw, > Q*s, (43)

Y2 T Qred (24 Vs, i (2 + Dw, < O°s.
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When the nonlinear terms in (33) vanish, the linear solution is recovered

e’} 4
A
Uz = Z Z C’mRm“——; {cos [(ws + Q" s)t + o + o — sb)
8=0 m=0
+ cos [(wg — ¥*s)t + o — Po + s8]},

A0)° 4 (40)?
N A G L AN
E] ,63 ) [ Ws 3 0 fgc’
(45)

@] @)
tan o = wsm '

Because (ysc +7s0) = 0 in (38) and (41), k; = 0, K(ks) = 7/2, and w; in (45) is recovered. When
(Vsc + ¥s0) = 0, the subharmonic terms in (38) and (42) for | # 0 vanish. The linear solution
in (44) is recovered.

where

6. ILLUSTRATIONS

Consider a 3.5-inch diameter disk similar to a digital memory disk with inner and outer radii
of @ = 15.5mm, b = 43 mm,; thickness h = 0.775 mm, density py = 3641 kg/m?, Young’s modulus
E = 69 GPa, and Poisson’s ratio v = 0.33. The natural frequencies from nondimensionalized w} ,
are wi s = w} 5¢pe/Vv12b. For a comparison from (38) and (41), the natural frequency in the
nonlinear analysis depends on A; and nodal-diameter number s because Ey and kg depend on A4,
and s.

As discussed in Section 4, for asymmetric mode responses of the rotating disk, the nodal
diameter s # 0. For the asymmetric mode responses, the natural frequency varying with rotation
speed and deflection amplitude is illustrated by solid curves through (12)—(14) and dashed curves

Natural Frequency o (kHz)

0 ! I | L
0 20 40 60 80 100

Rotation Speed Q (krpm)

Figure 2. Natural frequency (s = 1, A; = 0,0.5). A, is modal amplitude. The solid
and dashed curves denote this theory and the von Karman theory. Two nonlinear
models for A, = 0 reduce to the linear model.
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Natural Frequency o (kHz)

Rotation Speed Q (krpm)

Figure 3. Natural frequency (s = 2, A; = 0,0.4). A, is modal amplitude. The solid
and dashed curves denote this theory and the von Karman theory. Two nonlinear
models for A; = 0 reduce to the linear model. QcrL, Qcrk, and QN are the critical
speeds predicted through the linear theory, the von Karman theory, and the new
theory, respectively.

4

w

Natural Frequency ® (kHz)
N ')

0 20 40 60 80 100

Rotation Speed Q (krpm)

Figure 4. Natural frequency (s = 4, As = 0,0.4) of the hardening disk. A, is modal
amplitude. The solid and dashed curves denote this theory and the von Karman
theory. Two nonlinear models for A; = 0 reduce to the linear model. Qc,1, Qcrk,
and QN are the critical speeds predicted through the linear theory, the von Karman
theory, and the new theory, respectively.

through the von Karman theory. When A, = 0.0, the nonlinear results return to the linear ones.
The natural frequency for an asymmetric mode response (s = 1) is plotted in Figure 2 when
A; =0,0.5 (or |uz] = 0,0.241 mm). For such an asymmetrical response, no critical speed exists.
Note that the von Karman model results are obtained from the accurate model when the shear
forces in (4) and (5) and the shear membrane forces in (7) and (8) vanish. Such changes reflect on
the coefficient v, in (33). When s = 2, the natural frequency for this asymmetric mode response
is plotted in Figure 3. The critical speeds predicted through the linear theory, the von Karman
theory, and the new theory are Q. =~ 41.6krpm, Qcx ~ 47.8krpm, and QN = 53.2krpm at
As = 0.4 (or |u,| ~ 0.138 mm), respectively.
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E-N

Natural Frequency o (kHz)
N

20 40 60 80 100

Rotation Speed Q (krpm)

Figure 5. Natural frequency (s = 6, As = 0,0.1). A, is modal amplitude. The solid
and dashed curves denote this theory and the von Karman theory. Two nonlinear
models for A; = 0 reduce to the linear model. .1, Q. 1k, and QN are the critical
speeds predicted through the linear theory, the von Karman theory, and the new
theory, respectively.

o

6

Natural Frequency ® (kHz)

0 100 200 300
Deflection Amplitude [u,| (um)

Figure 6. Natural frequency versus deflection amplitude by use of the accurate non-
linear model (2 = 10krpm). A, is modal amplitude. The nonlinear model for A; = 0
reduces to the linear model. The solid and dashed curves give the frequency for the
backward and forward wave responses.

For s = 4, the natural frequency of the rotating disk for A; = 0.4 (Ju,| = 0.082mm) is
illustrated in Figure 4. The von Karman theory shows that the rotating disk used in disk drives
becomes softening. The new plate theory shows that such a rotating disk is still like a hardening
spring. The three predictions of critical speeds are Qg1 =~ 38.6krpm, Q¢ k ~ 36.8krpm. and
QN &~ 40.2krpm at Ag = 0.4, respectively. The von Karman theory gives the critical speed less
than the linear plate theory. The natural frequency for s = 6 is plotted in Figure 5. From the
two nonlinear theories, the rotating disk for this asymmetric response becomes softening. The
critical speeds given by the three plate theories are Q. =~ 50.2krpm, Q¢ x = 30.6 krpm, and
QN = 31.0krpm at A; = 0.1 (Ju,| = 0.015 mm), respectively. The two nonlinear critical speeds



228 A. C. J. Luo anp C. D. MOTE, JRr.

are less than the linear one (i.e., at A, = 0). When the disk becomes softening, its vibration can
be easily induced.

For illustration of deflection effects, the natural frequency varying with dimensional deflection
amplitudes is plotted for 2 = 10krpm in Figure 6. The solid and dashed curves give the frequency
for the backward and forward traveling waves. The rotating disk is hardening for s =1,2,...,5.
Thus, the natural frequency increases when the deflection amplitude increases. However, for
s = 6, the rotating disk becomes softening, and the natural frequency decreases with increasing
the deflection amplitude. It is observed that the sensitivity of the natural frequency to the
deflection amplitude increases with increasing nodal diameters.

7. CONCLUSIONS

The responses of the asymmetric mode vibration of rotating disks with initial waviness are
investigated through a recently developed, accurate plate theory instead of the von Karman one.
The nonlinear solutions of rotating disks reduce to the linear ones when the nonlinear effects
vanish. The asymmetric results reduce to the symmetric ones when s = 0. Such a methodology
presented in this paper can be applied to nonlinear responses in structures such as rotating shafts,
traveling plates, and shells.

REFERENCES

1. G. Kirchhoff, Uber das Gleichgewicht und die Bewegung einer elastischen Scheibe, Journal fir die Reine und
Angewandte Mathematik 40, 51-88, (1850).
2. G. Kirchhoff, Ueber die Schwingungen einer kreisformigen elastischen Scheibe, Poggendorffs Annal 81, 258-
264, (1850).
3. H. Lamb and R.V. Southwell, The vibrations of a spinning disc, Proceedings of Royal Society of London 99,
272-280, (1921).
4. R.V. Southwell, On the free transverse vibrations of a uniform circular disc clamped at its centre, and on the
effects of rotation, Proceedings of Royal Society of London 101, 133-153, (1922).
5. C.D. Mote, Jr., Free vibration of initially stressed circular plates, Journal of Engineering for Industry 87,
258-264; (1965).
6. W.D. Iwan and T.L. Moeller, The stability of a spinning elastic disk with a transverse load system, Journal
of Applied Mechanics 43, 485-490, (1976).
7. S.A. Tobias, Free undamped nonlinear vibrations of imperfect circular disks, Proceedings of the Institute of
Mechanical Engineers 171, 691-701, (1957).
8. J.L. Nowinski, Nonlinear transverse vibrations of a spinning disk, Journal of Applied Mechanics 31, 7278,
(1964).
9. J.L. Nowinski, Stability of nonlinear thermoelastic waves in membrane-like spinning disks, Journal of Thermal
Sciences 4, 1-11, (1981).
10. S.H. Advani, Stationary waves in a thin spinning disk, International Journal of Mechanical Sciences 9,
307-313, (1967).
11. S.H. Advani and P.Z. Bulkeley, Nonlinear transverse vibrations and waves in spinning membrane discs,
International Journal of Non-Linear Mechanics 4, 123-127, (1969).
12. A.A. Renshaw and C.D. Mote, Jr., A perturbation solution for the flexible rotating disk: Nonlinear equilib-
rium and stability under transverse loading, Journal of Sound and Vibration 183, 309-326, (1995).
13. A.C.J. Luo, An approximate theory for geometrically-nonlinear thin plates, International Journal of Solids
and Structures 37, 7655-7670, (2000).
14. F.Y. Wang, Monte Carlo analysis of nonlinear vibration of rectangular plates with random geometric imper-
fections, International Journal of Solids and Structures 26 (1), 99-110, (1990).



