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In this paper the convergence of general iteration algorithms defined by point-to-
set maps is examined first. Special practical convergence conditions are then derived
from the general theory.  © 1992 Academic Press, Inc.

INTRODUCTION

In recent years, the study of general iteration schemes has included a
substantial effort to identify properties of iteration schemes that will
guarantee their convergence in some sense. A number of these results have
used an abstract iteration scheme that consists of the recursive application
of a point-to-set mapping. In this paper we are concerned with these type
of results. Iteration schemes of this form have great importance in
optimization, input-output systems, stability analysis of dynamic systems,
and in all fields of applied mathematics.

The paper is divided in two parts. Section 1 gives an outline of general
iteration schemes, and the convergence of such schemes is examined. We
also show that our conditions are very general: most clasical results can be
obtained as special cases, and if the conditions are weakened slightly then
our results may not hold. In Section 2 the discrete time scale Liapunov
theory is extended to time dependent, higher order, nonlinear difference
equations. In addition, the speed of convergence is estimated in most cases.
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1.1. Algorithmic Models

Let X denote an abstract set, and introduce the following notation:
X=X, X’=XxX,.., Xr=Xx""xX, k=2

Assume that [ is a positive integer, and for all £ >/—1, the point-to-set
mappings f, are defined on X**', furthermore, for all (x"), .., x**")e
XU and xef, (x', .., x**1), xe X. For the sake of brevity we will use
the notation f;: X**' - 2%, where 2% denotes the set of all subsets of X.

DerINITION 1.1, Select x4, x, ..., X; _; € X arbitrarily, and construct the
sequence

xk+1€fk(x0’x1’--~7xk) (k?l—l), (11)

where an arbitrary point from the set f, (x,, x,, .., x,) Xan be accepted as
the successor of x,. Recursion (1.1) is called the general algorithmic model.

Remark. Since the domain of f, is X**! and f, (x,, X, ..., X;) € X, the
recursion is well defined for all k>/— 1. Points x, .., x,_, are called the
initial approximations, and the maps f, are called the iteration mappings.

DEFINITION 1.2. The algorithmic model (1.1) is called an 1-step process
if for all k= 1—1, f, does not depend explicitly on x,, x;, ..., X, _;, that is,
if algorithm (1.1) has the special form

Xieo 1 €L (Xu_y 15 vemr Xie— 15 X ) (1.2)

It is easy to show that any /-step process is equivalent to a certain
single-step process defined on x’. For k>0, introduce vectors
ze= (2, 22, ..., x{V). Starting from the initial approximation

Zo=(Xgy X1 s X1 )

consider the single step algorithmic model,

(1y _ (2)
Zer1 =%
2) __ ,(3)
k1= Zg
: (1.3)
(I—1)y _ ()
Zea1 —Zk

20 e fu(zM, . 20).
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This iteration algorithm is a single-step process, and obviously it is
equivalent to the algorithmic model (1.2), since for all k=0,

S (2) __ - —
Zk —xk,zk -—X,\.+1,...,4k —xk+,,,,.

This equivalence is the main reason why only single-step iteration methods
are discussed in most publications.

DEFINITION 1.3. A [-step process is called stationary, if mappings f, do
not depend on k. Otherwise the process is called nonstationary.

Iteration models in the most general form (1.1) have a great importance
in certain optimization methods. For example, in using cutting plane algo-
rithms very early cuts can still remain in the latter stages of the process by
assuming that they are not dominated by later cuts [4]. Hence the
optimization problem of each step may depend on the solutions of very
early problems. Multistep processes are also used in many other fields of
applied mathematics. As an example we mention that the secant method
for solving nonlinear equations [9, 1] is a special two-step method. Non-
stationary methods have a great practical importance in analysing the
global asymptotical stability of dynamic economic systems, when the state
transition relation is time-dependent [6].

In this paper the most general algorithmic model (1.1) will be first
considered, and then, special cases will be derived from our general
convergence theorem. In order to establish any kind of convergence, X
should have some topology.

Assume now that X is a Hausdorff topological space that satisfies the
first axiom of countability. (For definitions see, for example, [10]). Let
S < X be the set of desirable points, which are considered as the solutions
to the problem being solved by the algorithm. For example, in the case of
an optimization problem X can be selected a the feasible set, and S as the
set of the optimal solutions. If a linear or nonlinear fixed point problem is
solved, then X is the domain of the mapping and S is the set of all fixed
points. In analysing the global asymptotic stability of a discrete dynamic
system, set X is the state space and S is the set of equilibrium points.

DEFINITION 1.4,  An algorithmic model is said to be convergent, if the
accumulation points of any iteration sequence {x,} constructed by the
algorithm are in S.

Note that the convergence of an algorithm model does not imply that
the iteration sequence is convergent. This more general convergence prin-
ciple was introduced and investigated by many authors (see, for example,
[11, and Refs. therein]). They presented a comprehensive summary of con-
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vergence criteria for algorithmic models. They compared the known criteria
and showed that they are special cases of a new result being published first
in that article. In the next section this theorem will be further generalized.

1.2. Convergence Criteria for Algorithmic Models
Assume that for k>0 there exist functions ¢, : X — R' with the following
properties:

(A,) For large k, functions {c,} are uniformly locally bounded below
on X\S. That is, there is a nonnegative integer N, such that for all xe X\ S
there is a neighborhood U of x and ab e R' (which may depend on x) such
that for all k> N and x'e U,

c(x') 2 b; (1.4)

(A,) Ifk>=N,and x'ef, (2", ..., 2%, x) (x,z2P€ X, i=1, .., k), then

Cev1(X") S cp(x); (1.5)

(A;) For each ze X\ S if {z;} € X is any sequence such that z, -z
and {k;} is any strictly increasing sequence of nonnegative integers such
that c,(z;) — c*, then for all iteration sequences {x,} such that x, =z,
(i >0) there exists an integer N, such that ky, >N, —1 and

Chyy+ 1 (y)<c* forall yekaz(xo, X1y ey kaz). (1.6)
THEOREM 1.1. If conditions (A,), (A,), and (A;) hold, then the algo-
rithmic model (1.1) is convergent.

Proof. Let x* be an accumulation point of the iteration sequence {x, }
constructed by the algorithmic model (1.1), and assume that x*e X\S.
Let {k;} denote the index set such that {x,} is a subsequence of {x,}
converging to x*. Assumption (A,) implies that for large k, {c,(x;)} is
decreasing, and from assumption (A;) we conclude that {c, (x)} is
convergent. Therefore the entire sequence {c,(x,)} converges to a c*eR.
From (1.5) we know that for k > N,

Cilx) = c*. (1.7)

Use subsequence {x,,} as sequence {z,} in condition (A;) to see that there
exists an N, such that ky, > N, —1 and with the notation M=k, + 1,

CM(XM) < C*5

which contradicts relation (1.7) and completes the proof.

409/168/1-4
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Remark 1. Note first that in the special case when (1.1) is a single-step
nonstationary process and ¢, does not depend on k this theorem
generalizes [ 11, Theorem 4.3]. If the process is stationary, then this result
further specializes to [11, Theorem 3.5].

Remark 2. The conditions of the theorem do not imply that sequence
{x,} has an accumulation point, as the next example shows:

ExampLE 1.1. Select X=R', S={0}, and consider the single-step
process with £, (x)=f(x)=x— 1, and choose ¢, (x)=x for all xe X.

Since functions ¢, are continuous and f, (x) < x for all x, condition (A,)
obviously holds, and since functions f, are strictly decreasing and con-
tinuous, assumptions (A,) and (A,) also hold. However, for arbitrary,
xg€ X, the iteration sequence is strictly decreasing and divergent. (Infinite
limit is not considered here as limit point from X.)

Remark 3. Even in cases when the iteration sequence has an accumula-
tion point, the sequence does not need to converge as the following
example shows.

ExaMpLE 1.2. Select X=R', S={0;1}, and consider the single step
iteration algorithm with function

1 if x=0

fi(x)=f(x)=<0 if x=1
x—1 if x¢8S.

Choose

0 ifxeS
T x otherwise.

On X\S, function ¢ is continuous, hence assumption (A,) is satisfied. If
x¢S, then f(x)<x, which implies that c(f(x))<c(x). If xeS, then
f(x)e S. Therefore in this case ¢(f(x)) = c(x). Hence condition (A,) also
holds. Assumption (A;) follows from the definition of functions ¢, and
from the fact that f(x)<x on X\S. If x, is selected as a nonnegative
integer, then the iteration sequence has two accumulation points: 0 and 1.
If x, is selected otherwise, then no accumulation point exists.

Note that Definition 1.4 is considered as the definition of global con-
vergence on X, since the initial approximations x,, x,, .., x,_, are arbitrary
elements of X. Local convergence of algorithmic models can be defined in
the following way:
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DErFINITION 1.5.  An algorithmic model is said to be locally convergent, if
there is a subset X, of X such that the accumulation points of any iteration
sequence {x,} constructed by the algorithm starting with initial
approximations x,, x,, .., X,_, from X, are in S.

Theorem 1.1 can be modified as a local convergence theorem by
substituting X and S by X, and X, n S, respectively.

2.1. The General Convergence Theorem

Consider again the algorithmic model

xk+1€fk(x0’xl9"ka) (k?l—l), (21)

where for k>[1—1, f,: X**1 2% Here we assume again that X is a
Hausdorf topological space which satisfies the first axiom of countability,
and [ is a given positive integer, furthermore in relation (2.1), any point
from the set f.(x,, Xx;,.., X;) can be accepted as the successor of x,.
Assume furthermore that the set S of desirable points has only one
element s*.

Assume that

(B;) There is a compact set C < X such that for all £, x, € C,
(B,) Condition (A,), (A,), and (A;) of Theorem 1.1 are satisfied.

The main result of this section is given as

THEREM 2.1.  Under assumptions (B,) and (B,), x, — s* as k — o0 with
arbitrary points xy, Xy, .., X;_, € X.

Proof. Since C is compact, sequence {x,} has a convergent sub-
sequence. From Theorem 1.1 we also know that all the limit points of this
iteration sequence belong to S, which has only one point s*. Hence the
iteration sequence has only one limit point s*, which implies that it
converges to s*.

The speed of convergence of algorithm (2.1) can be estimated as follows.
Assume that

(B;) X is a metric space with distance d: X x X -» R';

(B,) There exist nonnegative constants a,, (k=/—1,0<i<k) such
that if k>7/—1 and xef, (x, x, .., x%*¥)), then

k
d(x9 S*) < Z akid(x(i)a S*)'
i=0
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From (2.1) we have
k
FIES z g€,
i=0
where ¢,=d(x,, s*) for all i 2 0.
Starting from initial values 8,=¢,(i=0, 1,..,/—1) consider the non-
stationary difference equation
(2.2)

k
Ops1= Z ay;9;.

i=0

Obviously, for all k>0, ¢, <J,. In order to obtain a direct expression for
d,, and therefore the same for the error bound of x, (k>/—1), introduce
the following additional notation:

dk = (60, 5‘, ey 5k)T,

1

kT: (@ros Akrs -oos Apic)-

Ao Ay

Then from (2.2),
dii1= ékdk’

and hence, finite induction shows that for all k> 1,
g'kzék—lék72"'él~ldl~l'

Note that the components of d,_, are the errors of the initial approxima-

tions xq, X, .., X;_;. From (2.2) we have

=bid,

5k+1=g[_dk=(gZékAIék—2""élAl)dl—l

with
b[=glék41§k72 . TH
being a /-dimensional row vector. Introducing finally the notation
b,{: (bros bicts s brr 1)

the definition of the numbers §, and relation (2.2) imply the following

result:
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THEOREM 2.2. Under assumptions (B;)—(B,),

-1

d(xi 11, %)< Y bid(x;, s%)  (k=1-1). (2.3)
i=0

13

COROLLARY. If for all i=0,1,..,/—1,b,,—0 as k —> o0, then the itera-
tion sequence {x,} generated by algorithm (2.1) convergences to s*. Hence,
in this case conditions (B,) and (B,) are not needed to establish convergence.

The conditions of Theorem 1.1 are usually difficult to verify in practical
cases. Therefore in the next section we will relax these conditions in order
to derive sufficient convergence conditions which can be easily verified.

2.2. Convergence of I-Step Methods

In this section /-step iteration processes of the form
Xper1 ELic(Xi_ gty X152y s Xi) (24)

are discussed, where /> 1 is a given integer, and for all k, f,: X' - 2%
Assume again that the set S of desirable points has only one element s*.

DEFINITION 2.1. A function V: X' — R, is called the Liapunov-function
of process (2.4), if for arbitrary xPeX (i=1,2,..,1,xP#s*) and
yeflx, x®, L x) (k=1-1),

V(X(Z)s veey x([)s ,V) < V(x(l)s x(2)5 rees x(l))’ (25)

DErFINITION 2.2. The Liapunov function V is called closed, if it is
defined on X', where X is the closure of X, furthermore if k; — oo,
x5 xUasis oo (xPeX for i>0and j=1,2, ..,/ such that x!" 3 s*)
and y,ef,. (x", ., xV) (i=0) such that y,—» y* as i » oo, then

P(x@", L, xD% p) < Ve, L, xO), (2.6)

Assume now that the following conditions hold:

(Cy) For all k=11, fi(xV, ., xU=1 s*)={s*} with arbitrary
x L xUVYex;

(C,) Process (2.4) has a continuous, cosed Liapunov function;

(C3) X is compact.

THEOREM 2.3. Under assumptions (C,), (C,), and (C;), x,—s* as
k — oo.
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Proof. Note first that this process is equivalent to the single-step
method (1.3), where set X is replaced by X=X’, and the new set
of desirable points is now $=S5" Select function ¢ as the Liapunov
function V.

We can now easily verify that the conditions of Theorem 2.1 are satisfied,
which implies the convergence of the iteration sequence {x, }.

Assumption (A,) follows from (C,) and the continuity of V. Condition
(C,) and the monotonicity of V' imply assumption (A,). And finally,
assumption (A;) is the consequence of condition (C,) and relation (2.6).

Remark 1. Assumption (C;) can be weakened as follows:
(C%) For all xe X\ S, there is a compact neighborhood U< X of x.

In this case we have to assume that s*e X, and condition (C,) is
required only if s* e X.

Remark 2. Assumption s* € X is needed in order to obtain s* as the
limit of sequences from X. Assumption (C,) guarantees that if at any
iteration step the solution s* is obtained, then the process remains at the
solution. We may also show that the existence of the Liapunov function is
not a too strong assumption. Assume that X is a metric space, and consider
the special iteration process x, , ; =f(x,) and assume that starting from an
arbitrary initial point, {x,} converges to the solution s* of equation
x=f(x). Let V:X— R' be constructed as follows. With selecting x,= x,
consider sequence x, , ; =f(x.), (k=0), and define

{0 if x=gs*

Vi =
(x) max d(x,, s*), k=0,

where d is the distance. Obviously, V(f(x))<V(x) for all xe X. The
continuity-type assumptions in (C,) are also natural, since without certain
continuity assumptions no convergence can be established. Assumption
(C,) says that the entire sequence {x,} is contained in a compact set. This
condition is necessarily satisfied, for example, if X is in a finite dimensionai
Euclidean space, and is bounded or if for every K> 0 there exists a 0 >0
such that r, ., t Ye X and ||| > Q (for at least one index j) imply that

v, ., 19> K

In the case of one-step processes (that is, if /= 1) this last condition can be
reformulated as V(x)— oo as || x|| » o0, xe X.

Assume next that the iteration process is stationary, that is, mappings f;
do not depend on k. Replace condition (C,) by the following pair of
conditions:

(C5) The process has a continuous Liapunov-function;
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(C%) Mapping f is closed on X, that is, if x> x"" as i— o0

(j=1),2,...,{[)) and y,ef(x), .., x!") such that y,—y* then y*e
FOe) L, x0Ty,

THEOREM 2.4. If process (2.1} is stationary and conditions (C,), (C5),
(CY3), and (C;) hold, then x, — s* as k — .

Remark 1. This result in the special case of /=1 can be considered as
the discrete-time counterpart of the famous stability theorem of Uzawa

[12].

Remark 2. Assume that for all kK >/— 1, mapping f, is closed, and the
iteration sequence converges to s*. Then for all k>/—1, s* ef, (s*, ..., s*).
Hence, s* is a common fixed point of mappings f,.

The speed of convergence of process (2.4) is next examined. Two results
will be introduced. The first one is based on the general result presented in
Section 2.1, and the second one is based on special properties of the
Liapunov function.

Note first that in the case of a /-step process assumption (B,) is modified
as

(C,) There exist nonnegative constants a,, (k=/—1, k—/+1<
i<k), such that forall k> /—1 and x € f,.(x, ., x*), (xV, .., xP e X are
arbitrary),

/
d(x, s*) < Z ak,k41+id(xw’ s*).

i=1
Then Theorem 2.2 remains valid with the specification that a,,=0 for all
i<k-—1
In the case of a stationary process constants a, , _,, , do not depend on
k. If we introduce the notation a,=a, , _,,;, then (2.2) reduces to
/

5k+1 = Z di5k+1—i- (2-7)
i=1
Observe that sequence {,} is the solution of this /th order linear
difference equation. Note first that the characteristic polynomial of this
equation is as follows:

o(A)=A=a; A" =@ A" — o ~a,A—a,

Assume that the roots of ¢ are 4,,4,,..,4z with multiplicities
my, M, ..., My, then the general solution of Eq. (2.7) is given as

R m,—1

(5k+1= Z Z kax/lf,

r=1 5s=0
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where the coefficients c,, are obtained by solving the initial-value equations

Hence, we have proved the following:

THEOREM 2.5. Under assumption (C,),

R m,—1
dxee )<Y Y e khE (k=1-1). (2.8)

r=1 5s=0

CorOLLARY. If forallr,r=1,2,., R, |A,| <], then x, - s* as k- .
Hence, in this case the conditions of Theorem 2.4 are not needed to establish
convergence.

In the rest of the section the speed of convergence of process (2.4) is
estimated based on some properties of the Liapunov function.
Assume now that

(Cs) There exist constants a;, b, (i=1, 2, ..., [, a, > 0) such that

! !
Y adx®, )< V(xh, ., x0)< ¥ bd(x?, 5%)
i=1 i=1

for all xYeX (i=1,2,..,10).
The following resuit holds.

THEOREM 2.6. Assume that process (2.4) has a Liapunov function V,
which satisfies condition (C;). Then for k>21—1,

1

d(xX 1, s*)<a;! Z i=a; ) d(X 1y 8) (a,=0). (29)

Proof. 1If x,=s*, then x,,,=s* and therefore (2.9) obviously holds,
since the left hand side equals zero. If x, 5 s*, then condition (C;) implies
that

Z ad(xy 11> S¥) SV (Xpyn 15 o Xis 1)

/
SV(Xpq1-05 s X)) z bid(x_ ;1 8*).

i=1

The assertion is a simple consequence of this inequality.
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COROLLARY. Introduce next the notation a;= (b,—a;_,)/a, (i=,2, .., 1),
and let the sequence {3, } denote now the solution of difference equation (2.7)
with initial conditions d;,=d(x;,_,s*) (i=1,2,..,1). Then obviously,
d(x,,s*)< 8, for all k=l—1, and with the above coefficients a,,
Theorem 2.5 remains true.

2.3. Convergence of Single-Step Methods

In this section single-step processes generated by point-to-set mappings
are first examined. For the sake of simplicity we assume that X is a subset
of a Banach space B. The iteration process now has the form

Xie v 1 €S0(xi) (k=0), (2.10)

where f: X > 2%. It is also assumed that O is in X and s* = 0. We may
have this last assumption without loosing generality, since any solution s*
can be transformed into zero by introducing the transformed mappings

ge(x)={y—s*\yefi(x+s%)}.

It is also assumed that for all &, £, (0) = {O}.
We start our analysis with the following useful result.

THEOREM 2.7. Assume that X is compact, and there is a real valued
continuous function a: X\ {0} — [0, 1) such that

Iyl <alx)llx] (2.11)

for all k>0, x#0, and yef,(x). Then the iteration sequence (2.10)
converges to O as k — co.

Proof. We now verify that all conditions of Theorem 2.3 are satisfied
with the Liapunov function V(x)=| x| and s*= 0. Note that (C,) and
(C;) obviously hold, and condition (C,) is implied by the facts that « and
the norm are continuous, and «(x) <1 for x # 0.

Remark 1. 1If (2.11) is replaced by the weaker assumption that
Iyl <lixl|

for all k>0, x#0, and yef,(x), then the result may not hold, as the
following example shows.

ExaMPLE 2.1. Select B=R!, X=[0, 2], and for k>0,
fex)=[k+1)*>=1](k+1)%x.
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If the initial point is chosen as x, =2, then finite induction shows that
X,=1+(k+1) "S51#£0 as k- ow.
Furthermore, for all K >0 and x #0,
| fex) <x].
COROLLARY. Recursion (2.10) and inequality (2.11) imply that for k =0,
[ xe 1 I <ol )Xl
and therefore finite induction shows that
ks il Salxg) 2l ) - al(xo)l xoll- (2.12)

As a special case assume that a(x)< g <1 for all O #xe X. Then for all
k=0,

Ixe w1l <g“" " lxoll, (2.13)

which shows the linear convergence of the process in this special case.

Relation (2.12) serves as the error formula of the algorithm. In addition,
it has the following consequence: Assume that (2.11) holds for all
O # x € X, furthermore a(x, ) a(x,_,)}---a(xq) = O as k — co. Then x, —» O
for k— oc. Hence in this case we may drop the assumptions that
a(x)e [0,1) (O#x€e X) and X is compact.

An alternative approach to Theorem 2.7 is based on the assumption that
there exists a function 4: (0, oo ) —» R such that

Iyl <h(r)l x|l (2.14)

forall k20,r>0, || x{|<r,xe X and yef,(x).
In this case it is easy to verify that for all k,

Xl < g,
where g, is the solution of the nonlinear difference equation

Gr+1=h(qi) g, go= Il X1l

Hence, the convergence analysis of iteration algorithms defined in a
Banach space is reduced to the examination of the solution of a special
scalar nonlinear difference equation.

In deriving further practical convergence conditions we will use the
following special result.
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LeMMA 2.1.  Assume that X is convex, and function h: X — X satisfies the
following condition:

IA(x) = A(x) < a(E)l| x — X" | (2.15)

for all x, x' € X, where & is a point on the linear segment between x and x',
furthermore o: X - R' is a real function such that for all fixed x and x' € X,
a(x'+ t(x —x")) as the function of the parameter t is Riemann integrable on
[0, 1]. Then for all x and x' € X,

1 A(x) = h(x")] SL: alx'+t(x—x")) dt | x—x']]. (2.16)

Proof. Let x,x'eX and define r,=i/N (i=0, 1, 2, .., N), where N is a
positive integer. Then from (2.15),

TAGx) —h(xI < 2 A+ 1(x=x)) —A(x" + 1, (x = X))

1

"=z

7

<

S E

a(x"+ 1, (x = XNt — 1 )x—x),

i=1

where 1,€ [¢;,_,, t;], which implies that

[A(x) = A(x")II < { 2 alx + 1 (x = x"))(t;~ til)} IFx —x"1l.

i=1

Observe that the first factor is a Riemann-sum of the integral
j}) a(x’+ t(x — x")) dt which converges to the integral. Let N — oo in the
above inequality to obtain the resuit.

Remark. 1If function « is continuous, then a(x’ + #(x — x')) is continuous
in ¢, therefore it is Riemann integrable.

Assume next maps f, are point-to-point and process (2.10) satisfies the
following conditions:

(D)) fi(0)=0 for k=0;
(D,) Forall k=0,

1S () =i ) S al€i)l x — X7 | (2.17)

for all x, x’ € X, where a: X —» R' is a continuous function, and &, is a point
on the linear segment connecting x and x’".

(D3) a(x)e[0,1)for all O £xeX;
(D,) X is compact and convex.
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THEOREM 2.8. Under the above conditions, x, — O as k — .

Proof. Let O +# xe X, then relation (2.16) implies that for all £,

1o < | syl (2.18)

where we have selected x’ = O. Break the integral into two parts to obtain

A < {f sty e [ aten) aef 1.

Since o is continuous, a(0)< 1, and since the interval [J, 1] is compact,
a(tx) < Bs(x) <1 for all § <t <1, where B;: X\ {0} - R' is the real valued
function defined as

B°(x)= max {a(tx)}.

It

Therefore,
I fe () < {8+ (1=0) Bs(x)} I xl =50l x],

where 7,: X\ {O} > R' is a continuous function such that for all x# O,

7s(x)€ [0, 1).
Hence the conditions of Theorem 2.7 are satisfied with o=y, which
implies the assertion.

Remark. Replace (2.17) by the following weaker condition: Assume
that for all k>0 and x, x' € X,

I fie () = fie (XD e (Gl x — X711, (2.19)

where for k>0, «,: X > R is a continuous function, &, is a point on the
linear segent connecting x and x’, and «,(x)€[0,1) for all k>0 and
O#xelX.

Then the assertion of the theorem may not hold, as it is illustrated in the
case of Example 2.1.

COROLLARY. Recursion (2.10) and inequality (2.18) imply that for k =0,

I ol =1 fe )l <@x)l xe s

where
&(x) = jl a(tx) dt
0

Hence, by replacing a(x) by d(x), Corollary of Theorem 2.7 remains valid.
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In the previous results no differentiability of functions f is assumed. In
the special case of Frechet differentiable functions f;, the above theorems
can be reduced to very practical convergence conditions. These results are
presented in the next section.

2.4. Convergence of Single-Step Methods with Differentiable Iteration
Functions

Assume now that B is a Banach space, X< B and functions f.: X > X
are continuously differentiable on X. It is also assumed that X is compact
and convex, O € X, furthermore O is a common fixed point of functions f,.
In this special case the following result holds.

THEOREM 2.9. Let f/(x) denote the Frechet derivative of f, at x. Assume
that for all k =0,

I £ < Bx), (2.20)

where B: X - R, is a continuous function such that for x # O, p(x) € [0, 1).
Then x, — O as k — 0.
Proof. Select
Xo={x/xeXand || x| <l xll},

then X, is compact. Select furthermore a = . We can easily verify that all
conditions of Theorem 2.8 are satisfied with X, replacing X, which implies
the assertion. Assumptions (D,) and (D;) are obviously satisfied. Assump-
tion (D,) follows from the mean value theorem of derivatives and then
from the fact that the linear segment between x and x’ is compact and func-
tion a is continuous. In order to verify assumption (D,) we have to show
that x, € X, for all £>0. From the beginning of the proof of Theorem 2.4
we conclude that for O#xelX, || fi(x)f <l x||. Then finite induction
implies that for all k>0, || x,] < | x|. Hence x, € X, for all k>0, which
completes the proof.

Remark 1. 1If (2.20) is replaced by the weaker assumption that for all
k>0 and x# 0,

I fe(l <1,

the result may not hold, as the case of Example 2.1 illustrates. However, if
fi does not depend on k, that is, when f, =/, the condition

I/ () <1 forall x#0O

implies that x, - O as k — 0. To see this assertion select f(x)= || f'(x)].
Note that this special result was first introduced by Wu and Brown [13].
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COROLLARY. Note that the Corollary of Theorem 2.8 remains valid with

a(x) = B(x).

Remark 2. Assume that no assumption is made on the derivatives at
the fixed point O.

Consider next the special case, when B= R". Obviously the above results
are still valid. However, this further specialization enables us to derive even
stronger conditions for the convergence of the iteration process

Xpew 1 =S (Xg)s
where f,.: B— B.
THEOREM 2.10. Let U be an open neighborhood of O. Assume that for all

k, f, is differentiable, and there exists a continuous function o: RY — R' such
that a(x) e [0, 1) for x # O, furthermore

(E)) 1 feCll a(x)ll x| for all k and O #x e U,
(E,) If x¢U and | fi(x)|=a(x)|x|| with some k, then
/() x ff Salx)l x|

Under these assumptions x,, — O as k — 0.

Proof. We will prove that for all k>0 and x s O, relation (2.11) holds,
which implies the assertion.

Assume that for some k, (2.11) does not hold in the entire set R¥\ {0},
then

r* =inf{{ x | \x # O and (2.11) does not hold for k }

exist and is positive. If for all vectors satisfying x| =r* | fu(x)|>
a(x)|| x|, then the continuity of functions f, and « implies that r* can be
reduced, which contradicts the definition of r*. Therefore there is at least
one x* such that

Ix*I=r* and | fix*) =alx)lx*]. (2.21)

Since f, is differentiable we know that for any ¢ >0, and sufficiently large
A€(0, 1),

[ fil(1—2) x*) = fi (x*) = Af (x*) x* || <ed || x* ||
which together with (E,) implies that

I fel(X=2) x*) = fi (x*)| < ALI fix*) x* | + 2 [ x*[|]
=A[B(x*) +elllx*1,



CONVERGENCE OF GENERAL ITERATION SCHEMES 59

where
BOx*) = felx*) x*|| | x* |~ <alx*).
From this and equality (2.20) we conclude that
1 fe (D=2 x*) [ > | fe (x) —ALB(x*) + el x* ||
= (a(x*) — AB(x*) — Ze)l| x* |
2 [x* [ a(x*)(1—4)=[|(1 = 4) x* [fa(x*),

when ¢ is selected small enough. Since « is continuous, with sufficiently
large 4,

Hfe(l=2) x* I >[I (1= 2) x* [l (1 = 4) x*),

which contradicts again the definition of r*, and completes the proof.

COROLLARY 1. Note that the Corollary of Theorem 2.7 can be applied
for estimating the convergence speed under the assumption of the theorem.

COROLARY 2. Consider the special case, when f, = f. The assertion of the
theorem remains valid, if conditions (E,) and (E,) are substituted by the
Sfollowing assumptions:

There exists an e >0 and a 0< g <1 such that
(E{) Forall x+#0 and | x| <¢,
Il <glixl;
(E2) IflxllZeand| f(x)|=lxIl, then
1) x < lxll.
Proof. Define
re=max {|| f'(x) x| x| ="\ S(x)]
=|xl,ke <|x|<(k+1)¢} for k=1,2,...
Obviously r, < 1. Introduce constants
R.=max{qg;r ;rs;..;re},

and the piece-wise linear function s(#) with vertices (0, g), (¢, R,), (2¢, R,),
(3¢, R;), ...,. Then all conditions of the theorem are satisfied with
U= {x\|| x| <&} and a(x)=s(] x|).
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Remark. The mean value theorem of derivatives implies that if
1 £(0)] <1, then there exist ¢>0 and 0<g<1 which satisfy condition
(E1). Assume furthermore that if x# O and | f(x)|=|x]|, then
| f(x) x|l <|x]|. In this case condition (E5}) is also satisfied. Hence the
iteration sequence {x,} converges to O. This special result was first
introduced by Fujimoto [2].

Assume again that X < B, where B is a Banach space, furthermore for all
k=0, f, is Frechet differentiable at O, and || f,(0)|| < 1. As the following
example shows, these conditions do not imply even the local convergence
of the algorithm.

ExaMpLE 2.2. Select X=R!, and for k>0 let

(k+ 1)k +4)
I =) ™

It is easy to verify that for all k>0,

Lkt Dk +4)
0/ O =G+ =

If x,# O is any initial approximation, then finite induction shows that

k
xk=—+—3—x0—+lx0¢0 as k- oo,
3(k+1) 3

However, if the process is stationary, then the following result holds:
THEOREM 2.11. Assume f,=f (k=0), O is in the interior of X, and f is

Frechet differentiable at O, furthermore | f(O)|| < 1. Then there is a
neighborhood U of O such that xy€ U implies x, » O as k — 0.

Proof. Since f is differentiable at O, we can write f(x)= L(x)+ R(x),
where L is a bounded linear mapping of X into itself and lim
[R(x)| | x| "'=0 as x— 0. By assumption | L| <1. Select a number
b>0 such that || L|| <b < 1. There exists a d> 0 such that

IR <(A=b)x|| if |Ix]|<d

Let U= {xeX\| x| <d}. We shall now prove that U has the required
properties. Using the triangle inequality we can easily show that

I f(x) <ellxll, if xel,

where e=|L|+1~b. Since O0<e<1, it follows that U is f-invariant.
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Consequently, if x,e U, then the entire sequence of iterates x, is also
contained in U, and using finite induction we obtain

[ x,<e{x]|.
Since e - 0, x, = O as k — .

Remark 1. Assumption || f'(O)ll<1 can be weakened by assuming
only that the spectral radius of f'(Q) is less than one. In this case
| f/(OY]| <1 with some N>1, and then apply the theorem for the
function

SYEx)=(fofo e of)x).
Remark 2. Note that no differentiability is assumed for x # O.

Remark 3. When X=R", our results can be reduced to the ones
obtained by Ostrowskii [7], Argyros [1], and Rheinboldt [8].

In the previous results the special Liapunov function V(x)=| x| was
used, where | -| is some vector norm. Now select the Liapunov function
V(x)=| Px|, where P is an nxn constant nonsingular matrix. For the
sake of simplicity we assume that f, = f for all k> 0. Then in Theorem 2.7
and 2.10 conditions (2.11) and (2.20) can be substituted by the modified
relations

| Pf () < |l Px||
and
| Pf'(x) u|l < || Pul (forall u+#0).

If one selects the Euclidean norm | x| =x"x, then these conditions are
equivalent to the relations

fT(x) PTPf(x) < xTPTPx (2.22)

and
uf'(x)" PTPf'(x)u<u"PTPu. (2.23)
Note that (2.22) holds for all ##O if and only if matrix
S'(x)T PTPf'(x)— PTP is negative definite. This condition has been derived
in [3] and is a generalization of [5, Theorem 1.3.2.3]. The case of other

Liapunov functions can be discussed in an analogous manner, the details
are omitted.
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