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1. Introduction which are analytic in the unit disc U = {z: |z| < 1}. Let S
denote the subclass of A, which consist of functions of the
form (1.1) that are univalent and normalized by the conditions
f(0)=0and f"(0) =1in U.

A function f € S is said to be starlike of order (0 <« < 1)
if and only if

Let A denote the class of functions of the form

f@=z+) a (1.1)

k=2

Re 2@ >ua,zeU
/)
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and convex of order «(0 < @ < 1) if and only if

zf(2)
/()

Re{1+ }>a,zeU.
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The Koebe one quarter theorem [1] asserts that the image
of U under every univalent function f € S contains a disk of
radius i. Thus every univalent function f € S has an inverse /!,
defined by f/~[f(2)]=2z (zeU)and f[f~'(W)]=w, (w| <
ro(f): ro(f) = ), where

ffw)y=w—aw? + (2a§ —a)w?
—(5a3 — Sazaz +ag) w4 (1.2)

A function f € S is said to be bi-univalent in U if both f{z)
and f~'(z) are univalent in U. Let ¥ denote the class of bi-
univalent functions in U given by (1.1). Some functions in the
class T are as below (see Srivastava et al. [2]):

z ll 14z
1—: 28\1=Z)

—, —log(l —2),

However, the familiar Koebe function is not bi-univalent.

The class X of bi-univalent functions was first investigated
by Lewin [3] and it was shown that |a,| < 1.51. Brannan
and Clunie [4] improved Lewin’s result and conjectured that
|as| < +/2. Later, Netanyahu [5], showed that max rex laz] = %.
Brannan and Taha [6] also introduced certain subclasses of the
bi-univalent function class ¥ and obtained estimates for their
initial coefficients.

Recently, Srivastava et al. [2], Frasin and Aouf [7], Bansal
and Sokol [8] and Srivastava and Bansal [9] are also introduced
and investigated the various subclasses of bi-univalent functions
and obtained bounds for the initial coefficients |a,| and |as].
The coefficient problem i.e. bound of |a,| (n € N\({1, 2}) for each
/€ X given by (1.1) is still an open problem.

Babalola [10] defined the class .%; (8) of A-pseudo-starlike
functions of order § as below:

Definition 1. [10] Let f'€ A, suppose 0 < 8 < 1 and A > 1 is real.
Then f(z) € 4,.(B) of A-pseudo-starlike functions of order 8 in
the unit disk if and only if

r(FLOT

W)>ﬂ, (zeU).

Babalola [10] proved that, all plseudo-starlike functions are
Bazilevic of type (1 — 1), order 8+) and univalent in open unit
disk U.

Motivated by this, we propose to introduce two new sub-
classes of bi-univalent function class ¥ and find estimates on
the initial coefficients |a,| and |a;3|. The techniques used are
same as Srivastava et al. [2] and also we note that similar type
of techniques for exp(—¢(&)) -expansion method used by Ab-
delrehman et al. [11] and (%) -expansion method, were used by
Zayed and Gepreel [12]. These methods are used to find exact
traveling wave solutions of nonlinear partial differential equa-
tions in mathematical physics.

In order to derive our main results, we have to recall here the
following lemma.

Lemma 1. /73] Let h € P the family of all functions h analytic in
U for which Re{h(z)} > 0 and have the form

h@ =1+piz+pZ+psz+--

forze U Then |p,| <2, for each n.

2. Main results

2.1. Coefficient bounds for the function class £ B (o)

Definition 2. A function f{z) given by (1.1) is said to be in the
class .Z B () if the following conditions are satisfied:

fex
(7 A
and arg(z[‘j;,((:))] >‘<% (zeU;0<a<l, A>1) (2.1
and ‘arg(w>‘<ﬂ welU;0<a<l1, A>1), (2.2)
g(w) 2

where the function g is extension of f~! to U, and is given by

gw) =w—a w? + (2a§ —az) W’
—(Sa% — Saraz +ag) w4
We call £ B% (@) be the class of strongly A-bi-pseudo-starlike
functions of order «.

We begin by finding the estimates on the coefficients |a; |
and |a; | for the function class . By ().

Theorem 1. Let f(z) given by () be in the class £ Bk («). Then

laa] < 2
Ver—1D0Cr—1+4a)

(2.3)

3] < 4a2 n 20
a
Y W P RIE PR

(2.4)
Proof. Clearly, conditions (2.1) and (2.2) can be written as

Zf @

= "‘ 2.5
o =@l 2.5)
and

s
MEOT _ o 2.6)
gw)
respectively.

Where p(z), g(w) € P and have the forms

(@) =14 piz+p22+pi + -
and g(w) = 1+q1w+q2wz+q3w3 R

Clearly,
-1
PO =1+apiz+ (cx pr+ % pf) 2+

-1
and [Q(W)]a =1 +aqw+ (()[Q2 + %q%)wz 4o



524

S. Joshi et al.

Also
Z[?((ZZ))]A =14+Cr—Dayz
HEA=Daz+ 22 —dr+ Da3] 22 + - -
v
and W[j(#))] =1-QCr—Dayw

@227+ 22 — a3 — Br— Das]w? + - -

Now, equating the coefficients in (2.5) and (2.6), we get

Q2r — Da, = ap, , 2.7)
) ) al@—-1) ,
GBi—Dazs+ A" —4r + Da; :o{pz—i—Tpl , (2.9)
—2r—Day = aq; , 2.9)
2 5 al@—-1) ,

@1 +2x — Da; — Br — Das =aq2+fq,. (2.10)
From (2.7) and (2.9), we get

P1r=—q (2.11)
and 2021 —1)* a3 = o&*(p} + ¢7) (2.12)

Now by adding equation (2.10) and equation (2.8) , we get

—1
@2 =2 & = a(pr+ o) + 22D

)
s (Pl +a),
by using (2.12), we get

(42> =20) a5 = a(pr + q2) +

ala—1) (22r —1)? d3
2 ( a? ) ’
5 062(172+q2)

T TR S TR G

Applying Lemma 1 for the coefficients p, and ¢, , we immedi-
ately have

laz| < 20 .
Ver=DC2r=1+a)

This gives the bound on |a;, | as asserted in (2.3).
Next, in order to find the bound on |as |, by subtracting Eq.
(2.10) from Eq. (2.8), we get

( _1) 2
= az (r —a1)-

From (2.11) we get p} = ¢7 and also using (2.12), we have

200 —1) a3 =231 —1) & = a(pr — q2) +

oA (pi+a)

201 - 1) a3 2G4 — 1) < )

) =a(p2—q2)

2 2 2
i — 1){2 as - <$)L(7p11))2)} —a(p2—q2) (by using p} = )
202 p%

o
2 = -1 _
SrsE st e

(P2 — q2).

Applying Lemma 1 once again for the coefficients p;, ¢; p» and
q» , we get

las] < 402 . 2a
GL= o T T Ga—1)

This completes the proof of Theorem 1. O
Putting 2 = 1 in Theorem 1, we have

Corollary 1. Let f(z) given by (1.1) be in the class £ B ().
Then

20

V(I +a)

las| < 40 + o

laa| <

3. Coefficient bounds for the function class ¥ Bs (1, )

Definition 3. A function f{z) given by (1.1) is said to be in the
class .Z Bs (X, B) if the following conditions are satisfied:

Sex
/ s
and Re(Z[f @l >> B (zeU;0<B<Lra>1) (31
f(@
A
and R€<M> > weU; 0<B<1,A>1), (32
gw)

where the function g is extension of f~! to U, and is given by
gw)y=w—a w? + (2(1% —a) w — (Sa% — Sasas +az) wh4 -
We call .2 Bs (A, B) be the class of A-bi-pseudo-starlike func-

tions of order 8.

For functions in the class .ZBx (%, ), the following coeffi-
cient estimates hold.

Theorem 2. Let f(z) given by (1.1) be in the class £ By (A, B).
Then

2(1 - p)
ol <\ 5T (3.3)
4(1—-8)*  2(1-p)
las| < -1 T e (3.4)

Proof. Clearly, conditions (3.1) and (3.2) can be written as

A/ P

PP 3.5
o =Pra=p e 3.5
and
A
MEODF _ 5y (1~ gy g (3.6)
gw)

respectively.
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Where p(z), ¢(w) € P and have the forms

p@) =14 piz+ 2z + sz’ + -
and gw) =1+ qw+@w’ +gw’ + -+ .

Clearly,

B+U =B p@)=1+A=B)prz+1 =) pr+--
and B+ (1 —-B)qgw)=1+1-8)q w+(17ﬂ)q2w2+-~-.

Also
7 A
Ar el =14 @Qh—Dar z+[Gr— Daz + (27 —4i+ Da3] 2 + - -
S @)
AT
and M =1-Q2rx—Daw

gw)
+@2A2 + 20 — Da3 — Br — Daz] w? + - -

Now, equating the coefficients in (3.5) and (3.6), we get

2r=Dar = (1= p) p1, 3.7
(Br—Daz + 22> —4r 4+ Ddd = (1 - B) pa, (3.3)
—@r=Day=(1-p)q. (3.9)
@420 —1)a3 — Br— Das = (1 - B) qa. (3.10)
From (3.7) and (3.9), we get

P = —q1 (3~11)
and 202x - D@3 = (1 - B)*(pt +4}) (3.12)

Now by adding Eq. (3.10) and Eq. (3.8) , we get

@2 =20 = (1= B)(p2+q)

2 a-s

a; = m(m +q2)

Thus, we have

1 —
3 < % (Ip2l + 42D
Applying Lemma 1 for the coefficients p, and ¢, , we have

2(1-8)

< .
el =\

Which is the bound on |a; | as given in (3.3).
Next, in order to find the bound on |a; |, by subtracting Eq.
(3.10) from Eq. (3.8), we get

20 =D a3 =2B3r =D a3 = 1= B)(p2— )
2631 =D a3 =231 =1 a3 + (1 — B)(p2 — q2).

From (3.11) we get p? = ¢? and also using (3.12), we have

(1-p)? >
2(3)»—1)113=2(3>»—1)Wfl)z(p§+qi)+(1—ﬁ)(pz—qz)
=B L, (1-p)
a3 = m(!ﬁ"“h)“‘m(l’z—qz)

1—p)? 1— .
= o )+ 52— ) by wing 5t = )
(-8

1—
(P%) + (7/3)(1)2 —q2)

@ = 2Gh—1)

@2r—1)2
Applying Lemma 1 for the coefficients p;, ¢, p» and ¢, , we get

1-p)2 1-
las| < ((2,\7’31))2(4>+ =Py

2Gh—1)
4(1 - p)?

2(1 - B)
= la3] < - + G D)

This completes the proof of Theorem 2. O
Putting 2 = 1 in Theorem 2, we have

Corollary 2. Let f(z) given by (1.1) be in the class £ Bx (1, B).
Then

laa| = v2(1 = B)

las] < 41 = B)* + (1 = B).
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