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Abstract—1In this work, we state a result of compactness due to Lions in Orlicz spaces. We
give an application proving an existence result for a gradient type elliptic systems in R involving
N-functions. © 2004 Elsevier Ltd. All rights reserved.
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1. INTRODUCTION

In this paper, we study the existence of solution for the following class of elliptic systems:
—Au +Wu = Qu(u,v) + Hy(u,v), in RY,
—Av + Wo = Qu(u,v) + Hy(u,v), in RN, (S)
u,v >0, in RY ,
where W : RY — (0,00) is a continuous function, H € C1(R+ x R, R) is a 2*-homogeneous
function with gradient VH = (H,, H,), 2* = 2N/(N —2) with N > 3, and Q € C}(Ry x R4, R)

is a positive function bounded from above by an N-function, (see [1,2] for definitions), that is,
the function @ is assumed to verify the following conditions:

Qu(u,v) < Ca(lu|) and Q,(w,v) < Cb(jv|), u,v € R;

(Qe)
Qu,v) < C(A(lu)) + B(lv])),  wveR,
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where C denotes a generic positive constant, A(t) = f(f a(s)ds and B(t) = fot b(s) ds mean two

N-functions, with a and b satisfying condition (G) below, namely, we say that a function g verifies
condition (G) if

gisodd, g¢(0)=0, g(t)>0, ift>0, lim g¢(t) = 400,
t—r-+-00 ] ( G)
nondecreasing and right continuous on ¢t > 0, |g(t)] < [¢t|* 72, for all ¢.
Here F, denotes the partial derivative of F' with respect to variable z.

The main difficulty of establishing existence results to this kind of elliptic system is the fact
that the function @ has critical growth involving N-functions. Because it is possible to find a N-
function such that, at infinity, its growth is greater than any subcritical growth (see an example
below). It is well known that, when we use the variational techniques, a lemma proved by Lions
in [3] is one of the greatest tools to show the existence of solution to (S). In [4], it is given a
different proof for this result. However, as far as we know, the proof of this result involving
N-function has never appeared before in the literature. In this paper, we prove a version of this
lemma for N-functions (see Main Lemma) and, as application, we state a result involving the
above system which completes some results obtained by the authors in the papers [5,6]. Finally,
we would like to cite papers [7,8] (and references therein) for some existence results for quasilinear
problems in Orlicz-Sobolev space setting.

The example below, given in [9], shows a function whose primitive is a N-function with behavior
mentioned above.

ExXaMPLE. Let a : [0,00) — R be given by
2 fo<t<1,
a(t) = { 2 -1-U/belog?)  jf1 <t <3,
271/ logllogn) it <t <n 41, n=34,....
DEFINITION. ORLICZ SPACE. Let Q be a domain in RN and let A be an N-function. The Orlicz

space L 4(S2) is the set of all measurable functions u defined on ) such that there exists A > 0
satisfying [, A(|u(z)|/A) dz < oo, endowed with the norm

lullz ) :inf{A : /QA(\—U—(/\EM> dz < 1}.

LEMMA A. MAIN LEMMA. Let {u,} be a bounded sequence in H*(R™), such that

lim sup / lun|? dz = 0, for some R > 0.
Br(y)

Then

lunllz, myy — 0, as n — oo,

where A is a N-function verifying (G).

The next result is related to the action of group in Sobolev spaces. For more details about this
subject see [10, Theorem 1.24].

DEFINITION. Let G be a subgroup of O(N), y € RY and r > 0. We define
m(y,r,G) =sup{n € N:3g1,...,9, € G s.t. B(gjy,r) N B(gry,r) =0, for j # k},

where B(y,r) denotes a ball centered in y with radius r. An open subset  of RV is compatible
with G if gQ = () for every g € G and for somer >0

lim m(y,r, G) = oo.
ly|—o0,dist (y,2)<r (y )
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COROLLARY B. Let @ C RN be a open set and G a subgroup of O(N). If Q is compatible
with G, the following embedding is compact:
H;G(Q) — L4(2).
In order to give an application of above lemma, we shall impose the following hypothesis:

H is 2" — homogeneous, H(u,v) > 0 for every u,v > 0,

H
H,(0,1) = H,(1,0) = 0. (Hy)
H,(0,1) = H,(1,0) = 0. (Hy)
0<6,  Quv)<VQuv).(1,v), 0>2, uvek;
Qu,v) 2 C(Jul? + [v]%), u,v € R,
for some q € [2,2* — 1), if N>4and g€ (3,5), if N=3,
@.(0,1) > 0 and Q,(1,0) >0, Q
the 1-homogeneous function G defined by
G (s”*,t”*) = H{(s,t), Vs,t >0, is concave.
For (u,v) fixed, VQ(t(u,;))).(u, v) is a strictly increasing function for ¢ # 0.

W is 1 — periodic. (P)

Thus, our application of Lemma A is the following.

THEOREM C. Suppose that (Q), (P), (G), (H;), and (Hy) hold. Then system (S) has a positive

solution.

2. PROOFS

PRrOOF oF LEMMA A. Observe that, without loss of generality, we can assume u,, > 0. On the
contrary, for u, € La(RY) writing u,, = u} —u;; with «}f = max{4u,,0)} we have uX € L4(R"Y)
and

[unllL @y < ||“7§”LA(RN) + ““5”LA(RN> :

Let u}, be the Schwarz symmetrization of u, (see e.g., [11]). Then

Un ’U,;; *
/RN A(F) da= /RN A (T) de  and  |lunllz,@y) = sl @y (1)

so, it is sufficient to prove
”u:LHLA(]RN) — 0, as n — 0o, (2)
In order to prove the convergence above, we remark that the embedding
H}(Q) — La(Q) is compact, when £ is bounded. (3)

Indeed, observe that if {2 is bounded, there exists ugp € H2(Q), such that u, — up in LY(Q)
as n — oo, for all ¢ € (2,2*). Moreover, notice that from (G) we infer that for ¢ € (2,2*) and
each & > 0, there exists Cs > 0, such that

At) <6 (t2 + tz*) +Cst?,  VteR. (4)
By (4), by choosing § = €2 +1, we have

/A(u>dmsl,
0 €

Hence, u, — ug in L4(Q) as n — oc. This proves (3).
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Now we will prove (2). For each R > 0 fixed and since u € L4(RY) we have

IRIOESYRIC SESFIRIGESS
/RNA((l—_%\Eﬁ“)_u> dx < oo,

where x g, denotes the characteristic function on a ball, Bg, centered at the origin with radius R.

Then

and

lulloasr) = IxBaula@yy  and  lullz,@¥\Ba) = (1 — xBr)ulLa@y)-
By hypothesis and applying Lions’s Lemma (see [3]) we have
|tnlgs [url, — 0, up — 0, a.e., in RN as n — oo,

where |u|s denotes the usual L®-norm.
But, recalling that {u*} is bounded in H'(R") and using (3), we get

lunllf(Br) — 0, 88 n — o0

By the inequality below due to Strauss (see [11])

[u ()] < C>0 VneN, VzeRY\Bg,

C j—
W = g(x),

we conclude that g € L*(RY \ Br), s > 2N/(N —1).
So, given € > 0, choose Ry > R such that

/ lg(@)dz <=, VzeRV\Bg,.
N\Br 2

Now since the embedding H. (R < |z| < Ro) — L*(R < |z| < Ry) is compact for all s € (2, c0),

rad
where HL (R < |z| < Ro) = {u € H'(R < |z| < Ro) : u is radial}, taking s = 2* we obtain
/ lu* > de = / x| da:+/ lut(¥ dz —0, asn—oo. (5)
RN\Bg ro\Br Ro

From (4) and using (5), we get

/ A (u" ) dr < 1, Ye > 0 and for all n sufficiently large,
RN\Bgr 6/2
that is, [jupllz, ®¥\Br) — 0 @ n — oo. This completes the proof of lemma.

PROOF OF COROLLARY B. It suffices to observe that the embedding HE (Q) C LP(Q) is compact,
for all p € (2,2*) (see [10, Theorem 1.24]).

ProoF oF THEOREM C. It is well known that weak solutions of (S) are the critical points of
functional

I(u,v)z%/ﬂw (IVul? + |Vv]?) d:n-{—%/RNW(uz—l—'uz) dx—/RNQ(u,U)da:—/RNH(u,v)dm,
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which belong to CY{(H*(RV) x HY(RV),R). Hereafter, we denote by E = (H'(R"))? the Hilbert
space endowed with the norm

o)l = [ (a2 + (9l W (i + o)) .

As in [12], in the definition of functional I, we are considering the following extension for the
functions Q and H in whole space R%:

Q(u,v), 020,
Qlu,v) = Q(0,v) + Qu(0,v)u, u< )
Q(u,0) + Qu(u,0)v, v<0<u,
Q(u,0), u,v <0,
and
H(u,v) :== H (ut,vt), wt = max{+w,0}.

We also make use of the following constant:

Vul? + |Vo]?) d
Sy = inf Jo (Ve | vl232*$ : (0,0) # (u,v) € (H' (RN))z} :
(f]RN H(u,v)dz)

The constant Sy was defined by de Morais and Souto in [12] (see also [13]), which is related to the
best constant of Sobolev obtained in [14]. As in the scalar case, the levels where the functional 1
fails to satisfy Palais-Smale condition (see below the definition) will involve the constant Sg.

Under our hypothesis, it is standard to prove that our functional verifies the mountain pass
geometry (see {15]), then there exists a (PS). sequence {(un,v,)} C E, that is,

I(un,v,) — ¢ and I'(up,v,) — 0, in E*,

where ¢ = inf,cp max;eo 1) [(7(t)) > 0, with T' = {y € C(E,R) : v(0) = 0 v(1) = (e,e)}. We
point out that, arguing as in [4], the above sequence is bounded in E. So, we can assume that
there exists (u,v) € E, such that (un,v,) — (u,v) weakly in F, as n — co. Passing to the
limit in I’(un,vn) = o(1), as n — oo, we conclude that (u,v) is a weak solution of problem (S).
Adapting the arguments used in [16], we consider the solution w, > 0 of equation
—Awe = w? 1, in RV,
and ¥ = pw,, where ¢ is cut-off function, that is, ¢ = 1in By, ¢ = 0in RV \ By, and 0 < p < 1.
Define
Ve

(fB2 o ) Wk

Ve =

then

. t? .

I(tBv, tDve) < 5 (B + D?) / (IVuel® + WZ) — ¥ H(B, D) — X% (B* + D) C / ot
which implies

1\ W=2/N
) , for € sufficiently small.

I{tBve,tDv.) < %(SH)N/2 (;
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Therefore,

= Sp. (+)

1 N/2 1 (N-2)/N

Repeating the arguments explored in [5, Lemma 3.3] together Lemma A and (x), we have that
there exist p, 7 > 0 and y,, € R¥, such that

lim | sup / lun | + Jun|? dz| > 1.
Bp(y)

no0 | yeRN

Putting @, (z) = u(z — yn) and 0,(z) = v(x — yn) then {(in,0n)} is a (PS). sequence with ¢ > 0,
such that (G, 0,) — (4,7) weakly as n — oo. Moreover, (i, ?) is a nontrivial solution of (S) with
4@ > 0 and ¢ > 0. This completes the proof of Theorem C.

3. FINAL COMMENTS

Adapting the arguments explored by the authors in [5,6], it is possible to show a result of
existence of a positive solution to (S) when the function W is a perturbation of a 1-periodic
function, that is, W behaves at infinity like a 1-periodic function.
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