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Abstract

The concept of basic generated universal fuzzy measures is introduced. Special classes and prop-
erties of basic generated universal fuzzy measures are discussed, especially the additive, the symmet-
ric and the maxitive case. Additive (symmetric) basic universal fuzzy measures are shown to
correspond to the Yager quantifier-based approach to additive (symmetric) fuzzy measures. The
corresponding fuzzy integral-based aggregation operators are introduced, including the generated
OWA operators.
© 2007 Elsevier Inc. All rights reserved.
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1. Introduction

Denote by N the set {1,2,...}. General aggregation operator A : [ J, [0, 1]" — [0, 1] as
introduced in [7,8,2] with specific properties can be characterized as a fuzzy integral with
respect to a system of fuzzy measures (m,),.n, ma:2(X,) —[0,1], where
X,={1,2,...,n}. For example the only additive symmetric aggregation operator M
(arithmetic mean) is related to the system (m,), ., given by m,(4) = ‘%‘ for A c X,. To
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capture and study properties of the system (m,,) universal fuzzy measures were intro-

duced in [12] and studied in [23].

neN»

Definition 1. Denote .o/ = {(n,4) |n € N,;A C X,}. A mapping M : o/ — [0,1] is called a
universal fuzzy measure whenever for each n € N, M(n,-) is non-decreasing (with respect
to the set inclusion of the second argument), M (n,()) =0 and M(n,X,) = 1.

The idea of universal fuzzy measures is related to the fuzzy measures in the same way as
the extended aggregation operators (i.e., aggregation operators without fixed arity, acting
on arbitrary finitely many inputs) are related to n-ary aggregation operators. For example,
in several multicriteria decision problems we meet the problem of not knowing a priori the
number of applied criteria, however, we need to know the weights of groups of criteria
which will vary when adding some new criteria. Such complex knowledge about normal-
ized weights of group of criteria can be summarized in a relevant universal fuzzy measure.
Note that the name universal fuzzy measure reflects the fact that it describes the situation
on an arbitrary finite space {1,2,...,n} independently of n, similarly as for example the
arithmetic means is a universal operator on real functions with finite domain.

Standard properties of fuzzy measures (additivity, symmetry, maxitivity, submodular-
ity, subadditivity, belief, etc.) are extended to universal fuzzy measures in a natural
way, requiring the relevant property to be satisfied by any fuzzy measure
m, = M(n,-), n € N. These properties are inherited in the case of universal fuzzy measure
M induced by a fuzzy measure x on N, u({1}) >0, M(n,4) = lf‘(;}).

Another class of universal fuzzy measures can be determined by means of a priori given
weights.

Two subsequent properties establish some connections between fuzzy measures
m, =M(n,-), n € N.

Definition 2. Let M : o/ — [0, 1] be a universal fuzzy measure. Then M is called natural
whenever for each n,k € N, 4 C X,,, it holds M(n,A) = M(n+ k,A). Moreover, M is
called proportional whenever for each n,k € N, 4 C X, it holds M(n,4) - M(n + k,X,) =
M(n+kA).

Note that the decrease of a weight of a group of criteria in multi criteria decision mak-
ing when taking into account some new criteria is a natural property reflected by the above
introduced naturality of universal fuzzy measures. Proportionality of universal fuzzy mea-
sures strengthen the naturality, modelling the preservation of the ratio of weights of
groups of criteria when adding some new criteria.

Evidently, each proportional universal fuzzy measure M is also natural, but not vice
versa.

n [21], OWA operators induced by weight generator (quantifier) g: [0,1] — [0,1], g
non-decreasing, g(0) =0, g(1) = 1, were introduced as follows:

OWAg(xl,...,x,,)zn:(gG) g<i;1)>x;, (1)

i=1

where (x{,...,x)) is a non-decreasing permutation of the input vector (xi,...,x,). As
noticed in [5], each OWA operator on [0, 1] can be represented as the Choquet integral
with respect to a symmetric fuzzy measure m, : Z(X,) — [0, 1], m,(4) = OWA(14(1),

..., 14(n)). Thus OWA, can be represented as the Choquet integral with respect to the
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universal fuzzy measure M : . — [0,1], M(n,4) = OWA,(1,(1),...,14(n)) = 3/,
i i— _ 4
(2(2) — 2(54) = 2(4).
Similarly, universal weighted mean generated by a weight generator g and denoted by
W, is a general aggregation operator given by

Wyt sx) = Z; <g<é> —g(in 1>>x,».

This general aggregation operator can be seen as the Lebesgue integral with respect to the
universal fuzzy measure M : .o/ — [0,1], M(n,4) = Wo(1,(1),...,Li(n)) = > .., (g(£)—
g(5):

( n)spired by these facts and by [8-10], we have introduced generator-based universal
fuzzy measures in [13], generalizing both above mentioned universal fuzzy measures linked
to the weight generator g. The aim of this paper is to continue in the study of special gen-
erated universal fuzzy measures and related fuzzy integrals. In the next section, we intro-
duce basic generated universal fuzzy measures. In Section 3, special classes of basic
generated universal fuzzy measures are studied, while Section 4 is devoted to the study
of universal fuzzy measures representable as basic generated universal fuzzy measures.
In Section 5 the naturality and the proportionality of basic generated universal fuzzy mea-
sures is discussed. In Section 6 we give a look on fuzzy integrals based on basic generated
universal fuzzy measures. Finally, some conclusions are included.

2. Basic generated universal fuzzy measures

Definition 3. Let g : [0, 1] — [0, 1] be a non-decreasing mapping satisfying g(0) =0, g(1) =
1, and let / : .o/ — ?(N) be a mapping non-decreasing in the second argument such that
h(n,0) =0 and h(n,X,) =X, for all n € N. Then the mapping g is called a weight
generator, the mapping 4 is called a set generator, and a mapping M, : &/ — [0, 1] given
by Myg(n,4) =Y icpna (€(E) — g(5h)) (with convention Mj,¢(n,4) = 0 if h(n,4) = 0) is

called a generated universal fuzzy measure. We denote by % the set of all weight generators
and by # the set of all set generators.

Observe that the sets % and # are complete lattices with the weakest and strongest ele-
ments g, 4, and g*, i", respectively (on ¥ the standard partial order of functions is consid-
ered, while on 2 we consider the inclusion partial order of set-valued mappings),

o {1 fE=l L [0 =0,
&M= 0 else, W= else,

X, ifd=x, 0 ifAd=0
h.(n,A) = h(x) = ’
+(m4) { 0 else, (x) {X,, else.

Moreover, 4 is a convex set (i.e., it is closed under convex combinations of its
members).

Note also that M, , is the weakest universal fuzzy measure independently of g (i.e., each
corresponding m,, is the weakest fuzzy measure on X,,). Similarly, M- , is the strongest uni-
versal fuzzy measure.

Inspired by the two examples from introduction, we are interested in the case when the
set generator % : o/ — 2(N) is independent on n, i.e., when h(n,4) = h(n + k,A4) for all
finite subsets 4 C N, n = max 4 and for all £ € N.
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Definition 4. Assume mapping /& € »# which is independent of n (we will denote it by 7,
ie., y(4) =h(n,A) for all n > maxA). Then the generated universal fuzzy measure
M, o(n,A) =3, (g(£) —g(5h)) will be called a basic generated universal fuzzy
measure and the set of all set generators y with the above property will be denoted by
I'. Moreover, y € I" will be called a basic set generator.

Evidently, a set generator y: # — %, where & = {4 C N|4 is finite}, is a basic set
generator if and only if it is non-decreasing and y(X,) = X, for all n € N, y(0) = (. The
class I' is a complete lattice induced by a partial ordering =<, y, <y, if and only if
71(4) C y,(4) for all 4 € 7. The following result shows that I' is a bounded lattice.

Proposition 1. Let 7,(4) = Xmaxkx,cay = Xmin(N\a)—1 and y*(4) = Xmaxa, With convention
= (. Then y,,y* € I and for each y € I' it holds 7, (4) C y(4) C y*(4), A C N, ie., y. is
the minimal basic set generator and " is the maximal basic set generator.

The proof is straightforward and therefore omitted.
Remark 1

(i) Note that a set generator 4 € J# can be derived from a family (y,),. of basic set
generators, h(n,4) = y,(4), if and only if i(n,X;) = X; for each n,k € N, k < n.

(ii) Observe that the strongest basic generated universal fuzzy measure M., based on a
weight generator g € ¢ is given by the formula

= (229) - yi(),

and thus foreachn € N, the fuzzy measure m, = M- ,(n, -) is a possibility measure [25]on X,
with the possibility dlstrlbutlon m, 1 X, — [0,1] given by m,(i) = g(£). Similarly, the weakest
basic generated universal fuzzy measure M, , related to g € ¢ is given by the formula

M, o(n,4) = g(minTN\A) = /\g(@)

i2A

Moreover, for each n € N, the corresponding fuzzy measure m, = M, _,(n,-) is a necessity
measure on X, (its dual m¢ is a possibility measure on X,, with the p0551b111ty distribution
n?: X, — [0,1] given by n/(i) = 1 — g(=1)).

3. Special classes of basic generated universal fuzzy measures

Recall that a universal fuzzy measure M is called additive if and only if
M(n,AUB) =M(n,A) +M(n,B) foralln € N,4,B C X,, AN B = (). Similarly, M is called
symmetric (maxitive) whenever M(n,4) = M(n,B) for A,B C X,,|4| = |B|(M(n,AUB) =
max(M(n,A),M(n,B)) for alln € N, 4,B C X,,).

In the following proposition we describe three special types of basic set generators 7.

Proposition 2. A basic generated universal fuzzy measure M, 4 is

(i) symmetric for each weight generator g € 4 if and only if y(A) = X 4 for A C N (y with
this property will be denoted by v,).
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(ii) additive for each weight generator g € 4 if and only if y(4) = A for A C N (y with this
property will be denoted by v,).
(iii) maxitive for each weight generator g € 4 if and only if y(A) = Xmaxa, Le., if y = y*.

Proof. The sufficiency in all three cases is straightforward (and in the case (ii1) it was
already discussed in Remark 1). In the necessity parts of the proof for each item (i) (iii)
we will deal with weight generators g, € 4, n € N, determined by g,({) =2= for
i€ {l,...,n— 1} (for example each g, can be a continuous piecewise linear weight gener-
ator). Then M,, (n,A)=M,, (n,B) imply y(4) = y(B). For a fixed y € I,

(i) Let M, be a symmetric universal fuzzy measure for each g € 4. Fix 4 C X,,. Due to
the symmetry of M, , , M,, (n,A) = M,, (n,X4) and thus y(a) = y(X4) = X 4.

(ii) Let M, , be an additive universal fuzzy measure for each g € 4. Because of the addi-

tivity, for any fixed 4 C X, My, (n,4) = 32, ,M,q, (n,{i}) and y({i}) ny({j}) = 0

for all i,j € X, However, then p({1})={l} (this holds for any yelT),

7({2}) = {2} because of 1 =M, (2,X2) =M,,,(2,{1}) + M,,,(2,{2}) = (%)‘i‘

M;,(2,{2}), ie.My,(2,{2}) = 1= 2, (3) = &:(3) = &:(3) = Xicyp82(2) — gz(?

and similarly by induction we get y({i}) = {i}, i € N. However, then M,, (n,4) =

5 e (@ 0) = £0(5D) = XM (0, 1) = 3 (2,2) — £,(52)) imply 7(4) =
(iii) Let M, , be a maxitive universal fuzzy measure foreach g € 4. Evidently, y({1}) = {1}.
Moreover, 1 =M, ,(2,X2) =V, oy,M,,(2,{i}) = &, (%) v <\/i€7({2}) (gZ (%)_ &> (%)»
imply Ve, (€2(5) — 22(5Y)) = 1, ie, y({2}) = X». Similarly, y({i}) = X; for each
i € N. The monotonicity of y ensures for each finite subset 4 of N that X .., =
y({maxA4}) C y(4) C y(Xmaxa) = Xmaxs 1€, P(4) = Xmaxs and thusy =9*. O

Remark 2. Similarly we can show that M, is a minitive universal fuzzy measure for each
g€ Y, ie, M,;(n,ANB) =M, ,(n,A) NM,.(n,B) for alln € N, 4,B € #(X,), if and only
ify=y,.

Remark 3. A symmetric basic universal fuzzy measure generated by a weight generator
g € 9 is given by M, ,(n,A) = g(‘A‘) and an additive basic universal fuzzy measure gen-

erated by a weight generator g € 4 is given by M, ,(n,4) =>,.,(g(1) — g(=)). These
two types of generated universal fuzzy measures were exploited and discussed in [1,21].

4. Universal fuzzy measures representable as basic generated universal fuzzy measures

In the following proposition we describe conditions for additive and symmetric universal
fuzzy measures to be basic generated universal fuzzy measures. First, let us note that for a uni-
versal fuzzy measure M, , generated by a weight generator g € % itis enough to know the val-
ues of the weight generator g only on [0, 1] N @. Due to the required monotonicity of weight
generator g, for irrational x €]0, 1| we can always assume g(x) = sup{g(r)|r € [0,x] N Q}.

Proposition 3

(1) A symmetric universal fuzzy measure M is a basic generated universal fuzzy measure if
and only if for all n,k,t € N, t < n it holds M(n,X,) = M (kn,X},).
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(i) An additive universal fuzzy measure M is a basic generated universal fuzzy measure if
and only if for all n,k,t € N, t < n it holds M(n,X,) = M(kn,X},) (or equivalently if
M(I’l, {t}) = M(knant \Xk(tfl)))‘

Proof

(1) Let a symmetric universal fuzzy measure M be a basic generated universal fuzzy
measure, i.e., M(n,4) = g(%). Then

M(n,X,) = g(i) = g(%) = M (kn,Xy).

Vice versa, let a symmetric universal fuzzy measure M fulfils
M(n,X,) =M (kn,Xy)

for all n,k,t € N, t < n. Let us define a mapping g : [0,1] N Q@ — [0, 1] by putting g(’f) =
M(q,X,). We will show that g is a weight generator of universal fuzzy measure M. The
mapping g is well-defined since for £=% we have g(;) =M(q,X,) =M(sq,Xy,) =
M(sq,X,) = M(s,X,) = g(£). Moreover, g(%) =M(q,0)=0 and g(}) =M(1,x,) =1
and g is non-decreasing since for £<t we have g(%)=M(q,X,)=M(sq,X) <
M(sq,X,) = M(s,X,) = g(5). Using the facts that [0,1]N Q@ is dense in [0,1] and that g
is non-decreasing we can extend the mapping g to the whole interval [0,1]. We get
M(n,A) =M(n,X ) = g(' ') i.e., g is a weight generator of universal fuzzy measure M,
M =M, ..

(i) First we will show that for n,k,t € N, ¢ < n conditions M (n,X,) = M(kn,X,) and
M(n,{t}) = M(kn,X;, \ Xi—1)) are equivalent. Let M be an additive universal fuzzy
measure such that
M(n,X,) = M(kn,Xy,).

Then because of additivity of M we have >\ M(n,{i}) = M(n,X,) = M(kn,X},) =
Zf’:IM(kn, {j}).For t =1 we have M(n,{1}) = Zf:IM(kn, {j}).For t =2 we have

M(n, {1}) + M(n, {2}) ZMk"{J} > M{kn, {j}),

j=kt1

ie, we get M(n,{2}) = Z, wM(kn,{j}) and analogically M (n,{t}) = Z (141
M (kn,{j}).Vice versa, let M be an additive universal fuzzy measure such that

M(nv {t}) = M(knﬂka \Xk(l—l))‘

ThE):l’l M(n,X,) = Z;:IM(nv {l}) = Z;:l j‘k:(z 1)k+1 M (kn, {]}) thle(knﬂ {]}) = M (kn,
Xi)-
Let M be an additive basic universal fuzzy measure generated by a weight generator g € ¢,

e, M(nA) = >, (g(2) — g(=1)). Then
0= 32 (s() ~+(57)) =) <[
() o(50) -
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Vice versa, let M be an additive basic universal fuzzy measure such that M(n,X,) =
M (kn,X},). Let us assume the mapping g from part (i) of this proof. We will show that
g generates M. We have M(n,4)=> .  M(n{i})=>,,(MnX;)—MnX, 1)) =
Yiealglt) —g(5)) ie. M =M, . O

Similarly, we can show that a maxitive universal fuzzy measure M is a maxitive basic
generated universal fuzzy measure if M(n,4) = M(n,Xmaxa) and M(n,X,) = M (kn, Xy,)
forall n,k,te N, t<n, ACX,.

5. Naturality and proportionality of basic generated universal fuzzy measures

In the following propositions we describe the properties of a weight generator which
generates an additive (symmetric) universal fuzzy measure which is natural (proportional).

Proposition 4. Each symmetric basic generated universal fuzzy measure M, 4 is natural.

Proof. Let M, , be a symmetric basic universal fuzzy measure generated by the weight

generator g, n; < n, and 4 C X,,,. Then 'f‘ = ‘AJ and since g is non-decreasing we get
g('A‘) > g('A‘) e, M, ,(n,A) = M, ,(ny,A). Consequently, M, , is natural. [

ny

Proposition 5. Let g € G be continuously differentiable on 10,1[. Then the following are
equivalent:

(1) x - g'(x) is non-decreasing on 10, 1[.
(ii) The additive basic generated universal fuzzy measure M, o is natural.

(iii) The basic generated universal fuzzy measure M, 4 is natural for an arbitrary y € I.

Proof. (i) = (ii) Let x - g’(x) be non-decreasing on 10, 1[. Then for all ¢ € [ . ,i} we have

i n+1
"(£)dt = 1 .
ﬁg() n—|—1g n+l>n n
Similarly for all ¢t € { i } we have
t-g'(1),

i—1 /<i—l)
g

n n

—¢
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Since x - g’(x) is non-decreasing we have:

AT S SRS AR
n+1g n—+1 n ~ n £ n n

and together we get

i—1

[ gwas [ ewa,

1e.,
i i S i—1 i—1
E\n & n+1) 7~ 8\ & n+1
forall ne N, i=1,...,n. Then M, ,(n,{i}) = M, o(n+1,{i}) and from additivity of

M, . it follows that Mq ¢ 1s natural.(ii) = (¢) Let M, , be natural. Then M, ,(n,4) >
M, ((n+1,4) for all neN and 4 CX,. For any x,y€]0,1[NQ,x >y “there are
n,i,j €N, j<i<n such that x =1 andy:i Then also for all £k € N we have x =
and y = J . From the naturality of M ¢ we have

va«,g(knani \ij) = vmg(kn + leki \ij)v

(i) ~#(2r) = o) ()
() (1) > <(an) <)

g(x)—g(x - 11> > g(y)—g<y—knil>
gt) — g (v — ) _ ) —g(v-)

k_

1e.,

x X =y Y
Tn+1 nrl
xX)—g(x—2+ . )—g(y—r2s
and since limk%cxw =x-g(x) and hmkﬂooyw =y-g(y) we get

kn+-T

x-gx)=y-g»). Howez;er, 10, 1[NQ is dense in 0, 1[ and g is continuously differentiable
on J0,1[ and thus x - g'(x) = y- g/(y) for allx,y €]0, 1[,x > y, i.e., x - g'(x) is non-decreasing
on 10,1 [.

()= (iii) Let M, , be natural and let y € I'. Then M, _,(n,{i}) > M
neNandieX,, ie.,

() -+(5) >el) -<(50)

and thus

2 () -(5)) > 2 (l) ()

foralln e N, 4 C X,,ie, M, (n,4) = M, ,(n+1,4), ie., M, is natural.
(1i1) = (ii) This implication is obvious. [

(n+1,{i}) for all

Tar8
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Proposition 6. For any basic set generator y € I', the basic generated universal fuzzy mea-
sure M, , with a weight generator g € 9 is proportional if and only if g is a power function,
ie,glx)=x"r>0.

Proof. Let M, , be a basic universal fuzzy measure generated by a weight generator g € 4.
Let g(x) =x",» > 0. Then

B ) 5) o

i.e., M, is proportional.
Vice versa, let M, , be proportional. Then for all k,n € N, 4 C X,, we have
M, k,A
”g(n—i— ) :M"ug(nvA)a
Mio(n +k,X,) "

Z, (6() - +(=)) N
o) ) =) <n»i

i=

3 eler) <o) =) 2 (

Let A=X,,t€{0,1,...,n}. Then we obtain

(ir) ~<(52)<C)

for all k,n € N and ¢ € {0,1,...,n}. This means that the function g is a solution of the
Cauchy functional equation g(ab) = g(a)g(b) for all a,b € [0,1] N Q. Since [0,1]NQ is
dense in [0,1] and g is bounded and non-decreasing function on [0,1] we get
glx)y=x",r>0. O

oQ
Y\
S|~
~_
|
oQ
/‘?‘
s ||
—_
~
~_

6. Fuzzy integrals based on basic generated universal fuzzy measures

As already mentioned, fuzzy integrals [11,17] with respect to universal fuzzy measures
allow to construct several types of aggregation operators.

For example, the Choquet integral [3,11,16,17,24] with respect to an additive basic gen-
erated universal fuzzy measure M, , is just the weighted mean I related to the weighting
triangle 4 = (w;, [ n € N,i € {1,...,n}), wy, = g(£) — g(=1). Moreover, the Choquet inte-
gral with respect to a symmetric bas1c generated universal fuzzy measure M, , yields the
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OWA operator [20,22] OWA,, see (1). The next results concerning the basic universal
fuzzy measures and the Choquet integral can be derived directly from our previous results
and the formula for the discrete Choquet integral, see e.g., [3,5,6,16,18,24].

Proposition 7. Let M., ; be a basic generated fuzzy measure. Then the corresponding Choquet
integral-based aggregation operator C,q : |J,cn[0,1]" — [0, 1] is given by

c<>=§j (Z(g(f) —g(f‘—l))> )

where A; = y({j € X,|x; = x}) \ y({J € Xaulx; = x/,,}), and x|, | = 2 by convention.
Let o:{l,...,n} — {l,...,n} be a permutation such that x; = x,;. Then for the
extremal basic set generators 7,,y* we have:

1. gélg_(xllS) _,l)cnlo)orzjzzf’zl’xf(g’,(q%) — g(s(’,%l))), where  s(1) = n,s(j) = min(a(1),...,

2. Cpoglrr,y. i) = S0 Y, (g(ﬂ) - g(ﬂ)) where r(i) = max(a(i), ..., a(n)).

Note that for the extremal set generators 4, and 4" we have Cj , = min and
Cy . = max, independently of the weight generator g.

Similarly, we can introduce several results concerning the basic universal fuzzy mea-
sures and the Sugeno integral (for its discrete version see, e.g., [4,6,7,16-18,24]).

Proposition 8. Let M, , be a basic generated fuzzy measure. Then the corresponding Sugeno
integral-based aggregation operator S, 4 : |, [0, 1)" — [0, 1] is given by

) = \/1 (x; g (‘6?({0;0(@}) (g(%) ) g<j; 1>)>>

Moreover, using the same notation as in Proposition 7 it holds

st = (406(22))
5t =V (10(2))

Note that similarly as in the case of the Choquet integral, also for the Sugeno integral it
holds S;, , = min and S;- , = max, independently of g.

7. Conclusion

We have introduced and discussed basic generated universal fuzzy measures. The cor-
responding fuzzy integrals yield special aggregation functions, including the generated
OWA operators and the generated weighted means. We expect several applications of
our concept of basic generated universal fuzzy measures. First steps in this direction were
already done in [1] when fitting the weight generators of generated OWA operators to real
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data. Another promising application is the theory of asymptotic densities of subsets of N,
see e.g., [14,19]. Here the first step in this direction was done in [15].

Acknowledgement

This work was supported by grants APVT 20-003204, VEGA 2/6088/26, VEGA
1/3006/06 and MSM 6198898701.

References

[1] G. Beljakov, R. Mesiar, L’. Valaskova, Fitting generated aggregation operators to empirical data, Int. J.
Uncertainty Fuzziness Knowledge-Based Syst. 12 (2004) 219-236.

[2] T. Calvo, A. Kolesarova, M. Komornikovd, R. Mesiar, Aggregation operators: properties, classes and
construction methods, in: T. Calvo, G. Mayor, R. Mesiar (Eds.), Aggregation Operators, Physica-Verlag,
Heidelberg, 2002, pp. 3-107.

[3] D. Denneberg, Non-additive Measure and Integral, Kluwer Acad. Publ., Dordrecht, 1994.

[4] D. Dubois, H. Prade, Fuzzy Sets and Systems: Theory and Applications, Academic Press, New York, 1980.

[5] M. Grabisch, Fuzzy integral in multicriteria decision making, Fuzzy Sets Syst. 69 (1995) 279-298.

[6] M. Grabisch, T. Murofushi, M. Sugeno, Fuzzy Measures and Integrals, Physica-Verlag, Heidelberg, 2000.

[7]1 GJ. Klir, T.A. Folger, Fuzzy Sets. Uncertainty, and Information, Prentice-Hall, Englewoods Cliffs, NJ,
1988.

[8] A. Kolesarova, M. Komornikova, Triangular norm-based iterative compensatory operators, Fuzzy Sets
Syst. 104 (1999) 109-120.

[9] M. Komornikova, Generated aggregation operators, in: Proc. EUSF-LAT’99, Palma de Mallorca, 1999, pp.
355-358.

[10] M. Komornikova, Aggregation operators and additive generators, Int. J. Uncertainty Fuzziness and

Knowledge-Based Syst. 9 (2001) 205-215.

[11] R. Mesiar, A. Mesiarovd, Fuzzy integrals, in: V. Torra, Y. Narukawa (Eds.), Modeling Decisions for
Artificial Intelligence, LNAI 3131, Springer, Berlin, 2004, pp. 7-14.

[12] R. Mesiar, L’. Valaskova, Universal fuzzy measures, in: Proc. 10th IFSA World Congress, Istanbul, Turkey,
2003, pp. 139-142.

[13] R. Mesiar, A. Mesiarova, L’. Valdskova, Generated universal fuzzy measures, in: V. Torra, Y. Narukawa,
A. Valls, J. Domingo-Ferrer (Eds.), Modelling Decisions for Artificial Intelligence, LNAI 3885, Springer,
Berlin, 2006, pp. 191-202.

14] L. Misik, Sets of positive integers with prescribed values of densities, Math. Slovaca 52 (2002) 289-296.

15] L. Misik, J. Téth, On asymptotic behaviour of universal fuzzy measures, Kybernetika 42 (3) (2006) 379-388.

16] E. Pap, Null-additive Set Functions, Kluwer Acad. Publ., Dordrecht, 1995.

17] P. Struk, Extremal fuzzy integrals, Soft Comput. 10 (2006) 502-505.

18] M. Sugeno, Theory of Fuzzy Integrals and Applications, Ph.D. thesis, Tokyo Institute of Technology, 1974.

19] O. Strauch, J. T6th, Asymptotic density and density of ratio set R(A), Acta Arith. LXXXVII (1998) 67-78.

]

Trans. Syst. Man Cyber. 18 (1988) 183-190.
[21] R.R. Yager, D.P. Filev, Essentials of Fuzzy Modelling and Control, J. Wiley & Sons, New York, 1994.
[22] R.R. Yager, J. Kacprzyk, The ordered weighted averaging operators, Theory and Applications, Kluwer
Academic Publishers, Boston, 1997.
[23] L. Valaskova, Non-additive Measures and Integrals. Ph.D. thesis, Slovak University of Technology, 2006.
[24] Z. Wang, G.J. Klir, Fuzzy Measure Theory, Plenum Press, New York, 1992.
[25] L.A. Zadeh, Fuzzy sets as a basis for a theory of possibility, Fuzzy Sets Syst. 1 (1978) 3-28.



	Basic generated universal fuzzy measures
	Introduction
	Basic generated universal fuzzy measures
	Special classes of basic generated universal fuzzy measures
	Universal fuzzy measures representable as basic generated universal fuzzy measures
	Naturality and proportionality of basic generated universal fuzzy measures
	Fuzzy integrals based on basic generated universal fuzzy measures
	Conclusion
	Acknowledgement
	References


