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Abstract

We solve completely Thue equations in function fields over arbitrary finite fields. In the function
field case such equations were formerly only solved over algebraically closed fields (of character-
istic zero and positive characteristic). Our method can be applied to similar types of Diophantine
equations, as well.
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1. Introduction

Classical Diophantine equations like Thue equations (cf. Thue [10]) are traditionally
solved over the rings of rational integers or over the ring of integers of a number field
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(cf. Baker [1]). Several authors considered the analogous problem over function fields:
more exactly over the ring of integers of a function field over an algebraically closed field,
see, e.g., [6,8], both in case the ground field is of zero or positive characteristic. These
results have also common generalizations (cf. Gydry [5]).

Our purpose is now to investigate this problem in function fields over arbitrary finite
fields. Tt is well known that Diophantine equations over finite fields play an important role
in cryptography, cf. Niederreiter and Xing [7].

Also, from a practical point of view this case is much more straightforward than the
case of algebraically closed ground fields (which mostly occur in theory only).

As it will turn out, also in this case the unit equation plays a crucial role and the so-
lutions can be computed easily. However, for constructing the appropriate function fields,
performing calculations in them, determining heights, etc. we intensively use the computer
algebra package KASH [2].

2. Global function fields

In the following we shall strongly rely on the argument used by Mason [6] for function
fields over algebraically closed fields. We show how his ideas can be transferred to our
situation. A general description of properties of function fields (also over finite fields) can
be found in the book of Stichtenoth [9].

We introduce some notations. k = I, denotes a finite field with g = p? elements. The
rational function field of k is k(¢) as usual, and K is a finite extension of k(¢) of degree ng
and genus go. The integral closure of k[7] in K is denoted by ox. We assume that K
is separably generated over k(¢) by an element y belonging to ox and that k is the full
constant field of K. Any element f € K has a unique presentation

no
f=Y hiy™' hi€k@).
i=1

Conjugates of elements (fields) are denoted by upper case indices. Let A :=
((y(f))’_l)]gi,jgn € K™ have determinant D. We note that D is the discriminant of y.
It is nonzero since K is separably generated. We obtain the system of linear equations:

(O ) = (hy, . ha)A.

Hence, the h; are rational functions in the f(), (y())i=1,

The set of all (exponential) valuations of K is denoted by V, the subset of infinite val-
uations by V. By abuse of notation we do not distinguish between places and valuations.
For example, we write deg v for the degree of the divisor belonging to the valuation v € V.
For a nonzero element f € K we denote by v( f) the value of f at v. For integral elements
this is the highest power of the divisor belonging to v that divides the divisor ( f), and this
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concept is extended to rational elements in the usual way. For the normalized valuations
vy (f) =v(f) - degv the product formula holds:

Doun()=0 VfeK\(0).

veV

The height of a nonzero element f of K is defined to be

H(f):=_ max{0, vy (f)}.

veV

Because of the product formula this is tantamount to

H(f)==> min{0,vy(f)}

veV

which then holds for all elements of K including O.

3. Unit equations

Let Vp be a finite subset of V. Then the nonzero elements y € K satisfying v(y) =0
for all v ¢ Vp form a multiplicative group in K. These elements are called Vj-units. For
Vo = Vo the Vp-units are just the units of the ring ok .

The resolution of Thue equations (as well as several other types of classical Diophantine
equations) is usually reduced to equations of the form

i+y2+ys=0 ()

where the y; are Vjp-units for a suitable set Vj.
The crucial inequality of Mason on the above equation becomes in our case:

Lemma 3.1. Let Vjy be a finite subset of V and let y; (1 <i < 3) be Vy-units satisfying (1).
Then either % is in KP or its height is bounded.:

H(ﬂ)gzg—2+2degv. )

V3 veVy

Proof. The proof is along the lines of the proof of Lemma 2 in [6] (see [6, p. 14]). Since in
our case the field of constants k is not algebraically closed we encounter a few additional
difficulties which we will point out in what follows.
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We may assume that f := y;/y3 and therefore y»/y3 = — f — 1 do not belong to k. Let

Vii={veV:iu(f) <0}, Va:={veV:uv(f)>0},
Vi:i={veV:v(f)=0Av(f+1) >0}

These are disjoint subsets of the set V. Then we have

H(f)=Y_(-v(f)degv= > v(f)degv= Y v(f+1)degu.

veVy veV, veVs

This is true because of 1 = (14 f) 4 (— f), the product formula, and the property v(f) < 0
< v(1 4+ f) <0.If z denotes a prime element for the valuation v € V then the differential
1df satisfies v(1df) = v(df/dz) (see [9, Chapter IV]). If f is not a pth power then the
divisor 1df is canonical, i.e., deg(1 df) = 2g — 2, since the field k of constants is complete
(see [9, Chapter 1.5]). This yields

2¢—2=) v(df)degv= Y v(df)degv= Y v(df)degv

veV veVp veViuWhuVvs

> Y (v(f)—1)degv+ Y (v(1+ f) — 1) degv

veViuv, veVy

=—H(f)+H(f)— Y  degv+H(f)— Yy  degv

veViuV, veV3

>H(f)— Y degu>H(f)— )  degv

veViuUW,UVs veVy

whence the assertion follows. O
Taking @ = —y1/y3, ¥ = —y2/y3 Eq. (1) gives the unit equation in two variables
P+¥ =1 3)

where @, ¥ are Vjp-units. Because of characteristic p the number of solutions of such a
unit equation can be infinite.

For example, if Vj is just the set of infinite valuations and 7, 1 — n are both units of og
then also 1*, (1 — 1) is a solution of (3) for every exponent k¥ = p*. Hence, there exist
solutions of arbitrary large heights in this situation.

The subsequent lemma shows that for any finite subset Vy of V, the group of Vj-units
of K contains only a finite number, say s, of Vy-units  which are not pzth powers and for
which also 1 — 7 is a Vp-unit. We denote the set of these units by {n1, ..., ns}.

Lemma 3.2. Let Vjy be a finite subset of V. Assume that a Vo-unit ® in K is a solution
of 3). If @ is not a p*th power of n; (1 <i <s, £ € ZZ) then @ belongs to a finite subset
of K which can be calculated.
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For the proof we refer to [6, Lemma 11, p. 98]. The proof starts by assuming that @ is
not a pth power in K and therefore also provides the means to calculate the 7;.

4. Application to Thue equations
4.1. Preliminaries

We want to apply these results to (relative) Thue equations over K. Let

n
F(X,Y):= Z A X"Y e ok[X, Y]
i=0

be a binary homogeneous form of degree at least 3. Without loss of generality (cf. [4,
p- 20]) we can assume that F' is monic in X, i.e., Ag = 1. The polynomial F (X, 1) € ox[X]
is required to be separable and irreducible. Then for arbitrary m € og the equation

F(x,y)=m inx,y€og

is called a Thue equation (over K). Denote by « a zero of F(x, 1) in K, let L = K («) and
o the integral closure of k[¢] in L. Assume that k is the full constant field of L, too. If
X,y € ok is a solution of the Thue equation then

F(x,y)=Nr/k(x —ay)=m. “

Denote by y) (j =1,...,n) the conjugates of any y € L over K. Assume that
(x,y) € 0%( is a solution of (4). Then 8 = x — «y is of norm m, that is B can be repre-
sented in the form

B=x—ay=p-n &)

where 7 is a unit in L and u is an element of a finite set S of non-associated elements of L
of norm m over K. For the solution of the corresponding norm equation we use the usual
methods from algebraic number theory, i.e., calculate suitable S-units [3]. Those, together
with Dirichlet’s unit theorem (cf., e.g., [11]), can be easily transfered to the function field
case, too.

Denote by 71, ..., n, a set of fundamental units in L (that can be calculated by the
computer algebra system KASH [2]). Setting k* = (n9), there are integer exponents
ap, aiy, ..., a, such that

B=x—ay=pm-n ni"--n¥. (6)
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For fixed distinct i, j, k (with 1 <i, j,k <n)set L;jx = L(@®,a, a®) with genus g.
Denote by Vj a finite set of valuations of L;jx containing the infinite valuations and such
that

v(a(i) —a(j)):O, v(oz(j) —a“‘)):o, v(a(k) —a(i)):O ifvéVy
and
v(u®) =0,  v(P)=0, v(®)=0 ifveV.
Siegel’s identity (holding trivially for any solution, see [4, Chapter 3]) gives
(@D —aD)p® 4 (¢) — ®) gD 1 (a® — 4D)gD =, %
By the fundamental Lemma 3.1

(@) — k) g

Tk = (a® — 00y g®

is either of bounded height or is contained in Lfl. - In the following the height function is
applied always in L. '

4.2. Effective upper bounds for the solutions of Thue equations

In case Eq. (4) has only finitely many solutions we derive an upper bound for the
heights of the solutions. If the equation has only finitely many solutions, then there must
be i, j, k such that 7;;; is not a pth power in L;jx. We keep the above notation and set
A =max(H @V, H@Y), Ha®)).

Theorem 4.1. If ;i is not a pth power, then Eq. (4) has only finitely many solutions and
for all solutions (x, y) we have

1
max(H (x), H(y) < 11A+ —H(u) +4g 442 > deg.

veVy

Proof. Applying Lemma 3.1 we get

H(tijr) <2¢—2+ Zdegv:cl.

vely

This implies

P10 x—a®y o — a0\ _
H W =H m \H(Tuk)"‘H m \C1+4A:C2.
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Using an argument of Mason [6, Chapter II.1] for y # 0 we have

¥ a®pi /g _ g0

BD k) — 1
whence
X
H<—) <2A 4 2¢;.
y
By
L P
[Tz (5 —a®)
we derive

X

nH(y) < H(M)—i—n(H(y) +A>

whence the assertion follows for y. The bound for x can be obtained similarly. O
4.3. An algorithm for calculating the solutions of Thue equations
We now turn to finding the solutions of Eq. (4).

Case L. Consider first the case when 1 is of bounded height. Similarly as in the proof of
Theorem 4.1 we obtain

x—ay o — g NORG) /
H<x4_ a(k>y> < H(tiji) + H<7a(f> — a(k)> <cer+ H<a7(j) — a<’<)> =c5. (8

x—aDy p® (n? a'm ™\
x—a®y = @\ ,® 0

whence using (8) we obtain

(ORN (ORN k)
() () )esenGm)
UR Nr H

This means for any infinite valuation v of L;;; we have

n(i) n(i)
a-v L +...+ar.v L <C3.
(k) (k)
m Nr

By (6) we have
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Note that by interchanging i and k we get the same expression on the left-hand side with
opposite sign: for this reason the inequalities are also valid with absolute values:

(@) (@)
al U(%) ++arv(%>
m Nr

Note that the units in the above formula have zero values at finite valuations. The in-
equalities of type (9) (obtained for different choices of i, k) can be used to determine all
possible values of the exponents ay, ..., a,.

For any possible exponent vector ai, ..., a, we can determine 1 = r]‘l” <o in (5).
Then the system of equations

N

<. ©))

xmaWy=p M. g0 @y O @

can be used to determine the corresponding x, y.
Case IL. If in (7) we have

(@) — ®) g
Tk = @ — g < Lk

then using (5) we obtain

@) —a®)u® p®
(a(i) —a(]))u(k) n(k) ijk:

Here the last term is a unit in L;;; hence for any finite valuation v of L; jx

. (@) — g®), O
@® —a@)p®

must be divisible by p. This usually does not hold and there is no Case II solution. Other-
wise, T;jx is a pth power, say 7;jx = wl.’j’. ©» We replace T by wl.? « and repeat the argument.

Remark. In the above calculations several elements (e.g., «) — «/)) are contained in
subfields of type L;; = K (@, a))) of L;jx. Since for elements in L;; the values at any
valuation of L;jj can be easily calculated from the values of the corresponding valuations
of L;j, hence in fact almost all calculations can be performed in the subfields L;; which
are much easier to deal with, especially for large degrees n.

5. Examples

Example 1. In the first example we do not need to apply the fundamental lemma.



1. Gadl, M. Pohst / Journal of Number Theory 119 (2006) 49-65 57

Let k =T, let K =k(¢), let a be a root of
v+ +1=0
and let L = K («). Consider the Thue equation
Nrjkay(x —ay)=1 inx,y €k[t]. (10)
Denote by a1, a®, a® the conjugates of . Using symmetric polynomials we have
a® = g _o®@
and substituting it into «Pa® + a@a® + oD@ =0 we obtain
(a(z))Z +aWDa?® 4 (O[(l))2 -0

whence

W@ = 40V +aDy/=3
==

3(daD £aMV2). an
Observe that +/2 is contained in 55, a quadratic extension of K, hence in this case

M=L(aV,a@, a®)=Fst) ().
Denote by w a generating element of the multiplicative group I35 of 5 with

2=ub 3:w18, 4 =w'?
By (11) we have

a® = 1oqD, a® = w8a M.
Siegel’s identity gets the form

wi(x —aPy) + (x —a@y) + w'f(x —a®y) =0. (12)

In our case M has one infinite valuation. In the above equation all terms are units hav-
ing zero values at all finite valuations. By the product formula their value at the infinite
valuation is also 0, hence they are contained in the constant field [Fos.

Equation (12) leads to the unit equation

gx—aWy — ox—a@y
x—aB®y x—a®y
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which can be written in the form
e1+e=1 iney, e ells. (13)
If €1, &7 are solutions of this equation, then

3 ()]

y:ezwzo(x—oz@y), (14)

x—a(l)y=81w4(x—a y), X —«

hence (10) gets the form
erea(x —a®y)’ =1 (15)
whence for the solutions &1, &> of (13) the 1/(e1&2) must be a cube in F7s.

We determined all such solutions €1, &, of (13), calculated the corresponding x — a® y
from (15) and determined x, y from the system of linear equations (14). We found, that the
only integer solutionis x =1, y =0.

Example 2. Let k =1, K = k(¢), let @ be a root of
y3 —ty+ =0
and let L = K (). Consider the Thue equation
Npjkoy(x —ay)=1 inx,y€k[z]. (16)
Denote by oV, «®, «® the conjugates of . Using symmetric polynomials we have
a® = g _ @
and substituting it into aVa® + ¢@a® + aMa@ = —r we obtain

(a(z))Z +aMa®@ + (a<1))2 =0

whence

o —aD£y/=3D)? 41
o = ) .

a7
The minimal polynomial of the square root is

2452 49722 4515 4713,
The function field M = F;; (r)(z) contains oV, a@ o3, By

2=-30M) +4
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we have

-2 +4

(Y2 _
(Ol ) - 3

whence
6
aQ _ 3 2.2 4
o _g@t+&z+m)
Further we obtain

1 1
(2)=_O{()+Z a(3)=—06()—z
2 ’ 2

o

Forany 1 <i <3letj=i+1 (mod3), k=i+2 (mod3) (taking 3 in case of 0 remainder)
and let

yi = (@9 —a®)(x —ay).
Then Siegel’s identity gets the form
i+r2+y3=0. (18)

The field M has genus 1. It has three infinite valuations, all of degree 2. The x — )y are
units, having nonzero values only at the infinite valuations. The (¢® — () /(@) — a®)
have nonzero values all together for 6 finite valuations, all having degrees 1 or 2, the sum of
the degrees is 9. Denote by Vj the set of these 6 finite and the three infinite valuations of M.
Then by the fundamental Lemma 3.1 y;/y; is either of bounded height, or is contained
in M,

Case 1. Assume

H<ﬂ><2.1—2+15=15.

V3
This implies
L AV Ll A T 19
r—a0y ) SR G @ ) = (19)

In our case K has unit rank 1. The fundamental unit is

e=3t+1+3a.

()
v m

The values
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(at infinite valuations) are +3. Hence by (19) and (9) we have
x—ay=/pun-é&
with a root of unity u in k, where
3.-lal <17
hence
la] <5.

The possible values of a were tested and we found only the solutionx =1,y =0fora =0
andx =3t+1,y=8fora=1.

Case II. To exclude % e M we consider

v a®_—ag® x gy

i aD_a®@ ¥ g0y
The second term on the right-hand side is a unit, hence
0@ _o®
g —q®@
should be divisible by 11 at all finite valuations v. This is not satisfied, however. (Similarly
for y1/y2 and y2/y3.)

Example 3. Let k =3, K = k(t), let & be a root of
4 (2 +2)y* + (212 +2)y +2=0
and let L = K («). Consider the Thue equation
Npjkn(x —ay)=1 inx,y €k[t]. (20)
Denote by a1, @, «® the conjugates of . Using symmetric polynomials we have
a® =2 _2_ o _ 4@
and substituting it into M@ + ¢@Pa® + oM@ =22 4 2 we obtain

(@®)’ +a@ @V + 12 +2) + (V) +aD (P +2) + 22 +2=0
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whence

o —@D+2 42+ JaD 2 +2)+14+22 42
= > .

o

2D
The minimal polynomial of the square root is
LA+ )+ (B 202 1) 28 2t 1O 2,
The function field M = F3(1)(z) contains oV, «®, «® . By
2=aV ([ +2) +r* 4262 42
we have

(l)zzz—t4—2t2—2
242

Further we obtain

Forany 1 <i <3letj=i+1 (mod3), k=1i+2 (mod3) (taking 3 in case of 0 remainder)
and let

yi = (@@ —a®)(x —ay).
Then Siegel’s identity gets the form
vi+r2+y;=0. (22)

The field M has genus 7. It has six infinite valuations, all of degree 1. The x — a®y are
units, having nonzero values only at the infinite valuations. The (¢® — () /() — a®)
have nonzero values all together for six finite valuations, all having degrees 4. Denote by V)
the set of these six finite and the six infinite valuations of M. Then by the fundamental
Lemma 3.1 y; /y; is either of bounded height, or is contained in M 3

Case 1. Assume

H(ﬁ) <2.7—2424=142.

V3

This implies

e A el A WP 23
—a0y ) ST o @ ) T (23)
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In this case K has unit rank 2. The fundamental units are

er=1+2%a+20%, o=+ 1+ (22 + 1) +20°

()
v m

(at infinite valuations) by (23) and (9) become

Considering the values of

x—ay=p- &' &’
with a root of unity u in k, where
lar + 2a2| <24, |ay —az| <24,
whence
[Bai| < lai +2az| + |ay — az| < 48,
that is |a;| < 16. Searching over the set
—16 <a; <16, a; —24<ay<a;+24
we found the following solutions
) = (1,22 41), 0,2), (1, 1), (1,0, (23 +2,2¢% + 1), (t* +262 + 1,267 +1).

Case II. To exclude % € M?3 we consider

o a®—a® x_qWy

3 a—g® x_—g@y"
The second term on the right-hand side is a unit, hence
2@ _ o®
o — @
should be divisible by 3 at all finite valuations v. This is not satisfied, however. (Similarly
for y1/y2 and y2/y3.)

Example 4. Let k =F5, K = k(t). For simplicity take A = 24+t+1:B=rt*—1. Leta
be a root of

y*—2B%y> + A+ B? =0,
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that is « =+ B ++/—A, and let L = K (). This function field L obviously has N =
K (/—A) as a subfield. Consider the Thue equation

Npjkn(x —ay)=1 inx,y €k[t]. (24)

Denote by a”) the conjugates of (i =1, ..., 4).
If we let

ol = B+ —A, a®=—\/B+v=A

then by a M@ = /A + B2 the element 8 = o) + «(Da® generates a function field M
of degree 8 over K containing all conjugates of . The element g is defined by the poly-
nomial
B+ (4B —4A —4B%)° + (4BA +4B> + 6B +2A + 6A% + 6B* + 12AB*)z*
+(—4BA+12A> — 12B*A + 16AB> + 4BA” + 4B° + 4B* — 124’ B> — 4A°
—4B3 +8B3A —4B%)?
+(6B*A% + B* —4B° + 6B% +2A% + AZ + 24B? + 4B°A — 4B" — 8B4
+14B*A+ A* +4A°B* + 10A’B> —4BA”> — 12B°A — 4BA’ — 12A’B’ + B®)
=B+ (B +at + 2+ D)+ (0 + 200 4207 4268 4 20 203 + 342
+ 20 +4)2t 4+ (P 3070+ 3018 4 31T 4 2010 1 B a2 T 410
+ 1% 4208 447+ 10+ 2% + 403 + 4% +2) 2
+ (P73 A2+ 4 4P 4 120" 42018 T 3

A2 B 2o 3010 1 48 207 4 300 405 21t 4207 + 4?).
By
p—a=vVA+B (25)
we get

B> —2Ba+a® — A — B

One of the roots of this equation satisfies the quartic defining polynomial of «, giving
the embedding of a1 into M. The other conjugate can be obtained by (25), the last two
conjugates are the negatives of these ones.

The field K has unit rank 3, we embed all conjugates of the fundamental units into M.
(These units are far too complicated to include explicitly here.) Let
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= (@? —a)(x —a®y),
yr = (@® — M) (x —a@y),
ys = (@D = a®)(x —a®y),
then we have
vi+yv2+y3=0. (26)

The field M has genus 13. It has eight infinite valuations, all of degree 1. The x — )y are
units, having nonzero values only at the infinite valuations. The quotients

o —o@ a® _o® a® — oM
aD —g® g@ g 4B 4@

have nonzero values all together at four finite valuations, two of them being of degree 4,
the other two of degree 6. Denote by Vj the set of the eight infinite and these four finite
valuations. Then by the fundamental Lemma 3.1 y; /y; is either of bounded height, or is
contained in M.

Case 1. Assume

H(ﬂ)<243—2+@+42+&=52
V3
This implies
x—aWy GO
H(EZY Y <sorm( L% ) —6s. 27
<x_a®y> T <Mm_a@> 27

As we mentioned above, K has unit rank 3. We denote by ¢, &>, £3 the fundamental units.
Considering the values of
(@)
of £
s(k)
h

(at infinite valuations) for & =1, 2, 3, by (27) and (9) we get
x—ay=p-e' &5 ey
with a root of unity w in kK where among others the exponents satisfy

|50a; + 6as + 54a3| < 65,
|51ay 4 5az + 54a3| < 65,
|49a; + 3a + 54a3| < 65.
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There are about 8000 solutions (aj, a»,as) of the above system of linear inequalities.
Testing all possible exponent vectors we found that Eq. (24) has only the trivial solu-
tions (x,y) = (1,0), (2,0), (3,0), (4,0) (these yield in fact the products of x — ay for
x =1, y =0 with roots of unity in k).

Case II. To exclude % € M> we consider

n a®—a® x_qy

3 a)—g®@ x_—g@y"

The second term on the right-hand side is a unit, hence

a® _g®
gD —g®

should be divisible by 5 at all finite valuations v. This is not satisfied, however. (Similarly

for y1/y> and y2/y3.)

Computational experiences. All computations used in the examples were performed by
using the computer algebra system KASH [2], running on 1 GHz PC-s. The calculations
took just some seconds with the exception of the test of about 8000 possible exponent
vectors in Example 4 which took about 90 minutes.
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