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Abstract

We introduce a type of generalized orbifold called an “orbifold composition”. We study their
topology and the extensions and deformations of the maps between them. As the main goal, we
obtain the theorems which yield the geometric realizations of amalgamated free products and HNN
extensions of 3-orbifold fundamental groups. They are extensions of results of Feustel (1972; 1973)
and Feustel and Gregorac (1973). 1999 Elsevier Science B.V. All rights reserved.
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0. Introduction

We can say that there are three principal results in the classical 3-manifold theory.
The first one is Waldhausen’s classification theorem on Haken manifolds (1968). The
second one is the theorem on the geometric realization of the decomposition of the
fundamental group by Feustel [5,6] and Feustel and Gregorac [7]. The last one is the
torus decomposition theorem by Jaco and Shalen [11] and Johannson [10]. In each case,
the authors use mainly “cut-and-paste” methods, that is, the methods of modifications of
mappings, and cuttings and pastings of manifolds along certain surfaces.

In [22], Thurston addressed the conjecture that each piece of the torus decomposition
described above admits some geometric structure, and proved that Haken manifolds ad-
mit a hyperbolic structure. His work originated the modern 3-manifold theory, which
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is strongly related to differential geometry, especially to hyperbolic geometry. Solving
the Smith Conjecture, Thurston used orbifolds, which are a kind of generalized mani-
fold.

It is quite natural to extend results for manifolds to those for orbifolds. Indeed, Satake
proved the Gauss–Bonnet theorem for orbifolds [19], which first introduced the notion of
orbifolds. Let us consider the extensions of the above classical results for 3-manifolds.
Bonahon and Siebenmann [1] proved the toric orbifold decomposition theorem. As for
Waldhausen’s classification theorem for orbifolds, Zimmermann [25] showed its analogue
under the assumption of the existence of geometric decompositions. Takeuchi [21] did this
for finitely good orbifolds, and Takeuchi and Yokoyama [23] classified a larger class of
orbifolds than the class classified in [21].

The remaining result is the geometric realization of the decomposition of the orbifold
fundamental group, which is the subject of this paper. In [21,23,24], the authors proved
some useful theorems. We use these, prove some others, and obtain the following two
results:

Theorem 7.6. Let M be a compact, orientable, and irreducible3-orbifold. Let S be a
closed, orientable, and nonspherical2-orbifold. SupposeS algebraically splitsπorb1 (M)

as an amalgamated free product〈A1 ∗ A2 | H1 = H2, ϕ〉 and this splitting respects the
peripheral structure ofM. Then there exists a geometric splitting realizing the algebraic
splitting above.

Theorem 7.10.Let M be a compact, orientable, and irreducible3-orbifold. LetS be a
closed, orientable, and nonspherical2-orbifold. SupposeS algebraically splitsπorb1 (M)

as an HNN extension〈A, t | t−1H1t = H2, ϕ〉 and this splitting respects the peripheral
structure ofM. Then there exists a geometric splitting realizing the algebraic splitting
above.

The statements of Theorems 7.6 and 7.10 are completely parallel to those of Feustel and
Gregorac’s theorems, which are as follows:

Theorem 0.1 [5,6]. LetM be a compact, orientable, and irreducible3-manifold. LetS
be a closed and orientable2-manifold which is not the2-sphere. SupposeS algebraically
splitsπ1(M) as an amalgamated free product〈A1 ∗ A2 | H1 = H2, ϕ〉 and this splitting
respects the peripheral structure ofM. Then there exists a geometric splitting realizing the
algebraic splitting above.

Theorem 0.2 [7]. LetM be a compact, orientable, and irreducible3-manifold. LetS be
a closed and orientable2-manifold which is not the2-sphere. SupposeS algebraically
splitsπ1(M) as an HNN extension〈A, t | tH1t

−1 =H2, ϕ〉 and this splitting respects the
peripheral structure ofM. Then there exists a geometric splitting realizing the algebraic
splitting above.
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In this paper, for the reader’s convenience, we review some basic facts on orbifolds in
Section 1, and on group actions on trees in Section 2.

In Section 3, an orbifold composition is defined which is made from several orbifolds
by attaching them together through certain orbi-maps. In addition, we study coverings and
the fundamental group of an orbifold composition.

In Section 4, we focus on the universal covering. LetX be ann-orbifold composition and
X0,X1 be two suborbifold compositions derived fromX by cutting open along an(n−1)-
suborbifold ofX. We construct the universal covering ofX by the “tree construction” and
show thatπorb1 (X) is the free product ofπorb1 (X0) andπorb1 (X1) with an amalgamation.
The HNN extension case is also investigated.

Section 5 concerns orbi-maps. We study the fixed points of a spherical subgroup of
the deck transformation group of the universal covering of a 3-orbifold. Lemma 5.9 gives
sufficient conditions for the extensions of orbi-maps from a discal 2-orbifold, spherical
2-orbifold, or the double of a ballic 3-orbifold. By this lemma we can do extensions and
constructions of orbi-maps under almost the same conditions as in the manifold case. From
this point of view the lemma is valuable in itself. In addition, its proof has the interesting
implication that we may examine group actions through the topology of orbifolds.

Theorem 6.1 states that each component of the inverse image of a certain 2-suborbifold
of X by an orbi-map from a 3-orbifoldM to X is an incompressible 2-suborbifold ofM,
whereX is an orbifold composition with some conditions on extendability of orbi-maps.
We also prove some theorems (Theorems 6.2 and 6.3) which are used to decrease the
number of components.

In the concluding section, we state and prove the main theorems, which enable us to
realize the decompositions of the fundamental groups. Let us present an overview of the
proof of Main Theorem 7.6, to see how effective our preparation has been.

(i) Recall that the fundamental groupπorb1 (M) of a 3-orbifoldM is decomposed as

〈A1 ∗A2 |H1=H2, φ〉,

whereH is isomorphic to the fundamental groupπorb1 (S) of a closed, orientable
and nonspherical 2-orbifoldS. First we takeS × I and the orbi-coveringMi

associated withAi and construct an orbifold compositionX by attaching them.
Sections 4 and 5.2 are used here. This newly constructed spaceX plays a role
analogous to that of an Eilenberg–MacLane space.

(ii) Make an orbi-mapf :M → X which induces an isomorphism fromπorb1 (M) to
πorb1 (X). For this, we need theorems from Sections 4 and 5.

(iii) Each component of the inverse image ofS by f is an incompressible 2-
suborbifold by Theorem 6.1. We decrease the numbers of these components by
using Theorems 6.2 and 6.3 repeatedly. Finally, the inverse image has only one
component,F , which actually realizes the decomposition ofπorb1 (M).

The techniques developed in [21,23,24], and this paper, should prove very useful in the
study of 3-orbifolds by cut-and-paste methods.
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1. Preliminaries on orbifolds

Throughout this paper, all orbifolds are connected unless otherwise stated. For basic
facts on orbifolds, see [22,1,4,21]. We review some theorems required in using cut-and-
paste methods for 3-orbifolds. Theorems 1.1–1.3 are derived from equivariant theorems.
(See [8,9,17,18,24].)

Theorem 1.1 (Loop theorem).LetM be a good3-orbifold with boundaries. LetF be a
connected2-suborbifold in∂M. If Ker(πorb

1 (F )→ πorb
1 (M)) 6= 1, then there exists a discal

2-suborbifoldD properly embedded inM such that∂D ⊂ F and∂D does not bound any
discal2-suborbifold inF .

Theorem 1.2 (Dehn’s lemma).LetM be a good3-orbifold with boundaries. Letγ be a
simple closed curve in∂M −ΣM such that the order of[γ ] is n in πorb

1 (M). Then there
exists a discal suborbifoldD2(n) properly embedded inM with ∂D2(n)= γ .

Theorem 1.3 (Sphere theorem).Let M be a good3-orbifold. Let p : M̃ → M be the
universal cover ofM. If π2(M̃) 6= 0, then there exists a spherical suborbifoldS in M

such that[S̃] 6= 0 in π2(M̃), whereS̃ is any component ofp−1(S).

The next corollary is derived directly from Theorem 1.3.

Corollary 1.4. LetM be a good3-orbifold. If M is irreducible, then for any manifold
coveringM̃ ofM, π2(M̃)= 0.

In the remaining part of this section, we demonstrate several propositions derived from
Theorems 1.1–1.3. The proofs are almost the same as in the case of 3-manifolds as found
in [23, Theorems 1.5–1.8].

Proposition 1.5. Let M be a good3-orbifold, F be a connected and incompressible2-
suborbifold which is2-sided and properly embedded inM, andN be the orbifold derived
fromM by cutting open alongF . Then,M is irreducible if and only if each component of
N is irreducible.

Proposition 1.6. Let M be a good and locally orientable3-orbifold, F be a connected
and incompressible2-suborbifold which is2-sided and properly embedded inM, andN
be the orbifold derived fromM by cutting open alongF . Then, for any componentN ′ of
N , Ker(πorb

1 (N ′)→ πorb
1 (M))= 1.

Let M be a good 3-orbifold andF a connected 2-suborbifold which is properly
embedded and 2-sided inM. It is clear that if Ker(πorb

1 (F )→ πorb
1 (M)) = 1, thenF

is incompressible inM. Under some additional hypotheses, the converse stands.
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Proposition 1.7. LetM be a good and locally orientable3-orbifold, andF be a connected
2-suborbifold which is2-sided and properly embedded inM. If F is incompressible, then
Ker(πorb

1 (F )→ πorb
1 (M))= 1.

Proposition 1.8. LetM be a good3-orbifold, andF be a connected2-suborbifold which
is 2-sided and properly embedded inM. Let p′ :M ′ → M be a covering andF ′ be a
component ofp′−1(F ). Then:

(i) if F ′ is incompressible inM ′, thenF is incompressible inM,
(ii) if M is locally orientable andF is incompressible inM, thenF ′ is incompressible

in M ′.

2. Preliminaries on some groups acting on trees

In [20], some fixed point theorems about group actions on trees are proved. Here we use
restricted forms as follows.

Let T be a tree, i.e., a connected and simply connected 1-complex, andG be a group
simplicially acting onT . Let n> 1 be an integer. Put

Gn = 〈a1, . . . , an | aα1
1 = · · · = aαnn = (aiaj )βi,j = 1, 16 i < j 6 n〉,

whereαi,βi,j > 2 are integers.

Proposition 2.1. Letp1, p2 ∈ T be fixed points ofg ∈G and` be the unique simple path
fromp1 to p2. Then any vertex and edge on` are fixed byg.

Proof. Sincep1, p2 are fixed points ofg, and` is simple,g(`) is a simple path fromp1

to p2. Thus`= g(`). Observe that any vertex and edge of` are fixed byg. 2

Lemma 2.2. If G=Gn, thenT has a fixed vertex ofGn or there is an edgeE of T such
thatGn(E)=E andGn|E is orientation reversing.

Proof. This follows directly from [20, Theorem 15, p. 18] and [20, Corollary 2, p. 64].2

3. Orbifold compositions

From now on, we assume that all orbifolds are good, connected, and locally orientable,
unless otherwise stated.

Definition 3.1. Let I , J be countable sets,Xi (i ∈ I ) be n-orbifolds, Yj (j ∈ J ) be
(n−1)-orbifolds. Letf εj :Yj × ε→Xi(j,ε) be orbi-maps such that(f εj )∗ are monic where
j ∈ J, i(j, ε) ∈ I, ε = 0,1. Then we callX = (Xi, Yj × [0,1], f εj )i∈I,j∈J,ε=0,1 an n-
dimensional orbifold composition. The mapsf εj are called theattaching mapsof X. Each
Xi , Yj × [0,1] is called acomponent ofX. The equivalence relation∼ in∐

i∈I,j∈J

(|Xi | ∪ (|Yj | × [0,1]))
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is defined to be generated by

(y, ε)∼ f εj (y), ε = 0,1, y ∈ |Yj |, j ∈ J.
We call the identified space

∐
i∈I,j∈J (|Xi | ∪ |Yj | × [0,1])/∼ theunderlying space ofX,

denoted by|X|, and call the identified space{(⋃
i∈I
ΣXi

)
∪
(⋃
j∈J

Σ
(
Yj × [0,1]

))}/∼
thesingular set ofX, denoted byΣX.

From now on, we assume that the underlying space|X| is connected. Note that|Xi | and
|Yj × (0,1)| are embedded in|X|. As in the case of the “mapping cylinder”,f εj (ε) may
have intersections and self-intersections.

For an orbifold composition we consider a 1-complexC(X) as follows: Each vertex
corresponds to each componentXi , each edge corresponds to each componentYj × [0,1],
and a vertex belongs to an edge if and only if for the corresponding componentsYj ×[0,1]
andXi there exists an attaching map between them. The formal definition is given in the
following.

Definition 3.2. Let X = (Xi, Yj × [0,1],f εj )i∈I,j∈J,ε=0,1 be an orbifold composition.
Define the identified spaceC(X) by |X|/≈ where

x ≈ y⇔
{ there is somei ∈ I such thatx, y ∈ |Xi |/∼, or

there are somej ∈ J andt ∈ [0,1] such thatx, y ∈ |Yj × t|/∼.
We call C(X), eachXi , eachYj × [0,1], and eachYj × 1

2, the associated1-complex, a
vertex orbifold, anedge orbifold ofX, and thecoreof Yj × [0,1], respectively.

Next we consider an isomorphism of orbifold compositions as a map which is a
componentwise isomorphism and commutes with the attaching maps. See the following
definition.

Definition 3.3. Let

X = (Xi,Yj × [0,1], f εj )i∈I,j∈J,ε=0,1, X′ = (X′k, Y ′̀ × [0,1], gε`)k∈K,`∈L,ε=0,1

be orbifold compositions. We say thatX andX′ are isomorphicif there exist a set of
maps{ϕi,ψj }i∈I,j∈J and bijectionsη : I → K, ξ :J → L such that, after changing the
orientations of[0,1]’s if necessary, the following conditions hold:

(1) for eachi ∈ I, ϕi is an isomorphism (of orbifolds) fromXi to X′η(i). And for each
j ∈ J, ψj is an isomorphism (of orbifolds) fromYj × [0,1] to Y ′ξ(j) × [0,1],

(2) for eachj ∈ J , andε = 0,1, ϕi(j,ε) ◦ f εj = gεξ(j) ◦ (ψj | Yj × ε).
The homeomorphismh : |X| → |X′| naturally induced by{ϕi,ψj }i∈I,j∈J is called an

isomorphism fromX toX′.
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Definition 3.4. Let X = (Xk,Y` × [0,1], f ε` )k∈K,`∈L,ε=0,1 andX′ = (X′i , Y ′j × [0,1],
f ′εj )i∈I,j∈J,ε=0,1 be orbifold compositions. We say thatX′ is a covering ofX if there
exists a set of maps{ϕi,ψj }i∈I,j∈J such that, after changing the orientations of[0,1]’s if
necessary, the following conditions hold:

(1) eachϕi is a covering map (of orbifolds) fromX′i toXki , whereki ∈K, and eachψj
is a covering map (of orbifolds) fromY ′j × [0,1] to Y`j × [0,1], where`j ∈L,

(2) for eachj ∈ J andε = 0,1, ϕi(j,ε) ◦ f ′εj = f ε`j ◦ (ψj | Y ′j × ε),
(3) the continuous mapp : |X′| → |X|, which is naturally induced by{ϕi,ψj }i∈I,j∈J ,

is onto and induces the usual covering map from|X′| −p−1(ΣX) to |X| −ΣX.
We call the above mapp a covering map fromX′ toX.

Remark 3.5. In the above definition, if each componentX′i is the universal cover of a
componentXki , then for some base pointx0 ∈ |X| −ΣX, any path̀ with the base point
x0 such that Int̀ ∩ΣX = ∅, and any point̃x0 ∈ p−1(x0), there exists a unique lift of̀
with the base point̃x0. This holds because the(f ε` )∗ are monic.

Definition 3.6. Let X be an orbifold composition,x0 ∈ |X| −ΣX a base point,̀ a path
with the base pointx0 such that Int̀ ∩ ΣX = ∅, andp : X̃→ X any covering. Fix any
point x̃0 ∈ p−1(x0). Suppose there is a coverinĝp : X̂→ X̃ such that each component of
X̂ is the universal cover of a component ofX̃. Fix any pointx̂0 ∈ p̂−1(x̃0). By Remark 3.5,
there exists a unique lift̀̂ to X̂ of ` with the base point̂x0. Then we can determine a lift
˜̀ of ` uniquely, by putting˜̀ = p̂ ◦ ˆ̀, which is called thecanonical lift of ` with the base
point x̃0.

Definition 3.7. LetX′,X be orbifold compositions, andp :X′ →X a covering. We define
thedeck transformation groupAut(X′,p) of p by

Aut(X′,p)= {h :X′ →X′ | h is an isomorphism such thatp ◦ h= p}.

Definition 3.8. Let X̃, X be orbifold compositions, andp : X̃→ X a covering. We say
that p is a universal coveringif for any coveringp′ :X′ → X, there exists a covering
q : X̃→X′ such thatp = p′ ◦ q .

Lemma 3.9. For any orbifold compositionX, there exists a unique universal covering
p : X̃→X.

Proof. PutX0= |X|−ΣX. LetH be the normal subgroup ofπ1(X0) normally generated
by normal loops aroundΣX. Then, the Fox completion of the covering ofX0 associated
with H can be shown to be the universal cover ofX in the sense of orbifold composition.

The uniqueness is derived from the facts that an orbi-covering is an ordinary covering
on the nonsingular part and that the ordinary covering associated with the same subgroup
is unique. 2
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We sometimes denote an orbifold composition or a good orbifoldX by (X̃,p, |X|),
wherep : X̃→X is the universal covering and|X| is the underlying space ofX. A good
orbifold is considered as a special case of an orbifold composition.

Proposition 3.10. Let X̃, X be orbifold compositions andp : X̃→ X a covering. If the
restriction ofp to each component of̃X is universal andC(X̃) is a tree, then the covering
p : X̃→X is universal.

Proof. Take any coveringp′ :X′ → X. We construct a coveringq : X̃→ X′ as follows:
take any point̃x0 ∈ |X̃| − p−1(ΣX) and fix it. Forx̃ ∈ |X̃|, take a simple path̀̃x̃ with the
base point̃x0 and end point̃x, satisfying the following:

(1) ˜̀x̃ (0,1)⊂ |X̃| − p−1(ΣX).
(2) ˜̀x̃[0,1]/≈ is a simple path inC(X̃).
Putx0 = p(x̃0), `x̃ = p ◦ ˜̀x̃ , and letx ′0 ∈ p′−1

(x0). Let `′
x̃

be the canonical lift of̀ x̃
with the base pointx ′0. Then a mappingq : X̃→X′ is defined byq(x̃)= `′

x̃
(1). This map

is well-defined, and we can verify that it is a covering andp = p′ ◦ q . 2

Definition 3.11. Let X = (X̃,p, |X|) be an orbifold composition with the base point
x0 ∈ |X| −ΣX. Put

Ω(X̃, x0)=
{
α̃ | α̃ : [0,1]→ X̃ is a continuous map with

p(α̃(0))= p(α̃(1))= x0
}
.

For any two elements̃α, β̃ ∈ Ω(X̃, x0), α̃ is equivalent toβ̃, denoted byα̃ ∼ β̃ , if there
exists an elementτ ∈ Aut(X̃,p) such thatα̃(0) = τ (β̃(0)) and α̃(1) = τ (β̃(1)). The
relation∼ is an equivalence relation andΩ(X̃, x0)/∼ is a group with the product defined
by

[α̃] · [β̃] = [α̃ · ρ(β̃)],
whereρ ∈ Aut(X̃,p) is the element such thatρ(β̃(0)) = α̃(1). The groupΩ(X̃, x0)/∼
is called thefundamental group ofX and is denoted byπorb

1 (X,x0). Note that the
fundamental groupπorb

1 (X,x0) is isomorphic to the deck transformation group Aut(X̃,p).
By the symbolσA, we mean the element of Aut(X̃,p) which corresponds toσ ∈
πorb

1 (X,x0).

Definition 3.12. Let X = (X̃,p, |X|) andY = (Ỹ , q, |Y |) be orbifold compositions (or
orbifolds). By an orbi-map f :X→ Y , we mean the pair(f̄ , f̃ ) of continuous maps
f̄ : |X| → |Y | andf̃ : X̃→ Ỹ satisfying

(i) f̄ ◦ p = q ◦ f̃ ,
(ii) for eachσ ∈ Aut(X̃,p), there existsτ ∈ Aut(Ỹ , q) such thatf̃ ◦ σ = τ ◦ f̃ ,
(iii) there existsx ∈ |X| −ΣX such thatf̄ (x) ∈ |Y | −ΣY .

Definition 3.13. Let X = (X̃,p, |X|) andY = (Ỹ , q, |Y |) be orbifold compositions, and
f = (f̄ , f̃ ) :X→ Y be an orbi-map. By the definition of an orbi-map, there exists a



Y. Takeuchi, M. Yokoyama / Topology and its Applications 95 (1999) 129–153 137

point x ∈ |X| − ΣX such thatf̄ (x) ∈ |Y | − ΣY . Then the induced homomorphism
f∗ :πorb

1 (X,x)→ πorb
1 (Y, f̄ (x)) of f is naturally defined byf∗([α̃])= [f̃ ◦ α̃].

For an orbi-map and a covering between orbifold compositions, we can define the
notions of C-equivalence, orbi-homotopy, and lifting as well as those for an orbi-map and
a covering between orbifolds. We derive relations among fundamental groups, coverings,
and liftings similar to those for orbifolds. See [21] for the orbifold case.

The next proposition can be proved in a way similar to one in [21, Proposition 2.2].

Proposition 3.14. Let X = (X̃,p, |X|), Y = (Ỹ , q, |Y |) be orbifold compositions, and
f = (f̄ , f̃ ) :X→ Y an orbi-map. Then for[α̃] ∈ πorb

1 (X,x),

f̃ ◦ [α̃]A =
(
f∗
([α̃]))

A
◦ f̃ .

4. The tree constructions of the universal coverings

4.1. The amalgamation case

Let X be an orbifold composition andY × [0,1] one of the edge orbifold components
of X. Suppose thatX − Y × (0,1) consists of two disjoint orbifold compositionsX0 and
X1, and attaching orbi-maps fromY × ε are mapped intoXε and denoted by

f ε :Y × ε→Xε, ε = 0,1.

We construct the universal covering of an orbifold compositionX by the “tree construc-
tion”, and show that the fundamental groupπorb

1 (X) of X is the free product ofπorb
1 (X0)

andπorb
1 (X1) with the amalgamated subgroupsf ε∗ πorb

1 (Y × ε), ε = 0,1.
Let pε : X̃ε→Xε, ε = 0,1, andq : Ỹ × [0,1]→ Y × [0,1] be the universal coverings.

PutHε = f ε∗ πorb
1 (Y × ε) andAε = (a left coset representative system ofπorb

1 (Xε) by
Hε, which includes the identitye), ε = 0,1. A groupG is defined as the free product
of πorb

1 (X0) andπorb
1 (X1) with the amalgamated subgroupsH 0 andH 1, under the map

f 1∗ ◦ (f 0∗ )−1, denoted by

G= 〈πorb
1 (X0) ∗ πorb

1 (X1) |H 0=H 1, f 1∗ ◦ (f 0∗ )−1〉.
And three subsetsK, K0,K1 of G are defined by

K = {e, a1a2 · · ·am | ai 6= e, ai ∈A0 ∪A1,

ai, ai+1 are not both inA0 or both inA1},
K0= {e, a1a2 · · ·am ∈K | am ∈A1},
K1= {e, a1a2 · · ·am ∈K | am ∈A0}.

For eachk ∈ Kε, prepare a copỹXεk of X̃ε , and the identity map idεk : X̃εk → X̃ε . Note
that there are #Aε equivalence classes of Aut(X̃ε,pε)f̃ ε(Ỹ × ε)mod(H ε)A, ε = 0,1. For
each(k, a) ∈K0×A0, prepare a copỹY(k,a)× [0,1] of Ỹ × [0,1], and the identity map

id(k,a) : Ỹ(k,a)× [0,1]→ Ỹ × [0,1].



138 Y. Takeuchi, M. Yokoyama / Topology and its Applications 95 (1999) 129–153

Let f̃ ε : Ỹ × ε→ X̃ε be structure maps off ε, ε = 0,1. Then we can define structure maps
f̃ ε(k,a) : Ỹ(k,a)× ε→ X̃εh by

f̃ ε(k,a) =


(id0

k)
−1 ◦ aA ◦ f̃ 0 ◦ id(k,a) : Ỹ(k,a)× 0→ X̃0

k if ε = 0,

(id1
ka)
−1 ◦ eA ◦ f̃ 1 ◦ id(k,a) : Ỹ(k,a)× 1→ X̃1

ka if ε = 1, a 6= e,
(id1

e)
−1 ◦ eA ◦ f̃ 1 ◦ id(e,e) : Ỹ(e,e) × 1→ X̃1

e if ε = 1, a = k = e,
(id1

`)
−1 ◦ a′A ◦ f̃ 1 ◦ id(k,e) : Ỹ(k,e)× 1→ X̃1

` if ε = 1, a = e 6= k,
wherek = `a′, ` ∈K1, a′ ∈A1.

Put X̃ = (X̃0
k , X̃

1
`, Ỹ(k,a) × [0,1], f̃ 0

(k,a), f̃
1
(k,a))k∈K0,`∈K1,a∈A0. Define the projections

pεk : X̃εk → Xεand q(h,a) : Ỹ(h,a) × [0,1] → Y × [0,1] by pεk = pε ◦ idεk and q(h,a) =
q ◦ id(h,a), k ∈ Kε, ε = 0,1, (h, a) ∈ K0 × A0, respectively. Note thatpεk and q(h,a)
are the universal coverings. Furthermore, it is easy to see thatC(X̃) is a tree. Hence by
Proposition 3.10,

p =
⋃

k∈Kε, ε=0,1,
(h,a)∈K0×A0

(
pεk ∪ q(h,a)

)
: X̃→X

is the universal covering.

Lemma 4.1. πorb
1 (X,x0)∼=G.

Proof. Fix a base pointx0 ∈ f̄ 0(Y × 0) − ΣX of X andX0, and a base pointx1 ∈
f̄ 1(Y ×1)−ΣX ofX1. Take a path̀ : [0,1]→ |Y ×[0,1]|−ΣX such that̀ (t) ∈ |Y × t|,
f̄ (`(0))= x0, andf̄ (`(1))= x1. Fix a base point̃x0 ∈ (p0

e )
−1(x0) of X̃0

e . Recall that

Aut(X̃,p)∼= πorb
1 (X,x0)=Ω(X̃, x0)/∼ .

Chooseα̃ ∈ Ω(X̃, x0) such thatα̃(0) = x̃0, α̃/≈ is a simple path in the associated
1-complexC(X̃) of X̃, and if α̃ goes through(q(k,a))−1(Y × [0,1]), α̃ always uses
a lift of ` by q(k, a). The restriction ofα̃ to each vertex orbifold component is an
element ofπorb

1 (X0, x0) or πorb
1 (X1, x1). Denote such ordered elements byg1, . . . , gm ∈

πorb
1 (Xε, x0), ε = 0,1, and define a mapΦ :Ω(X̃, x0)→G byΦ(α̃)= g1 · · ·gm.
For eachα̃ ∈ Ω(X̃, x0), there is a path̃α′ ∈ Ω(X̃, x0) such thatα̃ ∼ α̃′ andΦ(α̃′) =

a1 · · ·arah, wherea1 · · ·ar ∈K0, a ∈A0 andh ∈H 0 (possibly,a = e and/orh= e). Since
Φ(α̃)=Φ(α̃′), we obtain the mapΦ :Ω(X̃, x0)/∼→G defined byΦ([α̃])=Φ(α̃).

It is easy to verify thatΦ is injective, surjective, and homomorphic.2

4.2. The HNN case

LetX be an orbifold composition andY ×[0,1] one of the edge orbifold components of
X. Suppose thatX−Y × (0,1) is a (connected) orbifold compositionX′, and the attaching
orbi-maps fromY ×ε are denoted byf ε :Y ×ε→X′, ε = 0,1. We construct the universal
covering ofX in a similar manner to the amalgamation case, and show that the fundamental
groupπorb

1 (X) of X is the HNN extension ofπorb
1 (X′).
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Let p : X̃′ → X′, andq : Ỹ × [0,1] → Y × [0,1] be the universal coverings. PutHε =
f ε∗ πorb

1 (Y × ε) andAε = (a left coset representative system ofπorb
1 (X′) by Hε, which

includes the identitye), ε = 0,1. A groupG is defined as the HNN extension ofπorb
1 (X′)

relative toH 0,H 1 andf 1∗ ◦ (f 0∗ )−1, denoted by

G= 〈πorb
1 (X′), t | t−1H 0t =H 1, f 1∗ ◦ (f 0∗ )−1〉.

And a subsetK of G is defined by

K = {e, a1t
ε1a2t

ε2 · · ·amtεm | ai 6= e, ai ∈A0∪A1,

if ai ∈Aε, thenεi = (−1)ε, ε = 0,1
}
.

For eachk ∈ K, prepare a copỹX′k of X̃′, and the identity map idk : X̃′k→ X̃′. Note that
there are #Aε equivalent classes of Aut(X̃′,p)f̃ ε(Ỹ × ε) mod (H ε)A, ε = 0,1. And for
each(k, a) ∈ K × A0, prepare a copỹY(k,a) of Ỹ , and the identity map id(k,a) : Ỹ(k,a) ×
[0,1]→ Ỹ × [0,1]. Let f̃ ε : Ỹ × ε→ X̃′ be structure maps,ε = 0,1. Then we can define
structure maps̃f ε(k,a) : Ỹ(k,a)× ε→ X̃′h by

f̃ ε(k,a) =


(idk)−1 ◦ aA ◦ f̃ 0 ◦ id(k,a) : Ỹ(k,a)× 0→ X̃′k if ε = 0,

(idkat )−1 ◦ eA ◦ f̃ 1 ◦ id(k,a) : Ỹ(k,a)× 1→ X̃′kat if ε = 1, a 6= e,
(idkt )−1 ◦ eA ◦ f̃ 1 ◦ id(k,e) : Ỹ(k,e)× 1→ X̃′kt if ε = ε′ = 1, a = e,
(id`)−1 ◦ a′A ◦ f̃ 1 ◦ id(k,e) : Ỹ(k,e)× 1→ X̃′̀ if ε =−ε′ = 1, a = e,

wherek = `a′tε′ , ` ∈K1.

Put X̃ = (X̃′k, Ỹ(k,a) × [0,1], f̃ 0
(k,a)

, f̃ 1
(k,a)

)k∈K,a∈A0. Define the projectionspk : X̃′k→ X′

andq(k,a) : Ỹ(k,a) × [0,1] → Y × [0,1] by pk = p ◦ idk andq(k,a) = q ◦ id(k,a), k ∈ K,
ε = 0,1, respectively. As in the amalgamation case, we can see that

⋃
(pk∪q(k,a)) : X̃→X

is the universal covering and obtain the following lemma.

Lemma 4.2. πorb
1 (X,x0)∼=G.

5. Extensions and constructions of orbi-maps

Definition 5.1. LetX be an orbifold composition. Define

O1(X)= {f : ∂D→X |D is a discal 2-orbifold, f is an orbi-map},
O2(X)= {f :S→X | S is a spherical 2-orbifold,f is an orbi-map},
O3(X)= {f :DB→X |DB is the double of a ballic 3-orbifoldB,

f is an orbi-map}.
We call f : ∂D→ X ∈ O1(X) trivial if there exists an orbi-mapg :D → X such that
g|∂D = f , and callO1(X) trivial if any element ofO1(X) is trivial. We call f :S→
X ∈O2(X) trivial if there exists an orbi-mapg : c ∗ S→X such thatg|S = f , wherec ∗ S
is the cone onS, and callO2(X) trivial if any element ofO2(X) is trivial. We define the
trivialities ofO3(X) similarly.
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Note that ifOi(X) is trivial, then any covering̃X of X inherits the triviality.

Proposition 5.2. Let F be a compact2-orbifold andX be an orbifold composition. If
O1(X) is trivial, then for any homomorphismϕ :πorb

1 (F, y)→ πorb
1 (X,x), there exists an

orbi-mapf : (F, y)→ (X,x) such thatf∗ = ϕ.

Proof. Let F0 = F − IntU(ΣF), whereU(ΣF) is the small regular neighborhood of
ΣF . We construct an orbi-map fromF0 to X associated withϕ. SinceO1(X) is trivial,
This orbi-map is extendable to the desired orbi-map.2

The following Propositions 5.3 and 5.4 are proved similarly.

Proposition 5.3. LetM be a compact3-orbifold andX an orbifold composition such that
O1(X) andO2(X) are trivial. Then for any homomorphismϕ :πorb

1 (M,x)→ πorb
1 (X,y),

there exists an orbi-mapf : (M,x)→ (X,y) such thatf∗ = ϕ.

Proposition 5.4. LetM be a3-orbifold andX be an orbifold composition such thatO3(X)

is trivial. If f , g :M→X are C-equivalent orbi-maps, thenf andg are orbi-homotopic.

The following Lemmas 5.5–5.7 give sufficient conditions which enable us to extend
certain orbi-maps.

Lemma 5.5. LetX be an orbifold composition,D a discal2-orbifold, andf : ∂D→ X

an orbi-map. IfFix([f ]A) 6= ∅, thenf is extendable to an orbi-map fromD toX.

Proof. Let q :D2→D be the universal covering. Choose a pointx ∈ Fix([f ]A). We can
construct the structure map of the desired orbi-map by mapping the cone point ofD2 to x
and performing the skeletonwise and equivariant extension.2

LetS be a spherical 2-orbifold andq : S̃→ S the universal covering. Letτ be an element
of πorb

1 (S) andxτ the point ofΣS such that[`]k = τ , where` is the normal loop around
xτ andk is an integer. By the symbolµ(`), we mean the local normal loop aroundxτ such
that`=m−1 · µ(`) ·m, wherem is a path. Let̃xτ be the point ofq−1(ΣS) such that the
lift of µ(`) following the lift of m−1 is a path around̃xτ .

Lemma 5.6. LetX be an orbifold composition,S a spherical2-orbifold, andf :S→ X

an orbi-map. Suppose that there is a pointd̃ ∈ Fix(f∗πorb
1 (S))A, and for anyτ ∈ πorb

1 (S)

there is an interval̀ σ includingd̃ andf̃ (x̃τ ) which is fixed byσA, whereσ = f∗(τ ). If π2

of the universal cover̃X ofX is 0, thenf is extendable to an orbi-map from the cone onS
toX.

Proof. Let q : S̃→ S be the universal covering,̃f : S̃→ X̃ the structure map off , and
B = c ∗ S be the cone onS, wherec is the cone point ofB. Let q̄ : B̃→ B be the universal
covering and̃c = q̄−1(c); i.e., B̃ = c̃ ∗ S̃ andq̄(t x̃ + (1− t)c̃)= tq(x̃)+ (1− t)c, x̃ ∈ S̃.
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We can construct the structure map of the desired orbi-map by mappingc̃ to d̃, c̃ ∗ x̃τ into
`σ , and performing the skeletonwise and equivariant extension.2

Lemma 5.7. LetX be an orbifold composition,B a ballic 3-orbifold, andf :DB→ X

an orbi-map. Suppose that there is a pointd̃ ∈ Fix(f∗πorb
1 (∂B))A, and forτ ∈ πorb

1 (∂B)

there is an interval̀ σ includingd̃ andf̃ (x̃τ ) which is fixed byσA, whereσ = f∗(τ ). If π2

andπ3 of the universal cover̃X of X is 0, thenf is extendable to an orbi-map from the
cone onDB toX.

Proof. The proof is similar to that of Lemma 5.6.2

Lemma 5.8. LetM be an irreducible3-orbifold. Letp : M̂→M be the universal covering
andσ ∈ Aut(M̂,p) be an orientation preserving element of finite order. Suppose thatM̂ is
noncompact. Then:

(i) Fix(σ ) 6= ∅ and is homeomorphic to an interval(i.e., homeomorphic to either[0,1],
[0,1), or (0,1)),

(ii) if M is orientable, thenO1(M) is trivial.

Proof. Note first that (ii) follows from (i) and Lemma 5.5, so we need only prove (i).
(i) Let n be the order ofσ andG be the subgroup of Aut(M̂,p) generated byσ . Let M̃

be the orbifoldM̂/G andq : M̂→ M̃ be the universal covering.
First we claim that there is no trivalent point inΣM̃ . Otherwise, there is a noncyclic

spherical 2-orbifoldS in M̃ . By the Orbifold Loop Theorem 1.1,i∗ :πorb
1 (S)→ πorb

1 (M̃)

is monic. This contradicts the fact thatπorb
1 (M̃)=G∼= Zn.

Furthermore, sinceσ is orientation preserving,ΣM̃ has neither isolated points nor
mirror boundaries. Hence, each component ofΣM̃ is either an interval or a simple closed
curve properly embedded in|M̃|, and so is each component of Fix(σ ) in M̂ .

By the lifting of irreducibility [24, 6.13],M̂ is irreducible. SinceM̂ is noncompact,
M̂ is a homology 0-disc. (See [2].) By [2, Theorem 5.2], in casen is prime, Fix(σ ) is a
homology 0-disc. Then, Fix(σ ) is not empty and is an interval.

Consider the casen= pr, p is prime andr > 1. Sinceσ r has prime order, Fix(σ r) is an
interval. Hence, from the fact that Fix(σ )⊂ Fix(σ r), Fix(σ ) is either an interval or empty
set. To complete the proof, we have only to show that Fix(σ ) 6= ∅. Suppose Fix(σ )= ∅. Let
R be the subgroup ofG generated byσ r . LetM be the orbifoldM̂/R, t : M̂→M be the
universal covering, and̄t :M→ M̃ be the covering withq = t̄ ◦ t . Note thatt̄ is a regular
covering sinceR is a normal subgroup ofG. LetL be the interval Fix(σ r ) andL̄=ΣM .
Note thatt|L is a homeomorphism fromL to L̄ andt−1(L̄)= L. For anyτ ∈ Aut(M, t̄),
τ (L̄)= τ (ΣM)=ΣM = L̄.

We claim thatτ acts onL̄ preserving the orientation. Otherwise, sinceτ preserves the
orientation ofM, ΣM̃ must have a trivalent point of the dihedral type. Contradiction.

Combining this fact and the finiteness of the order ofτ , we conclude thatτ acts
trivially on L̄. That is,L̄ = Fix(Aut(M, t̄)). Hence,t̄|L̄ is a homeomorphism from̄L to
L̃, whereL̃ = t̄ (L̄). Moreover, sincēt is regular,t̄−1(L̃) = L̄. Thus,q|L = (t̄ |L̄) ◦ (t|L)
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andq−1(L̃)= t−1(t̄−1(L̃))= t−1(L̄)= L. This implies that, for anyω ∈ Aut(M̂, q), L=
Fix(ω). Contradiction. 2

Lemma 5.9. LetM be an irreducible3-orbifold, andp : M̂→M the universal covering.
Let G be any subgroup ofAut(M̂,p), which is isomorphic to the orbifold fundamental
group of a spherical2-orbifold S such that all elements ofG preserve the orientation of
M̂. Suppose that̂M is noncompact. Then:

(i) Fix(G) 6= ∅,
(ii) if M is orientable, then theOi(M)’s are trivial, i = 1,2,3.

Proof. Note first that (ii) follows from (i), Lemmas 5.5–5.8, so we need only prove (i).
In caseG ∼= Zn, this lemma reduces to Lemma 5.8. So we may assume thatG is a

triangle group. LetM̃ be the orbifoldM̂/G andq : M̂ → M̃ be the universal covering.
Sinceπorb

1 (S) ∼= πorb
1 (M̃), we can construct an orbi-mapf :S→ M̃ such thatf∗ is an

isomorphism by using Proposition 5.2 and Lemma 5.8. From the compactness ofS, there
is a compact 3-suborbifoldN of M̃ such thatf (S)⊂ IntN .

PutN = {(N,f ) | f is an orbi-map fromS to M̃ such thatf∗ :πorb
1 (S)→ πorb

1 (M̃) is
an isomorphism, andN is a compact 3-suborbifold of̃M such thatf (S) ⊂ IntN}. Then
N 6= ∅. We define thecomplexityc of an element(N,f ) ofN as follows:

Let L be the maximum of the orders of the local groups ofΣ(1)M̃ and s be the
minimal number of the Euler numbers of all components of∂N . Choose numbers
r ∈ Z and m ∈ {0,1,2, . . . ,L − 1} satisfying−r + (m− 1)/L < s 6 −r + m/L.
Let n−r+i+j/L be the numbers of the components of∂N whose Euler numbers
are more than−r + i + (j − 1)/L and not more than−r + i + j/L. Define
c(N,f ) = (n−r+m/L,n−r+(m+1)/L, . . . , n−r+1, n−r+1+1/L, . . . , n2) and order c(N )
lexicographically.

Sincec(N )> (0, . . . ,0) and has discrete values, there is an element(N0, f0) ∈N which
attains the minimal value ofc(N ).

Claim. Each component of∂N0 is a spherical2-orbifold.

Otherwise, we can find an element(N1, f1) ∈ N such thatc(N1, f1) < c(N0, f0) as
follows: Let S1, . . . , Sk be a maximal system of incompressible spherical 2-suborbifolds
of N andB1, . . . ,Bk be the ballic 3-suborbifolds of̃M such that∂Bi = Si . PutN0 =
N0 ∪ B1 ∪ · · · ∪ Bk . Note that(N0, f0) ∈ N . From the minimality ofc(N0, f0), there is
a nonspherical componentF of ∂N0. Sinceπorb

1 (M̃) is finite,F is never incompressible
in M̃ . LetD be a compressing discal 2-orbifold with respect toF . Using the innermost
arguments, we can replace the pair(F,D), if necessary, by one satisfyingD ∩ ∂N0= ∂D.
Hence it follows that either Int(D)⊂ M̃ −N0 or Int(D)⊂ Int(N0).

In case Int(D)⊂ M̃ −N0; let N1 be the orbifold derived fromN0 by attachingD × I
as a 2-handle. Putf1= f0. Then,(N1, f1) ∈N .

In case Int(D) ⊂ Int(N0); let N ′ be the orbifold derived fromN by cutting open along
D. First, we consider the case thatN ′ consists of two componentsN1 andN2. Then,
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πorb
1 (N0) is the free product ofπorb

1 (N1) andπorb
1 (N2) with the amalgamated subgroup

πorb
1 (D) under the maps naturally induced by inclusions. Since(f0)∗πorb

1 (S) is a finite
subgroup ofπorb

1 (N0), by [14, Lemma 6.8(1)],(f0)∗πorb
1 (S) is conjugate to a subgroup of

eitherπorb
1 (N1) orπorb

1 (N2). Hence, we may assume that there is an elementg of πorb
1 (N0)

such that

g
(
(f0)∗πorb

1 (S)
)
g−1< πorb

1 (N1).

Let ϕ be a homomorphism fromπorb
1 (S) to πorb

1 (N1) defined byϕ(σ) = g(f∗(σ ))g−1

for σ ∈ πorb
1 (S). From the construction,N0 is irreducible. Hence, by Proposition 1.5,

N1 is irreducible. Letp1 : N̂1→ N1 be the universal covering, andσ be any element of
Aut(N̂1,p1) of finite order. In case #πorb

1 (N1) =∞, by Lemma 5.8,σ has a fixed point
in N̂1. In case #πorb

1 (N1) <∞, each component of∂N1 must be a spherical 2-orbifold.
SinceN1 is irreducible,N1 is a ballic 3-orbifold. Then,σ has a fixed point in̂N1. Hence,
by Proposition 5.2 and Lemma 5.5, we can construct an orbi-mapf1 :S→N1 such that

(f1)∗ = ϕ :πorb
1 (S)→ πorb

1 (N1).

Sinceϕ :πorb
1 (S)→ πorb

1 (M̃) is an isomorphism, so is(f1)∗ :πorb
1 (S)→ πorb

1 (M̃). Thus,
we have(N1, f1) ∈N .

In caseN ′ is connected,πorb
1 (N0) is an HNN group. Then, by using [14, Lemma 6.8(2)],

we construct(N1, f1) ∈N , similarly.
In any case, it is clear thatc(N1, f1) < c(N0, f0), which yields the claim.
Let S1, . . . , Sk be the incompressible spherical 2-orbifold components of∂N0, and

B1, . . . ,Bk be the ballic 3-suborbifolds of̃M such that∂Bi = Si . At least one of theBi ’s
includesN0. Otherwise, it follows that IntBi ∩ IntN0= ∅ for all i. Then,N0∪B1∪· · ·∪Bk
is a closed 3-suborbifold of̃M; i.e., N0 ∪ B1 ∪ · · · ∪ Bk = M̃ . This contradicts the
noncompactness of̃M. Thus, we may assume thatB1 ⊃ N0. Hence,f (S) ⊂ B1. On the
other hand, sincef∗ :πorb

1 (S)→ πorb
1 (M̃) is an isomorphism,f∗ :πorb

1 (S)→ πorb
1 (B1) is

monic. Furthermore, sinceπorb
1 (B1)→ πorb

1 (M̃) is also monic,πorb
1 (B1) is isomorphic

to πorb
1 (M̃) (∼= πorb

1 (S)). Then,ΣB1 is the same type asΣ (the cone onS). Let B̂1 be
a component ofq−1(B1). Sinceq|B̂1 : B̂1→ B1 is #πorb

1 (∂B1)-sheeted orbi-covering and
#πorb

1 (∂B1)= #G<∞, q−1(B1) = B̂1. That is,B̂1 is invariant underG. Hence, for any
σ ∈G, σ fixes a line segment includingq−1(v), wherev is the trivalent point ofΣB1. 2

Proposition 5.10. Let X = (Xε,Y × [0,1], f ε)ε=0,1 be an orbifold composition, where
eachXε is an orientable, irreducible3-orbifold, andY is an orientable2-orbifold. If the
universal coverings ofXε andY are all noncompact, thenOi(X) is trivial, i = 1,2,3.

Proof. Let p : X̃→ X be the universal covering. From the uniqueness of the universal
covering Lemma 3.9, we may assume thatX̃ is the orbifold composition constructed as
illustrated in Section 4.

Claim. Let G be any subgroup ofAut(X̃,p), which is isomorphic to the fundamental
group of a spherical2-orbifold. Then there is a vertex or edge orbifold̃Z of X̃ such that
G(Z̃)= Z̃.
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Considering the associated 1-complex ofX̃, the claim is derived from Lemma 2.2. Then
the triviality of O1(X) follows from Lemmas 5.8, 5.5 and the claim. Note that the edge
orbifold is a good orientable and irreducible 3-orbifold.

Take any elementf ∈ O2(X), f :S → X. Let q : S̃ → S be the universal covering
and f̃ : S̃ → X̃ the structure map off . Let B = c ∗ S be the cone onS and c the
cone point ofB. Let q̄ : B̃ = c̃ ∗ S̃ → B be the universal covering,̃c = q̄−1(c) and
q̄(t x̃ + (1− t)c̃)= tq(x̃)+ (1− t)c, x̃ ∈ S̃.

By the claim and Lemma 5.9,(f∗πorb
1 (S))A has a fixed point, saỹd , in a vertex or edge

orbifold Z̃ of X̃.
Choose anyτ ∈ πorb

1 (S). Let x̃τ be the point defined in the paragraph preceding
Lemma 5.6. We putσ = f∗(τ ). SinceσA fixes a vertex or edge orbifold̃Zσ of X̃, it follows
thatσA fixes an interval iñZσ by using Lemma 5.8. Note that if̃Z′ is any edge orbifold
fixed byσA, then the fixed set interval is a fiber of̃Z′. Hence, by Proposition 2.1, we can
find an interval connecting̃f (x̃τ ) andd̃ which is fixed byσA. Note thatπ2(X̃)= 0 from
the construction of̃X. Then the triviality ofO2(X) follows from Lemma 5.6.

All that remains to be shown is the triviality ofO3(X), which is derived from the facts
π3(X̃)= 0 and Lemma 5.7. 2

LetX be an orbifold composition andF be a core of an edge orbifoldY × [0,1] of X.
When we consider each connected component (or its closure) of|X| − |F |, it naturally
admits an orbifold composition structure by restricting the structure ofX. We denote it by
X − F , etc. In this situation, a component of typeY × [ε, 1

2] (respectivelyY × [ε, 1
2)),

ε = 0,1, appears, and is called a closed (respectively open) half-edge orbifold of the
orbifold composition. Iterating this process, we can consider an orbifold composition with
several half-edge orbifolds. Concerning the new types of orbifold compositions described
above, the same arguments and statements hold as those in Sections 3–5.

6. More on orbifold compositions

LetX be an orbifold composition. An orbifoldY belongs to the setδX if Y satisfies one
of the following conditions:

(i) Y is a boundary component of a vertex orbifold ofX such thatY is disjoint from
any images of attaching maps ofX.

(ii) Y is the core of a closed half-edge ofX such that∂Y = ∅.

Theorem 6.1 (Transversality theorem).Let M be a compact and orientable3-orbifold,
andX a3-orbifold composition with trivialOi(X)’s, i = 2,3. Suppose that there is an edge
orbifold whose core is an orientable and nonspherical2-orbifold F such thatOi(X − F)
is trivial, i = 2,3. Then, for any orbi-mapf :M→ X, there is an orbi-mapg :M→ X

such that
(i) g is orbi-homotopic tof ,
(ii) each component ofg−1(F ) is a compact, properly embedded,2-sided, incompress-

ible 2-suborbifold inM, and
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(iii) for properly chosen product neighborhoodsF × [−1,1] of F = F × 0 in X, and
g−1(F )× [−1,1] of g−1(F )= g−1(F )× 0 in M, ḡ maps each fiberx × |[−1,1]|
homeomorphically to the fiber̄g(x) × |[−1,1]| for each x ∈ |g−1(F )|, where
ḡ : |M|→ |X| is the underlying map ofg.

Proof. LetG be any component off−1(F ). LetUG andU ′G be sufficiently small compact
neighborhoods ofG such thatf (UG)⊂ F × [−1

2,
1
2], Int(UG)⊃ U ′G, and∂UG and∂U ′G

are parallel inUG. By Proposition 5.10 and [21, 5.4], we may assume thatf |U ′G is an orbi-
map. TriangulateF × [−1

2,
1
2] as a product. By modifyingf |U ′G to a simplicial orbi-map,

we have thatG is a compact, properly embedded, and 2-sided 2-suborbifold inU ′G. Note
that this modification can be performed by an orbi-homotopy which fixesM − Int(UG).
Iterating the modifications, we may assume that each component off−1(F ) is a compact,
properly embedded, and 2-sided 2-suborbifold inM. The remainder of the proof is similar
to [21, 5.5]. 2

Theorem 6.2 (I-bundle theorem).Let M be a compact, orientable and irreducible3-
orbifold with boundary, andX be a3-orbifold composition. Letf : (M,∂M)→ (X, δX)

be an orbi-map such thatf∗ is monic. Suppose there is a pathα : (I, ∂I)→ (|M| −
ΣM, |∂M|), incompressible componentsB0, B1 of ∂M, and a componentC of δX which
satisfy the following:

(i) α(0) 6= α(1).
(ii) f̄ (α(0))= f̄ (α(1)) ∈ |δX| −ΣX.
(iii) [f̃ ◦ α̂] = 1 in πorb

1 (X), whereα̂ is a lift of α to the universal cover̃M ofM and
f = (f̄ , f̃ ).

(iv) Bi (respectivelyC) includesα(i) (respectivelyf̄ (α(0))), Ker(πorb
1 (C)→ πorb

1 (X))

= 1, and(f |Bi) :Bi→C is a covering,i = 0,1 (possiblyB0= B1).
ThenM is an I-bundle over a closed2-orbifold.

Proof. Let η0 :πorb
1 (B0, x0) → πorb

1 (M,x0) be the homomorphism induced by the
inclusion orbi-mapB0→M andp : (M̃, x̃0)→ (M,x0) be the covering associated with
η0π

orb
1 (B0, x0). By an argument parallel to [23, 4.1 and 4.2], we can show thatM̃ is

compact. Hence,p : (M̃, x̃0)→ (M,x0) is a finite covering. Therefore,∣∣πorb
1 (M,x0);η0π

orb
1 (B0, x0)

∣∣<∞.
From [21, 6.3],M is an I-bundle over a closed 2-orbifold.2

Theorem 6.3 (Retraction theorem).Let M be an orientable3-orbifold which is orbi-
isomorphic to an I-bundle over a closed2-orbifold F . LetX be a3-orbifold composition
with trivial Oi(X)’s, i = 2,3. Letf : (M,∂M)→ (X, δX) be an orbi-map such thatf |∂M
is not an orbi-embedding and such that, for each componentB of ∂M, there is a component
C of δX with f (B)⊂ C and(f |B) :B→C an orbi-covering.

If there is a pointx ∈ |F | − ΣF such thatf |(ϕ−1(x)) is orbi-homotopic(6.3.1)to a
path inC rel. {x} × ∂I , whereϕ :M→ F is a fibration, then there is an orbi-homotopy
ft :M→X such thatf0= f, f1(M)⊂ δX, andft |∂M = f |∂M.
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Proof. Let s1, . . . , sk be a system of simple closed curves on|F |−ΣF such thatsi ∩ sj =
x if i 6= j , and cuttingF open alongs1, . . . , sk derives discal orbifoldsD1, . . . ,Dr . We
construct the desired orbi-mapH :M × J →X, J = [0,1] as follows: First,H |{ϕ−1(x)×
J } is defined by the orbi-homotopy (6.3.1). Then we can defineH |{ϕ−1(si ) × J } and
H |{ϕ−1(Di)× J } by using the triviality ofO2(X) andO3(X), respectively. See [23, 4.3]
for details. 2

Remark 6.4. In Theorem 6.3, iff∗ :πorb
1 (M)→ πorb

1 (X) is an isomorphism andC is
orientable, then condition (6.3.1) holds. Furthermore,M is orbi-isomorphic to the product
I-bundle overB0, andB0 is orbi-isomorphic toC.

Proof. The proof follows by an argument parallel to [23, 4.6].2

Theorem 6.5 (Amalgamation theorem).Let Ai , i = 1,2, be groups which contain
subgroupsHi , i = 1,2. Suppose there is an isomorphismϕ :H1→H2. LetA′i , i = 1,2, be
subgroups ofAi containingHi . If the natural homomorphismφ : 〈A′1∗A′2 |H1=H2, ϕ〉→
〈A1 ∗A2 |H1=H2, ϕ〉 is an isomorphism, thenAi =A′i , i = 1,2.

Proof. See [3, Proposition 2.5].2

Theorem 6.6 (HNN theorem).LetA be a group which contains subgroupsHi , i = 1,2.
Suppose there is an isomorphismϕ :H1→H2. LetA′ be a subgroup ofA, containingHi ,
i = 1,2. If the natural homomorphismφ : 〈A′, t ′ | t ′−1H1t

′ = H2, ϕ〉 → 〈A, t | t−1H1t =
H2, ϕ〉 is an isomorphism, thenA=A′.

Proof. Let H be the subgroup ofA which is generated byH1 and H2. Let G =
〈H,s | s−1H1s =H2, ϕ〉. From the remark preceding Lemma 2 on p. 238 of [14],〈

A, t | t−1H1t =H2, ϕ
〉= 〈A,G |H = ϕ(H),ϕ〉

and 〈
A′, t ′ | t ′−1H1t

′ =H2, ϕ
〉= 〈A′,G |H = ϕ(H),ϕ〉.

Then, by Theorem 6.5, we can derive the conclusion.2

7. Main Theorem

In this section, we assume that all free products with amalgamations are nontrivial.

Definition 7.1. Let M be a 3-orbifold with trivialO1(M). Let S be a closed, orientable,
nonspherical 2-orbifold. Supposeπorb

1 (M) = 〈A1 ∗ A2 | H1 = H2, ϕ〉 and there is an
isomorphismψ :πorb

1 (S)→ H1. Let pi :Xi → M be the orbi-covering associated with
Ai, i = 1,2. Note thatO1(Xi) is trivial, i = 1,2. PutH̃i = p−1

i∗ (Hi), i = 1,2. Note that
(p1∗|H̃1)

−1 ◦ ψ (respectively(p2∗|H̃2)
−1 ◦ ϕ ◦ ψ) is an isomorphism fromπorb

1 (S) to
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H̃1 (respectivelyH̃2). By Proposition 5.2, we can construct orbi-mapsh1 :S→ X1 and
h2 :S→X2 such thath1∗ = (p1∗|H̃1)

−1 ◦ ψ andh2∗ = (p2∗|H̃2)
−1 ◦ ϕ ◦ψ . We call the

orbifold compositionX = (X1,X2, S×[0,1], h1, h2) theorbifold composition associated
with 〈A1 ∗ A2 | H1 = H2, ϕ〉. We also define theorbifold composition associated with
〈A, t | t−1H1t =H2, ϕ〉 similarly.

From Lemma 4.1 (respectively Lemma 4.2), it holds that

πorb
1 (X)= 〈πorb

1 (X1) ∗ πorb
1 (X2) | h1∗πorb

1 (S)= h2∗πorb
1 (S),h2∗ ◦ h−1

1∗
〉

(respectively〈πorb
1 (X′), t | t−1h1∗πorb

1 (S)t = h2∗πorb
1 (S),h2∗ ◦ h−1

1∗ 〉). Furthermore, we
have the following proposition.

Proposition 7.2. LetM be a3-orbifold withO1(M) trivial. Let S be a closed, orientable,
and nonspherical2-orbifold. Supposeπorb

1 (M) = 〈A1 ∗ A2 | H1 = H2, ϕ〉 (respectively
〈A, t | t−1H1t = H2, ϕ〉) and there is an isomorphismψ :πorb

1 (S) → H1. Let X be
the orbifold composition associated with〈A1 ∗ A2 | H1 = H2, ϕ〉 (respectively〈A, t |
t−1H1t =H2, ϕ〉). Then there is an isomorphismΨ :πorb

1 (X)→ πorb
1 (M) such that

(i) Ψ (πorb
1 (Xi))=Ai , i = 1,2 (respectivelyΨ (πorb

1 (X′))=A),

(ii) Ψ (H̃i)=Hi , i = 1,2 (note thathi∗πorb
1 (S)= H̃i),

(iii) Ψ ◦ (h2∗ ◦ h−1
1∗ )= ϕ ◦Ψ .

Proof. Let a1, . . . , am (respectivelyb1, . . . , bn) be a generating system ofπorb
1 (X1)

(respectivelyπorb
1 (X2)). We can construct the desired isomorphismΨ by definingΨ (ai)=

p1∗(ai) andΨ (bj )= p2∗(bj ). 2

Definition 7.3. LetM be a 3-orbifold, andS be a closed, orientable, and nonspherical 2-
orbifold. We say thatS algebraically splitsπorb

1 (M) as an amalgamated free productif
πorb

1 (M) is expressed as a free product with an amalgamation,〈A1 ∗ A2 | H1 = H2, ϕ〉,
and there is an isomorphismΨ :H1→ πorb

1 (S).
We say that the splitting aboverespects the peripheral structureof M if for each

componentG of ∂M, some conjugate ofη∗πorb
1 (G) is contained in eitherA1 orA2, where

η is the inclusion orbi-mapG→M.

Proposition 7.4. LetM be a compact, orientable, and irreducible3-orbifold. LetS be a
closed, orientable, and nonspherical2-orbifold. SupposeS algebraically splitsπorb

1 (M)

as an amalgamated free product〈A1 ∗ A2 | H1 = H2, ϕ〉 and this splitting respects the
peripheral structure ofM. Let X be the orbifold composition associated with〈A1 ∗
A2 |H1=H2, ϕ〉. Then there is an orbi-mapf :M→X such thatf∗ is an isomorphism
andf (∂M)∩ (S × (0,1))= ∅.

Proof. Sinceπorb
1 (M) has the form〈A1 ∗ A2 | H1 = H2, ϕ〉, πorb

1 (M) is infinite and
the universal cover ofM is noncompact. ThenO1(M) is trivial using Lemma 5.8. By
Proposition 7.2, there is an isomorphismΨ :πorb

1 (M)→ πorb
1 (X) such thatΨ (Ai) =

πorb
1 (Xi),Ψ (Hi)= H̃i , i = 1,2, andΨ ◦ϕ = (h2∗ ◦h−1

1∗ )◦Ψ . By Proposition 5.10,O1(X)
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andO2(X) are trivial. Hence, by Proposition 5.3, there is an orbi-mapf ′ :M→X which
induces the isomorphismΨ . Then all we have to do is show that ifF is a component
of ∂M, there is an orbi-homotopyH :F × [0,1] → X such thatH |(F × 0) = f ′|F
andH |(F × 1) is an orbi-map into eitherX1 or X2. We construct this orbi-homotopy
in a piecewise fashion. DefineH |(F × 0) = f ′|F . Choose a triangulationK|F | of |F |
so that for each 2-simplexe ∈ K|F |, ∂e ∩ ΣF = ∅ and (Inte) ∩ ΣF = (at most one
point).

Let F1 be the subspace ofF × [0,1] whose underlying space is|K(1)
|F || × |[0,1]|.

From the hypothesis that the splitting respects the peripheral structure, some conjugation
of Ψ (η∗πorb

1 (F )) is contained in eitherπorb
1 (X1) or πorb

1 (X2). Hence, we can extend

H |(F × 0) to (F × 0) ∪ F1 such thatH(K(1)
|F | × 1) is included in eitherX1 or X2. Note

that

Ker
(
πorb

1 (Xj )→ πorb
1 (X)

)= 1

by the definition of an orbifold composition. So we can extendH |{(F × 0) ∪ F1} to
(F × 0)∪ F1 ∪ (F × 1) such thatH(F × 1) is included in eitherX1 orX2. SinceO2(X)

is trivial, we can extendH |{(F × 0)∪ (F × 1)∪ F1} to F × [0,1] 2

Definition 7.5. Let F be a closed, properly embedded, 2-sided, incompressible, and
separating 2-suborbifold inM. Let M1, M2 be the orbifolds derived fromM by cutting
open alongF andηi :F →Mi, i = 1,2, be the inclusion orbi-maps. Note thatπorb

1 (M)

is expressed as the amalgamated free product〈πorb
1 (M1) ∗ πorb

1 (M2) | η1∗πorb
1 (F ) =

η2∗πorb
1 (F ), η2∗ ◦ η−1

1∗ 〉. We say thatF geometrically realizes the algebraic splitting
〈A1 ∗ A2 | H1 = H2, ϕ〉 of πorb

1 (M) if there is an isomorphismΨ :πorb
1 (M)→ πorb

1 (M)

such that
(i) Ψ (πorb

1 (Mi))=Ai , i = 1,2,
(ii) Ψ (ηi∗πorb

1 (F × i))=Hi , i = 1,2, and
(iii) Ψ ◦ (η2∗ ◦ η−1

1∗ )= ϕ ◦Ψ .

Theorem 7.6. Let M be a compact, orientable, and irreducible3-orbifold. Let S be a
closed, orientable, and nonspherical2-orbifold. SupposeS algebraically splitsπorb

1 (M)

as an amalgamated free product〈A1 ∗ A2 | H1 = H2, ϕ〉 and this splitting respects the
peripheral structure ofM. Then there exists a geometric splitting realizing the algebraic
splitting above.

Proof. Let X = (X1, X2, S × [0,1], h1, h2) be an orbifold composition associated with
〈A1 ∗ A2 | H1 = H2, ϕ〉. By Proposition 7.4, we can construct an orbi-mapf :M → X

such thatf∗ is an isomorphism andf (∂M)∩ (S × (0,1))= ∅.
Note that, by Proposition 5.10,Oi(X) is trivial, i = 1,2,3. SinceOi(Xj ) is trivial,

i = 1,2,3, j = 1,2, Oi(X − S × 1
2) is trivial, i = 1,2,3. From Theorem 6.1, we may

assume that each component off−1(S × 1
2) is a compact, properly embedded, 2-sided,

incompressible 2-suborbifold inM, andf is transverse between product neighborhoods
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of f−1(S × 1
2) and ofS × 1

2. Let F1, . . . ,Fk be the components off−1(S × 1
2). Since

f−1(S × 1
2)∩ ∂M = ∅, eachFi is closed,i = 1, . . . , k. By [21, 7.2] and [23, 3.2], we may

assume thatf |Fi :Fi→ S × 1
2, i = 1, . . . , k, is an orbi-covering.

Claim 1. k = 1. (By modifyingf through an orbi-homotopy.)

Supposek > 2. LetM1, . . . ,M` be the components derived fromM by cutting open
along F1, . . . ,Fk . From the surjectivity off∗, there is a pathβ : (I, ∂I) → (|M| −
ΣM,f−1(S × 1

2)) such thatβ(0) 6= β(1), f̄ (β(0)) = f̄ (β(1)), and [f̃ ◦ β̂] = 1 in

πorb
1 (X), whereβ̂ is a lift of β to the universal cover ofM andf = (f̄ , f̃ ). This path
β is called a binding tie and can be expressed as the formβ = α1 · · ·αm such that
Intαi ∩f−1(S× 1

2)= ∅, f̃ ◦ α̂i represents an element of eitherπorb
1 (X1) or πorb

1 (X2) and
[f̃ ◦ α̂j ], [f̃ ◦ α̂j+1] are not both inπorb

1 (X1) or both inπorb
1 (X2), whereα̂i is a lift of αi

to the universal cover ofM. We may assume that the numberm is minimal. Then we claim
m= 1. Supposem> 2. Since[f̃ ◦ α̂1] · · · [f̃ ◦ α̂m] = 1 in πorb

1 (X), [f̃ ◦ α̂i ] ∈ πorb
1 (S× 1

2)

for somei, i = 1, . . . ,m, by [14, Theorem 2.6]. Let̀ be a loop inS × 1
2 − Σ(S × 1

2)

such that[`] = [f̃ ◦ α̂i ] in πorb
1 (S × 1

2). Let γ be a lift of `−1 by the orbi-coveringf |Fji
with initial point αi(1), whereFji is the component off−1(S × 1

2) includingαi(1). In
caseγ (1) 6= αi(0), put δ = αi · γ . Otherwise, putδ = α1 · · ·αi−1 · γ−1 · αi+1 · · ·αm. In
any case, by modifyingδ along the product structure of the regular neighborhood ofFji ,
we have another binding tie, i.e., a pathδ′ : (I, ∂I)→ (|M| −ΣM,f−1(S × 1

2)) such that

δ′(0) 6= δ′(1), f̄ (δ′(0)) = f̄ (δ′(1)), and [f̃ ◦ δ̂′] = 1 in πorb
1 (X), whereδ̂′ is a lift of δ′

to the universal cover ofM. Sinceδ′ intersects withf−1(S × 1
2) in fewer points than

β , this contradicts the minimality ofm. Hencem = 1. Then,β is included in one of the
componentsM1, . . . ,M`.

SupposeM1 is such a component. We may assume thatf (M1) ⊂ X1. Hence, by
Theorems 6.2, 6.3, and Remark 6.4, we can modifyf |M1 through an orbi-homotopy rel.
∂M1 to an orbi-mapf1 :M1→X1 which satisfiesf1(M1)⊂ S× 1

2. Hence we can remove
one or two ofF1, . . . ,Fk . Repeating this process, ifk > 2, we can finally assumek = 0,1.
If k = 0, f∗πorb

1 (M) < A1 or A2. This contradicts the fact thatf∗ is an isomorphism and
the decomposition ofπorb

1 (M) is nontrivial. Thus,k =1.

Claim 2. f |F1 :F1→ S is an orbi-isomorphism.

Otherwise, we can removeF1 by using an argument similar to the proof of Claim 1.

Claim 3. F1 is separating.

Otherwise, there is a loopα in M, which intersectsF1 transversely in a single point. By
Claim 2 and Theorem 6.1,f ◦α intersectsS transversely in a single point. This contradicts
the fact thatS is separating.

Let M1, M2 be the components derived fromM by cutting open alongF . Note that
f (Mi) ⊂ Xi and (f |Mi)∗ :πorb

1 (Mi)→ πorb
1 (Xi), i = 1,2, are monics. By Claim 2,
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f∗πorb
1 (F )= πorb

1 (S). Sincef∗ηi∗ = hi∗f∗, f∗ηi∗πorb
1 (F )= hi∗πorb

1 (S), i = 1,2. Hence,
all maps in the following commutative diagram are isomorphisms.

η1∗πorb
1 (F )

f∗|η1∗πorb
1 (F )

h1∗πorb
1 (S)

πorb
1 (F )

η1∗

η2∗

πorb
1 (S)

h1∗

h2∗

η2∗πorb
1 (F )

f∗|η2∗πorb
1 (F )

h2∗πorb
1 (S)

Thus,f∗ ◦ (η2∗ ◦ η−1
1∗ )= (h2∗ ◦ h−1

1∗ ) ◦ f∗. Note that

f∗ :
〈
πorb

1 (M1) ∗ πorb
1 (M2) | η1∗πorb

1 (F )= η2∗πorb
1 (F ), η2∗ ◦ η−1

1∗
〉

→ 〈
πorb

1 (X1) ∗ πorb
1 (X2) | h1∗πorb

1 (S)= h2∗πorb
1 (S),h2∗ ◦ h−1

1∗
〉

is an isomorphism. By Theorem 6.5,(f |Mi)∗ :πorb
1 (Mi) → πorb

1 (Xi), i = 1,2, are
isomorphisms. Then the composite off∗ andΨ given in Proposition 7.2 gives the desired
isomorphism. 2

Definition 7.7. Let M be a 3-orbifold. LetS be a closed, orientable, and nonspherical
2-orbifold. We say thatS algebraically splitsπorb

1 (M) as an HNN extensionif πorb
1 (M)

is expressed as an HNN extension,〈A, t | t−1H1t =H2, ϕ〉, and there is an isomorphism
Ψ :H1→ πorb

1 (S).
We say that the splitting aboverespects the peripheral structureof M if for each

componentG of ∂M, some conjugate ofη∗πorb
1 (G) is contained inA, whereη is the

inclusion orbi-mapG→M.

Proposition 7.8. LetM be a compact, orientable, and irreducible3-orbifold. LetS be a
closed, orientable, and nonspherical2-orbifold. SupposeS algebraically splitsπorb

1 (M)

as an HNN extension〈A, t | t−1H1t = H2, ϕ〉 and this splitting respects the peripheral
structure ofM. Let X be the orbifold composition associated with〈A, t | t−1H1t =
H2, ϕ〉. Then there is an orbi-mapf :M → X such thatf∗ is an isomorphism and
f (∂M)∩ (S × (0,1))= ∅.

Proof. Similarly to Proposition 7.4. 2

Definition 7.9. Let F be a closed, properly embedded, 2-sided, incompressible, and
nonseparating 2-suborbifold inM. LetM ′ be the orbifold derived fromM by cutting open
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alongF andηi :F × i→M ′, i = 0,1, be the inclusion orbi-maps. Note thatπorb
1 (M) is

expressed as the HNN extension〈
πorb

1 (M ′), t | t−1η0∗πorb
1 (F × 0) t = η1∗πorb

1 (F × 1), η1∗ ◦ η−1
0∗
〉
.

We say thatF geometrically realizes the algebraic splitting〈A, t | t−1H1t = H2, ϕ〉 of
πorb

1 (M) if there is an isomorphismΨ :πorb
1 (M)→ πorb

1 (M) such that
(1) Ψ (πorb

1 (M ′))=A,
(2) Ψ (ηiπorb

1 (F × i))=Hi, i = 0,1, and
(3) Ψ (η1∗η−1

0∗ )= ϕ ◦Ψ .

Theorem 7.10.Let M be a compact, orientable, and irreducible3-orbifold. LetS be a
closed, orientable, and nonspherical2-orbifold. SupposeS algebraically splitsπorb

1 (M)

as an HNN extension〈A, t | t−1H1t = H2, ϕ〉 and this splitting respects the peripheral
structure ofM. Then there exists a geometric splitting realizing the algebraic splitting
above.

Proof. Let X = (X,S × [0,1], h1, h2) be an orbifold composition associated with
〈A, t | t−1H1t = H2, ϕ〉. By Proposition 7.8, we can construct an orbi-mapf :M →
X such thatf∗ is an isomorphism andf (∂M) ∩ (S × (0,1)) = ∅. Note that, by
Proposition 5.10,O1(X), O2(X), andO3(X) are trivial. As in the proof of Theorem 7.6
(using the normal form of the HNN group), we can modifyf through an orbi-homotopy
so thatf−1(S) consists of one, and only one, componentF which is a closed, properly
embedded, 2-sided, and incompressible 2-suborbifold inM.

Claim 1. There is a loop in|M| −ΣM whose algebraic intersection number withF is
one.

SinceS is nonseparating inX, there is a loopβ in |X| − ΣX which intersectsS
transversely in a single point. Sincef∗ is an isomorphism, there is a loopα in |M| −ΣM
such thatf∗[α] = [β] in πorb

1 (X). We may assume thatα intersectsF transversely.
Since [f ◦ α] = [β] in πorb

1 (X), there is an orbi-maph :S1 × [0,1] → X such that
h|(S1 × 0) = f ◦ α andh|(S1 × 1) = β . Henceh̄ is a map fromS1 × [0,1] to |X| such
that h̄|(S1× 0)= f̄ ◦ α andh̄|(S1× 1)= β . Therefore, the algebraic intersection number
of f̄ ◦ α andS is one. Sincef is an orbi-isomorphism betweenF × [0,1] andS × [0,1],
the algebraic intersection number ofα andF is also one.

Claim 2. There is a loop in|M| −ΣM whose geometric intersection number withF is
one.(ThusF is nonseparating.)

From Claim 1, there is a loopα1 in |M| − ΣM which intersectsF transversely, and
whose algebraic intersection number withF is one. Letp1, . . . , p2m+1,m> 0, be all points
of α1∩F . Supposem> 1. Then we may assume that the algebraic intersection number of
α1 andF atp1 is+1 and atp2 is −1. Hence we can find a loopα2 in |M| −ΣM which
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intersectsF transversely andα2 ∩ F = α1 ∩ F − {p1,p2}. Repeating this process, we can
find a desired loop.

LetM ′ be the component derived fromM by cutting open alongF . Note thatf (M ′)⊂
X′ and(f |M ′)∗ :πorb

1 (M ′)→ πorb
1 (X′) is monic. The remainder of the proof is similar to

the proof of Theorem 7.6 except for using Theorem 6.6 instead of Theorem 6.5.2
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