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1. Introduction

In the last two decades, volatility models have received considerable attention with the emphasis being placed on state
space models. From an econometric standpoint time-varying volatility models have been widely developed, recognizing the
essence that the volatility and the correlation of assets change over time (see for example Heston and Nandi [1]). Although
state space models in which the conditional mean of the observed process is modeled as stochastic process are useful in
parameter estimation, it is widely recognized that stochastic volatility models, which model the volatility as a stochastic
process [13,14], should be employed to estimate the volatility parameters.

A filtering procedure has been suggested for discrete time stochastic volatility models, for instance, see Gong et al. [2],
and Kirby [3] with normal errors. For stochastic volatility models with time-varying parameters, when a new observation
is coming in, a new volatility parameter is added, and hence it is almost impossible to estimate the time-varying volatility
parameters. In order to construct an optimal recursive estimate for non-normal stochastic volatility models, we start with the
following discrete time example.

Consider a nonlinear state space model given in Shiryaev [4]

Orp1 = abr + (1 + 0)ne41

Yer1 = A0 + 2o (1.1)

where z; X N(O, 02), n z N(O, 0,72), and the sequences {z;} and {#,} are independent, where {y;} process is observed and
all 6; is the parameter process. Then in Gong et al. [2], we have the estimate ér+1 and y¢11 = E[(641 — 9t+1)2 |F;V+1] as

Aay;

Ry g oz Ve — A0 (12)

é[+1 = aét +
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where b; = /E(1 + 6;)2. However, the recursive system above is based on two very important assumptions: z; ~ N(O, 022),

i ~N (0, o,f). If the error terms in (1.1) are not normally distributed then we cannot interpret the recursive estimates as a
conditional mean. Here, as an alternative we propose an optimal (minimum mean square error) estimate without the Gaussian
assumptions.

Lemma 1.1. In the class of all estimates of the form étﬂ = aét + Gt (Vi1 — A@‘t), the G, which minimizes the mean square error

v = E[(6; — ét)z |Fty ] is given by @t = Az?,A_}:Uz and the recursive estimates are given by
t z
Bor = by + =2y — Ady) (14)
t+1 = AUt Ay, + 02 t4+1 t .
22 2
a‘o; vt ( 1—a ) 5
= o, 1.5
Vet Wy, + o =@ —o2)7 (1.5)

Proof. The difference of ;1 — éH] =a6; — ét) — Gt Vi1 — Aéf) + (1 + 6¢)ney1. Then

_ AN 1 2 a* 2 2,2
Yer1 = E[(Or11 — O )7 |F ] = (@ — AG) ye + 5 Jo, +0,6, (1.6)

_a? —
1—a o;

by differentiating y; 1 and set the first derivative function to zero,

0]
Ml _2A(a — AGOY: + 202G, 2.
oG,
We have f;t = AZ?/A}COT The second derivative of y; with respect to G; is positive, hence y; attains its minimum value at
t z
Gt' O

The optimal linear estimate of 6; and the MSE y; turn out to be the same as the one given in Gong et al. [2]. However,
we do not make any distributional assumptions to obtain the optimal estimates. Moreover, it is of interest to note that if we
2 1-¢ . o2y 2 2 : :
let by = VE(1+ 6:)?, thenbj = 1_a2‘ign2 ,and y;,1 in (1.5) turns out to be Azy[+cr[22 + b1o,]. In the remainder of this paper,
Section 2 discusses the application of the optimal MSE approach to continuous time SV models, with several examples for
illustration.

2. Continuous time SV models

Let (£2, #, p) be a complete probability space, and let (#;),0 < t < T, be a non-decreasing family of right continuous
o -algebra of #, satisfying the usual conditions.
dy, = h(6,)dt + dM; (2.2)
where y; is the observed process and 6; the unobserved volatility process, m;, M; are uncorrelated square integrable mar-
tingales with variance process < m, m>; = fot o2(s,y5)ds, < M,M >; = fot a2 (s, ys)ds, f(6), h(8;) € C! (continuously
differentiable), ™ E[f2(6,)] < oo, ™P E[h%(6;)] < oo and then apply to recently proposed stochastic volatility models.

t<T Y t<T
Theorem 2.1.
A L) .
df; = f(@)dr + “5———(dy: — h(@)dn), (2.3)
02 (ta J’t)
dre [NV @)P

=y, =2fD @ + ot _ 7
dt Yt O ye 1 ( Yt) azz(t,yt) f

where y, = E[(6; — 6)%| 1.

Proof. Eq. (2.3) is the continuous time analog of Eq. (1.2) and the detailed proof of (2.3) using estimating functions follows
from Thompson and Thavaneswaran [5] or Thavaneswaran and Thompson [6].
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For the proof of (2.4), let §, = 6, — 6,, and then y; = E[(6; — 6,)%|F] = E(8?). The stochastic differential equation of &
is obtained by

ds, = do, — db,

. hW (6 .
= £t + dm, — f@de — P 1y k@ ary
02 (t’ yt)
. h(@8,) .
= (f(6) — f(O))dt +dm; — ytzit[(h(er) — h(6y))dt + dM,].
0, (t,yt)
Applying Itd’s formula to 82, and using first order approximation for f (6;) and h(6;),
2 _ . Vth(])(ét) ANy Vth“)(ét) Yy
a5t = 25i[am, — 75— |+ (26 (0 — 1) = T w6 @)
1 2 a2 (hV(@))?
+ 5(2) (Ul (t,ye) + WUZ (L.Vt))]dt
_ V[h(1)(ét) A M /A Vth(l)(ét) M /A
= 2afdm, — Voo Ca |+ (260~ B0 (1 G - 7500 6))
Lo (a2 otV @))* ,
+ 5(2) (01 (t,ye) + W% (f,Yt)):Idf
Vth(l)(ét) 2( (1) (A V[h“)(ét) Oy
= 26;|dm; — ——=dM 26 6;) — —— -h'"’(6
ame = 2y + [202 (5000 = 5 )
21D (A V)2
2 o (V0" ,
t, _— t, dt 2.5
+(ofey+ 2 g et w)] 25)
and here
‘ R h (@;))? y2(h™ ())?
_ 2 M@y — s( s 2(s. s s )Cl
Ve Vo+/0 ( Vs(f (65) TGy >+01 (s, ys) + TGy s
t . 2(p(D é 2
— o+ / <2ysf“>(es> 0?5,y - M)ds
0 05 (8, ¥s)

Corollary. For the following Gaussian state space model:
do; = a(t, y)0.dt + b(t, y)dW (t)
dye = A(t, y)6:dt + B(t, y)dW,(t)
where W, (t) and W, (t) are two Wiener processes, and fot b?(s, y)ds < oo and fot B2(s, y)ds < oo.

Setting o (t,y:) = b(t,y), o7 (t,y:) = B*(t,y), f(6) = a(t,y)0, and h(6;) = A(t, y)6; in (2.1) and (2.2), the recursive
estimates turn out to the one given by Liptser and Shiryaev [15]:

~ A A(t,y) ~
dby = a(t.y)bde + 25 ) [V~ A ydan)
A, y)YE
v = 2a(t, b (t,y) — ———L.
ve = 2a(t,y)y: +b7(t,y) B(t.y)

2.1. Klebaner’s model
Klebaner [7] considered the following state space model
1
do, = (u + 5&) 0,dt + 00, dWy,

dy, = 6,dt + dWy,,
. . _ 2 * 9[
where {W;;} and {W,,} are two independent wiener processes, (1 and o are constants. Let by = /E(06;)? and Wy, = EW”'
and then d6; = (u + %az)etdt + obidWs,. Then o2(t,y:) = o2b3, 02(t,y:) = 1,f(0) = (1 + %02)9[, and h(6;) = 6,.
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Hence the optimal linear recursive estimates are given by

« 1 ~
dé, = (M + 20'2) 0:dt + y;[dy, — dt],

, 1
Ve =2 (M + 562> Ve +0°bi — vl

2.2. Hull & White model

For the Hull and White [8] SV model of the form
do? = abrdt + bOZdW,, (2.6)
dy: = ay.dt + 6y, dWy; (2.7)
where, «, a and b are constants, and {W;;} and {W5,} are two independent wiener processes. Since in (2.7) the drift term
does not include the parameter process 6;, in order to use Theorem 2.1, we can apply It6 formula to yf.
dy; = Qay; +67y})dt + 26,y;dWy,. (2.8)

The diffusion term in (2.6) and (2.8) contain the parameter process 6;, and by setting b2 = E(6?) and b3 = E(9}}), the
model becomes

do? = ab}dt + bb,dWs,

dy? = Qay; +62yD)dt + 2biy;dwy,
Hence by Theorem 2.1, the recursive estimates are given by
Ve

biy;

d6? = ad? + [dy? — (ay? + 62y?)dt]

1
Y\ 212 2
Vi = 20y + b°b; — —4b%yt.

2.3. Heston’s SV model

Stein and Stein [9] and Heston [10] considered the SV model of the form

dé: = k(B — 6;)dt + cdWy, (2.9)
dy: = aydt + 6,y dWy; (2.10)

where, o, 8, k, and c are constants, and {W;,} and {W,,} are two independent wiener processes. Since in (2.10) the drift term
does not include the parameter process 6;, in order to use Theorem 2.1, we first apply Itd formula to log y; and then setting
bt = E6)),
1
dlogy, = (o — 5ef)clr + biy2dwr,.
Then by Theorem 2.1, the recursive estimates are given by
~ ~ Vi 0 14
d6? = k(B — 6,)dt — % [d logy, — <a - 593) dt]

1

N

2
))t = _Zkyt + C2 — 97[‘)/2
b2t

2.4. Aihara & Bagchi model
Aihara and Bagchi [11] considered the following model

d6; = a(m — 6,)dt + ky/6,dWy (2.11)
dy: = Tr(Q)6,dt + dW,, (2.12)

where Tr(Q) (see Aihara and Bagchi [11] for details), o, m, and k are constants, and {W;;} and {W,,} are two independent
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Wiener processes. By setting b = E(4/6;)? in (2.11) and applying Theorem 2.1, the recursive estimates are given by

d@t =a(m — Qr)df + 12 (;2) (dyr — Tr(Q)érdt)
. Q) ,

= -2 1——y~.
Ve v+ K2p? 7t

2.5. Christoffersen-Heston-Jacobs [12] model

For the SV model studied in Christoffersen, Heston and Jacobs [12]

d6, = (a — c,)dt + £/6,dZy,
dye = (R + ubp)dt + v/6,dZy,

where the Wiener processes {Z;} and {Z,;} are correlated with correlation coefficient p. R, u, @, c, and £ are constants. This
correlated model can be transformed to a model with uncorrelated noises. Let {Wy;} and {W,,} be two standard uncorrelated

Wiener processes. Define dZ;; = dWy, and dZy; = pdWy, + /1 — p2dWsy, then the above model may be written by using
only dW;; and dWs;.

A6, = (a — cO)dt + £/0rpdWi; + £/6,y/1 — p2dWs
dye = (R + ub)dt + /6 dwy,
By setting b% = E(4/6;)? and applying Theorem 2.1, the recursive estimates are given by

b, = (a— chyde + 22 b 2 dye — R+ ub)dt]
1
2

)}t = _ZCVt + gzb% b2 yt )
Note: 01 = Ezbzpz + §2b2(\/1 — p)? = gzbz
3. Conclusions

We have obtained the optimal recursive estimates for various classes of nonlinear non-normal stochastic volatility
models. Recursive estimates for recently proposed stochastic volatility models are also considered in some detail.
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