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1. Introduction

Auxiliary information is often available in many surveys for all elements of the population of interest. For instance,
in many countries, administrative registers provide extensive sources of auxiliary information. Complete registers can
give access to variables such as sex, age, income and country of birth. Studies of labor force characteristics or household
expenditure patterns, for example, might benefit from these auxiliary data. Another example is the satellite images or GPS
data used in spatial sampling. These data are often collected at the population level, which are often available at little or no
extra cost, especially compared to the cost of collecting the survey data.

If no information other than the inclusion probabilities is used to estimate the population total, a well-known design
unbiased estimator is the Horvitz-Thompson (HT) estimator. Nowadays, “cheap” auxiliary information can be regularly
used to obtain higher precision estimates for the unknown finite population quantities. For instance, post-stratification,
calibration and regression estimation are different design-based approaches used to improve the precision of estimators.
Auxiliary information can also be used to increase the accuracy of the finite population distribution function; see, for
example, [28]. Model-assisted estimation [22] provides a convenient way to incorporate auxiliary variables to develop more
efficient survey estimators. By model-assisted, it is meant that a superpopulation model is adopted (for example, model (1)
below), in which the finite population is modeled conditionally on the auxiliary information; see, for instance, [4,6,8,9].

The traditional parametric model-assisted approach assumes that the superpopulation model is fully described by a
finite set of parameters, e.g., the regression estimator introduced in [22]. However, survey data now being collected by
many government, health and social science organizations have more complex design features. It is difficult to obtain any
prior model information to address various hypotheses. In this sense, a preselected parametric model is too restricted to fit
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unexpected features. In contrast, nonparametric regression provides a useful tool for studying the dependence of variables
of interest on auxiliary information without constraining the dependence to a fixed form with few parameters. The flexibility
of nonparametric regression is extremely helpful to capture the complicated relationship between variables as well as in
obtaining robust predictions; see [10,12] for details.

Breidt and Opsomer [2] first proposed a nonparametric model-assisted estimator based on local polynomial regression,
which generalizes the parametric framework in survey sampling and improves the precision of the survey estimators
immensely. Their investigation is only based on one auxiliary variable. Most surveys, however, involve more than one study
variable, perhaps, many; see [20]. For example, the remote sensing data which provide a wide and growing range of variables
to be employed. In this context, when the dimension of the auxiliary information vector is high, one unavoidable issue is the
“curse of dimensionality”, which refers to the poor convergence rate of nonparametric estimation of general multivariate
functions. One solution is regression in the form of an additive model; see [13].

Estimation and inference for additive models have been well-studied in the literature; see, for example, the classic
backfitting estimators of [13], the marginal integration estimators of [16], the smoothing backfitting estimators of [17],
the spline estimators of Stone [25,26] and the spline-backfitted kernel estimators of [30]. In a survey sampling context, [1]
discussed a semiparametric possible extension to multiple auxiliary variables via using the penalized splines; [19] applied
the generalized additive models (GAMs) in an interaction model for the estimation of variables from forest inventory and
analysis surveys; and [3] proposed a special case of the GAMs with an identity link function. For large and high dimensional
survey data, it is important that estimation and inference methods are efficient and computationally easily implemented.
However, few methods are theoretically justified and computational efficient when there are multiple nonparametric terms.
The kernel based backfitting and marginal integration approaches are computationally expensive, limiting their use for high
dimensional data; see [18] for some numerical comparisons of these methods. Spline methods, on the other hand, provide
only convergence rates but no asymptotic distributions, so no measures of confidence can be assigned to the estimators.

Challenged by these demands, we propose approximating the nonparametric components by using the spline-backfitted
local polynomial: spline does a quick initial estimation of all additive components and removes them all except the ones
of interest; kernel smoothing is then applied to the cleaned univariate data to estimate with the asymptotic distribution.
This two-step estimator is both computationally expedient for analyzing large and high dimensional survey data, and
theoretically reliable as the estimator is uniformly oracle with asymptotic confidence intervals. The resulting estimator
of population total can therefore be easily calculated, and more importantly allow for formal derivation of the asymptotic
properties of the estimator.

In practice, a large number of variables may be collected and some of the insignificant ones should be excluded from
the final model in order to enhance the predictability. The selection of auxiliary variables is a fundamental issue for model-
assisted survey sampling methods. In this paper, we propose a consistent variable selection method for the additive model-
assisted survey sampling based on the Bayes information criterion (BIC). A comprehensive Monte Carlo study demonstrates
superior performance of the proposed methods.

The rest of the paper is organized as follows. Section 2 gives details of the superpopulation model and proposed method
of estimation. Section 3 describes the weighting, calibration and asymptotic properties of the proposed estimator. Section 4
describes the auxiliary variable selection procedure for the superpopulation model under simple random sampling design
(SRS). Section 5 reports the findings in an extensive simulation study. Lengthy technical arguments are given in the Appendix.

2. Superpopulation model and proposed estimator

In what follows, let Uy = {1,...,1,..., N} be the finite population of N elements, called the target population, and i
represents the ith element of the population. Let X; = {x;1, . .., Xjq} be a d-dimensional auxiliary variable vector, i € Uy. We
are interested in the estimation of the population total t, = ZieUN yi, Where y; is the value of the study variable, y, for the ith

element. To this end, a sample s of size ny is drawn from Uy according to a fixed sampling design py (-), where py (s) is the

probability of drawing the sample s. The inclusion probabilities, known for alli € Uy, are wjy = m; = Pr{i € s} = ZBI- pn(S).

In addition to the m;, denote mjjy = 7 = Pr{i,j € s} = ZBU pn (s) the inclusion probability for both elements i, j € Uy.
Let {(X;, ¥i) }icuy be arealization of (X, Y) from an infinite superpopulation, &, satisfying

Y = m(X) + o (X)e, (1)

in which the unknown d-variate function m has a simpler form of

d
mX) =c+ ) m(Xe).  EelmeX)1=0, 1<a=<d (2)
a=1

the function o (-) is the unknown standard deviation function and the standard error & satisfies that E¢(¢|X) = 0 and
Ee (%|X) = 1. In the following, we assume that the auxiliary variable X, is distributed on a compact interval [a,, by ], @ =
1, ..., d. Without loss of generality, we take all intervals [a,, b,] = [0, 1]. To estimate the additive components in (2), we
employ a two-stage procedure based on the spline-backfitted local polynomial smoothing.
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Forany o = 1, ..., d, we introduce a knot sequence with J interior knots ko = 0 < k1o < -+- < kjo < 1 = kgy1)ar
where | = Jy increases when ny increases, and the precise order is given in assumption (A5). Denote the piecewise linear
truncated power spline basis

T(X) = {1, %0, Xa —Kia) g s g — ko) = 1,...,d}T, (3)

where (a), = aif a > 0 and 0 otherwise. For the local linear smoothing, let K;(x) = h~'K(x/h), where K denotes a kernel
function and h = hy is the bandwidth; see assumption (A6).

We now describe our two-stage estimator for the population total t,. At the first stage, we apply the spline smoothing to
obtain a quick initial estimator of m(x;),

d d ]
M) =bo+ Y DoaXia + Y Y bja(Xie — Kia)+
a=1

a=1 j=1

where Bo and lAaj,a,j =0,1,...,J,a =1,...,dare the minimizers of the following

Z 7'L',-_1 [y, - bO Z bO aXa — Z Z b] a(XIOt k]Dl)+ ] (4)

ies a=1 j=1

overa Gy = 1+ (J + 1)d dimensional vector. Because the components m,, (x,) each can only be identified up to an additive
constant, we center the estimator of m, (x,) and define the centered pilot estimator of the «th component as

J
ma(xot) = bO,axa + Z bj,a(xa - kjvt)+ - eot’ (5)
j=1
where ¢, = N~! Z,-ES n,-’l {Bo,axia + ijl Bj,a(xia — ki) + } The pilot estimators in (5) are then used to construct the new
pseudo-responses

Vo =yi=N7'b =Y ipxia), i€s, a=1,....4d, (6)
e

where i, is the well-known HT estimator.
At the second stage, a local polynomial smoothing is applied to the cleaned univariate data {X;y, Vi« }ics to achieve the
“oracle” property in [30]. To be specific, considering the local linear smoothing, forany« = 1, ..., d, we minimize

D 7 e — Q0.0 — @10 (i — K (Xig — 20, (7)
ies

with respect to g, and a; ,. The spline-backfitted local linear (SBLL) estimator of the «-th component m,, is % = do o in
(7). The final sample design-based SBLL estimator of m(x) is defined as

d

i (x) = —ry Z 5 (). 8)

Substituting m; = m*(x;) into the existing generalized difference estimator (see page 221 of [22]), the SBLL estimator
for ty is defined by

o= Yo+ I S 2y (1 L ©

ieUy ies ies U ieUy

where I; = 1ifi € sand I; = 0 otherwise.

Remark 1. In the first step spline smoothing, the number of knots Jy can be determined by ny and a tuning constant c:

Iy = min([eny* log(ny)] + 1, [(ny/2 — 1)/d — 1]). (10)

As discussed in [30], the choice of ¢ makes little difference. In the second step local polynomial smoothing, one can use the
quartic kernel and the rule-of-thumb bandwidth.
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3. Properties of the estimator

3.1. Weighting and calibration

In the last decade, calibration estimation has developed into an important field of research in survey sampling. As
discussed in [7,15], calibration is a highly desirable property for survey weights, which allows the survey practitioner to
simply adjust the original design weights to incorporate the information of the auxiliary variables. Several national statistical
agencies have developed software to compute calibrated weights based on auxiliary information available in population
registers and other sources. The proposed SBLL estimator in this paper also shares this property in certain sense.

Let y; be the column vector of the response values y; for i € s and define the diagonal matrix of inverse inclusion
probabilities IT; = diag{1/7;}ies. For I'(X) in (3), denote I's = {I'(X;)"};es the sample truncated power spline matrix. Let
B be the collection of the estimated spline coefficient in (4). Then B; = (ITTI,I's) ™' I'TTI,y,. Thus the pilot spline estimator
of my (x,) in (5) can be written as

ﬁla (%) = {r(X)TDaBs - Nill;l;nsrsDaBs}ySa (11)

where 1,, is a vector of length ny with all “1”s, and
» = diag{0, ..., 0, 1,...,1, 0,...,0} (12)
———
from (J+1)(¢—1)4+2 to J+1a+1

is a Gy x G4 diagonal matrix. Denoting the spline smoothing matrix and its centered version by

Vs, = Do (ML L) ' TEM, Wy, = (1= N7, 1) ¥,
we have i1, = {1y (Xia) Yies = W5, ¥s, fora = 1, ..., d. Further for Ji, in (6), let o = (Jia}ies = ¥s — ylyTn — 250 Mg,

and define the matrices

. 1
Xoio ={(1  Xka — Xia) Jess Wi, = diag {;Kh (Xkoe — Xioz)}
k

kes
Then the SBLL estimator of m,, at x;, can be written as

ﬁl;'ty = m; (i) = e-{( swtwswzxswz) ]X Wstaya» (13)
where e; = (1, 0)". Therefore, the SBLL estimator in (8) of m(x) at x; is
ﬁl;k = *ty + Ze ( SlaWSiaXSia)_IX;D[WSiU (ys o Z ‘1’55y3>
B#a
= psiy57

where
d
_ 1—
oy =e| {Z(xfmwmxm) "X Wi (1 4 D ) } :
a=1 B#a
Similar to [21], we define the “g-weight”
[.
gis = 1+m; Z (1 - yri) pyai, (14)
JjeUn J

where a; is a ny-dimensional vector with a “1” in the ith position and a “0” elsewhere. Thus the proposed estimator fy,sm
in (8) can be written as

A Yi
ty.spLL = Z S+ (] - *) oLYs = ) &isYi/ i,
ies U jeUy ies

which is a linear combination of the sample y;’s with a sampling weight, 71,._1, and the “g-weight”. Because the weights are
independent of y;, they can be applied to any study variable of interest.

As we show below, the weight system gives our estimator of the known total >_._,, X, to be itself.

ieUy
Theorem 1. Forany o = 1, ..., d and the “g-weight” defined in (14),

fxy,SBLL = E 8isXia /T = E Xig -

ies ieUy
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Proof. Let X, = {X, }ics- We have

tanBLL—Zﬂ Xzoz+Z(] Ly )e]{Z(XS]yWS]st]V) X » Wiy <I+ dN 1 1,1 Z‘I’ )}

ies jeuy y=1 B#y
Observe that

Xy, fOrf=a

—1
(FSTHSFS) FSTsta = Ta, WX, = IsDgty = {0’ for B # o’

where T, is the vector of dimension Gy with a “1” in the {2 + (J + 1)(« — 1)}th position and “0” elsewhere. Then we have,

(l + Tl SHIEDY \Ilsﬁ)

B#y

1-d_
I+ WInIHHS Xu for]/ = a.

d—N1n1§nsxa, fory # «

Note that for any i € Uy,
€] (Xl Waio Xsia) ™' X[ WeiaXe = Xia, €] (X

ro Wiio Xsio) ™' XE Weip 1, = 1.
Thus

d
B 1-
e{{Z(xsijwsjyxsjy) X Wy, (1+ - =4 T — )}

y=1 B#y
- e] (XT WSIDIXSIO() ]XT SlOl{ + (dN) (1 - d)1 lT }

Slor Slo

+d e’ Z( L Wa, Xgi, ) ™' X5 W, 1,10 TX,y = Xjo.
yF#a

Hence the proposed SBLL estimator defined in (9) preserves the calibration property. O

3.2. Assumptions

For the asymptotic properties of the estimators, we adopt the traditional asymptotic framework in [2] where both the
population and sample sizes increase as N — oo. There are two sources of “variation” to be considered here. The first is
introduced by the random sample design and the corresponding measure is denoted by p. The “0,", “0,” and “E,,(-)"” notation
below is with respect to this measure. The second is associated with the superpopulation from which the finite population
is viewed as a sample. The corresponding measure and notation are “£”. For simplicity, let 7;; — mm; = Aj;.

(A1) The density f (X) of X is continuous and bounded away from 0 and co. The marginal densities f, (x,) of X, have continuous
derivatives and are bounded away from 0 and oo.

(A2) The second order derivative of m, (x,) is continuous, Vo = 1, ..., d.

(A3) There exists a positive constant M such that E§(|e|2+5|X) < Mfor some 8 > 1/2; o (X) is continuous on [0, 1]¢ and
bounded away from 0 and oo.

(A4) AsN — oo, ny — ooandnyN~! - 7 < 1.

(A5) The number of knots Jy ~ n;,“ log(ny).

(A6) The kernel function K is Lipschitz continuous, bounded, nonnegative, symmetric, and supported on [—1, 1]. The bandwidth
hy ~ n,;l/s, ie., c;,n,]l/5 <hy < Chn,gl/s for some positive constants ¢y, Cp.

(A7) Forall N, minjey, m; > A > 0, min; jey, 7 > A* > 0 and

limsupny max |A;| < oo.
N—o0 i,jeUN,i#j

(A8) Let Dy n be the set of all distinct k-tuples (i, iz, . . ., ix) from Uy. Then

lim Supn,zv . max Ep[(Tiy — 7)) (liy, — 703,) (hiy, — 7735) (Iyy, — 703,)]] < 00,
N—>00 (i1,ip,i3,i4)€Da N

3 2

lim sup ny . Mmax |Ep[(1i11i2 - 7'[111'2)(1,‘31,'4 — 7'[1-31-4)]| < 00,

N—>o00 (i1,i2,i3,i4)€Dg N

limsupny — max  |Ep[(l, — m1,)* (I, — 71,) (I — 73,)]| < 0.
N—>00 (i1,i2,i3)€D3 N

Remark 2. Assumptions (A1)-(A3) are typical in the smoothing literature; see, for instance, [10,12,30]. Assumption (A5)
is about how to choose the number of interior knots Jy for the spline estimation in the first stage. In practice, Jy can
be determined by (10). Assumption (A6) is how to select the kernel function and the corresponding bandwidth. Such
assumptions were used in [30] in the additive autoregressive model fitting. Assumptions (A7) and (A8) involve the inclusion
probabilities of the design, which were also assumed in [2].
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3.3. Asymptotic properties of the estimator

Like the local polynomial estimators in [2], the following theorem shows that the estimator fyysm in (9) is asymptotically
design unbiased and design consistent.

Theorem 2. Under assumptions (A1)-(A7), the estimator fy,SBLL in (9) is asymptotically design unbiased in the sense that
. Ey,SBLL -t . i
th E, N = 0 with &-probability 1,

and is design consistent in the sense that for all n > 0,

lim E, [

N—oo

ty|>N,,}] =0 with &-probability 1.

|ty,SBLL—

Let fy.SBLL be the population-based generalized difference estimator of t, when the entire realization were known; see
(A.4) in Appendix A.1 for the formal definition. Like the estimators in the local polynomial estimators in [2], the penalized
spline estimators in [1], and the backfitting estimators in [3], the following theorem shows that the proposed estimator
fy,sm also inherits the limiting distribution of the “oracle” estimator fy,sm.

Theorem 3. Under assumptions (A1)-(A8),

N=1(ty spiL — ty)

d
——— —> N(0, 1)
Var;/z (N=1t, spiL)

as N — oo implies

N-'(¢ —t
N (s =) 4,y 1,
V1/2(N~1ty spir)

where

~ s 1 Ay — ity —mf
-1 - Zysa A T
VN~ tysp) = N2 E =

ijes Y

(15)
TTi TTj

The next theorem proves that fy,SBLL is robust as in [2] and it also asymptotically attains the Godambe-Joshi lower bound
to the anticipated variance

Var[N~'(¢, — t,)] = EIN"'(, — t,)1* — EA[N"' (i, — t,)],

where the expectation is taken over both design, py, and population £ in (1).

Theorem 4. Under assumptions (A1)-(A8), fy,ssu_ asymptotically attains the Godambe-Joshi lower bound, in the sense that

~ 2

t —t n 1—m

”: (i) = IS 20y LT o),
N b4

icly i
The proofs of Theorems 2-4 are given in the Appendix.

4. Auxiliary variable selection
In this section, we propose a BIC-based method to select the auxiliary variables for use in the superpopulation model (2).
The BIC was first proposed in [23] for the selection of parametric models. Recently, [14] proposed a fast and

consistent model selection method based on spline estimation with the BIC to select significant lags in non-linear additive
autoregression. Analogous to the approach in [14], if the entire realization were known by an “oracle”, one can select

significant auxiliary variables based on the BIC. For an index set of variables r C {1, ..., d}, the BIC is defined as
BIC®) = log{AMSE® (N~",.s50)) + 2~ log(my), (16)
ny

where ¢, =1+ Zaer(],\, + 1), and AMSE(N‘lfy,SBLL) is the asymptotic mean squared error (AMSE) ofN‘lnySBLL in(A.11),
i.e. the asymptotic expectation of {N~' (£, sp. — £,)}%.
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Next let f = ny/N be the fixed sampling fraction. Under a simple random sampling (SRS) design, if 62 (x) = c'x,

AMSE(N™'E, sp11) = (N _ 1) Z(y’ ).

ieUy

Thus, using similar arguments iAn Section 5 of [ 14], we can show that the above BIC in (16) is consistent under SRS.
By Theorem A.2, AMSE(N ”ty.SBLL) can be estimated consistently by

- m¥)
Vg = Vg(N'ty.p11) = ZZ Ay g0 = W) &0 — , (17)

T TTj

ijes Tij

a modified version of (15) proposed by [21] with the “g-weight” in (14). So the sample-based BIC is defined as

Fr

BIC" = log{V(r)} + log(nN) (18)

and we select the subsect 7 C {1, ..., d} that gives the smallest BIC value,

Remark 3. Under SRS design the variance estimator given in (17) can be simplified as

vg Zgls(yl_m )

nN(nN -1 ics

In practice, we first decide on a set of candidate variables to be selected. Since a full search through all possible subsets
of variables is in general computationally too costly in actual implementation of the BIC method, we consider a forward
selection procedure and a backward selection procedure. Let d denote the total number of candidate variables to be selected

208+D)

allowed in the model, in which [a] denotes the integer part of a. We start from the empty set of auxiliary variables, add one
variable at a time to the current model, choosing between the various candidate variables that have not yet been selected by
minimizing the BIC in (18). The process stops when the number of variables selected reaches dp.x. In the backward selection
procedure, we start with a set of variables of the maximal size d,.x, delete one variable at a time by minimizing the BIC and
stop when no variable remains in the model. If d,,x < d, we first apply the forward selection procedure, then we start with
the maximal set of variables selected in the last step of the forward stage.

from. In the forward selection procedure, we pre-specify the maximal number of variables d,,,x = min {d, ["7N] } that are

5. Simulation study

In this section, simulations are carried out to investigate the finite-sample performance of fy,SBLL. For comparison we also
obtained the results of four other estimators: the HT estimator which does not make use of the auxiliary population, the
linear regression (LREG) estimator in [22], the one-step linear spline (LS) estimator defined by

d
bus=Y Gi—m)/m+ Y i, A=NT"h+ > i

ies ieUy a=1

with m;, = My (%) given in (5), and the single-index model-assisted (SIM) estimator in [27]. The number of knots Jy for
the LS and SBLL is determined by (10).
For the superpopulation model (1), the following four additive models (no interactions) were considered:

2-dim linear:Y = —1 + 2X35 + 4Xg + op¢,
2-dim quadratic:Y = 5.5 — 6X, + 8(X, — 0.5)> — 3X10 + 32(X10 — 0.5)° + oge,
3-dim mixed:Y = 8(X, — 0.5)% + exp(2Xs — 1) + sin{2w (Xg — 0.5)} + ope,

d 12
5-dim sinusoid:Y = 2 + Zsm{Zn(X —05)}+ — (ZX ) e, d=>5.

a=1 a=1

The auxiliary variable vectors x;,i € Uy, were generated from i.i.d. uniform (0, 1) random vectors. The errors & were
generated fromi.i.d. N(0, 1) with noise level 5y = 0.1, 0.4. The population size was N = 1000. SRS Samples were generated
of size ny = 50, 100 and 200. For each combination of noise level and sample size, 1000 replicated SRS samples were selected
from the same population, the estimators were calculated, and the design bias and the design mean squared errors were
computed empirically.

Table 1 shows the ratios of the mean squared error (MSE) for the various estimators to the proposed SBLL estimators.
From the table, one sees that the model-assisted estimators, LREG, LS, SIM and SBLL, perform much better than the simple
HT regardless the type of mean function, standard error and sample size. For Model 1, LREG is expected to be the preferred
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Ratio of MSE of the HT, LREG, LS and SIM estimators to that of the SBLL estimator and the average computing time of the SBLL estimator based on 1000

replications of SRS samples from four fixed populations of size N = 1000.

Model Error Sample size MSE Ratio SBLL (s)
o ny HT LREG LS SIM
50 140.36 0.89 1.12 1.60 0.07
0.1 100 148.03 0.91 1.07 133 0.07
1 200 147.03 0.92 1.10 1.02 0.09
50 9.78 0.92 1.16 1.24 0.07
0.4 100 10.50 0.95 1.10 1.02 0.07
200 10.47 0.98 1.05 1.04 0.09
50 134.05 28.38 2.11 19.77 0.07
0.1 100 282.47 58.10 1.03 36.58 0.07
2 200 313.93 66.63 0.98 41.15 0.09
50 18.45 4.25 2.36 3.44 0.07
0.4 100 23.67 5.34 1.04 3.69 0.07
200 23.36 5.63 1.02 3.92 0.09
50 63.14 30.83 1.10 37.12 0.07
0.1 100 103.33 49.62 1.01 50.76 0.07
3 200 115.13 56.57 1.02 57.04 0.09
50 6.80 3.46 1.11 3.93 0.07
0.4 100 8.18 4.20 1.14 4.40 0.07
200 18.39 4.52 1.09 4.57 0.09
50 55.81 25.26 1.01 27.61 0.07
0.1 100 151.59 62.63 1.03 65.78 0.07
4 200 230.44 97.91 0.97 99.45 0.09
50 9.97 475 1.03 5.22 0.07
0.4 100 16.35 7.10 1.01 7.44 0.07
200 19.95 8.60 1.05 8.74 0.09
Table 2
Monte Carlo bias, standard error and the square root of the average estimated variances (15) of the population total based on 1000 simulations.
Model o n Bias SE Est. SE
50 —0.10 14.69 13.18
0.1 100 —0.36 9.85 9.32
1 200 -0.13 6.55 6.29
50 —1.62 57.73 51.81
0.4 100 —1.55 38.51 36.77
200 —0.42 25.71 24.86
50 1.27 24.49 14.06
0.1 100 0.62 11.52 9.13
) 200 0.37 7.06 6.10
50 2.41 67.66 52.45
0.4 100 —0.47 40.94 36.15
200 —0.13 26.54 24.33
50 2.29 20.40 13.38
0.1 100 0.90 10.91 8.74
3 200 0.48 6.82 5.88
50 2.17 64.89 50.86
0.4 100 —0.04 40.17 35.44
200 0.32 26.30 23.99
50 —1.98 29.04 18.04
0.1 100 —0.51 12.28 8.22
4 200 —0.10 6.38 4.82
50 —4.38 69.69 4331
0.4 100 —1.18 37.92 27.72
200 —0.37 22.58 18.56

estimator, since the assumed model is correctly specified. However, not much efficiency is lost by using SBLL instead of LREG
and the MSE ratios of LREG to SBLL are at least 0.89 for all cases. For all other scenarios, SBLL performs consistently better
than LREG. The SBLL estimators also improve upon the LS estimators across almost every combination of noise level and

sample size, which implies that our second local linear smoothing step is not redundant.

To see how fast the computation is, Table 1 also provides the average time of generating one sample of size ny and
obtaining the SBLL estimator on an ordinary PC with Intel Pentium IV 1.86 GHz processor and 1.0 GB RAM. It shows that
the proposed SBLL estimation is extremely fast. For instance, for Model 4, the SBLL estimation of a 5-dimensional of size
200 takes on average merely 0.2 s. We also carried out simulations for high dimensional data with sample size ny = 1000
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Table 3
Simulation results for auxiliary variable selection based on 100 replications of SRS samples from four fixed populations of size N = 1000. (Here the MSE
Ratio is the ratio of MSE of the SBLL estimator calculated by using the selected model to the MSE of the oracle SBLL estimates computed by using the true
model.)

Model oo n Forward Backward
C U 0 MSE C §] 0 MSE
Ratio Ratio
50 72 0 28 1.150 73 0 27 1.124
0.1 100 97 0 3 1.001 97 0 3 1.001
1 200 99 0 1 0.999 99 0 1 0.999
50 76 0 24 1.147 77 0 23 1.145
0.4 100 98 0 2 1.002 98 0 2 1.002
200 100 0 0 1.000 100 0 0 1.000
50 87 0 13 1.255 87 0 13 1.255
0.1 100 96 0 4 1.012 96 0 4 1.012
2 200 100 0 0 1.000 100 0 0 1.000
50 79 0 21 1.019 80 0 20 1.022
0.4 100 98 0 1.000 98 0 2 1.000
200 100 0 0 1.000 100 0 0 1.000
50 87 0 13 1.082 86 0 14 1.082
0.1 100 91 0 9 1.000 91 0 9 1.001
3 200 100 0 0 1.000 100 0 0 1.000
50 83 0 17 1.020 83 0 17 1.020
0.4 100 99 0 1 1.000 99 0 1 1.000
200 100 0 0 1.000 100 0 0 1.000
50 68 0 32 1.277 69 0 31 1.277
0.1 100 88 0 12 1.029 88 0 12 1.029
4 200 100 0 0 1.000 100 0 0 1.000
50 69 0 31 1.063 69 0 31 1.063
0.4 100 97 0 3 1.000 97 0 3 1.031
200 100 0 0 1.000 100 0 0 1.000

generated from the population of size 10 000. Remarkably, it takes on average less than 60 s to get the SBLL estimator even
when the dimension reaches 50.

In Table 2 we give the Monte Carlo bias and standard error of the SBLL estimator based on its sampling distribution over
1000 replications. Table 2 also shows the square root of the average estimated variance of the population total (15). We see
that the biases of the SBLL estimator are very small and the variance estimator appears to perform well for medium sample
size.

Next we conducted simulations to evaluate the performance of the variable selection method. We generated 100
replications for each of the above models. The variables were searched from {1, 2, ..., 10} for all methods and we set the
maximum number of variables allowed in the model to be 10. Table 3 shows the number of correct fit (C), underfit (U) and
overfit (O) based on the BIC in (18) over 100 simulation runs. Here underfitting means that the method misses at least one
of the significant variables. From Table 3, we can see that both the forward and the backward selection procedures perform
very well for a moderately large sample size. We also obtained the ratio of MSE of the SBLL estimates calculated by using
the selected model to the MSE of the oracle SBLL estimates computed by using the true model. In all the cases, the ratios are
very close to 1 or exactly 1 for moderately large sample size.

6. Discussion

Nonparametric additive methods enhance the flexibility of the models that survey practitioners use. However, due to the
limitations in either interpretability, computational complexity or theoretical reliability, these models have not been widely
used as general tools in survey data analysis. In this paper, we have advanced additive models as flexible, computationally
efficient and theoretically attractive tools for studying survey data. We also developed a consistent procedure to select the
significant auxiliary variables under simple random sampling design.

The proposed method in this paper is appropriate only for survey data that follow a simple additive model. The limitation
of the basic additive model is that the interactions between the input features are not considered. There are other models, for
instance, single-index model [27], additive model with second-order interaction terms [24], which reduce dimensionality
but also incorporate interactions. The additive partially linear model [11] is another parsimonious candidate when one
believes that the relationship between the study variable and some of the auxiliary variables has a parametric form, while
the relationship between the study variable and the remaining auxiliary covariates may not be linear. These alternative
models are supposed to be more efficient in certain cases, but obtaining the asymptotics is likely to be very complicated,
thus we leave it as future research work.



L. Wang, S. Wang / Journal of Multivariate Analysis 102 (2011) 1126-1140 1135

Finally, in our methodology development, we have assumed that the auxiliary variables are available for all population
elements. It would be interesting to consider the limited auxiliary information case [5] where only some summary quantities
such as means are available at the population level. This is also a challenging problem for future research.
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Appendix

To show the asymptotic properties of the proposed estimator fy,SBLL, we first introduce an “oracle” SBLL estimator of t, if
the entire realization were known.

A.1. The population-based estimator

If the entire realization were known, let 'y = {F(xi)T}ieuN be the population-based truncated power spline matrix,
where I'(x) is given in (3). Let y be the vector of the response values y; for i € Uy. Further let By = (FEFU)‘ll“{,y. The
centered pilot estimators of m, (x,) at the first stage are

My (Xy) = T'(X)"'DeBy — N~ "1 Ty D, By, (A1)
where vector IL = {1,1, ..., 1} of length N. The pilot estimators for all elements in the population are denoted by

m, = {My Xie)}icvy = A — N""Iy1)TyDeBy, a=1,...,d.
For the second stage kernel smoothing, define the matrices

Xvie = {(1 Xka — xioz)}keuN . Wy = diag{Kn(Xa — Xia) tkeuy -
Then the SBLL estimator of each component at x; is given by

M, = €} (Xiig Wuia Xvie) ™ Xijis Wuio Ve (A2)

i« =

where 37}1 =y- %tle — Z#a my is collection of the pseudo-responses. The SBLL estimator of m(x;) based on the entire
population is given by

1 ST
mf = ﬁty + Zm;;, i€ Uy. (A3)
a=1

Clearly, m} is the prediction at x; based on the entire finite population. If these m; were known, a design-unbiased estimator
of t, would be

- - y; —mf
ty,SBLL = Z m; + Z # (A4)
ieUy ies i

The proof of the asymptotic properties of nySBLL uses reasoning similar to that in [2], in which a key step is the Taylor
linearization. Recall that our proposed estimator involves two smoothing stages: spline smoothing in the first stage and
kernel smoothing in the second stage. In the following, we establish the Taylor linearization for these two smoothing stages
one by one.

A.2. Taylor linearization at the first stage

Lemma A.1. Under assumptions (A1)-(A7), foranya =1, ...,d,
lim  sup [ty (Xe) — fitg (xa)| = Op{Jn(N~" logN) '/},

N—00 x,€[0,1]

where iy, (X,) and M, (x,) are the pilot estimators given in (11) and (A.1).
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Proof. Let S = N~'T{Ty and V. = N~'T(jy be matrices with components sy = N~'3, . Tuilui and v; =
N1 > keuy Tu.iVx, respectively. Denote S, = N7ITTI, I and V, = N™'TTI,y; the sample versions of the matrices S

and V with components s, jy = N~' Y, I ils i /mcand vy j = N=' Y, T yivi/mk. Foreach @ = 1,...,d and the
spline basis I'(x) in (3), let

C(Sx, Vs %) = T(X) Dy (S, 'V, — S7'V) (A5)

be a nonlinear function of {s, ji }1<;y<¢, and {v,,,,-}jcj1 with respect to x, . The difference i, (Xo) — My (Xo) = £ (Sy, Vi Xo) +
0,(N~1/2). Simple calculation shows that the first order derivatives of ¢ in (A.5) of s, j» and v, j are

0
o TDL(=S.'AyS. WV, 1<j.j <G,
357-[,]']'/
8§ T 1 .
— DS "N, 1<) <Ga
8vn,j

where \; is a Gg-vector with “1” in the jth component and “0” elsewhere; and A is a Gy x Gy matrix with “1” in positions
(,j) and (j, j) and “0” everywhere else.

Using the Taylor linearization, one can approximate ¢ in (A.5) by a linear one so that the difference between i, (x,) and
Mg (X,) can be decomposed as chzdl ©aj(Xe) (U j — V) — Cy + Co — Zlgj,j’scd Yaji Xa) (S i — Sjj7) + Qun (X ), where for any
1<j,j/ <Gq,

ag _
(Paj(xa) = = r(X)TDaS 1)‘]_7
31)7-[,]' U j=Vj
9 _ _
Vajj (Xe) = =T ()" D, (S"'A7S™HV,
as”v]j/ Sq il =Sit

and Quy (X, ) is the remainder. Note that

Gg Gd
I
D Guie) W = v) = N1 Y 000 () T Vi (1 - ﬂ—")
k

= keOy j=1
Gq I[
-NT' Y Z‘paj(xa)(ru,kj — Isi) <1 - n_;))/k
keUy j=1

Gd
+N~! Z Z‘/’aj(xa)J/k(Fu,kj — I k).

keUy j=1

By the discretization method given in Lemma A.4 of [30], the Borel-Cantelli lemma entails that each single term in the
right-hand side of the above is of the order O, {Jy (N~ ! log N)'/2}. Therefore, we have

Gg
> 0aj(%a) (02 — V)| = Op (N~ log N)'/?}.

=1

sup
Xz €[0,1]

Similar arguments lead to supy_ o, ‘lei,j’scd Vit (%) Sz j — Sji)| to be of the order O, {Jy (N~" log N)/?}, and sup, (o 1,

|Quv(X)| = 0p{Jy(N""logN)"/2}. Thus sup,,cpo17¢ Sz, VriXe) = Opf{/n(N""logN)'/?}. The desired result is
established. O

A.3. Taylor linearization at the second stage

Let

—1
tig = Z Ki (ko — Xia) Xkae — Xi)T ™,
keUy

~ 1 _
ting = Z j_TkKh(xka — Xio) (Xka — Xioz)q 15

kes
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forg=1,2,3and
tiag = Z Kh Xk — Xio) (Xkew — Xia) ¥ *Vkars

keUy

n 1 N
tieg = Z ;Kh Xk — Xiot) Kk — Xi) T s

kes 'k

for ¢ = 4, 5. We rewrite i}, in (A.2) and i, in (13) by

~x tinztiva — tiatias Axo Eialifiall - fiaZEiaS
“ tiv1tias — tixz ' “ Eialfia3 - fﬁyz
5 31‘71?; _ 5
Let Ziok = X1 =150y g, F where tiq = {tinq},_; and
- {Kh(xka = %) (i = %) forg=1,2,3,
lokq — —
T Kn (ke — Xia) Kka — Xio)' " Viar  fOrq =4,5.
Then one can approximate i}, — i, by a linear sum, i.e,,
N - Iy
m;:x - m Z Ziak (7{ - ]) - LIDIN + RlOtN7 (A6)
kGUN Tk
where Liun = Z;zl Lioqu with
1 . Bﬁﬁ Ilc
Ligni = — (G — ty) ——2— Zigk1 < ,
N? (N~ "tiwa) Iy =t kEXU;, Tk
1 om -
Lign2 = N — Z Zigki ( 1) {g(xep) — Mp(xkp)},
(N~ ia) [, =t;, keUy BFa
1 . om?*
Lions = (6 — t) ——2— Ziok2 ( ) ,
N2 (N~ tias) [, =t kezu;,
1 on n -
Ligna = N % Z Ziak2 (* - 1) Z{mﬁ(xkﬂ) — mg(xkp)},
(N~ tias) tig=tiy keUy B#a
and Rl-aN is the remainder. Similar to the proof of Lemma 3 in [2],
Z E,[R?,\] = O(ny 'hy?). (A7)
lEUN

Lemma A.2. Under assumptions (A1)-(A8), N~! > E, (LﬁyN) — 0.

ieUy

Proof. By the Cauchy-Schwartz inequality, it suffices to show thatforqg = 1,...,4, N™! Z:eu E,(L2,5.) — 0.Without loss
of generallty, we only show the cases for ¢ = 1 and 2. Similarly to the proof of Lemma 2(v)in TZ] the first order derivatives
of M, with respect to N~ t,aq evaluated at t; = t; are uniformly bounded in i. So by assumption (A7)

2
1 amy, I
N ZE (Lthl = EEP [(ty ) Z Ziakl <*{ - 1)}
ti=t; keUy

lEUN 3(N 1tla4)
C TTj| — TTTT] Ty — TTRTT
jl j/t Ckp k’tp
< N E N § lykypl — 0.
Jj.k,l,peUy k.peUyn

Zigj1Zial1YkYp

;I KTy

Next

2
Z Zigk1 <* ) Z{ﬁ'lﬂ(xkﬁ) - fnﬂ(xkﬁ)}i|

1 o
¥ 2B’ = b [a(Nt)

IEUN tia=tiy keUn BFa
I N . N .
<NZYNE ( - 1) (— - 1) D0 g (ap) — Mpip)} iy (xiy) — my(xw}‘ :
keUy lcUy T Bta ya

By LemmaA.1,N71 ), »(L2,n,) — 0,and the lemma follows immediately. O

lEUN
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A.4. Proofs of Theorems 2-4

Lemma A.3. Under assumptions (A1)-(A8), for the population and sample based SBLL estimators of m(x;,) given in (8) and
(A3),

11m —Ep |:Z(m —my) :|

icUy

Proof. According to (A.6), one has

Ziok Zial
e | T - } LYY ot

icUy ieUy k,leUy
I
Z ZiakEp [(— - 1) (Lian — Riaw)] — > " Ep(Lian — Rian)™.
i,keUyn IEUN

Following from Lemmma 4 in [2] and assumption (A7), the first term converges to zero as N — oo. The third term also
converges to zero by (A.7) and Lemma A.2. By the Cauchy-Schwartz inequality, limy_; oo %Ep [ZieuN (m;, — m}, 2] =0,a =

., d. Note that
1 d ’
S~ = Y {N@ S S ﬁz;p}
ieUy ieUy a=1
1 d ’
S LEURE LT 9 SLELIED o S RL A B
ieUy a=1 ieUy a=1
By assumption (A.7),
1 1 ny TTLl]aX# | Ajl
~ 2 i.jeUn.i#j
mEp(ty—ty) < X—i_)\‘i ZZ‘yl — 0.

ieUy

Thus the desired result is obtained from the Cauchy-Schwartz inequality. O
Proof of Theorem 2. Note that Ep[l;] = m; and

¢ —
FE = Zm — AU/ — 1) + — Z( (1 — I/ ). (A8)
IEUN zeUN
Then
E M < lE Z(y — @)U/ — 1)
p N - p . i i i/t
ieUy
1/2
N {Ep [Z( - ﬁ1;“>2] Ep [Z(l —Ii/m)z]} : (A9)
icUy icUy
According to assumptions (A1)-(A6), lim supy_, o, § ZzeU i — *)2 < o0. Following the same arguments of Theorem 1

in [2], the first term on the right of (A.9) converges to zero as N — oo. For the second term, (A7) implies that
7i(1l—m) 1
S |- I 1
[ ieUy ieUy Nﬂi A
According to Lemma A.3, limy_, o 3 > icuy Epl (M} — m})*] — 0 and the result follows from the Markov's inequality. [

The next theorem is to derive the asymptotic mean squared error of the proposed spline estimator in (9).

Theorem A.1. Under assumptions (A1)-(A8),

~ 2
t —t n m Vi
nnE, (%) == 2,0~ : JT + 0(1). (A.10)

i.jeln TTi j



L. Wang, S. Wang / Journal of Multivariate Analysis 102 (2011) 1126-1140 1139

Denote

~ oy
yi—m;Yj i
TTj TTj

1A 1
AMSE(N "ty spu1) = 5 D Ay (A.11)

i,jeUy
the asymptotic mean squared error in (A.10). The next result shows that it can be estimated consistently by V(N *1fy,SBLL)
n(15).
Theorem A.2. Under (A1)-(A8),
Jim nyEy|V (N~ spu1) — AMSE(N ™'y spur)| = 0.

The proofs of Theorems A.1 and A.2 are somewhat trivial and we refer the readers to [29].
Proof of Theorem 3. According to (A.8),

ty seL — ty _ tyseLL — by n Z m; — ﬁﬁk Ll _1).
N N N T

ieUy

From the proof of Theorem A.1, ), iy (L - 1) = op(n,gl/z). Theorem A.2 implies that f/\(N‘lfy,SBLL)/AMSE(N‘1

ieUy N T
fy,SBLL) — 1in probability. The desired result follows. O

Proof of Theorem 4. Let

1/2 I n1/2 I
T = 2 3 o, —m(xi>}(1——>, = = 2 — i) (1—%),
ieUy i ieUy i
1/2
Ty = N Za(x,)s, (— )
ieUy 3

Then n,]\,/zN*1 (fy,SBLL — t,) can be represented as the sum of Ty, T, and Ts. For the first term,

2 __ NN ok ~ Al]
ETT = N2 E [E(m(x;) — m;) (m(x;) — m; )]?nj
i,jeUn
" 1 N naax;,E | Al
N i,jeUn,i#j
< —|-+—F7 E{m(x;) —
=5yt 2 IEEUN {m(x)) — ;).

By Theorem 2.1 in [30], |m(x;) — ;| = op(n~?/* logn), for any i € Uy, which implies that ET? — 0. Now for T,

N max |[A;l

ez (1 0 T s gy

=
=
—_

IEUN

By Lemma A.1, ET22 — 0. Finally,

ETS = 5 WY g2 —‘m < 1S oo,

ieUy TTi NA N ieUy

lim su ET2<711msu — a?(x;) < oo.
p - lim sup Z 2(x;)

N—oo —00 ,EuN

By the Cauchy-Schwartz inequality the cross product terms go to zero as N — oo. The desired result follows. O
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