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Abstract: A novel Code Matched interleaver is proposed which decreases the number of the low weight

codewords to improve the performance of the Turbo code. The modified design can adapt more kinds of

Turbo codes determined by the generator matrix, while it doesn’ t decrease the bit error rate performance

of Turbo codes at moderate to high signal to noise ratio. At the same time, in Rayleigh fading channel,

the new Code Matched interleaver can also debase the error floor.
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T urbo codes was firstly proposed in 1993 by
C. Berrou[l], which achieves almost reliable data
communication at signalto-noise ratios mnear to
Shannorr limits. The interleaver design is a key role
in determining the bit error rate ( BER) perfor
mance of Turbo codes. T urbo codes have two par
allel component encoders separated by an inter
leaver which permutes the input information se
quence randomly so that the output of the encoder
has the character of long and random codew ords
and this is a basic operation inherent in the inter
leaver. The aim of the permutation process under
some special rule is to make the output sequence
have some peculiarity, and correspondently, the
T urbo codes BER performance is improved by the
interleaver.

Some works on the interleaver whose design is
based on the weigh distribution of Turbo codes
have been done in Refs. [ 2, 3]. A Code Matched

interleaver design criteria derived from the analysis
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of distance spectrum of a particular Turbo codes
were formulated in Ref. [ 3]. However, the design
criteria focus on the special Turbo codes. In this
paper som e innovations on the interleaver have been
made in order to change the codew ords weight dis
tribution and decrease the low weight codewords
number effectively. Therefore, the Turbo codes
BER performance from moderate to high signakto-

noise ratio (SNR) is improved and the error floor is

debased.

1 Turbo Codes Distance Spectrum Analysis

T urbo codes can be represented by an equiva
lent block code if the component encoders are
forced to the alFzero state at the end of the each
block. So the weight distribution of equivalent
block code is considered and applied in the calcula-
tion of the Turbo code bit error probability bounds
over AWGN channel'*.

Given an [ N K] linear block code, its
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weight distribution can be expressed by the code
welght enumerating function (WEF), the WEF of

s .
a coded Y s

N
A(X)= D AX (1)

=1
where A; is the number of codewords of Hamming

weight i and X is a dummy variable. The set

I/Admina A d .+l . A iy e o A n} (2)

is called the weight distribution or the weight spec
trum of the code.

For systematic block codes, the codeword
weights can be sperated into input information
weight and parity check information weight, and
the input redundancy enumerating function ( IR-

WEF) of a code is defined as

K N-K

AW, Z)= D D A0 . W (3)

=0 z=0

where Ao, . is the number of codewords of the
block code with input information weight ® and

The overall

Hamming codeword weight of a codeword is d= ®

parity check information weight z.

+ z. Obviously, it can be seen that

ZA&),ZZ ;Amﬂ;m (4)

W oz=

Furthermore, the IRWEF can be decomposed

according to the contributions of distinct input ir

A=

formation weights ©, as

A(W,Z)= DA(Z) W’ (5)

w= 0

where A o( Z) is called the conditional weight emr
merating function. The conditional WEF describes
the parity check weights of the codewords generat

ed by input information of weight ®. It is given
byl6J

N-K
Ao(Z)= D A0 T (6)
z=0
Then it can be seen that the relationship be

tween the IRWEF and the conditional WEF is as

below

1, 9A(W.Z)
Ao(Z) = o prer N

The bit error probability over an AWGN

channel can be upper-bounded by a union bound as

Pie) < D5 BiQ [2doREw/No  (8)
d= d .

where By is the error coefficient and can be ob-

tained from the code IRWEF

Bi= D pAo (9)

d= o+ z

By determines the contribution of the codewords
with the same weight d to the bit error probabili-
ty. The set of all pairs of (d, Bq) denoted by

{(dwin, Ba ), (dwmin+ 1,Bd +1),...,(di,Bd),...}

is called the code distance spectrum.

The computer simulation proves that for a
Turbo code with a random interleaver, the impact
of error coefficient B4 on the code error perfor
mance is significant at low SNR’ s and the code ef-
fective free distance d¢ mainly determines the bit
error probability at high SNR’ s.

Here dt= 2+ 2Zwin,

lowest weight of the parity check sequence generat-

and Zmin denotes the

ed by an information sequence with weight2.
Since the code effective free distance deter

mines the performance at high SNR” s, the bit er

ror probability can be expressed by the dominant

term

P.(e) = BiQ [2diRE/No  (10)

where B; is the error coefficient related to the code
effective free distance dt. So it can be seen that op-
timizing the bit error probability implies the gener-
ating of the codewords with distance equal to or be-

low dto be prevented.

2 Code Matched Interleaver Application
Condition Analysis

In fact, a Code M atched interleaver is first a
Srandom interleaver. The Srandom interleaver
can spread low weight input patterns to generate
higher weight codewords. According to Ref. [ 7]
welght-3 input patterns are not considered because
this pattern can be broken by the interleaver’ s S
constraint. Therefore, breaking weight-2, and
welght-4 input patterns are especially considered.
2.1 Input patterns with weight ©= 2

T able 1 lists the parameters which are needed
when designing the Code M atched interleaver com-

bined with different generator matrixes, The sym-
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Table 1 The parameters for several generator matrixes

m go( D) g(D) u min
2 7 5 3 4
3 15 17 7 6
4 37 21 5 4
4 31 33 15 10
4 31 27 15 10

bol“ m” isthe memory order of the two component
encodes. In this paper, the two com ponent encodes
of Turbo codes have the same generator matrix G
=[1 gi(D)/go(D)], where go(D ) is the
feedback polynomial, gi( D) is the forward poly-
nomial and“ 1’ is the distance between two “ 1”7 for
an input pattern with weight @= 2, and the minr
mum weight of the parity check sequence generated
by an weight-2 input pattern is denoted by Zyin.
In order to explain the significance of Table 1 for
the design of Code M atched interleaver, the gener
ator matrix [ 1 21/37] is taken as example.

The weight-2 input pattern c2 generates the
low est weight of the parity check sequence c2
c2=1(0,0,...0,0,1,0,0,0,0,1,0,0,...,00)

(1)
where the distance between the two “1” is H= 5.
T he parity check
c2=(0,0,...0,0,1,1,0,0,1,1,0,0,...,0,0)

(12)
and it can be seen here that Znn= 4.

If the interleaver maps the input sequence to a
sequence with the same weight, the resulting over
all codeword weight is

d= 2+ 2Zun (13)

A weight2 input sequence which can generate
finite weight parity check sequence can be repre
sented by

CxD) = (1+ D¥)D" (14)
where k1= 1, 2,3. .., and T; is the time delay.
T he parity check weight of Eq. (14) is given by

d= k\(Zwin— 2)+ 2 (15)

If the interleaver maps Eq. (14) to C2( D)=
(1+ D™ )D", the overall weight of the generated
codeword is given by

d= @+ O(y1)+ 9y2) (16)
where © is the mput weight, and @(y;) and ®

(v2) denote the first and second encoder output
weights respectively. Then the overall weight of
the codeword generated by the weight-2 input se-
quence is
d= 6+ (ki+ k2)(Zmin— 2) (17)
Let dmax denote the maximum weight of the
codewords generated by the weight ® input pat-
terns. In Ref. [ 3], the Code Matched interleaver
design only focuses on breaking the input pattems
that generate codewords with no larger than d ma
= 20, then
6+ (ki+ k2)(Zmn— 2) <dmx (18)
which is equivalent to
d s —
Z min—

\S} fo)

kyi+ k2< (19)

and then, ki+ ky <7.

It can be found that for generator matrix [ 1
571, [1 17/15] and [1 21/37], Zuwinis4, 6,
4 respectively. The input weight-2 sequence and
the two encoders outputs can have several combina-

tions to satisfy function ( 18) . For example, for [ 1

21/37],
(2,4,14) k=1, ko= 6;
(2,6,12) ki=2, ko= 5;
(2,8, 10) k1= 3, k2= 4 when k1+ k2= 7
But for [1 33/31] and [1 27/31], 2+

27 win= 22, even the combination (2, 10, 10), in
which ki= 1, k2= 1, is beyond dmax= 20 given in
Ref.[3]. So for generator matrixes [ 1  33/31]
and [ 1 27/31], the CodeMatched interleaver
design conditions need to be changed. For [1 33/
31] and [1 27/31], M is large, so generally the
S constraint of the interleaver can spread the input
sequence to generate high weight codewords. For
the reason above, the Code Matched interleaver
proposed in Ref. [ 3] is not always the best selection
as compared with other kinds of interleavers when
synthesizing the complexity and gain.
2.2 Input patterns with weight ©= 4

T he weight-4 input sequences can be consid-
ered as the compound of two single weight2 se
quences

ca(D) = (1+ D' )D%+ (1+ D™ )D%

and the input to the second encoder,
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cuD) = (1+ D" )%+ (1+ D™ )D%
where o> Ti+ Wcl/, T> T3+ Mk3 and the over
all weight of the generated codeword can be caler
lated from Eq. (16),

d=4+ yi(4) + yo(4)= 12+ (ki + k1 +
k3 + ki )(Zuin— 2) (20)

From all above analyses, the mapping set @
including the conditions can be concluded as fok
lows:

() 1T i1)— T(i2) | mod B Z0 whenever
li1= ial mod M= 0 and ki+ ka S(daw— 6)/
(Zmn= 2);

(2) 1 i1)- T(i3)] mod H7Z0 and | T(i,)
- T i4)l mod M Z0 whenever | ij— izl mod P=
Oand | i3~ isl mod B= 0, k' + k2 + k3 + ka <
(dmin— 12)/ (Zmin— 2)5 or | T(i1) = T(is)| mod
BZ0and | T i2)- T(i3)l mod M Z0 whenever |
i1— 2l mod P= 0 and | i3- i4] mod H= 0 and
BV + k3 + k3 + ki (dmin— 12)/ (Zmin— 2);

(3) S< JE, where N is the nterleaversize.

Let i1, 12, i3, 14 denote the positions of 1s in
the weithg4 input sequence, while dpa= dmax=
20for[1 21/37], [1 17/15] and [1 5/7];

A= dhe= 54for[1 33/31] and[1 27/31].

3 The Modified Code M atched Interleaver
Design

In this section a modified algorithm for the
Code Matched interleaver is presented.

Step 1: Generating a random sequence with
length N, N = interleaver size. What is accompa
nied with this random sequence is set A = {1,
2,...,N};

Step 2: Sorting this random sequence. Ac
cording to the new positions of the members of the
sequences, the positions of the members of set A
are relocated. For example, a random sequence
{0. 7320, 0.3120, 0.5216, 0.7153}, A= {1, 2,
3, 4}, after sorting the random sequence, there
will be {0. 3120, 0.5216, 0.7153, 0.7320}, and
then A = {2, 3, 4, 1}. From Step 1 and Step 2, a

random interleaver is obtained. A is the reading

order of the input sequence.

Step 3: 1= 2, checking if @; n the A satisfies
the mapping function s. If yes, i= i+ 1; and if
not, s= a; from i to N, a;= ai+1, ay=s.

Step 4: Repeat Step 3. If i equals to a certain
value and from this value to N, a; can not satisfy
s, then move the segment from the value to N to
the head of the whole sequences of A .

Step 5: Go to Step 3. After T'(< S) iteration
from Step 3 to Step 5, for S-random interleaver,

the N interleaver outputs can alw ays be obtained if

S= Jg; but for the Code M atched interleaver, it
may be impossible to have all N outputs, then re-
duce S by 1 and go to Step 3.

Compared with the method proposed by Ref.
[3], this method” s complexity is decreased great-

ly.
4 Simulation and Analysis

In this section some simulation results are pro-
vided in Figs. 1-5. T he modified Code M atched in-
terleaver performance is compared with random and
S-random interleavers and the input data are all

random sequences.

107 T
Random
-o S-random

107 L -~ Modified Code-Matched]

BER

SNR/dB

Fig. 1 BER performances of random, S-random and
modified Code Matched interleavers with inter

leaver size of 1024, 16 state Generator matrix=

[1 21/37]

For S-random interleaver, S is chosen to be
22 and 42 respectively for interleaver size N= 1024
and N = 4096. For the modified Code Matched
interleavers, S is 17 and 35 respectively for N=
1024 and N = 4096. The number of iterations in
the decoder is selected to be 8 for N= 1024 and 18
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Fig.2  BER performance of random, S-random and
modified Code M atched interleavers with inter
leaver size of 4096. 16 state Generator matrix

[1 21/37]

107 Modified Code-Matched

BER
S

10

1 0—6

107 i -
0.4 0.8 12 I6 2

SNR/dB

Fig. 3 BER performances of random, § random and

modified Code M atched interleavers with inter

leaver size of 1024. 16 state Generator matrix

G=1[1 33/31]

—+ Modified Code-Matched
—o QOriginal Code-Matched

BER

10°

10

107

SNR/dB

Fig.4 BER performances of the modified Code M atched
interleaver and the original Code M atched inter

leaver proposed in Ref. [ 3] with interleaver size
of 1024. Generator matrix G= [1 21/37]

for N = 4096. The maximum a posteriori
(MAP)[g] algorithm is used in the decoder, assum-
ing an additive white Guassian noise (AWGN)

channel.

10° g

i~ Modified Code-Matched
-—© Original Code-Matched

10°

10

BER

10°

107

SNR/dB

Fig.5 BER performances of the modified Code M atched
interleaver and the original Code Matched inter
leaver proposed in Ref. [ 3] with interleaver size

0f4096. Generator matrix G= [1 21/37]

The curves in Fig.6 and Fig.7 are the BER
performances of four main decoding algorithms
with different interleavers over Rayleigh fading

channel without channel state information (NSI).

0
10 i
-o- Max-Log-Map
10 e TR, - Log-Map
. -= SOVA
102} B o
o . :
A 10 3
e “o.
10+ T 1
. N
10° . - .
2 3 4
SNR/dB

Fig. 6 BER performances of different decoding algo
rithm interleaver size 32 X 32, modified code
matched interleaver, 6 iterations, Rayleigh fad
ing channel( NSI)

10° — v
o.. ‘o Max-Log-Map
TR e :
..... .
102 T
8

10
10
10° ‘ . ‘ -

2 3 4

SNR/dB
Fig. 7 BER performances of different decoding algo
rithm interleaver size 32 X 32, random inter

leaver, 6 iterations, Rayleigh fading channel

(NSI)
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Fig. 6 is the proposed CodeMatched interleaver
with 6 iterations, and Fig.7 is the random inter
leaver with 6 iterations. Com paring between Fig. 6
and Fig. 7, it can be seen that when the proposed
interleaver is applied in the encode scheme the Tur

bo codes error floor is decreased. This can be seen
clearly in Table 2.

Table2 The error floors, MAP algorithm 18 iterations

MAP/dB Random M odified
3.0 1.67x 10~ * 1.59% 10~ *
3.5 4.8x 1077 4.2x 1073
4.0 1.6x 1073 1.3x 1073

5 Condusions

In this paper a modified Code M atched design
is presented. T hrough analysis and computer simu
lation some significant conclusions are given:

(1) The modified design method is presented
which can effectively reduce the low weight code
words. As a result, the bit error performance of
T urbo codes is improved as compared with the o
riginal Code M atched interleaver and S-random ir
terleaver.

(2) In Rayleigh fading channel the decoding
algorithm combining with the proposed interleaver
in this paper shows lower error floor. So it can be
said that this kind of interleaver improves the Tur
bo codes BER performance not only in AWGN
channel but also in Rayleigh fading channel. And
this kind of interleaver has the same effect for all
the four decoding algorithm that the error floor is
decreased. So in application whichever decoding at
gorithm is adopted, it is important to improve the
performance by reducing the lower weight code

words.
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