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Abstract The aim of this study is to define optimal tooth modifications, introduced by appropri-

ately chosen head-cutter geometry and machine tool setting, to simultaneously minimize tooth con-

tact pressure and angular displacement error of the driven gear (transmission error) of face-hobbed

spiral bevel gears. As a result of these modifications, the gear pair becomes mismatched, and a point

contact replaces the theoretical line contact. In the applied loaded tooth contact analysis it is

assumed that the point contact under load is spreading over a surface along the whole or part of

the ‘‘potential’’ contact line. A computer program was developed to implement the formulation

provided above. By using this program the influence of tooth modifications introduced by the var-

iation in machine tool settings and in head cutter data on load and pressure distributions, transmis-

sion errors, and fillet stresses is investigated and discussed. The correlation between the ease-off

obtained by pinion tooth modifications and the corresponding tooth contact pressure distribution

is investigated and the obtained results are presented.
ª 2013 Production and hosting by Elsevier Ltd. on behalf of CSAA & BUAA.

Open access under CC BY-NC-ND license.
1. Introduction

Face-hobbed spiral bevel gears are widely applied in helicop-
ters and automobiles for transmitting rotation and torque.

The most important criteria for the quality of meshing of gears
are the transmission error, the proper location of bearing
e.hu.
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contact, and the maximum tooth contact pressure. The aim
of this study is to reduce the maximum tooth contact pressure
and transmission errors in face-hobbed spiral bevel gears.

Since many decades, numerous authors have carried out
many studies about representation and design of spiral bevel
and hypoid gears cut by face-milling method. On the contrary,
about gear cut by continuous indexing process, very few works

are available. Litvin described the generality of the face-hob-
bing cutting process and applied it to spiral bevel gears.1 By
Litvin et al.2 a method is proposed for the direct determination

of relations between the pitch cone angles and spiral angles in
hypoid gears with face-hobbed teeth of uniform depth. The
geometry of tooth surface of spiral bevel gears in Klingelnberg

cyclo-palloid system is described and a method for the
SAA & BUAA. Open access under CC BY-NC-ND license.
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Nomenclature

e radial machine-tool setting, m

en(zD) composite tooth error, m
hd tilt distance from tilt center to reference plane of

head-cutter, m
ig1, ig2 ratios of roll in the generation of pinion and gear

tooth-surfaces, respectively
N1, N2 numbers of pinion and gear teeth, respectively
pmax maximum tooth contact pressure, Pa

rprof radius of circular cutting edge, m
rt0 radius of the head-cutter, m
s geometrical separation of tooth surfaces, m

T transmitted torque, NÆm
u coordinate of the straight-lined cutter blade profile

point, m
xep, zep coordinates of the center of the circular cutting

edge, m
w total tooth deflection, m
a profile angle of straight-lined cutting edge, (�)
bF load distribution factor
d01, d02 pitch angles of the pinion and the gear, respec-

tively, (�)
De radial machine-tool setting variation, m
DF concentrated load acting in the midpoint of the

segment, N

Dig1 roll ratio variation

Drt0 difference in head-cutter radii, m

Dyn composite displacement of contacting surfaces, m
DU2 angular displacement of the driven gear, (�)
U1, U2 rotational angles of the pinion and the gear in

mesh, (�)
U10, U20 initial rotational angles of the pinion and the gear

in mesh, (�)
c initial setting angle of head-cutter axis, (�)
gi initial setting angle of head-cutter, (�)
m coordinate of the circular cutter blade profile

point, (�)
j tilt angle of cutter spindle with respect to cradle

rotation axis, (�)
l swivel angle of cutter tilt, (�)
x(c) angular velocity of the imaginary generating

crown gear, 1/s
x(t) angular velocity of the head-cutter, 1/s
x(1), x(2) angular velocities of the pinion and the gear in

mesh, 1/s
qc radius of the rolling circle of the imaginary gener-

ating crown gear, m

qt radius of the rolling circle of the head-cutter, m
rfil.max(g), rfil.max(p) maximum fillet stresses in the gear and

in the pinion, Pa

ni offset angle of cutter blade, (�)
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inspection of this type of spiral bevel gears is proposed in Ref.
3. The paper published by Kawasaki et al.4 contains the design

method, tooth contact analysis, and the investigation of the
influence of assembly errors on the paths of contact and trans-
mission errors in the case of Klingelnberg spiral bevel gears

with small spiral angles. The manufacturing of large-sized spir-
al bevel gears in a Klingelnberg cyclo-palloid system using
multi-axis control and multi-tasking machine tool is presented

by Kawasaki.5 Kato and Kubo6 developed a calculation proce-
dure to determine the tooth bearing and transmission errors of
the gears obtained from cutters with different diameters and to
clarify the quantitative effects of the cutter diameter on the

gear performance. Procedure to obtain the correction values
of machine settings for tooth surface modification in the case
of face hobbing and the construction of the corresponding pro-

totype gear cutting machine is presented in Ref. 7. The basis of
the new face-hobbing method, presented by Stadtfeld,8 is a
cutter system that uses an outside and an inside blade per blade

group only and has an equal spacing between all blades. Lelkes
et al.9 proposed a flexible parameter variation method for
tooth-surface and contact simulation of the cyclo-palloid spiral
bevel gear and discussed the influences of cutting parameters

on the result of tooth contact analysis. Fan10 presented the the-
ory of the Gleason face-hobbing process, who later presented a
generic model of tooth surface generation for spiral bevel and

hypoid gears produced by face milling and face hobbing pro-
cesses conducted on freeform CNC hypoid gear generators.11

The same author in Ref. 12 presented a polynomial represen-

tation of the universal motions of machine tool settings on
CNC machines. A mathematical model for the universal hy-
poid generator that can simulate all primary face-hobbing
and face-milling processes for spiral bevel and hypoid gears
is presented by Shih et al.13 Shih and Fong14 proposed a flank

modification methodology for face hobbing spiral bevel gear
and hypoid gears, based on the ease-off topography of the gear
drive. A novel ease-off flank modification methodology for

spiral bevel and hypoid gears made by a modern Cartesian-
type hypoid gear generator was proposed in Ref. 15. Vimerc-
ati16 presented a mathematical model able to represent tooth

surfaces of a complex gear drive: hypoid gears cut by face-hob-
bing method. Zhang and Wu17 presented a systematic ap-
proach for the determination of complete tooth geometry of
hypoid and spiral bevel gears that are generated by face-hob-

bing process.
Methods for load and stress distribution calculations in

face-milled spiral bevel and hypoid gears were presented in

Refs. 18–35. Wilcox18 in his paper outlined the general theory
for calculating stresses in spiral bevel and hypoid gears using
flexibility matrix method in combination with the finite ele-

ment method. Bibel et al.19 applied the FEM to establish the
model of tooth contact of spiral bevel gears by using gap ele-
ments. The loaded tooth contact analysis predicting the mo-
tion error of spiral bevel gear sets, by applying influence

matrices, was presented by Gosselin et al.20 Handschuh and
Bibel21 analytically and experimentally rolled through mesh a
spiral bevel gearset to investigate the tooth bending stress by

finite element method. The research reported in paper22 pre-
sented a concept of flexibility tensor by which the flexibility
factor in arbitrary directions can be obtained, used to solve

the contact problem with friction. In the simulation of the
manufacturing process of spiral bevel gears, Linke et al.23

presented a method that takes into account any additional
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motions mapped in the process-independent mathematical
model of the generating process. This study demonstrated
how such additional motions influence the meshing and stress

conditions. Vogel et al.24 proposed a new methodology for
TCA by using sensitivities of tooth contact properties regard-
ing arbitrary machine settings. Fang et al.25 considered the

edge contact in loaded tooth contact analysis. Litvin et al.26

developed an integrated computerized approach for the design
and stress analysis of spiral bevel gears with low levels of noise

and vibration and increased endurance. De Vaujany et al.27

presented a numerical tool that simulates the loaded meshing
of spiral bevel gears and experimental tests carried out on a
real helicopter gear box. Tooth surface contact stress, maxi-

mum tensile bending stress and maximum compressive bend-
ing stress were investigated by using loaded tooth contact
analysis and finite element method in Ref. 28. An approach

was proposed by Schlecht et al.29 for determining the local
load capacity in the early development of spiral bevel and hy-
poid gears under the action of load spectra. Wang et al.30 used

the finite element method to analyze the dynamic responses of
gear transmission, surface contact stress, and root bending
stress of a spiral bevel gear pair. In Refs. 31–33 a new ap-

proach for the computerized simulation of load distribution
in mismatched spiral bevel and hypoid gears was presented.

Only a few references can be found on load and stress distri-
bution calculations in face-hobbed spiral bevel and hypoid

gears. An advanced contact solver that, using a hybrid method
combining finite element technique with semianalytical solu-
tions is applied by Piazza and Vimercati34 to carry out both

contact analysis under light or heavy loads and stress tensile
calculation in aerospace face-hobbed spiral bevel gears. Saiki
et al.35 proposed an innovative loaded tooth contact analysis

method for lapped hypoid gears directly using the measured
tooth flanks at each manufacturing step including milling and
hobbing process. Ref. 36 presents the numerical procedure to

simulate the loaded behavior of the hypoid gear manufactured
by face-hobbing cutting process. Loaded contact patterns and
transmission error of both face-milled and face-hobbed spiral
bevel and hypoid gears are computed by enforcing the compat-

ibility and equilibrium conditions of the gear mesh in Ref. 37
published by Kolivand and Kahraman. Kolivand and Kahr-
aman38 proposed a practical methodology based on easy-off

topography for loaded tooth contact analysis of face-milled
and face-hobbed hypoid gears having both local and global
deviations. Kawasaki and Tsuji39 investigated the tooth contact

patterns of large-sized cyclo-palloid spiral bevel gears both ana-
Fig. 1 Head-cutte
lytically and experimentally. Hotait et al.40 investigated exper-
imentally and theoretically the impact of misalignments on root
stresses of hypoid gear sets.

In theory, truly conjugate face-hobbed spiral bevel gears
have line contacts. In order to reduce the tooth contact pres-
sure and the transmission errors, and to decrease the sensitivity

of the gear pair to errors in tooth surfaces and to the relative
positions of the mating members, a set of carefully chosen
modifications is usually applied to the teeth of one or both

mating gears. As a result of these modifications, the spiral bev-
el gear pair becomes ‘‘mismatched’’, and a point contact re-
places the theoretical line contact. In practice, these
modifications are usually introduced by applying the appropri-

ate machine tool setting for the manufacture of the pinion and
the gear, or by using a head cutter with an optimized profile.

The aim of this study is to determine the optimal tooth mod-

ifications in face-hobbed spiral bevel gears in order to reduce
maximum tooth contact pressure and transmission errors.
The optimal tooth modifications are introduced into the pinion

teeth by appropriate variation in the head-cutter geometry and
in machine tool settings. In the applied loaded tooth contact
analysis it is assumed that the point contact under load is

spreading over a surface along the ‘‘potential’’ contact line,
whose line is made up of the points of the mating tooth surfaces
in which the separations of these surfaces are minimal, instead
of assuming the usually applied elliptical contact area. The sep-

arations of contacting tooth surfaces are calculated by applying
the full theory of tooth surface generation in face-hobbed spiral
bevel gears. The bending and shearing deflections of gear teeth,

the local contact deformations of mating surfaces, gear body
bending and torsion, the deflections of supporting shafts, and
the manufacturing and alignment errors of mating members

are included. The tooth deflections of the pinion and gear teeth
are calculated by the finite element method. As the equations
governing the load sharing among the engaged tooth pairs

and the load distribution along the tooth face are nonlinear,
an approximate and iterative technique is used to solve this sys-
tem of equations. A computer program is developed to imple-
ment the formulation provided above. By using this program

the influence of tooth modifications, introduced by: (a) the
head-cutter blade profile consisting of two circular arcs
(Fig. 1b), (b) the difference in head-cutter radii for the manu-

facture of the contacting tooth flanks of the pinion and the gear
(Drt0), (c) the tilt and swivel angles of the cutter spindle with re-
spect to the cradle rotation axis (j and l, Figs. 2 and 3), (d) the

tilt distance (hd, Fig. 3), (e) the variation in the radial machine
r blade profiles.
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tool setting (e, Figs. 2 and 3), and (f) the ratio of roll in the gen-
eration of pinion tooth-surfaces (ig1), on load distribution,
tooth contact pressure, transmission errors, and fillet stresses

is investigated and discussed. Also, the correlation between
the ease-off obtained by the modifications of pinion teeth and
the tooth contact pressure distributions is investigated and

the obtained results are presented.

2. Theoretical background

2.1. Definition of tooth surface geometry

In this study the concept of an imaginary generating crown gear
is used to explain the generating cutting process of the face-hob-
Fig. 2 Concept of spiral bevel gear hobbing.

Fig. 3 Relative position of head-cutter
bed spiral bevel pinion and gear teeth. This imaginary generat-
ing gear is a virtual gear whose teeth are formed by the traces of
the cutting edges of the head-cutter blades, although its tooth

number is not necessarily an integer. It can be considered as a
special case of a bevel gear with 90 degree pitch angle. To obtain
the pinion/gear tooth surface in the generating process, the

work gear is rolled with the imaginary gear (Figs. 2 and 4).
The tooth surface of the imaginary generating crown gear

produced by coordinate transformation from coordinate sys-

tem Ke(xe, ye, ze) (rigidly connected to the head-cutter) to coor-
dinate system Kc(xc, yc, zc) (connected to the imaginary
generating crown gear) is represented by the following matrix
equation (based on Figs. 2 and 3):

~rc ¼Mc4 �Mc3 �Mc2 �Mc1 �~re ¼Mec �~re ð1Þ

where matrices Mc1, Mc2, Mc3 and Mc4 are presented in Ref.
41;~re is the radius vector of the blade profile points (Fig. 1).
The equation for~re is presented in Ref. 41.

To obtain the tooth surface in the generating process, the
work gears are rolled with the imaginary generating gear
(Fig. 4). The concept of complementary imaginary generating

crown gear is considered when the generated mating tooth sur-
faces of the pinion and the gear are fully conjugate. Conjugate
means pinion and gear have a line contact in each angular po-

sition. The motion transmission happens in each roll position
precisely with the same constant ratio. The contact area, the
summation of all contact lines during the complete roll of
one pair of teeth, is spread out over the entire active flank.

To prevent stress concentrations on the tooth edges, caused
by tooth errors, deflections under load, and misalignment be-
tween pinion and gear, a crowning in face width and in profile

direction is applied to the pinion; the gear pair becomes ‘‘mis-
matched’’. In this case the generating crown gears for the pin-
ion and the gear are not being complementarily identical.

Fig. 4 describes the coordinate systems between the imagi-
nary generating crown gear and the work gears. The coordi-
to imaginary generating crown gear.



Fig. 4 Generation of pinion and gear tooth-surfaces.
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nate system Kc(xc,yc,zc) is rigidly connected to the generating
crown gear; the coordinate systems K1(x1,y1,z1) and
K2(x2,y2,z2) are rigidly connected to the pinion and the gear,

respectively. The tooth surfaces of the pinion and of the gear
are defined by the following system of equations:

~r
ðiÞ
i ¼Mi3 �Mi2 �Mi1 �~rðiÞc ¼Mi3 �Mi2 �Mi1 �Mec �~rðiÞe ð2aÞ
~v
ði;cÞ
c0 �~e

ðiÞ
c0 ¼ 0 ð2bÞ

The coordinate transformations between the main coordi-

nate systems Kc(xc,yc,zc), K1(x1,y1,z1), K2(x2,y2,z2), and the
auxiliary coordinate systems (Fig. 4), are described in Ref. 41.

The fundamental equation of meshing (2b) states that, for

each point to lie on the envelope tooth surface, the unit normal
vector~e

ðiÞ
c0 to the family of the generating crown gear surfaces

should be perpendicular to the relative velocity of the gener-

ated pinion/gear to the generating crown gear,~v
ði;cÞ
c0 .
2.2. Load distribution

The load distribution calculation is based on the conditions that
the total angular position errors of the gear teeth being instan-
taneously in contact under loadmust be the same, and along the
contact line (contact area) of every tooth pair instantaneously

in contact, the composite displacements of tooth surface points
– as the sums of tooth deformations, tooth surface separations,
misalignments, and composite tooth errors – should correspond

to the angular position of the gear member. Therefore, in all the
points of the instantaneous contact lines the following displace-
ment compatibility equation should be satisfied:
DU2 ¼ DUðdÞ2 þ DUðkÞ2 ¼
Dyn
rD
� jð~r�~a0Þ �~ejj~rj þ DUðkÞ2 ð3Þ

where Dyn is the composite displacement of contacting surfaces
in the direction of the unit tooth surface normal~e,~r is the posi-
tion vector of the contact point, rD is the distance of the contact
point to the gear axis, and~a0 is the unit vector of the gear axis.

The composite displacement of the contacting surfaces in

contact point D, in the direction of the tooth surface normal,
can be expressed as

Dyn ¼ wðzDÞ þ sðzDÞ þ enðzDÞ ð4Þ

where zD is the coordinate of point D along the contact line,

w(zD) the total deflection in point D, sðzDÞ the relative geomet-
rical separation of tooth-surfaces in point D, and en(zD) the
composite error in point D, that is the sum of manufacturing
and alignment errors of pinion and gear.

The total deflection in point D is defined by the following
equation31–33

wðzDÞ ¼
Z
Lit

KdðzD; zFÞ � pðzFÞ � dzþ KcðzDÞ � pðzDÞ ð5Þ

where Lit is the geometrical length of the line of contact on
tooth pair it, and Kd(zD,zF) is the influence factor of tooth load

acting in tooth-surface point F on total composite deflection of
pinion and gear teeth in contact point D. Kd includes the bend-
ing and shearing deflections of pinion and gear teeth, pinion
and gear body bending and torsion, and deflections of support-

ing shafts. A finite element computer program is developed for
the calculation of bending and shearing deflections in the face-
hobbed pinion and gear.42 Kc(zD) is the influence factor for the
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contact approach between contacting pinion and gear teeth,

i.e., the composite contact deformation in point D under load
acting in the same point, pðzFÞ and pðzDÞ are the tooth loads
acting in positions F and D, respectively.

As the contact points are at different distances from the
pinion/gear axis, the transmitted torque is defined by the
equation

T ¼
Xit¼Nt

it¼1

Z
Lit

rF � j~pðzFÞ �~t0Fj � dz ð6Þ

where rF is the distance of the loaded point F to the gear axis,
~t0F is the tangent unit vector to the circle of radius rF, passing
through the loaded point F in the transverse plane of the gear,

and Nt is the number of gear tooth pairs instantaneously in
contact.

The load distribution on each line of contact can be calcu-

lated by solving the nonlinear system of Eqs. (3)–(6). An
approximate and iterative technique is used to attain the solu-
tion. The contact lines are discretized into a suitable number of

small segments, and the tooth contact pressure, acting along a
segment, is approximated by a concentrated load, D~F, acting in
the midpoint of the segment. By these approximations Eqs. (3),
(4), and (6) become

DU2 ¼ Dynðit;izÞ �
j ~r�~a0ð Þ �~ej

rD � j~rj

� �
ðit;izÞ
þ DUðkÞ2ðitÞ ð7Þ

Dynðit;izÞ ¼ wðit;izÞ þ sðit;izÞ þ enðit;izÞ ð8Þ

T ¼
Xit¼Nt

it¼1

Xiz¼NzðitÞ

iz¼1
rFðit;izÞ � jD F

!

ðit;izÞ
�~t0Fðit;izÞj ð9Þ

where wðit ;izÞ is the total displacement in the midpoint of seg-
ment iz on tooth pair it, DFðit ;izÞ the concentrated load acting
in the midpoint of the segment, it the identification number
of contacting tooth pair, iz the segment identification number

on tooth pair it, and NzðitÞ the number of segments on the con-
tact line of tooth pair it .

The total displacement is defined by the expression

wðit;izÞ ¼ wtðit;izÞ þ wcðit;izÞ þ wgsðit;izÞ ð10Þ
where wtðit ;izÞ is the composite bending and shearing deflection
of pinion and gear teeth, wcðit ;izÞ the composite contact defor-
mation of pinion and gear teeth, and wgsðit ;izÞ the deflection

due to pinion and gear body bending and deflection of the sup-
porting shafts.

The tooth deflections are obtained by the following

summation

wtðit ;izÞ ¼
Xiz1¼NzðitÞ

iz1¼1
K
ðpÞ
dðit ;iz1Þ þ K

ðgÞ
dðit ;iz1Þ

� �
� DFðit ;iz1Þ ð11Þ

The compliances K
ðpÞ
dðit ;iz1Þ and K

ðgÞ
dðit ;iz1Þ for the pinion and the gear

are defined by the following equation (based on Ref. 42):

K
ðp;gÞ
dðit ;izÞ ¼

c0w
m � E �N

x1
1 �N

x2
2 � ax3 � bx4

0 �
bf
m

� �x5

� fx6k � f
x7
f

� s01
t0

� �x8

� rfil
m

� �x9
� fwr0ðhFr; bFrÞ

� fwa0ðbFr; hFrÞ � fwrðhDr; hFrÞ
� fwaðbDr; hFrÞ ðmm=NÞ ð12Þ
The actual load distribution, defined by the values of loads
D~F, is obtained by using the successive-over-relaxation method.
In every iteration cycle a search for the points of the ‘‘potential’’

contact lines that could be in instantaneous contact is performed.
For these points the following condition should be satisfied

Dynðit ;izÞ 6
DU2 � DUðkÞ2ðitÞ

jð~r�~a0Þ �~ej
rD � j~rj

� �
ðit ;izÞ

ð13Þ

The details of the method for load distribution calculation in
face-milled spiral bevel gears are described in Ref. 32.

2.3. Maximum fillet stresses

The maximum fillet stress belonging to the normal section iz on
tooth it is determined by the following summation:

rfil maxðit ;izÞ ¼
Xiz1¼NzðitÞ

iz1¼1
Krðit ;iz1Þ � DFðit ;iz1Þ ð14Þ

where (based on Ref. 42)

Krðit ;izÞ ¼
cr

m2
�Ny1

1 �N
y2
2 � ay3 � by4

0 �
bf
m

� �y5

� fy6k � f
y7
f �

s01
t0

� �y8

� rfil
m

� �y9
� frr0 hFr; bFrð Þ

� fra0ðbFr; hFrÞ � fraðbDr; hFrÞ ðmm�2Þ ð15Þ
2.4. Transmission errors

The total transmission error consists of the kinematical trans-

mission error due to the mismatch of the gear pair and due to
eventual tooth errors and misalignments of the meshing mem-
bers, and of the transmission error caused by the deflection of
teeth (Eq. (3)).

It is assumed that the pinion is the driving member that is
rotating at a constant velocity. As the result of the mismatch
of gears, a changing angular velocity ratio of the gear pair

and an angular displacement of the driven gear member from
the theoretically exact position based on the ratio of the num-
bers of teeth occur. This angular displacement of the gear can

be expressed as

DUðkÞ2 ¼ U2 � U20 �N1 � ðU1 � U10Þ=N2 þ DU2s ð16Þ

where U10 and U20 are the initial angular positions of the pinion

and the gear, U2 is the instantaneous angular position of the
gear for a particular angular position of the pinion, U1; N1

and N2 are the numbers of pinion and gear teeth, respectively;

and DU2s is the angular displacement of the gear due to edge
contact in the case of misalignments of the mating members
when a ‘‘negative’’ separation occurs on a tooth pair different
from the tooth pair for which the angular position is calculated.

The angular displacement of the gear, DUðdÞ2 , caused by the
variation of the compliance of contacting pinion and gear teeth
rolling through mesh, is determined in the load distribution

calculation(Eq. (3)).
Therefore, the total angular position error of the gear is de-

fined by the equation

DU2 ¼ DUðkÞ2 þ DUðdÞ2 ð17Þ



Table 1 Pinion and gear design data.

Parameter Pinion Gear

Number of teeth 12 36

Module (mm) 4.941

Pressure angle (�) 20

Mean spiral angle (�) 35

Face width (mm) 25.4

Pitch diameter (mm) 59.292 177.876

Outside diameter (mm) 65.931 178.761

Pitch angle (�) 18.4349 71.5651
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3. Results

A computer program was developed to implement the formu-

lation provided above. By using this program the influence of
modifications, introduced by: the radii of the head-cutter pro-
file (rprof1 and rprof2), the difference in head-cutter radii for the

manufacture of the contacting tooth flanks of the pinion and
the gear (Drt0), the variation in the radial machine tool setting
(e), the variation in the ratio of roll in the generation of pinion
tooth-surfaces (ig1), the tilt distance (hd), the tilt and swivel an-

gles of the cutter spindle with respect to the cradle rotation axis
(j and l), and by the combination of variations in different
machine tool settings, on tooth flank form, load distribution,

tooth contact pressure, transmission errors, and fillet stresses
is investigated. The main design data of the example spiral bev-
el gear pair used in this study is given in Table 1.

The load distribution calculations were performed for 21
instantaneous positions of the mating members rolling through
a mesh cycle. Part of the obtained results is presented in Fig. 5.
In these figures factors kpmax, kbFmax, kD/2max, krfil represent

the ratios of the maximum values of tooth contact pressure
(pmax), load distribution factor (bFmax), angular displacement
of the driven gear member (DU2max), and maximum fillet stres-

ses (rfilmax) in the pinion and the gear obtained by applying
arbitrarily chosen values of profile radii and machine-tool set-
Table 2 Reductions of maximum tooth contact pressure and trans

Parameter

Truly conjugate tooth surfaces

rprof1 = 100 mm, rprof2 = 0

rprof1 = 250 mm, rprof2 = 0

rprof1 = 1000 mm, rprof2 = 0

rprof1 = 0, rprof2 = 1000 mm

rprof1 = rprof2 = 250 mm

rprof1 = rprof2 = 1000 mm

Drt0 = 0.279 mm

Drt0 = 0.559 mm

De = �0.05 mm

De = 0.01 mm

Dig1 = 0.003

hd = 1 mm

j = 2�, l = �1�
j = 2�, l = �1�, De = �0.02 mm

j = 2�, l = �1�, De = �0.01 mm, Dig1 = 0.003

j = 2�, l = �1�, hd = 0.15 mm

j = 2�, l = �1�, Dig1 = 0.003, hd = 3 mm

Drt0 = 0.7 mm, rprof1 = 580 mm
tings, and the values of pmax0, bFmax0, DU2max0, and rfilmax0 ob-
tained by applying straight-lined head-cutter profile and the
basic machine-tool setting ensuring the full conjugation of

meshing tooth surfaces. It means that kpmax ¼
pmax

pmax0

; kbFmax ¼

bFmax

bFmax0

; kDU2max
¼ DU2max

DU2max0

; and krfil ¼
rfil max

rfil max 0

. For the gear pair

with truly conjugate tooth surfaces rolling through a mesh cy-

cle it was obtained: pmax0 = 1155 MPa, bFmax0 = 1.9496, and
DU2max0 = 12.23 arcsec. It can be observed in Fig. 5 that the
use of a head-cutter with circular profile and the variation in

machine tool settings have an extremely strong effect on the
angular displacement of the driven gear member and in some
cases on fillet stresses. Solutions to reduce the maximum tooth
contact pressure and/or the maximum transmission error are

shown in Table 2. The maximum tooth contact pressure reduc-
tion can be achieved by applying a combination of the tilt and
swivel angles of j = 2�, l = �1�, the variation in radial ma-

chine tool setting of De = �0.01 mm and the variation in the
ratio of roll in the generation of pinion tooth-surfaces of
Dig1 = 0.002. In this case, the maximum tooth contact pres-

sure is reduced to pmax = 424 MPa, but the transmission error
increases to DU2max = 13.80 arcsec. The maximum angular
position error of the driven gear can be reduced to
DU2max = 2.18 arcsec by applying tilt and swivel angles of

j = 2�, l = �1�, respectively, in combination with the tilt dis-
tance of hd = 0.15 mm. In this case, the maximum tooth con-
tact pressure is moderately reduced to pmax = 671 MPa. A

balanced reduction of the maximum tooth contact pressure
and the transmission error is obtained by applying a head cut-
ter whose profile consists of a straight-lined segment and a cir-

cular arc of radius rprof1 = 580 mm, combined with a
difference in the head-cutter radii for the manufacture of the
contacting tooth flanks of the pinion and the gear of

Drt0 = 0.7 mm: pmax = 535 MPa and DU2max = 4.67 arcsec.
To validate the obtained results for face-hobbed spiral bev-

el gear pairs with different design data, the influence of the
gear ratio on tooth contact pressure and transmission error

is investigated. The gear ratio is changed by the variation in
mission errors.

pmax (MPa) Du2max (arcsec)

1155 12.23

622 24.17

592 14.77

902 8.72

1164 9.38

604 15.85

913 9.38

789 6.88

704 8.62

467 25.26

1283 7.95

445 27.33

1091 7.84

663 2.43

548 5.22

429 13.80

671 2.18

595 5.54

535 4.67



Fig. 5 Influence of Dig1, l, hd, De, Drt0, rprof1 and rprof2 on pmax, bFmax, Du2max, and rfilmax(p), rfilmax(g).

784 V. Simon
the numbers of teeth of the pinion and the gear. The obtained
results are shown in Figs. 6–8. In Fig. 6, it can be observed that

for all gear tooth numbers, the combination of the profile ra-
dius of rprof1 = 580 mm and of the difference in the head-cut-
ter radii for the manufacture of the contacting tooth flanks of

the pinion and the gear of Drt0 = 0.7 mm reduces simulta-
neously the maximum tooth contact pressure and the transmis-
sion error. The other combinations of machine tool setting

variations reduce the tooth contact pressure, but increase the
transmission errors for almost all gear tooth numbers. By
applying the combination of a head-cutter with profile radius
of rprof1 = 580 mm and difference in the head-cutter radii for
the manufacture of the contacting tooth flanks of the pinion
and the gear of Drt0 = 0.7 mm, both the tooth contact pressure

and the transmission errors are reduced for pinion tooth num-
bers of 9 and 15, too (Figs. 7 and 8).

The ease-off and tooth contact pattern regarding tooth

flank modifications introduced by curvilinear head-cutter pro-
file, head-cutter diameter difference, and machine tool setting
variations are shown in Figs. 9–20. In the present paper, the

term ease-off indicates modifications of the tooth flank form
with respect to its basic design. The modifications are intro-
duced only in the pinion teeth; therefore, the ease-off is
achieved by the topology of the pinion tooth. The ease-off dia-



Fig. 6 Influence of gear tooth number, head-cutter profile and

diameter, and machine tool settings on maximum tooth contact

pressure and transmission errors.

Fig. 7 Influence of gear tooth number and head-cutter profile

and diameter on maximum tooth contact pressure and transmis-

sion errors in the case of pinion tooth number N1 = 9.
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grams in Figs. 9–20 represent the amounts of removed material

inside the theoretical (nomodified) pinion tooth surface related
to grid points. Therefore, the ease-off increases the geometrical
separation of contacting tooth surfaces. In Figs. 9–20 the tooth

contact pressure distributions are plotted on the gear tooth
flank, and the ease-off is represented on the pinion-based
two-dimensional domain, obtained by mapping the pinion’s
three-dimensional tooth points (x1, y1, z1) to the axial plane
coordinates (r1, y1) of the pinion, where r ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
x2
1 þ z21

p
.

The tooth contact pressure distributions along the potential

contact lines for 21 instantaneous positions of the mating
members rolling through a mesh cycle and for all the adjacent
tooth pairs engaged for a particular position of the mating

members, for the case when no modifications are introduced
into the pinion teeth, are shown in Fig. 9. In this case the pin-
ion and gear tooth surfaces are fully conjugate and no ease-off

exists. It can be observed that there is an unbalanced pressure
distribution with pressure peaks along the edge on the tooth
heel. The use of a head-cutter with circular arc profiles causes

ease-off in the tooth height direction, with mixed results in the
reduction of the maximum tooth contact pressure and trans-
mission errors (Fig. 10). The difference in head-cutter radii
for the manufacture of the contacting tooth flanks of the pin-

ion and the gear of Drt0 = 0.56 mm results in a considerable
ease-off in the tooth length direction composed with a slight
twisting, and moderate reductions in the maximum tooth con-



Fig. 8 Influence of gear tooth number and head-cutter profile

and diameter on maximum tooth contact pressure and transmis-

sion errors in the case of pinion tooth number N1 = 15.

Fig. 9 Tooth contact pressure distributions along contact lines

of conjugate tooth surfaces for all tooth pairs in instantaneous

contact for 21 positions of meshing members through a mesh

cycle.
Fig. 10 Ease-off and tooth contact pressure distributions for

blade profile.

786 V. Simon
tact pressure and transmission error (Fig. 11). By the variation
in the radial machine tool setting of De= �0.05 mm ease-off
on the tooth heel is obtained (Fig. 12), with a big reduction
in the maximum tooth contact pressure, but accompanied with



Fig. 11 Ease-off and tooth contact pressure distributions in the

case of the difference in head-cutter radii for the manufacture of

contacting tooth flanks of the pinion and the gear

Drt0 = 0.56 mm.

Fig. 12 Ease-off and tooth contact pressure distributions for

radial machine tool setting variation De = �0.05 mm.

ig. 13 Ease-off and tooth contact pressure distributions for the

ariation in the ratio of roll in the generation of pinion tooth-

urfaces of Dig1 = 0.003.

Fig. 14 Ease-off and tooth contact pressure distributions for

distance of tilt center to the reference plane of hd = 1 mm.
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a big increase in the angular displacement of the driven gear.
The tooth contact pattern does not cover the whole tooth sur-

face. A twisted ease-off, a much uniform pressure distribution,
and a bigger tooth contact pattern are obtained by the
variation in the ratio of roll for the generation of pinion

tooth-surfaces of Dig1 = 0.003 (Fig. 13). The maximum tooth
pressure is reduced to pmax = 445 MPa, but a considerable in-
crease in the maximum transmission error to DU2max =

27.33 arcsec occurs. The maximum ease-off values are on the
toe and on the heel of the tooth by applying a distance of
the tilt center to the reference plane of hd = 1 mm (Fig. 14),
but no considerable reduction in the maximum tooth contact

pressure is obtained. A big reduction in transmission error to
DU2max = 2.47 arcsec can be achieved by applying a combina-
tion of the tilt and swivel angles of j = 2�, l = �1�, respec-
F

v

s

tively (Fig. 15). The corresponding tooth modifications also re-
sult in a considerable reduction in the maximum tooth contact

pressure to pmax = 661 MPa.
Much bigger and/or balanced reduction of the maximum

tooth contact pressure and transmission errors can be achieved

by the combination of optimal head-cutter profile, difference
in head-cutter radii for the manufacture of the contacting
tooth flanks of the pinion and the gear, and machine tool set-

tings. A twisted ease-off and a balanced reduction of maxi-
mum tooth contact pressure and transmission error is
obtained by the combination of the tilt and swivel angles
and the variation in the radial machine tool setting of:

j = 2�, l = �1�, and De = �0.02 mm (Fig. 16). By combin-
ing the above amounts of tilt and swivel angles with the vari-
ation in the radial machine tool setting of De = �0.01 mm



Fig. 15 Ease-off and tooth contact pressure distributions for the

combination of tilt angle j = 2� and swivel angle l = �1�.

Fig. 16 Ease-off and tooth contact pressure distributions for the

combination of tilt angle j = 2�, swivel angle l = �1�, and radial

machine tool setting variation De = �0.02 mm.

Fig. 17 Ease-off and tooth contact pressure distributions for the

combination of tilt angle j = 2�, swivel angle l = �1�, radial

machine tool setting variation De= �0.01 mm, and the variation

in the ratio of roll in the generation of pinion tooth-surfaces of

Dig1 = 0.003.

Fig. 18 Ease-off and tooth contact pressure distributions for the

combination of tilt angle j = 2�, swivel angle l = �1�, and

distance of tilt center to the reference plane of hd = 0.15 mm.
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and in the ratio of roll for the generation of pinion tooth-sur-
faces of Dig1 = 0.003, a much bigger ease-off on the tooth heel

is obtained; the maximum tooth contact pressure is reduced to
pmax = 429 MPa, but the transmission error slightly increases
to DU2max = 13.80 arcsec (Fig. 17). The same numbers of the

tilt and swivel angles in combination with the distance of the
tilt center to the reference plane of hd = 1 mm result in a
relatively small ease-off, maximum reduction of transmission

error to DU2max = 2.18 arcsec, and a considerable reduction
of maximum tooth contact pressure to pmax = 671 MPa
(Fig. 18). The combination of j = 2�, l = �1�,
Dig1 = 0.003, and hd = 3 mm causes big ease-offs on the toe
and on the heel of teeth and a balanced reduction of the max-

imum tooth contact pressure and transmission error (Fig. 19).
A much moderate ease-off and balanced maximum tooth con-
tact pressure and transmission error reductions are the results

of the combination of head-cutter profile radius of
rprof1 = 580 mm and of the difference in head-cutter radii for
the manufacture of the contacting tooth flanks of the pinion

and the gear of Drt0 = 0.7 mm (Fig. 20).



Fig. 19 Ease-off and tooth contact pressure distributions for the

combination of tilt angle j = 2�, swivel angle l = �1�, the

variation in the ratio of roll in the generation of pinion tooth-

surfaces of Dig1 = 0.003, and distance of tilt center to the reference

plane of hd = 3 mm.

Fig. 20 Ease-off and tooth contact pressure distributions for

blade profile radius rprof1 = 580 mm and difference in head-cutter

radii for the manufacture of the contacting tooth flanks of the

pinion and the gear Drt0 = 0.7 mm.
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4. Conclusions

The influence of modifications introduced into the pinion

tooth-surface by applying curvilinear head-cutter profile and
machine-tool setting variations, on load distribution, maxi-
mum tooth contact pressure, transmission errors, and fillet

stresses is investigated. On the basis of the obtained results,
for the investigated face-hobbed spiral bevel gear example,
the following conclusions can be drawn:
(1) The biggest and balanced reduction of maximum tooth

contact pressure and transmission error can be achieved
by the combination of optimal head-cutter profile, dif-
ference in head-cutter radii for the manufacture of the

contacting tooth flanks of the pinion and the gear, and
machine tool settings.

(2) Extremely big reduction in the maximum tooth contact
pressure is obtained (pmax = 424 MPa) by applying a

combination of tilt and swivel angles of j = 2�,
l = �1�, with variations in the radial machine tool
setting of De = �0.01 mm and ratio of roll in the gener-

ation of pinion tooth-surfaces of Dig1 = 0.002. The
transmission error slightly increases to Du2max =
13.80 arcsec.

(3) The same numbers of the tilt and swivel angles as above,
in combination with the distance of the tilt center to the
reference plane of hd = 1 mm result in the maximum
reduction of transmission error to Du2max = 2.18 arc-

sec, and a considerable reduction of the maximum tooth
contact pressure to pmax = 671 MPa.

(4) A balanced, considerable big reduction of the maximum

tooth contact pressure and of the transmission error is
obtained by applying a head cutter whose profile consists
of a straight-lined segment and a circular arc of radius

rprof1 = 580 mm, combined with a difference in the
head-cutter radii for the manufacture of the contacting
tooth flanks of the pinion and the gear Drt0 = 0.7 mm:

pmax = 535 MPa and Du2max = 4.67 arcsec. It is the
optimal solution.
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