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Av+y=fxe’, v>0onT, v]ar =0 (P1)
and

Av+a+ fev =0, v>0onT,

d
%+b+ge”=0 ondT. (P2)

We prove that exist solutions which are G-invariant and these ex-
hibit no radial symmetries. In order to solve the above problems
we need to find the best constants in the Sobolev inequalities in
the exceptional case.
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1. Introduction

In recent years, significant progress has been made on the analysis of a number of important
features of nonlinear partial differential equations of elliptic and parabolic type. The study of these
equations has received considerable attention, because of their special mathematical interest and
because of practical applications of the torus in scientific research today. For example in Astronomy,
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investigators study the torus which is a significant topological feature surrounding many stars and
black holes [26]. In Physics the torus is being explored at the National Spherical Torus Experiment
(NSTX) at Princeton Plasma Physics Laboratory to test the fusion physics principles for the spherical
torus concept at the MA level [36]. In Biology some investigators interested in circular DNA molecules
detected in a large number of viruses, bacteria, and higher organisms. In this topologically very inter-
esting type of molecule, superhelical turns are formed as the Watson-Crick double helix winds in a
torus formation [25].
Let the solid torus be represented by the equation

T={xy.2eR W2+ =) +2 <, I>r1>0},

and the subgroup G = 0(2) x I of 0(3). Note that the solid torus T c R3 is invariant under the
group G.
We consider the following nonlinear exponential elliptic boundary problems

Av+y=f®xe’, v>0onT, vlar =0 (Pq)
and
Av+a+ fev=0, v>0onT,
2—5+b+ge“:0 on T, (P2)
where Av = —ViV;u is the Laplacian of v, :—n is the outer unit normal derivative, f, g are two

smooth G-invariant functions and y,a,b € R.

Clearly, a radially symmetric solution is a G-invariant solution, for any subgroup G of O (n). The
converse problem is considered in this paper, that is we prove that there exist positive solutions
which are G-invariant and non-radially symmetrical if G = 0(2) x I.

Problems (P1) and (P2) own their origin to the “Nirenberg Problem” posed in 1969-1970 in the
following way:

Given a (positive) smooth function f on (S%, gg) (close to the constant function, if we want), is
it the scalar curvature of a metric g conformal to go? (go is the standard metric whose sectional
curvature is 1) (see [3]).

Recall that, if we write g in the form g =e" g, the problem is equivalent to solving the equation:

Au+2 = fe'.

Nirenberg Problem has been studied extensively and is completely solved (see [2,8,45,37,19]). Further,
we refer the reader to [14,15,13,11,12,39-41,9,10,33,38,7,30,1,16,43], in which the authors study this
problem or its generalization.

Best constants in Sobolev inequalities are fundamental in the study of nonlinear PDEs on mani-
folds, because of their strong connection with the existence and the multiplicity of the solutions of
the corresponding problems (see for example [46,5,47,35,34,29,6,7,22-24] and the references therein).
It is also well known, that Sobolev embeddings can be improved in the presence of symmetries in the
sense that we obtain continuous embeddings in higher LP spaces, that it, allow us to solve equations
with higher critical exponents (see for example [42,28,20,21,35,27,6,7,30,31,22-24] and the references
therein). Especially, in our case we solve problems with the highest supercritical exponent (critical of
supercritical).

Let:

o ={veCq(I): vor =v, VT €G},

CF¥={veC®T):vor=v, VT €G]}
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and

Ll={velP’(T): vor=v, VT €G}

that is, the spaces of all G-invariant functions under the action of the group G = 0(2) x I.
We define the Sobolev space Hf c(T), p > 1 as the completion of CZ°(T) with respect to the norm

lollge = 11VUllp +lvllp

and HPG(T) as the closure of C§%(T) in H? G(T)

In [22] we proved that for any p €[1,2) real, the embedding HY (T) < LL(T) is compact for
2p
<g< 22_pp while the embedding HPG(T) — LZ"’ (T) is only continuous. Also, in [23] we proved

that for any p €[1,2) real, the embedding H? 1.c(D = Lq (0T) is compact for 1 <q < 2— while the

trace embedding Hy b G(T) — Lﬁ (3T) is only continuous. Additionally, we observe that if % <p<2

263-1
32

In thls paper we study the exceptlonal case when p=n—k=3—1=2. In this case H% c( ¢

then g =5~ > 6= 5= and q > T >4= that is the exponents q and ¢ are supercritical.

L (T), however, when v € H2 (T) we have eV e L} (), e¥ e LG(aT) and the exponent p =2 is the
critical of supercritical.

This paper is organized as follows: In Section 2, we recall some definitions and we present the two
lemmas on which are based the proofs of the theorems concerning the best constants. Proofs of these
lemmas are in Section 6. Section 3 is devoted in the presentation of results of the paper. In Section 4,
we determine the best constants  and [t of the inequalities:

1
vdv <C Vul3+ -—= [ vdv
[ exp| VU + 5y [ vav |
T T

and

/e“ds < Cexpl| il Vvl + L/uas

= 27 4m2rl

aT aT
In Section 5, we use the above two inequalities, in order to solve the nonlinear exponential elliptic
problems (P1) and (P2). Concerning problem (P1), we prove the existence of solutions of the asso-
ciated variational problem. We study problem (P3) in the same way as the (Pq), except its last part
(case 4 of Theorem 3.4), which is based upon the method of upper solutions and lower solutions.

2. Notations and preliminary results

For completeness we cite some background material and results from [23].
Let A={(£2;,&): i=1,2} be an atlas on T defined by

21={(x.y.20€T: (x,y,2) ¢ Hy,}.
= {(x,y,z) eT: (x,y,2) ¢ H;(z}

where
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H;Z:{(va7z)€R3: X>07 y:O}’
H;(Z={(X,y,z)e]R3; x<0, y=0}

and & : 2; —> I; x D,i=1,2, with Iy =(0,2m), I = (—m, m),

D={(t,s)eR%: * +5* <1}, aD ={(t,s) eR%: t* +s* =1},

) — () P : _ T
&, y,2) = (wi, t,s), i=1,2 with cosw,_\/)#yz,smwl_«/T_yz,where
arctan, x#0, arctan ¥, x#0,
w1 =17/2, x=0,y>0, wy =1 1/2, x=0, y>0,
3m/2, x=0, y<0, -7 /2, x=0, y <0,
and

Vx2 4 y2 —1 z
t:%, s:;, 0<t,s<1.

The Euclidean metric g on (£2,&) € A can be expressed as

(VEo& ) (w,t,s) =r*(+rt).

For any G-invariant v we define the functions ¢ (t,s) = (v o &~ 1(w, t, 5).
Then we have:

/e“dV=2nr2/e¢(t's)(l+rt)dtds, (1)
T D
||Vu||§2m=2n/|v¢(t,s)|2(l+rr)dtds )
D
and
/e” d5=2nr/e¢(['°)(l+rt)dt, (3)
aT oD

where by ¢ we denote the extension of ¢ on dD.
Consider a finite covering (T;)=1,..,N, Where

,,,,,

Ti={kxy.2)eT: (m—lj)z +(z—2))* <83}

is a tubular neighborhood (an open small solid torus) of the orbit Op; of P; under the action of the

group G. Pj(xj,yj,zj) €T and |j = /x? + y? is the horizontal distance of the orbit Op; from the axis
Z'z and §j =l;¢; for any € > 0.
Then the following lemmas hold:
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Lemma 2.1.

1. For all ¢ > 0, there exists a constant Cg, such that for all v € I:I%G(Tj) the following inequality holds:

1
/e“dv Ce exp[(l +ce) ||VU||2]

Tj

where ¢ > 0. .
2. For all € > 0, there exist constants C. and D¢, such that for all v € H%,c the following inequality holds:

1 2 2
/evdv <Ce eXp[(m +8>||VU||2 + Ds||U||2]~
T

In addition the constant is the best constant for the above inequality.

1
3272(1-r)

Lemma 2.2. Let T be the solid torus, 272121 be the volume of T and 47?11 be the volume of 3T, then for all
& > 0 there exists a constant Cg such that:

1. For all functions v € H the following inequality holds:
/e“dV<C exp (u+e)||vU||2+L/udv (4)
S 27 222 ’
T T
2. For all functions v € Hg the following inequality holds:
/e“dS<C exp (u+s)||w||2+#/uds (5)
S 27 4m2r] ’
aT aT
where, for the first inequality, . = 32n2(l 5 ifHg = 1 cand = 16”2(, 5 ifHg = 1 c

: : 1 2
For the second inequality (1 > 20 forallv e Hi ¢

The constant w is the best constant for the above inequalities.
3. Statement of results
3.1. Best constants on the solid torus

We have the following theorem:

Theorem 3.1. Let T be the solid torus, 272121 be the volume of T and 47 2rl be the volume of 3T, then there
exists a constant C such that:

1. For all functions v € H the following inequality holds:

1
/e“dv Cexp[pJHVsz-i-2 5 2l/udv]. (6)
T
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2. For all functions v € H the following inequality holds:

1
eVdS < Cex vul3 —/UdS , 7
/ p[un 13+ gy [ | 9
aT aT
where, for the first inequality, u = 327120 - ifHg = G and = 16”2(1 - ifHg = 1 c

For the second inequality (1 > o 2(1 for allv e H] c
The constant ( is the best constant for the above inequalities.

Remark 3.1. In [32] Faget proved that for a compact 3-dimensional manifold without boundary the
first best constant for inequality (6) is u3 = 81 and the map: H3 5v — eV elL! is compact. Clearly,
the best constant (3 depends only on the dimension 3 of the mamfold For the solid torus, we prove

. . . 1 )
that the first best constant for the same inequality (6) is u = T and the map: Higov— eV e

L}; is compact. In this case, the best constant © depends on the geometry of the solid torus.

Corollary 3.1. Forall v € H e such that ||VU||2 27 (14 r) and for all « < 47 the following holds:
/e““z dv < C27 212 (8)
T

where the constant C is independent of v € I:I ¢- The constant o < 47t is the best, in the sense that, if o > 47
the integral in the inequality is finite but it can be made arbitrary large by an appropriate choice of v.

Remark 3.2. Corollary 3.1 is a special case of the result of Moser [44].
3.2. Resolutions of the problems
For the problem
Av+y=fxe’, v>0onT, vl =0, (Pq)
we have the theorem:

Theorem 3.2. Consider a solid torus T and the function f continuous and G-invariant.
Then the problem (Py) accepts a solution that belongs to CZ°, if one of the following holds:

(a) supy f <0ify <O.
b) [; fdV <O0andsupr f >0ify =0.

(c) supr f>0if0<y < 8({;2”.

For the problem

Av+a+ fev=0, v>0onT,
v

%—i—b—i—gevzo onaT, (Py)

we have the next theorem:
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Theorem 3.3. Consider a solid torus T and the smooth functions f, g G— invariant and not both identical 0.
Ifa,b € R and R = 21 2r2la + 4mrlb, the problem (P2) accepts a solution that belongs to Cg’ in each one of
the following cases:

1. Ifa = b = 0 the necessary and sufficient condition is f and g not both > 0 and that fT fdv + far gdsS >
0.

2. Ifa>0andb >0, f, g not both > 0 everywhere and 0 < R < 4w 2(l — r). Particularly, if g = O then we
can substitute the last condition with 0 < R < 8mw2(l —r).

3. If R > 0 (respectively R < 0) it is necessary that f, g not both > 0 everywhere (respectively < 0). Then
there exists a solution of the problem in each one of the followmg cases:
(a)a<0,b>0,f<0,g<0andb<rifg£00rb <2 Difg=0.

(b) a>0,b<0,f<0,g<0anda<z(llzr).

(c)a>0,b<0,f>0,g>0anda < 2(1 D ifg£00ra< 4(' L ifg=0.
(d) a<0,b>0,f>0,g20andb< lr'

4. Ifa<0,b <0, not both =0, it is necessary fT fdv + faT gdS > 0. Then there exists a nonempty subset
Sfg of RZ ={(a, b) # (0,0): a <0, b <0} with the property that if (c,d) € Sf.gthen (¢, d) e ng
forany ¢’ > c,d’ > d and such that the problem (P2) has a solution if and only if (a,b) € S5 4. Sf ¢ = RZ
if and only if the functions f, g are % 0 and > 0. For all (a, b) € RZ there exist functions f and g such
that [ fdV + [;; gdS > 0and (a,b) ¢ S .

4. Proofs of the theorem concerning the best constants

Proof of Theorem 3.1. 1. We give a proof by contradiction based on Lemma 2.2.
Assume that for any Cy, there exist vy € H% ¢ With fT Uy dV =0 such that

/e““ dV > Cy exp(u/ |Vua|2dv>. (9)
T T

Set ¢y (t, s) = (Ug 0 £~V (w, t, s). By (9) because of (1) and (2) we obtain sequentially

2nr2/e¢’“(l+rt)dtds> Co exp(Znu/|V¢a|2(l+rt)dtds>,
D D

2nr2(1+r)/e¢" dtds>Caexp(ZnM(l—r)/|V¢a|2dtds),
D D

and since u = m (see part 1 of Lemma 2.2) we have
/e“"’ dtds > Ciaexp L/|V¢> | dt ds
2nri(l471) 167 ¢ '
D D

The last inequality means that for any c,, there exists ¢y € IZI%(D) with fD ¢ dtds = 0, such that

1
/e"’“dtds>caexp< o /|V¢a| dtds)
D D

which is a contradiction (see Theorem 1 in [17]).
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2. The proof of this part is similar to the proof of the first one. Let us sketch it. Assume that for
any Cg, there exist vy € Hf . with [, Uy dS =0 such that

/e““ ds > Cq exp(u/|Vva|2dV) (10)
T

aoT

and define the function ¢ as in the first part.
By (10) because of (2) and (3) we take the inequality

/e¢“ dt>Eaexp(,u/|V¢a|2dtds>,
D

aD

- Co
where Cqy = er(n
The last inequality is false (see Theorem 3 in [18]) and the theorem is proved. O

Proof of Corollary 3.1. Given ¢ > 0, let (T;)j—1,.. n be a finite covering of T, where

={Q eR* d(Q.0p,) <3j, §j=Ijejand &; < &}.

For T we build a G-invariant partition of unity (hj)j=1,...~ relative to the T;'s. If we denote @ =
vo 5’1 (NS HZ(D) for all v e H] R following the same argument as in Lemma 2.1 we obtain

N
/eauz dV:/ (Zh1>eau2 dv
T M=l

T
N 2
thje‘w dv
J

j=1r

>

:]I

(hjo&;M)e™ ot ! (VEo&; ") dwdtds

[

é\

™=

2w

1

/h]os He? oty ! 83(Lj + 8ty dtds
=1p

™=

1
— /hos aq§227128]2-lj(1+8jt)dtd5
D

1

J

(1+s)—2/ jokf! e*®* Vol(T;) dt ds

j=1p

(1+8)—Vol(T)Z/ (h; of_l) @@ 4t ds

j=1p
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N
2
=(1+8)27rr21/z h]o‘;‘ e“® dt ds

=1+ 8)27rr21/ e de ds
D

or
/e“”zdv < +e)2m21/e“¢2 dtds. (11)
T D

Because of ||VU||2 27 (l+71) and (2) we obtain |[V@®|; <1 and according to Theorem 2.47 of [3]
for all @ € HZ(D) with |[V®|; <1 and for any o < 47 the following inequality holds

/e“"’z dtds < Cr, (12)
D

where the constant C is the same for all open and bounded subsets of R2.
Thus, from inequalities (11) and (12) we obtain

/e“vz dv <1+ &)C272r2l. (13)
T

Suppose now that inequality (13) does not hold for € = 0. That is, there exists v € IZI%G with ||Vu||§ <
2w (+r) and 6 > 0 such that the following inequality holds

/e““zdv > (1+0)C2722l. (14)
T

By (14), and because of (11) we obtain

1+ 8)2nr21/ e®” dtds >(1 + 6)C2m 2. (15)
D

Since (15) holds for any ¢ > 0 we can choose ¢ such that ¢ <6 and (15) yields
0
anzl/ e dtds > 140 con2p
1+e¢
or

/e“‘pzdtds >Cr. (16)
D
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But according to Theorem 2.47 of [3] for all @ € I:If(D) the following

fe"‘¢2 dtds <Cm
D

holds. Thus (16) is false and the corollary is proved. O

5. Proofs of the theorems concerning the problems

Proof of Theorem 3.2. We see that if f is a constant the problem can be solved immediately. If f =0

and y =0, solutions are all the constants. If y f > 0 the constant In(y/f) is the solution.

Consider the functional

I(v)=/|VU|2dV+2y/vdV,
T

T
the set
A= {v eHi¢: /fe“dv =y VOI(T)}
T
and denote
v = inf I(v).
veA

If y >0, in order A # (, it is necessary f to be somewhere positive, if ¥ < 0 it’s necessary f to be
somewhere negative, and if ¥ =0 it is necessary f to change sign. In the following we accept that f

satisfies the above necessary condition and it is not a constant.
(a) ¥ <0 and f negative everywhere.
Combining Jensen’s inequality:

L/vdVgln(L/eUclV>
Vol(T) Vol(T)
T T

along with the following inequality:

v 4
Vol(T) / Vol(T)supf /f(x)e dv = sup f

we obtain

/vdVgVol(T)ln( Y )
sup f
T

and thus

Y
I(v) =2y Vol(T) ln<Sup f>'

From the last inequality we conclude that v is finite.

(17)
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Let {v;} € A be a minimizing sequence of I, that is I(v;) — v. If we take I(v;) <1+ v we obtain

/|Vu,-|2dv+2y/u,-dv<1+v
T

T
thus
l+v—2y/vidv>/|VUi|2dV>O
T T
and
1
/vidvg .y (18)
2y

T

By (17) and (18) we obtain | v;dV| < C, where C is a constant.
In addition, we have

/|Vu,»|2dvg1+u—2y/uidv<1+v—2yc.
T T

Thus {v;} is bounded in H%qG(T) and there exists a subsequence of v;, denoted again by v; and a
function U such that:

(a) {vi} = v on Hf,G(T) (by Banach’s theorem),
(b) {vi} > v on L%(T) (by Kondrakov’s theorem),
(c) {vi} = U a.e. (by Proposition 3.43 of [3]) and
(d) {e¥'} — e¥ on L{(T) (by Theorem 3.1).

From (c) arises that v is G-invariant and so v € A, thus [(v) > v.
From (d) we conclude that

0]l g2 < lim infl|]l,2 = v
1 i—o0 1

and by definition of v we obtain I(v) = v.

Using the variation method we can prove that v is a week solution of the corresponding Euler
equation and, by the regularization Theorem of [48] and Theorem 3.54 of [3], we conclude that
veC.

(b) y =0 and f changes sign.

In this case we need the extra condition fT f(x)dV <0, because if we multiply the equation of
the problem by e~V and integrate we obtain

/f(x)dvzy/e—“dv—/e—“|Vu|2dv,
T T T

the second part of this equality is negative.
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Since y =0,
I(U):/|VU|2dV
T

and considering [; vdV =0, if we define the set

A:{veH%@/vdV:O,/fe“dV:O}
T

T

we will have

v =inf I(v) > 0.
veA

In the following we work in the same way as in (a).

Thus, there exists a minimizing subsequence of v;, denoted again by v; that’s converge on a func-
tion U € A.

If ¥ and A are the Lagrange multipliers, the Euler equation is

AU +k :)\f(x)eﬁ.

Intergrading by parts, because of [; fe?dV =0, we obtain ¥ = 0 and for the function ¥ holds

AD=Af(x)ev. (19)

By Eq. (19) we obtain that U is not constant, because of fT f(x)dV <0, and so A # 0. In addition,
multiplying the same equation by e~V and integrating by parts we obtain AfT f(x)eVdV <0 and
then A > 0.

Finally, is easy to check that the solution of the equation is v — InA.

(c) ¥y >0 and f somewhere positive.

Consider the same variation problem as in case (a) and suppose that f is somewhere positive,
which is the necessary condition to be A # #J, since supy f > 0. We have

yVol(V):ffe“dV<supf/e“dv. (20)
T T

In addition by Theorem 3.1 we have

v 2 1 /
/e dv <Cexp{(u+8)/|VU| dv + G uav}. (21)
T T T

From (20) and (21) we obtain
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1
y Vol(V) < Csupfexp{(u—f-e)/wm dV+Vl(T) UdV},

yVol(V) 1

Csupf <exp{(,u,+5)f|Vv| dV+Vl(T) UdV},
y Vol(T) 1

ln( Csupf) (M+8)/|VU| dv + —— o l(T) vdV,

y Vol(T)
2y Vol(T) 1n< Csup [

)<2yVoI(T)(M+8)/|VU|2dV+2yfvdV,
T T

y Vol(T)
2y Vol(T) 1n< Csup f

)gzyVOl(T)(que)/|Vu|2dv+1(u)—/|VU|2dv,
T T

Vol(T
I(v) > 2y Vol(T) ]n<stil; f)> +[1 =2y Vol(T) (1 + )] / \Vu2dv
T
or
1) >[1-2y VOl(T)(/,L+g)]/|VU|2dv+C/’ o)
where 1 = m and C' =2y Vol(T)ln(yC‘S/ﬂléTf)).

So, for y < M , we have that I(v) is bounded bellow.

Thus if v; € A is a minimizing sequence of I, by Eq. (22) we obtain that ||VU,||2 C1, and by
Egs. (20) and (21) that jT vjdV > Cy, where C; and Cy are constants. Since v = inf,c4 I(v) and
lim;_, o I(vj) = v we may assume that I(v;) <v + 1 and so fT v;dV < C3, where C3 is a constant.

Thus {v;} is bounded in H%‘G(T) and then the rest of the proof is the same as in case (a). O

Proof of Theorem 3.3. Following [19], let v € Cgo(T) be a solution of (P2). We observe that integra-
tion by parts yields

/(Av+a+fe“)dV:0,
f—ds+/ (a+ fe¥)dv =0,

/(b+ge”)d$+/(a+fe”)dV=0,

aT T

/dV+b/d5+/fe dV—l—/ge ds =0,

T aT aT

aVol(T)+bVol(8T)+/fe dV—i—/ge dS=0
aT
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namely
K(v) =aVol(T) +bVol(3dT) + / fevdv + / gevdS =0.
T aT
Multiplying by e~V and integrating by parts also implies

/ (e7VAv+ae™ + f)dV =0,
T

d
_/efva_:dH/(ae*v +f)dv —/E’UIVUlde =0,

aT T T
f(e*“b+g)ds+f(ae*“+f)dv—/e*“|Vu|2dvzo
aT T T
namely
a/e’“dV%—b/e’“dS#—/de+/gd5—/e’“|VU|2dV:O.
T aT T aT T

(23)

(24)

Moreover, if v € H%’G(T), according to [3,49,18] and because of Theorem 3.1, forany g >1, v € L‘(’;(T).

v ell(dT) and eV € LL(T).
Set

1
](U):§/|VU|2dV+a/UdV+b/UdS
T

T oT

and
A={veH];: K(v)=0}.

Our aim is the minimization of I(v) on A.

1. Casea=b=0, [; fdV+ [, £dS >0and f and g not both > 0.

Since f and g are not both identically 0, the solutions of equation (P2) are not constant functions.

Hence if v is a solution we have
/e’“|VU|2dV >0
T

and then by (24) and (25) yields

/de+/gdS>O.
T

aT

(25)

Since a=b =0 and K(v) = [; feVdV + [;; geVdS in order A= {v € H}(T): K(v)=0}#0 it's

necessary f and g not to be both > 0.
Inversely, if f and g are not both > 0, we will prove that A # ¢.
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Because of
/de+/gdS>O,
T aT

we have

{F(HUg@T)}N(0,400)#¥ and {f(T)Ug@OT)} N (—00,0) 0.
Define a C* function 7 : [0, +00) — [0, 1] such that n =1 in [0, 1/2], n =0 in [1, +00) and examine
the following two cases:
(i) f changes sign on T.

There are two tori T and T, contained in T such that f >0 on T; and f <O on Ty. Let the
points Pj, i =1, 2, belong to the central orbits Op;, i =1,2 of T;, i =1, 2, respectively and let

Ti={®xy,2) €T: (& +y2—1p,)* + (2 —2p,)* < 82}

and

To={(xy,2)eT: (/X +y2 —lpz)2 +(z - zp,)* < 8%},

where Ip, = /xf,i + ylz,i, i=1,2, the horizontal distance of the orbit Op,, i =1, 2 from the axis Z'z.
Set

o= / fdv +/gd5,
T\(T1UT>) aT
and suppose that « > 0. Then
a0:a+/de>O.
Th

Consider the continuous function

o(t):/f(P)exp[tn(%)}dv, teR,
T,

where d is the Euclidean distance in R3.
Since lim;—, 400 0 (t) = —o0 and lim;_, o, o (t) =0, there exists tgp € R such that o (tp) = —ap.
Hence if we define the function v € CZ°(T) as

ton(d(P»OPz)/S)! PETZ,

v = : 0, P¢Ts,

by definition of o we obtain



666 A. Cotsiolis, N. Labropoulos / J. Differential Equations 251 (2011) 651-687

o (to) = / F(Pye® av

and then

/f(P)e“(P)dV = —ap
From the last equality we have

/fe”dV—i—oH—/de:O,

/fe v + / de+/gdS+/de 0,

T\(T1UT2)
/fe dv + / fdv — /fdv+/gd5+/fdv 0,
T\T,
/fe dv + [ de+/gdS 0
T\T, aT

and from this by definition of v we obtain

/fe“dV+ / fe“dV—i—/ge”dS:O,

T, T\T, oT
/fe dV+/ge ds=0.
aT

This means that v € A and hence A #{.

(ii) f does not change sign on T.

If f=0 and g changes sing, following arguments of the previous case, we construct a function
Ve Cg"(T) such that faT geVdS =0, hence K(v) =0 and A #@.

If f=£0, let us suppose that f >0 and K(v) =0. Then there exist P;1 € T and P, € dT such that
f(P1)>0and g(Py) <O0.

Consider the tori
={x y,2eT: (/x> + y? —lpl)2 +(z—2zp,)* < 8%}

and

To={(xy,2)eT: (/X2 +y2 —lpz)2 +(z —zp,)* < 8%},

where § is small enough, such that TN T, =%, f>0ae.in Ty and g <0 ae. in T N 3T.
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Set

/3=/de+ / gdS + f g(P)exp[tn<42d(P;OP2)>}ds

LAV 0T\T> aTNT,

and choose t large enough such that g < 0.

Denote
2
2 )
Taes/2) = {(x,y,z) eT: (,/x2 +y2—1Ip,)" + (z—zPZ)2 < <§> }

and define a function ® € C*(T), 0 < 9(P) <1 such that ¥ =1 in a neighborhood of 4T N Ta5/2),
¥ =0 out of T, and its support K to have small enough measure such that the following holds:

y=/f(P)exp[tﬂ(P)n(w>}dV—/f(P)dV < —B.
K K

Consider now the continuous function

6(t):/‘f(P)eXp|:tn<w>i|dV, teR.
Ty

Since f>0, f#0, lim;, _» 6 (t) =0 and lim;_, y» 6 (t) = +o0o there exists t' € R such that 6 (t') =
—(B+y), that is

d(P, 0
/f(P)exp[t’n(%)]dV:—(/‘3+y)>O. (26)
T
Define now the function v € C*®(T) by
t'n(d(P, 0p,)/$), PeTy,
v(P) = t?(P)n(2d(P, 0p,)/8), P €Ty,
0, P¢TiUT,.
We have
B= / fdv + f gdS + / gevds
Ty 9T\T, aTNT,
= / fdv + / geVdS + / gevds
JAVE dT\T, aTNT,
= / fdv+/ge”d5 (27)
T\T4 aT

and
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V:/f(P)exp[tz?(P)n<72d(P;SOP2))}dV
T,

— / f(P)exp[tﬁ(P)n(M)]dV—ff(P)dV
K

To\K

:/fe“dV— / de—/de. (28)
Ty K

To\K

By (26)-(28) we now obtain

/ Fdv — / de—fde+/fe”dv+/fevdv+/ge”d5=0,

T\T T\K K T T, aT
/ de—/de+/fe”dV+/fe”dv+/ge“d5=0,

Ty T, T T2 aT

/ fdv + / fe”dV—i—fge“dS:O,
T\(T1UT2) T3UT aT

/ feldVv + / fe“dV—l—/ge“dS:O,
T\(T1UTy) T{UT, aT
/fe“dV-l—/ge“dS:O.
T aT

Hence v € A and A # 0.

We observe that if K(v) =0 then K(v + c¢) =0 for any constant c. So we can suppose that
JrvdV =0 for any v € A.
Set

= inf{/|VU|2dV: /udvzo}>0.
veA
T

T

Let {v;} be a minimizing sequence. Since supi(||Vvi||2) < +00, this is bounded in H% ¢(T). Thus there
exists a subsequence {v;} and a function v € H% ¢(T) such that:

vi} = v on H%G(T) (by Banach’s theorem),

) {
) {vi} = v on LL(T), g > 1 (by Kondrakov's theorem),
) {vi} — v a.e. (by Proposition 3.43 of [3]),
) {eVi} — eV (by Theorem 3.1) and

) {vi} — v ae, on T and {eVi} — eV on LL(3T),

where by v; and v we denote the trace of v; and v on 9T, respectively (by Theorem 4 of [18]).
The latter implies

lim v,-dV:/vdV
1—00
T T
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and

lim (/fe“"dv—i—/ge“"dS)=/fe“dv+/ge“d5=0.
1—00
T T

aT aoT

From the last two equalities along with (c) arises that v € A and fT vdV =0, hence, by definition
of u, Vi3 > u.
From (b) and using Theorem 3.17 of [3] we obtain

IVl3 < lim inf Vi[5 = u.
1— 00

Thus, by definition of i, VU3 = i and the inf||Vv;|3 is attained, where v; € A and [} v;dV =0.
If ¥ and A are the Lagrange multipliers, the Euler equation is

/viuv,-hdv+x</fevhdv+/gevhds> +k/hdv=0, (29)
T T T

aT
for all h € HX(T).

Since K(v) =0, for h=1 arises A =0, and for h=v, « #0. (If « =0, ||[Vv|2 =0 and since
JrvdV =0, v=0 ae. thus K(v) > 0, which is false.)

According to Theorem 1 of [18] the solution v € H%,c of (29) is C* and if satisfies:

Av+kfeV=0 inT,
d . 30
a—:—i—/cge“:O ondT (30)

Setting h =e~V in (29) we find

-1
K:<T/de +‘/gd5> T/|Vu|2e dv >0 (31)

aT
and then v — Ink is a solution of (P2).

2.Casea>0, b>0, not both =0 and

fH(=00,0)#6 or g ((—00,0)) #¥.

In this case we have

R =aVol(T) + bVol(dT) >0
and by (23)

/fe“dv+/ge“d5<0.
T

aT
Then, if f, g are not both >0, A # @.



670 A. Cotsiolis, N. Labropoulos / J. Differential Equations 251 (2011) 651-687

By Theorem 3.1 arises that, for all ¢ > 0, there exists a constant C, such that

1 1

Vdv < C 1 — Vul? —/ dv 32
/e aexp[( +8)]67T2(l—r)” U”2+VOI(T) v } (32)
T T

and
/e“dS<C ex (1+8);||VU||2+ ! /vdS (33)
S be €XP 82(l—r) 27 Vol(dT) ’

aT aT

for all v e H? .
From the definitions of K(v) and R and by (23) we obtain

‘/fe dV—i—/ge dS‘ (max|f|)/e dV+(max|g|)/e ds

aT T aT

and using (32), (33) we obtain

1 1
< 2
R < (mTaxlfl)Ce exp[(l +8)716712(l 5 IVull; + Vol(T) fvdv]
T

IVul3 +

1 1
] -
+("§?X|g|)C£eXp[( Ry Vol(aT) Uds]
aT

1 , 1
< (mfax|f|>Cg exp[(l +8)m||vv||2 + m/udv]
T

+ (rrg%xlgl)cg exp[(l +8) 2(1 )” vli3 + Vo l(BT) / ]

The last inequality gives

. 1 2| _
Jg\i / vdV+(1 +s)m Vol(T)llellz} =cr(€) > —00 (34)
T
and
. 2| _ _
Jrelg{ / vdS+(1 +8)78712(l - Vol(8T)||VU||2} =cy7(€) > —00. (35)

aT

By (34), (35) we obtain
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I(v) == /lel dV—i—afvdV—i—b/UdS

T aT

1 1
> [5 -1+ s)m(a Vol(T) +b VOl(BT))] Vvll3 +acr(e) + bear (6)

= B —(1+¢) R]IWUII% +acr(¢) + beyr (8). (36)

1
82 —r)
If we assume R < 4w2(I —r) and if we choose & > 0 such that c=1 — (1 4+ &) —1—

we conclude that p = infy,es [(V) > —o0.
Let {vi}ien, Ui € A be a minimizing sequence of I(v) such that

2 R > 0. by (36)

< I <p+1 (37)
for any i € N (36) and (37) yield

0< VU2 < I(v;) — act(e) — bcyr (€) < W +1—acr(e) — bcyr(e) e
¢ c

By (34), (35) and (36) we also obtain

/vidV2CT(8)—(1+8)2; Vol(T)(u +1) =Cr (38)
8rm*(l—r)
T
and
/Uids zcr(e) — (1 +8)% Vol(dT) (v + 1) = Cor. (39)
8m2(—r)
aT

By the definition of I(v) and because of (37) yields

a/u,-dV+b/vidS<I(U,-)<,u+l.
T

The last relation, because of (38), (39) gives us

1
/vld %—cﬂ ifa0 (40)
T

and
/v,-dS %—CT ifh £ 0. (41)
aT

By (37), (38), (40) and (41) we have

‘/U,’dV‘éC1 (42)

T
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and

./uids‘ < Ca. (43)
aT

Since the inequality

2
) (44)

2 2 1
/qs dv<c</|v¢>| dv+‘Wm/¢dv
T T T

holds for any ¢ € H%’G(T), taking into account that (37) and (38) also hold, it follows that {v;}ien,
v; € A is bounded in Lé(T). Moreover, since (38) holds we conclude that supieN(llviHH%G) < o0.

Hence, as in the previous case there exists v € A such that I(v) = u.
Recall that, if v is the Lagrange multiplier, the Euler equation is

/vfuv,-hdv+a/hdv+b/hdszu</fe“dv+/ge“d5>, (45)
T T T

aT aT

for all h e H3(T).
For h =1 since K(v) =0 we find

-1
U:—(aVol(T)+bVol(8T))</fe“dV+/ge“d5> =1.
T

aT

Using the same arguments as in case 1, we prove that v € Cgo(f) and that is a solution of (P3).
If g =0 we have

R=‘/fevdv‘<(mTax|f|)/e“dV
T

T

1 , 1
< (mTax|f|)Cg exp[a+s)muwnz+m/udv}
T

Hence, if R < 872(I —r), following the same process as above we prove that (P2) has a solution.

3. Suppose that R > 0 and a, b not both > 0 (the case R <0 and a, b not both <0 can be treated
in the same way).

By (23) it is necessary that f, g are not both > 0 everywhere. Then A # ¢.

(A)a<0,b>0, f<0, g<0and bVol(dT) < 4m2( —r) if g=£0 or bVol(dT) < 8m%(—r) if g=0.

Since f € Cgo(T) is negative everywhere and T is compact, there exists § > 0 such that |f| > 8 > 0.

If v e A we have

|R|:’/fe”dv—i-/gevdS’:/|f|e“dv+/|g|evd5 (46)
T T aT

aT
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and by elementary inequality e* > 1+ x, x € R we obtain

|R|>/|f|e“dv>8/e“dv >5/(1+u)dV=5Vol(T)+5/udv.
T T T

T

Since a < 0 we finally obtain

a/UdV > a('(‘)\ﬂ — Vol(T)). (47)
T

By (33) implies that for any & > 0 there exists a constant C, such that

RI< Coexo| 10 vl + e [ vas)| (48)
aoT
By (48) we obtain
IR| b Vol(3T) ,
b dS >bVol(dT)In — — (1 —|V . 49
[vis=bwian Sl - e L Ivvl (49)
aoT

By the definition of I(v) and (47), (49) we obtain

1 bVol(3T) [R] [R|
1(v) > [5 -1+ e)m] [Vull2 +bVol(dT)In c + a(T - Vol(T)) (50)

If bVol(dT) < 4m2( —r), that is b < 5 and ¢ is chosen small enough, (50) implies that I(v) is

Ir
bounded bellow for all v € A and we can prove the existence of a solution of (P2) as in the previous

cases.

If g=0, it suffices to assume that b < 2(1 )

and then by (48) we obtain

. 1 1

Rl = Vdv < 1 ———||Vv|} d

IR /'f'e ‘ Caexp[( ez U”2+Vol<ar)/“ S]
A aT

and we continue as above.

(bya>0,b<0, f<0, g <0 and aVol(T) < 4m?(—r).

We work as in the previous case and, supposing that a < 2(;r_2r) we conclude the existence of a
solution of (P3).

Cases (c¢) and (d) are similar to (b).

4. Case a< 0, b <0, not both =0.

By (24) it is necessary to assume that [ fdV + [, gdS > 0 and by (23) arises that f, g are not
both <0 ae.

The proof of this case is based upon the method of upper solutions and lower solutions and is the
same as the one in Theorem 2, case (iv) of [19].
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Let us sketch the proof: It suffices to find functions v_, vy € Cgo(l_") such that vy > v_ which
satisfy the equations

Avy+a+ fevt >0 inT,

9 (51
i+b+ge“+20 onaT )
on
and
Av_+a+ fe'-<0 inT,
ou_ (52)

—— +b+geV-<0 onadT
on

respectively.

We denote by P p) the nonlinear problem (P2) and solve this case in four steps. More precisely,
we prove that:

1. For any u € Cg(f), P(q by accepts a lower solution v_ such that v_ <u.

2. For any u € Cg(T), P py accepts an upper solution v, such that vy > u.

3. Choosing f, g appropriately, the set Sy , can be contained in RZ ={(a,b) # (0,0): a<0, b<0}
strictly.

4.1f f, g are # 0 and nonnegative everywhere then S; , = R2. O
6. Proofs of the lemmas
Proof of Lemma 2.1. 1. Let &0 > 0 and (T;)j—1,.. n be a finite covering of T, where

Tj={Q eR* d(Q,0p,) <3, §j=Ij¢jand &j < &0}
Then for any v € Cg?G(Tj) by (1) we obtain
o =1 — 0j
/e“dv = / eV (VEoE; Ydwdtds = 2nzj5]2./e¢<1 + l—%) dtds

i
T; IxD D

<278t +eo)/e¢ dds.
D

From this and by Theorem 1 of [17] we have

/e“ dv < 2n1j5J2.C(1 +€0)exp(u2 / |V¢|2dtds),
Tj D
where [y = ﬁ is the best constant of Sobolev inequality

[ ¢fav < cexplyualv s3]

D

with f e (D).
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Moreover from (2) we obtain

f|VU| dV—2n/|V¢| U +8;t)dtds > 2nl,(1—80)f|V¢| dtds,
TJ

thus

/|V¢>| dtds < /|Vv| dv.
_80

Finally, we have
v 12%) 2
e’ dV <Cgexp| (1 +ceg)=—— [ IVu|“dtds |,
2ml;
Tj Tj
where Cg, = 2711,6}2.C(1 +&p) and 171_50 =1+ceg, c>0.
2. Let us choose § > 0 such that the torus T is covered by N open subsets
Tjs2={Q eT:d(Q,0p,) <35/2}.
We consider the decreasing real valued C* function ¥ (r), which equals 1 for 0 <r < §/2 and 0 for
r = ¢ and we note ¥;(Q) =¥ (d(Q, Op))).
The ¥;'s defined on T; ={Q € T: d(Q, Op;) <é} are G-invariant, but they are not a partition of

unity.
Let v e CSOG(T) Then (v¥)) € (3% <(Th and from the first part of this lemma we obtain

/ ev?idv <C exp[(l + cso) ||V(U1P])H ] (53)

Tj
Because of the following relation:

| Vw3 < 1% VI3 + 219 VooV e + vV w3

and since for all &9 > 0 a constant D, exists such that

1% VUl lvV )] < £0ll ¥ VUll3 + De, UV 113,
we obtain

| Vw2 < (1 +260) V013 + Divl3,

where D = (2D, + 1)(supy |V¥[?).
From (53) because of the last inequality we have

/euwj v <C exp[(l +ceo)(1 + 280)2”‘72[ IVl + D||u||§], (54)
j
Tj

where D = (1 4 cgg) 2 pran D



676 A. Cotsiolis, N. Labropoulos / J. Differential Equations 251 (2011) 651-687

Since infl; =1 —r given & > 0 we can choose &g small enough such that from (54) we obtain

N N
/e“dV<Z / e“dVgZ/e”q’JdV
T T Tjs2 i=1 Tjs
n2 2 2
<C \Y D )
eXp[(Zn(l )+€>|l vz + ||U||2}

and so we have the desired inequality.
1%

Now we need to prove that the constant lefr) is the best constant p such that the inequality

fe“dv < Cexp[(u + &) VUll2 + Dllvi2]
T
holds for all v e I:If,c.

For that purpose, for all ¢, we need to find a sequence (vy) € H%G, such that for all A, E € R the
following holds: '

Vugll2 + Allugll2+E  2nd—r
Vugll5 luells ( )+8_

lim < 55
a—0 lnfT el dV U2 ( )
Let us consider the orbit O, of minimum length 27 (I —r). For any &g > 0, let
Tjy={Q eR*: d(Q, Oinp) <8, 8 =50 — 1)},
where d(Q, Ojy) denotes the distance from Q to the orbit O .
It is easy to prove that
d(Q,0p) =8dp(§j,(Q), 0) =8vt2 +52, (56)

where dp denotes the distance in the disc D centered on O.
For all @ > 0 define the functions (vy) by

—2In(e +d*(Q, Ojnp)) +2In(x +82), ifQ e TNTj,,

U"‘(Q):{o, ifQ € T\Tj,.

Since v, depends only on the distance to Ojuf, Uy € Iilf ¢(Tjp)-
Setting ¢ = Ug 0 g}gl we obtain

eVe dV = eU"OSJTO] (VEot&: ) dwdtds
- Jjo

T IxD

= / e?6%((1 — 1) + 6t) dowdt ds
IxD
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)
=2 (—r)8° / et <1 + ﬁt> dtds
D
> 2w (—1)8%(1 — &) f e® dt ds.

Hence, by definition of v, and because of (56) for all £;,(Q) = (t, s) € D we obtain

o+ 82 )2

¢a(§j(Q)) = ln(m

thus

52 2
/e¢’“dtds:/ XN s,
o+ 82(t2 4 52)
D

D

Changing variables in the latter equality we obtain

82)2
b dt d _// @+ do
/e s RN

1
@+’ [ (a 487
B 82 (o + 82r2)2
0

_(a+ 82w
= —

By (57) and (58) we have

82
/e“a AV > (1 — eg)27 (I — r)a2w
T

1
> (1—g)2m?( —1r)s*—
(07
1
= Cé‘oa,
and then

1
ln/e“"‘dV >InCey +1In—,
o
T

where Cg = (1 — g0)2m2(l —r)8%.

677

(57)

(58)

(59)
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Moreover, because of (2) we have

IVUall3 = 2 / Vo (t,s)|* (1= 1) + 6t) de ds
D

<(1+e0)2m(— r)f |V (¢, )| dt ds.
D

Since
Vo (t,5)|" = |V[-2In(a + 6%(2 + %)) + 2In(a + 62) ]
= [—2V[In(e + 82(£% + 5%))]|°
4 26%t 26%s 2
T \a+ 822 +52) o +82(t2 +52)
16842 +5?)
o+ 82(t2 + 5212
we have
442 2
1684¢° +51)

2
[ Ivauteofaas= [ 25T
D D

168%r2 dr
(@+82r2)>

Changing variables we obtain

52

2 T
/|V¢a(t,s)| dtds_lGﬂ/mdt
D 0

(SZ
1
=—/4dr.
n2 ) (+71)?2
0

We further define the function

52
1
h(a):ln——/#dt, a>0,
o (@ +1)2
0

and changing the variable we obtain

(61)
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52
1 T
he)=In— — | ————d
=z /a2(1+g)2 ‘
0
82/a 82/a
1
- / Lau- / B
u (1+u)?
52 0
82 /a
-/ G /
- u (1+u)2 (1—|ru)2
52
82 /a

852

and because of

[1_(1+u-wﬁu—1=[1_<1+5>_2

52
_ _ —1\=21,,-1 4, _ u
_/[1 (1+u™") "Ju"du /7(1+u)2du
0

we finally obtain

oo 52

. _ . —1\—27, -1 _
Jlg]oh(a) = / [1—(1+u™") "Ju"du aTo2 du
0

82
00 52
</2u_2du—/Ldu=Co.
(1 +u)?
52 0

Thus, for any o > 0 close to 0 the following holds:

1
/(a+r)2 r=ln +Cl

From (60)-(62) we obtain

(I4+e0)2n(—r), 1

IWwﬁé———————m&+c

2

679

(62)

(63)
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On the other hand we have

||vo,||§=2n52/|¢a|2((l—r)+at)dtds
<(+e0)2m(l— r)zSZ/ |po|* dt ds

o+ 82
=C 21
O/‘ n( +82(t2+s2))

= 4C0/ (In(a + 82) —In(a + 82 (tz + 52)))2 dtds

2
dtds

< SnCo/ [21n%(a + 8%) + 2In? (¢ + 8% (¢* +5%))] deds
D

1 1
=8ﬂco</21n2(a+82)rdr+f21n2(a+82r2)rdr)
0 0

1 1
8
=87 Coln?(a + 82) /2rdr+ i 0/1n2a+822282rdr
0 0

87TCO

1
=87 Coln? (oz~|—8 /ln2a+522 a+82 2)d
0

a+s?

=C1+Cy / In? ¢ d¢

o
=C1+Co[¢(In¢ —2In¢ +2)]°‘+‘S
=C1 + Co[(« +6%)(In* (o + 8%) — 2In(a + 6%) +2)] — Coo (I — 2Inex +2),

and since lim,,_;+ (¢ Ina) =lim,,_ ;+ (@ In? @) = 0 we have

lvell3 < C1+C2C3=C. (64)
Finally, from (59), (63) and (64) for any A, E € R the following holds:
(14€9)27 (I-1) 1
IVuall3 + Allvell3+E _ %, g +C
In [, evedV ~ Inl+4ng,

thus,

Vugll2 + Allvg |2 + E 27 (l—
lim Vuglls + Allugll; + <(1+20) 7 ( r). (65)
a—0 In [, evedV M2
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2”(’ N <280 4 ¢ and so from (65) we obtain our

For any & > 0 consider &9 > 0 such that (1 + &))=—— 0

result. O

Proof of Lemma 2.2. Following arguments similar to those in [4] and [30] we prove the first and
second part of the lemma, respectively.

1. Our aim here is to find a constant Cg, such that for any ¢ > 0 and for all functions v € Hg, with
JyvdV =0 the following inequality holds

[evav <coem[+ovui]
T

where yu = m if Hc=H 1G andu_SﬂL if Hc=H 1G.
(i) Let v e C&OG(T) with fT vdV =0 and U =sup(v, 0).

Then ¥ eIZI%YG(T) and
. 1
/vdx_—/vdx /|VU|dX /|VU|dX

R3
For any t € R, denote by m;(v) the measure of the set
i) ={xeT: v(x) >t}

Given v € CSOG(T) m¢(v) is a decreasing function of t, not necessarily continuous. Let m > 0 depend-
ing on &. Then, for a given v € Coc(T) two different cases can occur: whether there exists s > 0 such
that mg(v) > m or not.

(a) Suppose there exists s > 0 such that ms(v) >

If we denote

S =sup{s e R: ms(v) >m},

we will have S >0, ms;1(v) <m and mg,(v) > m.
According to Lemma 2.1 we have the following:

/ev dV:eS+1/euf(S+l)dV <e5+1/e“j§1)dv
T T T

£ — 2
<e*tCep em[(u + 5) IVUI5 + Dep2flv = (S + 1)|!2]. (66)
Since fT vdV =0, and || U1 = %||u||1 by Poincaré inequality there exists a constant C; such that

1
||U||1——||U||1 CillVullz, (67)

and since S + 1 > 0 we obtain

lv =S F D], <15 < C1lIVVll. (68)
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From the last two inequalities, by Hoélder’s inequality and the Sobolev continuous and compact em-

bedding of IZI%’G in L(T), we obtain

v =G+ <mf v —+1];

i DETCE

1/2 2
<m'2¢y|vu)3,

where C; is a constant independent of v and wu.
By the definition of £2;(v) we have that

20(v) ={xeT: v(x) >0}
and

RspW)={xeT: vx) >5/2}.

Thus

. S S
Ol = / vdV > / vdV > / —dV =-mg;(v).

2 2
$£20(v) 25/2(v) 2s2(V)

From (67) and (70), since ms/;(v) > m, we obtain

. 2
< —— vl < =G1|Vul2.
ms/2(v) m

The elementary inequality

1
x<Sx2+§, xeR, S>0,

with x = ||Vv||; yields

1
IVullz < SIVUl3+ S>0.

g,

From (71), and because of (72), we obtain

2G, , 1
s<=(sIv -,
m<I| U||2+S>

and with % =T we obtain

-5

S<m|Vv|3+4Cm=3 =m||Vu|3 + C3m 3.

(69)

(70)

(71)

(72)

(73)
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Thus, from (66), and because of (69) and (73), we obtain

&
/e”dv <Ce exp[(% + 5+ DeppCom'/2 +m) ||W||§] (74)

where C; = Cs/2 exp(C3m™3 +1).
(b) Suppose now that ms(v) < m for any s > 0.
By Lemma 2.1 we have the following:

- 8 . o
[erav < [erav <cop exp[(u + 5) IV5 13+ Dea ||v||§}
T T

or

&
/ev dV <Ce 2 exp[(u + 5) VU3 + D¢ /2 ||v||§}. (75)
T

In this case, mp(v) <m and so
v o2 1/2 v o2 1247412 1/2 2
1013 <my> W) 013 < m2 012 <m'2C, | Vul3. (76)

From (75), and because of (76) we obtain
v € 1/2 2
e’ dV <Cgppexp| | n+ 5 +DeppCom /= +m |[|Vully |. (77)

In both cases we have to choose m > 0 such that

1/2 €

DgjpCom/“4+m < 3

and

2Cq
Ce =Cepaexp g +1

so, for all v € Hf ; with [ vdV =0 the following inequality holds

[evav <coem[+ovui] (78)
T

where p = 161T'
(ii) Let now v € Hf ¢- Following the same steps as in the first part of Lemma 2.1 by Theorem 3
of [18], for all v € CZ°(T), we obtain

1
/e“dV <Cexp (1+cs)—f|Vv|2dV . (79)
1672;
Tj Tj
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Consequently, since CZ°(T) is dense in H%G and (79) holds for any j=1,2,...,N, by the second
part of Lemma 2.1, we conclude that, for all & > 0, there are constants C; and D such that for all
ve H%,G the following holds:

/e“dv < Ceexp[( +8) VI + Do JUl2].
T

where @ = 8711—L is the best constant for this inequality.

Following the same steps as in the first part of this lemma we derive that for any & > 0 and for

all functions v € nyc, with fT vdV =0 the following inequality holds

[ e av < ceexpliu+ enivui3) (80)
T

where p = gl

By parts (i) and (ii) of the lemma we conclude that, for all ¢ > 0, there exists constant C. such
that for all v e I:If’G or v e H%,c with fT vdV =0, inequalities (78) and (80) hold respectively.

. . ~ ‘l
Finally, we observe that if U =v — ST fT vdV we have

- 1
T T

T
—/UdV L /UdV/dV
- 272121
T T T
1
:/UdV——Vol(T)fudV
Vol(T)
T T
:0’

and so, rewriting (78) and (80) with U =v — ﬁ fT vdV we obtain:

1
v - — 1%
(U ZanZI/Ud )

T

2
]7
2

1
/e“_znm: Jrvdv gy < Ce exp[(u +8)

1
e 222 Jrvdv

/e“ dV < Ceexp[(u+ &) VUl3]
T

or
/e“dV<C exp (/L+8)||Vu||2+#/udv
e 27 27252 ’
T T

and the first part of the lemma is proved.

2. Let v € CZ(T), with faT vdS=0, ¢ =vo&~! and n the outward unit normal.
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By Stoke’s theorem we have
/e“ ds :2ﬂr2/e¢‘(l+rt) dop
aT aD

<2l +r) / e? dop
9D

=271’ +7) / div(e’n) dt ds
D
:271r2(l+r)/[divn+n(¢)]e¢dtds
D
<271r2(l+r)[(?0/e¢dtds+/|V¢|e¢dtds], (81)
D D

where Co = supp (|divn]).
By (81), and because of Theorem 4 of [17] arises

/e“dSganz(l+r)[Cofexp(,u||V¢||§)+/|V¢|e¢dtds] (82)
aT D

By Holder’s inequality and by Theorem 3 of [18] we obtain
12
/ |Vole? dtds < ||V¢>||z</e2¢ dtds) < ClIVal2exp(2i21Vol3), (83)
D D

where /& is a constant greatest than 1/8.
From the elementary inequality t < C;exp(egt?), t >0, &g > 0 and C; a constant with arbitrary
g0 >0 and t = ||V¢|2 we obtain

IVell2 < Crexp(eolVel3). (84)
Combining inequalities (82)-(84) we obtain
/ eV ds <2mr*(1+1)[CoC exp(2|| Ve |35) + ClIVel2 exp(22lIVl13)]
aT
<2711+ 1)[CoC exp(fl| Ve 113) + CCrexp(eol Vo 13) exp(22lIVl13) ]
<2mr?(1+1)C(Co + C1) exp[ (21 + £0) [V 13].

Since

=1

||V¢||§=f|V¢|2dtds< /|Vv|2dv,
D T
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the latter inequality becomes

- 20
/e“dsgznr2(1+r)C(co+c1)exp<@/|Vu|2dv>
aT T

20 +¢
gCexp(#/WuRdV).
T

Given ¢ > 0, we can choose &y > 0 such that

2L+ ¢ 2/
$<TM+8=M+S,

and the last inequality yields

/evdS<Cexp<(u+8)/|VU|2dV>. (85)
d T

Rewriting (85) with U =v — ﬁ J7 vdS yields the second inequality of the lemma. O
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