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1. Introduction

An inverse eigenvalue problem consists of the construction of a matrix with prescribed structural
and spectral constraints. This is a two level problem: on a theoretical level the target is to determine
if there exists a solution matrix with the given constraints; and on a practical level the target is an
effective construction of a solution matrix when the problem is solvable. Inverse eigenvalue problems
are classified into different types according to the specific constraints. For interested readers, we refer
to the book by Chu and Golub [3] where an account of inverse eigenvalue problems with applications
and exhaustive bibliography can be found.

A particular class of inverse eigenvalue problems are completion problems: given a matrix P with
some of its entries specified, we would like to decide if and how we can choose unspecified entries
of P in such a way that the completed matrix satisfies certain spectral properties. A survey on these
type of problems is given by Ikramov and Chugunov in [5], where they are specially interested in
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the development of finite rational algorithms to construct a solution matrix. A different approach to
the problem is given by Chu, Diele and Sgura in [2], where they consider gradient flow methods. An
extensive list of results in completion problems is given by Borobia in [1].

Our work was motivated by an interesting result of Hershkowitz [4]. He considered the case of
a matrix of order n with prescribed spectrum, with at most 2n — 3 prescribed entries in arbitrary
positions, and with the prescribed entries of the matrix and the prescribed eigenvalues lying in the
same field. He showed that, except in some very special cases, such a matrix can always be completed
with elements of the field to a matrix with the given spectrum.

When presented with a partially prescribed matrix P of order n there are some situations in which
we can immediately see that the completion to a matrix with a given spectrum A = {A1, ..., An}is
not possible. For example, let P have a line (row or column) with all its elements prescribed, with all
the off-diagonal entries in that line equal to 0 and the diagonal entry not in A. If such a line in a matrix
P does not exist we will say that the lines of P are consistent with A. Another example, where the
completion is clearly impossible, is when we have all the diagonal elements of P prescribed and the
sum of the diagonal elements is different to the sum of the elements in A. If this is not the case, we will
say that the diagonal of P is consistent with A. Hershkowitz proved that the two situations mentioned
above are the only ones that we need to exclude if we want to find a completion of a matrix P with at
most 2n — 3 prescribed entries to a matrix with prescribed spectrum A.

Theorem 1.1 (Herskowitz [4]). Forn>2 let A = {Aq, ..., Ay} be a given multiset of elements in a field
&. Let P be a matrix of order n with at most 2n — 3 prescribed entries that belong to §, and such that the
lines and the diagonal of P are consistent with A. Then P can be completed with elements of & to obtain a
matrix with spectrum A.

While matrix completion problems over fields have been extensively studied, little is known about
completion problems over rings. Except in the case where there exists a line with all its elements
prescribed, we will be able to extend Theorem 1.1 to arbitrary integral domains. The following theorem
is the main result of this work.

Theorem 1.2. For n>2 let A = {\q, ..., Ay} be a given multiset of elements in an integral domain ‘R.
Let P be a matrix of order n with at most 2n — 3 prescribed entries that belong to ‘R, and such that the
diagonal and each line of P have at least one element unprescribed. Then P can be completed with elements
of R to obtain a matrix with spectrum A.

Note that the completion problem for a matrix P with the diagonal fully prescribed and consistent
with A is equivalent to a completion problem for a matrix obtained from P by changing one of the
prescribed entries on the diagonal to unprescribed. Therefore Theorem 1.2 can be trivially extended
to matrices that have the diagonal fully prescribed and consistent with A.

Corollary 1.1. Forn>2let A = {Aq, ..., An} be a given multiset of elements in an integral domain ‘R. Let
P be a matrix of order n with at most 2n — 3 prescribed entries that belong to R, such that each line of P
has at least one element unprescribed, and such that the diagonal of P is consistent with A. Then P can be
completed over ‘R to obtain a matrix with spectrum A.

Remark 1.1. We can not extend Theorem 1.2 to matrices that contain a line that has all its elements
prescribed. Let P have a line with all its elements prescribed and contained in a proper ideal 3 of the
integral domain R. The determinant of any completion of P is an element of 3. Therefore no completion
of P can achieve the spectrum A = {1, ..., 1}, where 1 denotes the unity of ‘R, since the product of
the elements of A is 1, and 1 is not an element of J.

2. Notation

For convenience of the reader we provide a comprehensive list of the notation used at this point, al-
though the motivation for some of the notation will not become apparent until later in the manuscript.



608

A. Borobia et al. / Linear Algebra and its Applications 433 (2010) 606-617

o R will denote an arbitrary integral domain.

o M, will denote the set of n x n matrices with entries in ‘R.

o R will denote the set R U {1}, where [J will denote an entry that is unprescribed.

o M, will denote the set of n x n matrices with entries in ‘R (in other words, M,, denotes the set
of matrices that can have some unprescribed entries).

e M,, will denote the set of all matrices P € M, such that foralli = 1,...,n we have pj; = Oor
pi» = U (observe that M,, denotes a class of matrices that have a restriction on the prescribed-
unprescribed pattern in the first two columns).

e Let T € S, where S,, is the symmetric group on n elements, and let P € M, we define

T(P) = (pr(i)r(i))Z,:] :

IfP € M, then (P) = TPT~!, where T is the permutation matrix corresponding to T.

e For P,Q € M, we say that they are related if Q = 7(P) or Q = 7(P") for some 7 € S,. It is
clear that this defines an equivalence relation. We will denote the equivalence class of P by £(P).
That is,

EP) ={t(P): Tt €S} U{r(PT) : T €S,).
Notice that if P € M, then all matrices in £(P) have the same spectrum.
e P(; will denote the i-th row of P,

o P9 will denote the j-th column of P,
o #P will denote the number of prescribed entries in P,
o #P(; will denote the number of prescribed entries in P(;),

o #P¥) will denote the number of prescribed entries in P9,

3. Previous results

3.1

Reductions

In this section we will see how to construct, from a given matrix P € M, and a given L € R, a

reduced matrix Iy (P) € Myu—1.The interesting point is that if Iy (P) can be completed with elements
of ‘R to obtain a matrix with spectrum {A1, ..., A,_1} then P can be completed with elements of ‘R to
obtain a matrix with spectrum {A, Aq, ..., Ap—1}.

Our method is based on a result obtained by Smigoc in [6]. Here we extend to integral domains a

simplified version of that result.

Lemma 3.1. Leta € R; b,c € R" 2 and D € My_». Define the matrix:

al| b’
B=<c D )EMn_l. (1)
Foranyx, > € Rand anyy € R"2 define the matrix:
X+ A P y!
A=la—x—X1 a—x|b —y" | e M, (2)
c c | D

Then the spectrum of A consists of all the eigenvalues of B with A adjoined.

Proof

W—X—A —x —yT

_
det(ul —A)=det| —a+x+1 p—a+x| —b' +y" |Ri+R — R
—c —c | wl—D
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w—a w—a —b’
=det|—a+x+1 pu—a+x| b +y |G-CG— G
—c —c | wl—D
u—a 0 —b’
=det|—a+x+Ar pu—Ar| —b 4y’
—c 0 | wl—D
o pw—a| —b'
=(u A)det( —c /LI—D)

= (u — A) det(ul — B)
Then the spectrum of A consists of all eigenvalues of B with A adjoined. [J
We will use Lemma 3.1 to prove Theorem 1.2 by induction on the size of the partially prescribed

matrix, since it permits to reduce a completion problem for a matrix in M, to a completion problem
for a matrix in M, _1. The following three definitions give an explicit formulation of the reduction.

Definition 3.1. We introduce the following two operations between elements in R:

1. Givenrq, 1y € R we define
_n+nr ifri,, e N
non= { O otherwise
2. Given s, sy € R with at least one of the elements equal to [, we define

O if51252:|:|

1085 = . .
105 {si if s; € N for some i

(Operation @ is not defined if both s; and s, belong to ‘R.)

Definition 3.2. Given a matrix
qun 412 =
= €
Q (fm Q22) Mz
and given A € R, we define the A-reduction of Q in the following way:
qn + q= if q11,q21 € N
qi2 + q22 if g2, 422 € N
N =1{aqun+gq2—r ifqugneeR
iz +qu +A  ifqugn eR
O otherwise

Definition 3.3. For n > 3, given a matrix

qu  q12 | 13 --- {in
921 q22 | 923 ...  Qon

Q= |91 92|43 .- Bn | ey, (3)
Qn1 qn2 | 9n3  --- Qnn

and given A € ‘R, we define the A-reduction of Q as the matrix
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qun  q12
I’ .
I3 <q21 thz) ‘ q13 @ q23 din D q2n
Q) = q31 © Q32 qs3 e d3n € Mpy_1. (4)
an1 O Gn2 qn3 ce Gnn

Example 3.1. We provide some examples:

a O| b O O
O cld O e a+c—)\\bJDrd O S
1.Q=|0 f |0 g h|eXsThenli(Q) = é Lot
O Oli O O L O
i Ok O 1 J
: B2 2 |5 O
2.Q = eMy.Then(Q)=|7 O 1 |.
O 7 [0 1 Ols o
O Ol2 0O
O O|s Ol 9
3.0=(4 O] 4 eﬂg.Thean(Q)=<3 D).
3 00
3.2. Lemmas

Let us assume that P € M, satisfies conditions of Theorem 1.2, that is, P is a matrix of order n with
at most 2n — 3 prescribed entries that belong to R, and such that the diagonal and each line of P have
at least one element unprescribed. It is convenient to present these conditions in the following form:

S$1 First row of P is not fully prescribed: #P(1y < n.

S2 Rows 2, ..., nof P are not fully prescribed: #P(y), . .., #Pn) < n.

$3 First column of P is not fully prescribed: #PD < .

S$4 Columns 2, . . ., n of P are not fully prescribed: #P@, . #P™ < n,
S5 The diagonal of P is not fully prescribed: #diag(P) < n.

S6 P has at most 2n — 3 prescribed elements: #P < 2n — 3.

Notice that if P satisfies conditions S1-S6, then so does every matrix in £(P). Let us assume that we
have found in £(P) some Q € M,,. Next we list some initial observations that we can make for I'; (Q).

Lemma 3.2. Let Q € M, satisfy conditions S1-S6 with n > 3. Then

1. I.(Q) satisfies S1.
2. I (Q) satisfies S2if #Q3), . . ., #Qn) < n — 2.In particular, this happens in the following situations:

(a) Q has no empty rows.
(b) #Qp) 2 #Q3) > ... > #Qum).

3. I (Q) satisfies S3 if #Q M + #Q@ < n.

4, I (Q) satisfies S4.

5. I.(Q) satisfies S5 unless qs3, . . ., qnn are prescribed and exactly two of the elements q11, q12, q21, 422
are prescribed.

6. I, (Q) satisfies S6 in the following cases:
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(a) Prescribed entries in rows Q1) and Qz) lay in at least two different columns, and at least
one prescribed entry in rows Q1) and Q(y) lays in columns Q(3), ol Q(”), In particular, this
happens if #Q(1) > 2 or #Q(2) > 2.

(b) #Q(1y = 0 and #Q3) > #Q3) > ... > #Qqn).

(c) #Qmy = 0and #Q2) > #Q3) = ... =2 #Q().

Proof

1. As#Q(1) + #Q() <#Q <2n — 3 we have
#1,(Q) (1) <min{#Q(), #Qz)} < n —1.

2.Fori=2,...,n—1wehave #I(Q) ) = #Q(iy1) <n — 2.

3. Assumption #Q(U + #Q(z) < ntellsus thateither at most one of the elements q11, q12, 421, g22 is
prescribed or there exists i € {3,...,n} so that gj; = qip = [J. Both situations give us
#QW <n—1.

4. 1f #I(Q)Y =n — 1 for some j = 2,...,n — 1, then #QU*+D = n, which contradicts the as-

sumption that Q satisfies S4.
5. Clear.

(a) In this case we have #Q1) + #Q(2) = #(I.(Q)) (1) — 2, which implies
#H(Q)<#Q —2<2(n—1) — 3.

(b) Item (a) allows us to assume that #Q(») < 1. Then
#5Q) =#Q@) + ... +#Qum <n—2<2(n—1) — 3.

(c) Item (a) allows us to assume #Q(2) < 1. Then
#H(Q)<#Qp)+ ... +#Qm<n—2<2n—1—-3. O

In our next result we will see that if P satisfies all conditions of Theorem 1.2 then we can find in the
equivalence class £(P) a matrix Q € M, such that I'; (Q) satisfies all conditions of Theorem 1.2.

Lemma 3.3. For n >3 let P € M, be a matrix that satisfies conditions S1-S6, and let > € R. Then there
exists in the equivalence class £(P) a matrix Q € M, such that I'; (Q) satisfies conditions S1-S6.

Proof. In the proof we will often assume that elements of a matrix in some specific positions are unpre-
scribed, elements of a matrix in some specific positions are prescribed, and we won’t assume anything
for the rest of positions. To emphasize that the later positions can be any element from R we will denote
such entries by ?. The main difficulty in the proof is to decide on the appropriate cases to look at, so
the proof is divided into many different cases. However, most of the cases are not difficult to resolve.

() P has a line with no prescribed elements.

(LA) Phasaline withno prescribed elements and #diag (P) = n — 1.ThenthereexistsQ € £(P)
of the following form:

o o ... O by ... by
O a ... ? ? s 7
Q=10 ? - T ? ? G/\?n
a2 ?7 A ... 7
0o 2 72 an
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with #Q(2) > ... > #Q; for some 2<i<n, and bjy1,..., by, ay,...,a, prescribed. Note
thati = 1 would imply #Q >2n — 2.

e I.(Q) satisfies S1, S3, S$4, and S5 by Lemma 3.2.
e I.(Q) satisfies S2:

- If #Q(1) > 1 then Q has no empty rows. Apply Lemma 3.2, item 2(a).
- If #Q(1) = O then #Q(2) > #Q(3) > ... = #Q(y). Apply Lemma 3.2, item 2(b).

e I.(Q) satisfies S6:

- If#Q(1) > 1then g1, = by and g = aj are prescribed. Apply Lemma 3.2, item
6(a).
- If #Q(1) = O then #Q3) > - - - > #Q(n). Apply Lemma 3.2, item 6(b).

(LB) P has an empty line and #diag (P) <n — 2. Then there exists Q € £(P) of the form:

Q=1. . e My
O 72 .. 2

with #Q) > #Q3) > ... = #Q().

e I.(Q) satisfies S1, S2, 3, $4, and S5 by Lemma 3.2.
e I (Q) satisfies property S6:

- Lemma 3.2, item 6(a), resolves this case if #Q(1) > 2, if #Q(o) > 2, or if #Q(1) =
-+ = #Q() = 1.In the last subcase we can assume that the prescribed entry
in the first row and the prescribed entry in the second row are in different
columns, as Q has no full line.

- If #Q(1) = 0O, then apply Lemma 3.2, item 6(b).
- If#Qu) = 1,#Q) <1and #Q;) # 1forsomej=2,3,...,n,then#Q) =0
and we can apply Lemma 3.2, item 6(c).

(I1) P has no empty lines. Notice, that in this case no line of P can have more than n — 2 entries.

(ILA) There exists a line with its only prescribed entry on the diagonal. Then £(P) contains a

matrix
a, O ... 0O a4 ... a
o 2?2 ... 7 ? - ?
o=|0 ?2 ... 72 7 ... ? | eM,
[ ? ? ?
0o 2?2 ... 7 ? . ?

with #Q() > . .. > #Q(; for some 3 <i<n, where ay, aj1,...,a;, € R.



A. Borobia et al. / Linear Algebra and its Applications 433 (2010) 606-617 613

e I.(Q) satisfies S1, S2, $3, S4, and S5 by Lemma 3.2.
o [ (Q) satisfies S6:

- If#Q(1) = 2 or #Q(2) > 2 then apply Lemma 3.2, item 6(a).

- If#Q(1) = #Q(2) = 1then#Q») = ... = #Q;) = 1.As Q has atleast one un-
prescribed entry on the diagonal, we can assume that g5 = [J. Apply Lemma
3.2, item 6(a).

(IL.B) All lines with exactly one prescribed entry have this entry out of the diagonal. Suppose that
there exist t columns and s rows each of which have exactly one prescribed entry. Note that
t,s >3 since #P < 2n — 3 and P has no empty lines. As we are looking for Q € £(P), we
can assume that t >s > 3 and the first t columns of P have exactly one prescribed entry. Let
Pi;1, - - -, Pi,e Where iy # kfork = 1,.. ., t, be the prescribed entries in the first t columns
of P. We have the following possibilities:

(ILB.1) Two of the prescribed entries in the first t columns are p; and pj with i # k. Then
£(P) contains a matrix

O b ? ?

o 0o 2 ?

a O 7 ?
Q=0 O ? 7| € My,

o0 2?2 ... 2

where a,b € R.

e I(Q) satisfies S1, S2, 3, $4, and S5 by Lemma 3.2.
e As Q has no empty line, the second row has a prescribed entry. Then I} (Q)
satisfies S6 by item 6(a) of Lemma 3.2.

(IL.B.2) No two prescribed entries in the first t columns are of the form p;; and pj, withi # k,
and there exist two prescribed entries in the first t columns of the form p;; and pj;.
Then £(P) contains a matrix

O O c¢ ? ?

O o0 o 2 ?

a O 0O 2 ?
10O b [ ? —
=g o o » 2 | EMm

O 0 O 2 ?

where a,b,c € R.

e I (Q) satisfies S1, S2, S3, S4, and S5 by Lemma 3.2.
e As Q has no empty line, the second row has a prescribed entry, and I (Q)
satisfies S6 by item 6(a) of Lemma 3.2.

(IL.B.3) We have iy, ...,i; > t.
Recall that #P < 2n — 3, that every line of P has at least one prescribed entry, and
that P has exactly t columns and exactly s rows with one prescribed entry. Those
assumptions give us:
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max{#PW, .. #P™W) <t —1 and max{#Pq, ..., #Py) <s— 1.

In particular, this means that the first t rows of P can not have the same pattern
of prescribed entries, and that the first s <t columns of P can not all have their
prescribed entry in the same position. We may assume that the first and the second
rows of P have different patterns of prescribed entries.

If iy # iy, then we consider the matrix Q = P. If iy = iy then we chose some k <t
suchthatiy # ix. Theneither rows 1and k have different pattern of prescribed entries
orrows 2 and k have different pattern of prescribed entries. Without loss of generality
we may assume that rows 1 and k have different pattern of prescribed entries. Then
we consider the matrix Q = t(P) where t € S, is the transposition of 2 and k.

We have obtained Q € £(P) of the form

O gl ¢ - 2
o gl... 2?2 -.- d
: ? ?
Q= a O c X,
O b
2 ?

with #Qm = #Q(z) = landa,b,c d € R, where a and b are in different rows, and
c and d are in different columns.

e I (Q) satisfies S1, S2, S3, $4, S5 and S6 by Lemma 3.2. [

3.3. Completions

Let >3, Q € M, and A € R. Then I (Q) is well defined. In this section we show for every
completion B of I, (Q) how to construct a completion A of Q with spectrum the spectrum of B with A

adjoined.
Let Q € M, and I';(Q) € Mj;_1 be given as in (3) and (4), and let
bn ‘ b1z oo bin
b21 b22 e bZ,n—l
B = . . . . € Mn—‘]
bn—11 | bn—12 ... ba—1n—1

be a completion of I, (Q). The tables below show how matrix

aip a2 | 13 ... Q1p

a1 G2 | G423 ... d2n
A=|%1 032 033 ... O | c g

an1 ap2 | p3 ... Omp

can be constructed:
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arn qun 412
d d ,
azz) epend on ( )

1. The entries in (Z“

A and bq; as follows:

21 q21 422

qu 412 qu  q12 a4
q I b1y

21 Q22 421 422 [ ]

0 o a a—AXA
O O - a 0 X

r O r r—aA
o 0O O a a—r a—r—+aAa
U r 0 a r+A r
o 0O a—r—A a-—r
u o . a—r a—r—»x
r O a r r+Aa
o O 0 a—r+A a-—r
0 r a r—A r
r o r r—a

s 0O r—+s r—+s s s+

0 r r+iA r

O s r—+s r—+s s— s

r d r r—aAa
0O s r+s—A r+s—A s— A s

O r r+A r

s 0O r+s4+Aa r+s4+Aa s Y

615

Note that Q € M, implies #(qi; giz) <1 for i = 1, 2 which explains why the first column in the
previous table considers all possibilities.

2. Forj = 3,...,nthe entries in (aU) depend on (qu
az; a2

) and by j_1 as follows:

q1j A . . aj
B q1 D q2j || b1j—1 a;

[l 0

O O a a

r r

] - a a—r

U] 0 a a—r

r r

r r

s r+s r+s s

3. Fori = 3,...,ntheentries in (a;; a;) depend on b;_1 1 as follows:
Tan g2 [ g1Oqn [ hicia [[an an ||

O O O a a a

r U r r ror

U r r r ror

Note that Q € M, implies #(qi1 qiz) < 1fori = 3,..., n which explains why the first column in
the previous table considers all possibilities.
4. Fori,j = 3,...,nthe entry a; depends on b;_1 j_1 as follows:

[ g I bi1j—1 [[ @y ]
] a a
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Itis clear that A is a completion of Q. Note that matrices B and A are of the form (1) and (2) respectively,
so Lemma 3.1 can be applied to conclude that the spectrum of A consists of all the eigenvalues of B
with A adjoined.

4. Main result

At this point we will rewrite our main result, Theorem 1.2, and give a proof that implicitly contains
the algorithm to construct a solution matrix.

Theorem 4.1. Forn>2 let A = {Aq, ..., Ay} be a given multiset of elements in an integral domain ‘R.
Let P be a matrix of order n with at most 2n — 3 prescribed entries that belong to ‘R, and such that the
diagonal and each line of P have at least one element unprescribed. Then P can be completed with elements
of ‘R to obtain a matrix with spectrum A.

Proof. We begin by showing that the theorem holds forn = 2. Assume P € Mj isa matrix that satisfies
the conditions of Theorem 4.1, i.e. P has at most one prescribed entry. Then P is of one of the types
in the table below, where r € R. The second column of the table shows the desired completions of P
with spectrum {Aq, Ay}

I

completion of P

o O M0

O O 0 X

r O r r— A
O O )\.1—1‘ )\.1+)\.2—T
O O AMm+r—1r A —r1
O r r— Ay r
O r )»1 r

O O 0 X

o O M0

r O roA

We proceed by induction on n. Let P € M, satisfy conditions of Theorem 4.1, and let {14, ..., A}
be a given multiset of elements that belong to R. In Lemma 3.3 we showed how to find in the equiv-
alence class £(P) a matrix Q € Mj, such that I3, (Q) € My is a matrix that satisfies conditions of
Theorem 4.1. By induction hypothesis, I, (Q) can be completed to a matrix B € Mp_1 with spectrum
{A1,..., An—1}.In Section 3.3 we showed how to construct a matrix A € M, with the spectrum equal
to the spectrum of B with A, adjoined and such that A is a completion of Q.

Any matrix in the equivalence class £(A) has spectrum {Aq, ..., A,}. Since Q € £(P) then there
exists some 7 € S, such that Q = t(P) or Q = t(P"), therefore we conclude that t~1(A) or t~1(AT)
is a desired completion of matrix P. []

Remark 4.1. This paper concentrates on completion problems over integral domains. Using similar
methods and working over fields, we were able to develop a rational algorithm that completely covers
Theorem 1.1, including the case where we want to complete a matrix that contains a line with all its
elements prescribed. This algorithm will be presented in a forthcoming paper.
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