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1. Introduction

The theory of nonlinear difference equations has been widely used to study discrete models appearing in many fields
such as computer science, economics, neural network, ecology, cybernetics, etc. Since the last decade, there has been much
literature on qualitative properties of difference equations, those studies over many of the branches of difference equations,
such as [1,3] and references therein. In the theory of differential equations, a trajectory which is asymptotic to a constant
state as |s| — oo (s denotes the time variable) is called a homoclinic orbit. It is well known that homoclinic orbits play
an important role in analyzing the chaos of dynamical systems (see, for example, [14] and references contained therein).
If a system has the transversely intersected homoclinic orbits, then it must be chaotic. If it has the smoothly connected
homoclinic orbits, then it cannot stand the perturbation, its perturbed system probably produce chaotic phenomenon.

For a,b € Z, define Z(a) ={a,a+1, ...}, Z(a,b) ={a,a+1,...,b} when a <bh.

Consider the 2nth-order nonlinear difference equation

A”(r(t—n)A”u(t—n)) +qu(t) = f(t,u(t+n),...,u(t),...,u(t—n)), neZ@3), teZ, (1.1)

where A is the forward difference operator defined by Au(t) = u(t + 1) — u(t), A2u(t) = A(Au(t)). As usual, we say that
a solution u(t) of (1.1) is homoclinic (to 0) if u(t) — 0 as t — £oo. In addition, if u(t) = 0 then u(t) is called a nontrivial
homoclinic solution.
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We may think of (1.1) as being a discrete analogue of the 2nth-order differential equation

[r(t)x(”)](n) +qOu) — f(t.xE+n),....x(@®),....x(t—n) =0, teR. (1.2)

In some recent papers [10-12,17,18,28,29], the authors studied the existence of periodic and homoclinic solutions of
second-order nonlinear difference equation by using the critical point theory. These papers show that the critical point
method is an effective approach to the study of solutions of second-order difference equations. Compared to one-order or
second-order difference equations [2,13], the study of higher-order equations has received considerably less attention (see,
for example, [4,15,35] and references contained therein). But to the best knowledge of the authors, results on existence of
homoclinic solutions of (1.1) have not been found in the literature. Recently, Cai and Yu [7] considered the existence of
periodic solutions of special cases of (1.1):

A"(rt —m)AMut —n)) = f(t,u@®)), neZ@), tel. (1.3)

In fact, there are some papers which discussed the equations containing both advance and retardation. Guo and Xu in [10]
have given some criteria for the existence of periodic solutions to a class of second-order neutral differential difference
equations as the following type

u'(s—1)—u(s—1)+ f(s,u(s),u(s —v),u(s —21)) =0, seR.

Smets and Willem [27] had proved the existence of solitary waves with prescribed speed on infinite lattices of particles
with nearest neighbor interaction for the following forward and backward differential difference equation

Au"(s) =V (uGs+1) —u() = V'(u@s) —u(s — 1)), seR.

In some recent papers [16-28], the authors studied the existence of periodic solutions and subharmonic solutions of
some special forms of (1.1) by using the critical point theory. These papers show that the critical point method is an
effective approach to the study of periodic solutions for difference equations. Along this direction, Ma and Guo [17] (with
periodicity assumption) and [18] (without periodicity assumption) applied the critical point theory to prove the existence
of homoclinic solutions of the following equation

Alp@®Aut —1)] —q®Ou(t) + f(t,u(t)) =0, (14)

whereteZ,ueR, p,q:Z—Rand f:ZxR—R.

However, to our best knowledge, no similar results are obtained in the literature for (1.1). Since f in (1.1) depends on
u(t +n,...,u(t —n), the traditional ways of establishing the functional in [17,18] is inapplicable to our case, there is few
paper discussing this point, see [33].

The main purpose of this paper is to give some sufficient conditions for the existence of homoclinic orbits of (1.1) using
the critical point theory by establishing the corresponding variational structure which is different from [10-12,16-18,28-35],
which seems not to have been considered in the literature.

In the present paper, motivated by the above paper [5,6,8,9,17,18,28,33,35], we will consider the homoclinic orbits of
(1.1) under two assumptions on the nonlinearity f: superlinear and sublinear conditions. In fact, we will establish some
new existence criteria to guarantee that Eq. (1.1) has one homoclinic solution or infinitely many homoclinic solutions under
more relaxed assumptions on F. We generalize some existing results in the literature. However, our method used in this
paper is quite different from [33]. Furthermore, it is worth pointing out that the Euler equation corresponding to the
variational functional in [7] is only applicable to the case when n is even. When n is odd, the Euler equation corresponding
to the variational functional defined in (2.3) is the following equation:

—A"(rt = m)A"u(t —n)) + q®)ut) = f(t,ut +n), ..., ut),....,u(t —n)), neZd),teZ. (1.5)

For the sake of convenience, throughout this paper, we always assume that n is even, of course, we can obtain the similar
results of (1.5), we omit this course.
Our main results are the following theorems.

Theorem 1.1. Assume that q and F satisfy the following assumptions:

(r) ForeveryteZ,r(t) > 0.
(q) ForeveryteZ,q(t) > 0, and lim¢|— 400 q(t) = +00.

(F1) There exists a function F(t, Xy, . .., Xo) which is continuously differentiable in the variable from x,, to xq for every t € Z and satisfy
0
D i+ i Xngis o Xi) = F(E Xn X1, X0, X1, X ) (1.6)

i=—n

and
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" 12 N 172
|f(t,xn,xn_1,...,xo,x_l,...,x_n)|=0<<fo) ) as(fo) -0,

i=—n i=—n

n n
|F(t,xn,...,x0)|:o(2xf>, as Zx?—>0
i—0 i=0

uniformlyinte 7\ J.
(F2) F(t,xn,...,x0) = W(t,xo) — H(t, X, ..., X0p), for every t € Z, W, H are continuously differentiable in xo and xp, ..., Xo, re-
spectively. Moreover, there is a bounded set | C Z such that
H(t, X, ...,%9) = 0.
(F3) There is a constant (. > 2 such that

0 < W (t,xo) < Wy(t,Xo)Xo, Y(t,x0) € Z x (R\ {0}).
(F4) H(t,0,...,0) =0 and there is a constant o € (2, j¢) such that

0
> Hy it Xn. . x0)X_i < QH(t. X, ... X0).

i=—n

(F5) There exists a constant b such that
H(t, Xp,...,X0) <by®, forteZ, y>1,

where y = (31 x)1/2.
Then Eq. (1.1) possesses at least one nontrivial homoclinic solution.
Theorem 1.2. Assume that Eq. (1.1) satisfies (1), (q), (F1)—(F5) and the following condition:
(F6) F(t,—Xn, ..., —X0) = F(t,Xn, ..., X0), V(t,Xn,...,X0) € Z x R"1,
Then Eq. (1.1) possesses an unbounded sequence of homoclinic solutions.
Theorem 1.3. Assume that r, q and F satisfy (r), (q), (F1), (F3)-(F5) and the following assumption:

(F2') F(t,Xn,...,%0) = W(t,xo) — H(t, xpn, ..., Xo), for every t € Z, W, H are continuously differentiable in xq and xy, ..., Xg, re-
spectively. And

|F(t, Xn, ....%X0)| :o(yz) asy — 0,

2

where y = (31 x2)"/2 uniformly int € Z.

Then Eq. (1.1) possesses at least one nontrivial homoclinic solution.

Theorem 1.4. Assume that r,q and F satisfy (r), (q), (F1), (F2"), (F3)-(F6), then Eq. (1.1) possesses an unbounded sequence of
homoclinic solutions.

Theorem 1.5. Assume that r, q and F satisfy (1), (q), (F1), (F2’) and satisfy the following assumptions:
(F7) Foranyt € Z,

F(t,xn,...,%0) 2 F(t, x0) 2 0.

(F8) For any r > 0, there exista=a(r), b =b(r) > 0 and v < 2 such that

0 n 1/2
)F(t,xn,...,x0)< Z Fpntit Xn, ... . X0)X_i, VteLZ, <lez> >r.

i=—n i=0

24—
( a+b(yiox))v/?
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(F9) ForanyteZ,

lim [5—2 min F(t, sx)] = +oo.

s—>+4o00 [x|=1
Then there exists an unbounded sequence of homoclinic solutions for Eq. (1.1).

Theorem 1.6. Assume that r, q and F satisfy (r), (q), (F1) and the following assumption:

(F10) F(t, xn,...,Xo) = 0 and there exists a constant 8 > 2 such that

n
0 < BF(t.Xn, ... %0) < ) Fip(. Xn. ... X0)Xi,
i=0

forall (t, %, ..., %) € Z x R™1\ {(0,0,...,0)}.

Then Eq. (1.1) possesses at least one nontrivial homoclinic solution.

Theorem 1.7. Assume thatr, q and F satisfy (r), (q), (F1), (F6) and (F10), then Eq. (1.1) possesses an unbounded sequence of homoclinic
solutions.

When F is subquadratic at infinity, as far as the authors are aware, there is no research about the existence of homoclinic
solutions of (1.1). Motivated by the paper [34], the intention of this paper is that, under the assumption that F is indefinite
sign and subquadratic as |t| — 400, we will establish some existence criteria to guarantee that Eq. (1.1) has at least one
homoclinic solution by using minimization theorem in critical point theory.

Theorem 1.8. Assume that r, q and F satisfy (r), (q) and the following conditions:

(F11) There exists a functional F(t, Xy, . . ., Xo) Which satisfies (1.6) and there exist two constants 1 < y1 < y» < 2 and two functions
ai, az € 12/@=Y1(Z, [0, +00)) such that

n 1/2

v1/2 n
|F(t,xn,...,x0)\<a1(t)<2xi2) . V(t,Xn,...,X0) € Z x R'1, (ZX'Z> <1
i=0 i=0

and

" /2 N 12
|F(t,xn,...,x0)|gaﬂt)(inz) . Y(t, Xn, ..., X0) €Z x R'T1 (fo) >1.
i=0 i=0

(F12) There exist two functions b € 1/C=Y1)(Z, [0, +00)) and ¢ € C([0, +00), [0, +-00)) such that for every (t, X, Xn_1, ..., Xo,
X_1,...,X%_p) € Z x R2+1

N 172
| f(t, Xn, Xn1, .. X0, X1, ..., X)) gb(t)w(( Z x,z) >

i=—n

where ¢(s) =0 (s"'~ Y as |s| < c, c is a positive constant.
(F13) There exist to € Z and two constants y3 € (1, 2) and n > 0 such that

n v3/2 0 1/2
F(to,xn,...,x0)>n<2xi2> . V(t,Xn,...,X0) € Z x R'T1, (fo) <1
i=—n i=—n
Then Eq. (1.1) possesses at least one nontrivial homoclinic solution.

2. Preliminaries

To apply critical point theory to study the existence of homoclinic solutions of (1.1), we shall state some basic notations
and lemmas, which will be used in the proofs of our main results.
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Let

S={{u®},.,: ut) eR, teZ},

E:{ges:§:ﬁa—1XA%a—4»2+q@xw0f]<+w}

teZ
and for u,v € E, let
(u, v) :Z[r(t— DA™t — DA (E—1) +q®u®)v(D)]. (2.1)
teZ

Then E is a Hilbert space with the above inner product, and the corresponding norm is

1/2
|| = {Z[r(t — (A" - 1)) +q(t)(u(t))2]} , uek. (2.2)

teZ

In what follows, lf and I? denote the space of functions whose second powers are summable on the interval I and Z
equipped with

i =Y"|luo,  Juz=Y"Juo.

tel teZ

Let
I1°°(Z,R) = [u € S: suplu(t)| < +oo}.
teZ
For any nq,ny € Z with ny < ny, we let Z(ny,ny) = [n1,n2] NZ; and for function f:Z — R and a € R, we set
Z(f(t) =a)={teZ: f@t)y>a}, Z(ft)<a)={teZ: f(t)<a}.

Let I: E — R be defined by

1
I(u):i||u||2—ZF(t,u(t—i—n),...,u(t)). (2.3)

teZ

If (q) and (F1) hold, then I € C!(E,R) and one can easily check that

('), v)= Z[r(t — DAMn = DAV@O = 1) +qOu)v(e) — f(t,ut+n),...u),...ut—nve)],

teZ
Yu,vekE. (24)
By using
. n
Al 1) = _1\k _k—
ut—=1)=>y (-1 (k>u(t+n k—1),
k=0
we can compute the partial derivative as
al(u) . .
50 A" (rt =) AMu(t — ) + qOu(t) — f(t,ut+n), ... u),...,u —n)). (2.5)

So, the critical points of I in E are the solutions of Eq. (1.1) with u(£o0) =0.

We will obtain the critical points of I by the Mountain Pass Theorem and the Symmetric Mountain Pass Theorem. Since
the minimax characterization it provides the critical value is important for what follows. Therefore, we state the theorem
precisely.

Lemma 2.1. (See [25].) Let E be a real Banach space and I € C1(E,R) satisfy (PS)-condition. Suppose that I satisfies the following
conditions:

(i) 1(0) =0.
(ii) There exist constants p, o > 0 such that I|5p,,0) > .
(iii) There existse € E \ BP(O) such that I(e) < 0.
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Then I possesses a critical value ¢ > « given by
c= inf max I(g(s)),
gel s€(0,1] (g( ))
where B, (0) is an open ball in E of radius p centered at 0, and

={geC([0,1],E): g(0)=0,g(1) =e}.

Lemma 2.2. (See [25].) Let E be a real Banach space and I € C!(E, R) with I even. Suppose that I satisfies (PS)-condition, (i), (ii) of
Lemma 2.1 and the following condition:

(iii’) For each finite dimensional subspace E’ C E, there is r =r(E") > 0 such that I(u) < 0 for u € E’ \ B;(0), where B,(0) is an open
ball in E of radius r centered at 0.

Then I possesses an unbounded sequence of critical values.

Lemma 2.3. (See [19].) Let E be a real Banach space and I € C'(E, R) satisfy the (PS)-condition. If I is bounded from below, then
¢ = infg I is a critical value of I.

Lemma 24. Foru € E,

Bllull, < Bllulf < llull?, (2.6)

where 8 = infiez q(t).
Proof. Since u € E, it follows that lim¢_,  |u(t)| = 0. Hence, there exists t* € Z such that
lulloo = [u(t*)| = max|u()|.
teZ
By (q) and (2.2), we have

2 =Y qo o)’ =8 [u®)| > plul,

teZ teZ

The proof is complete. O

Lemma 2.5. Assume that (F3) hold. Then for every (t, x) € Z x R, s W (t, sx) is nondecreasing on (0, +0c0).
The proof of Lemma 2.5 is routine and so we omit it.

3. Proofs of theorems

Proof of Theorem 1.1. It is clear that I(0) = 0. We first show that I satisfies the (PS)-condition. Assume that {uy}xen C E is
a sequence such that {I(uy)}ken is bounded and I’(u) — 0 as k — +oo. Then there exists a constant ¢ > 0 such that

[Two|<e,  |I'w)
From (2.2), (2.3), (2.4), (3.1), (F3) and (F4), we obtain

g Soc forkeN. (3.1)

2
20+ 2cluel > 21w = 21", )

-2 1
=QT||uk|| Z[ tuk(t>—5w2(t uk(t>)uk(t)}+2ZHtuk(r+n> (D))

teZ teZ

0
2 . . .
- Yo Hy (i )+ D) (0)

teZ i=—n

Q_

2 1
lugll? Z[ (t, uk () — sz(t uk(t))uk(t)] +ZZH (tuk(t+n), ..., ue(t))

nez teZ
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2 0
5 DO Hh i (t ut ), )t — )

teZ i=—n

=

-2
€S w2, ke
o

It follows that there exists a constant A > 0 such that

lugll <A forkeN. (3.2)

So passing to a subsequence if necessary, it can be assumed that uy — ug in E. For any given number & > 0, by (F1), we
can choose ¢ > 0 such that

|f(tut+n), ... u@),...,ut—n))| <eg forteZ)\ ], (u(t+n),...,u(t),...,u(t—n))ERZ”“, (3.3)

where £ = (3L w(t+iNH12 <.
Since q(t) — oo, we can also choose an integer /T > max{|k|: k € J} such that

(2n +1)A?
qt) > a2 t| > 1I1. (3.4)
By (3.2) and (3.4), we have
1O = ——q(O) ()’ < Luukw <2 for |t > 11, ke N, (3.5)
q(t) (2n+1)A2 2n+1
Since up — ug in E, it is easy to verify that uy(t) converges to ug(t) pointwise for all t € Z, that is
lim ug(t) =ug(t), VteZ. (3.6)
k—o0
Hence, we have by (3.5) and (3.6)
2 ¢?
ug(t)|" < ——— for|t| > I1. 3.7
|uo(®)] T I¢] (3.7)

It follows from (3.6) and the continuity of f(t,u(t+1),...,u(t),...,u(t —n)) on u(t+1),...,u(t),...,u(t —n) that there
exists kg € N such that

n
Z |f(t uk@+n), .. ug®), ..., u(t —n)) — f(tuo(t +n),...,up(t), ..., up(t —n))| <& fork>ko. (3.8)
t=11

On the other hand, it follows from (F1), (2.6), (3.2), (3.3), (3.5) and (3.7) that

Z |t ug@E+n), .. uget), ..., ut —n)) — f(t,uo(t +n), ..., ug(t), ..., ugt —n))||ur(t) — uo(®)|

[t|>1T
<Y (fC w4+ 1), @), g€ =) |+ | f (6w + 1), ug(0), - uo(t —m) ) (| )] + [uo(®)])
|t|>11
n 1/2 n 1/2
<e Y [( > (uk(t+i))2> + ( > (u0(t+i))2) :|(‘uk(t)] + [uo(®)))
[t|>1T i=—n i=—n
<@n+De Y (|ue®] + |uo®) ) (Jur®| + [uo(®)])
teZ
<@n+2e Y (Jue®[* + [uo®]?)
teZ
< D2 42 4 o). (3.9)

B

Since ¢ is arbitrary, combining (3.8) with (3.9) we get

Y IF(Ewt+n), @), ut =) = f(t uo(t+1), . ug(D), .. ug(t — ),

teZ
|uk(®) —uo(t)| - 0 ask — oco. (3.10)
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It follows from (2.2) and (2.4) that

(') = 1 (o). uge — u) = llug — uol® = Y (F(t. we(t+ 1), ... ug(0). ..., e (t — )

teZ
— f(tuo(t+1),...,ug(®), ..., uo(t —n)), (t) — ug(t)). (311)
Since (I'(ug) — I'(up), ux — ug) — 0, it follows from (3.10) and (3.11) that uy — ug in E. Hence, I satisfies the (PS)-condition.

We now show that there exist constants o, > 0 such that I satisfies the assumption (ii) of Lemma 2.1 with these
constants. By (F1), there exists n € (0, 1) such that

n n 1/2
|F(t,ut+n),...,u0)| < S(Hli_])Z(u(t-i-i))z forteZ\ J, <§(u(t+i))2>/ <. (3.12)
Set
M=sup{W(t,u)|te ], ueR, [ul=1}, (3.13)
and

. -2
8 =min{(8/@M+1))*"? n}.
If |u|l = /B8 := p, then by Lemma 2.4, |u(t)| <8< n <1 forteZ. By (q), (3.13) and Lemma 2.4, we have

u(t)
Sz = (el Jeor

te] te],u(t)#0

<MD Ju)]”

te]

<MY (u()?

te]

MsH—2
Y a©(um)?
ﬂ te]

1
< g L aOEo)’. (314)

te]

Set o = 882 /4. Hence, from (2.1), (3.12), (3.14), (q), (F1) and (F2), we have

1
I(u) = E||u||2 =Y F(tut+n),....u®)

teZ
:%Hullz— > F(toutt+n), ... u) = > F(t.ut+n),... u)
teZ\J te]
1
> > lull? —8(n+1) > Z‘ ue+)° =Y Wt u®) + Y H(tu+n), ..., u)
teZ\] i=0 te] te]
1 B
> Slull? = £ ) (u®)” - §Zq<t>(u(t>)2
teZ te]
1
> 5 lul? ——Zq(r) u(t)) ——Zq(t) u()®
teZ te]
> 1 2 L2
2IIUII ||u|| g llull
=}1||u||2
—a. (3.15)

(3.15) shows that ||u|| = p implies that I(u) > «, i.e., I satisfies assumption (ii) of Lemma 2.1.
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Finally, it remains to show that [ satisfies assumption (iii) of Lemma 2.1. Take w € E such that

_J 1, fort <1,
|“)(t)|_{o, for [t] > 2, (3.16)

and |w(t)| <1 for |t] € (1,2).
For any u € E, it follows from (2.4) and (F5) that

2
> H(tu(t+n),....u@®) = > H(t,u(t+n),...,u()
t=—-2 {teZ(-2,2), (X1 ot+i)H)1/2>1)
+ > H(t u(t+n).,....u()
{teZ(=2,2) (Tiout+))H1/2<1}
o
n 5 2
<b > (Z(U(f+i>) )
{teZ(~2,2), (Xl ouE+)?)1/2>1) \ i=0
+ > [H(t, ut+n),...,u@®)]
{teZ(~2,2), (Xl o(t+))?)1/2<1)
Q
<@+D7TDY Jum)|®+ > |H(t, u(t+n),...,u®)]
teZ {teZ(~2.2), (Dl pu(t+i)?)1/2<1)
241,¢ 0
SM+DZFBZhu|® + > [H(t,u(t+n), ..., u®)|
{teZ(~2.2), (Xl o(t+)?)1/2<1}
= Molu||® 4+ My, (317)
where
Mo=m+1)2185b, My = Z [H(t, u(t +n),...,u®)|.

{teZ(=2,2), (Cipu(t+i)H1/2<1)
For o0 > 1, by Lemma 2.3(i) and (3.16), we have

1 1
Y W(too®)=o" Y W(twb)=moh, (3.18)

t=—1 t=—1

where m=Y"__, W(t, w(t)) > 0. By (2.1), (3.16), (3.17) and (3.18), we have for o > 1,

I(ow) = %Haa)”z +Y [H(t.oot+n).....000) - W(t.oo®)]
teZ
1

2 2
< %Ha)”z + 3 H(towt+n),....c00) - 3 W(tow®)

t=—2 t=—1
o2

< 7||w||2+MooQ||a)||Q + M; —mo. (3.19)
Since ;0 > 0 >2 and m > 0, (3.19) implies that there exists op > 1 such that ||opw| > p and I(opw) < 0. Set e = gpw(t).

Then e € E, |le|| = |lopw]|| > p and I(e) = I(opw) < 0. By Lemma 2.1, I possesses a critical value d > « given by
d = inf max I(g(s)), 3.20
gel se[0,1] (g( )) ( )

where

Ir'={geC([0,1],E): g(0)=0, g(1) =e}.

Hence, there exists u* € E such that

I(u*)=d, and I'(u*)=0. (3.21)
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Then function u* is a desired classical solution of Eq. (1.1). Since d > 0, u* is a nontrivial homoclinic solution. The proof is
complete. O

Proof of Theorem 1.2. The main idea of the proof is the same as in [28]. (F6) implies that I is even. In view of the proof
of Theorem 1.1, we see that I € C!(X,R), and I satisfies (PS)-condition and assumptions (i) and (ii) of Lemma 2.2. To apply
Lemma 2.2, it suffices to prove that I satisfies (iii’) of Lemma 2.2.

Now, we prove (iii). Let E’ be a finite dimensional subspace of E. Since all norms of a finite dimensional normed space
are equivalent, so there is a constant ¢ > 0 such that

lul <cllulloo foruekE" (3.22)
Assume that dim E’ =m and uq, up, ..., Uy are the basis of E’ such that
_ e i=g
(u,-,uj)_{o’ i) i,j=1,2,...,m. (3.23)

Since u; € E, we can choose an integer I7; > max{|k|: k € J} such that
|u,~(t)|<%, t|> M, i=1,2,...,m. (3.24)

Set ® ={u € E": |ju| =c}. Then for u € @, there exist A; € R, i=1,2,...,m such that

m
ut) =Y rui(t) forteZ, (3.25)
i=1
it follows that

m m

= ul?=wu = Z)Liz(ui’ uj) = c? Z)“iz’

i=1 i=1
which implies that [A;| <1 fori=1,2,...,m. Hence, for u € @, let |u(to)| = ||ullco, then by (3.22) and (3.25) we have

m m

1< ulloo = Juto)] <Y il |uitto)| < D _|uitto)|. ueo. (3.26)
i=1 i=1

This shows that there exists ig € {1,2,...,m} such that |u;,(to)| > 1/m, which, together with (3.24), implies that |ng| < IT7.
Set
T=min{W(,v): [t|<TTh, [v|=1}. (3.27)

Since W(t,v) >0 forall t € Z and v € R\ {0}, and W (t, v) is continuous in v, so T > 0. It follows from (3.26), (3.27) and
Lemma 2.5 that

I

t
> W(tu®) > W(to, ulto)) > w(ro, |Z§t03|>|u(to)|“ > [lrrlliq W(to,x)]|u(ro)|“ >t forue®.  (328)
0 X|=
t=—1I1
For any u € E, it follows from (2.2) and (F5) that
I
> H(tut+n).....u®) = > H(t, u(t+n),...,u()
t=—1T; (C€Z(~IT1 ). (Cp(u+i)?)!/2>1)
+ > H(t,u(t+n),...,u()

{teZ(—Ty,MTy), (Xi_o(u(t+i)®)1/2)<1

n §
<b Z ( u(t + i)2>
{teZ(—1IT1.1T1), (LT g(u(t+i)?)1/2>1} \ i=0
T

py

t=—1T

i=

max H(t, ut+n),...,u®)|
o u(t+in»)12<1
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I
$ e

g (n+1)2+1b U(t) max t,u(t—i—n), ...,u(t)

gZ] | Z 1, 0(u(t+:))2)1/2<1| ( )|
<+ 8 $hjuye + Z max [H(t, ut+n),...,u@®)]

(21 o t+i)2)1/2<1
= Mollu[|® 4+ My, 529
where
Q 0 I
Mo=@m+1)24873b,  My= ) max [H(t, ut+mn),...,u®)|.
t=—IT Qo u(t+i)?)12<1

From (3.14), (3.24), (3.25), (3.28), (3.29) and Lemma 2.5, we have for u € ® and o > 1,

2

o
I(Gu)z7||u||2—EZ:F(t,au(t—i-n),...,au(t))
2
:%Hu”z— Y F(tout+n),....ou®) — Y F(t.out+n.....ou())
[t|> 1T [t|<TTh

<—||u|| + > 28( oy (u(t +i))* — > F(t.ou(t+n),....ou(t))

|t|>IT; i=0 [E1<IT

o 2,00 o
< Sl + - ul® - > F(t.ou(t+n).....ou(t))
[t]< 1Ty

2
= ||u|| +—lul>= > W(oum)+ Y H(t.out+n).....ou(t)

8
[t1<TTy [tI<TTh

<—|Iu|| + 7 ||u|| +0°(Mollul|® +M;) — o

2 252
C cco
= ( ;) +T+M0(CO‘)Q+M1O‘Q—TO’” (3.30)

Since u > @ > 2, we deduce that there is o9 = 09(c, M1, M2, T) = 69(E’) > 1 such that

I(cu) <0 forue ® ando > oy.

That is

I(u) <0 forueE and |u| > cop.

This shows that (iii) of Lemma 2.2 holds. By Lemma 2.2, I possesses an unbounded sequence {d}ren Of critical values with
dy = I(uy), where uy, is such that I’(ug) =0 for k=1,2,.... If {||ug|l}ken is bounded, then there exists B > 0 such that

lugl < B forkeN. (3.31)

By a similar fashion for the proof of (3.4) and (3.7), for the given 7 in (3.12), there exists IT» > max{|k|: k € J} such that
luk@®)| <n for|t| > 1Ty, keN. (3.32)

Thus, from (2.1), (2.3), (3.12), (3.31) and (3.32), we have

1
Sl =i+ 3 F(E wet +m). . we(0)
teZ

I
=de+ Y Fltowt+n),...ow@®)+ Y F(t.ut+n),....ub)

[t]>1Tp
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1
>dj — > Z (e + 1)) Z H(t u(t+n). ... u(0))
8(n+ )\t|>1721 0 =—II
1 4
>dk—§||uk||2— > max |H(tu(t+n), ... u(0)]. (3.33)

neg, Uk <B/VEB

It follows that

—IIUkII + Z max [H(t, ug(t +1), ..., ue(®))| < +o0.
\Uk\<3/f

This contradicts to the fact that {dy}ren is unbounded, and so {||ug||}ken is unbounded. The proof is complete. O

Proof of Theorems 1.3 and 1.4. In the proof of Theorem 1.1, the condition that H(t, u(t +n),...,u(t)) >0 for (t,u(t +n),
Lu) e JxRY™ y =1 u?(t+i))V/2 <1 in (F1) is only used in the proofs of assumption (ii) of Lemma 2.1. Therefore,
we only prove assumption (ii) of Lemma 2.1 still hold using (F2’) instead of (F2). By (F2'), it follows that

n n 1/2
B 2, 2,
[F(tu(t+n),...,u@®)] < G0 ?:ou (t+i) forteZ, (2_ u (t+1)> <n. (3.34)

If ||u]| = /B7 := p, then by Lemma 2.4, |u(t)| < 7 for t € Z. Set oo = Bn?/4. Hence, from (2.2), (2.3), (3.34) and Lemma 2.4,
we have

1 1 B 1 1 1
Iw==lul®>=Y F >—ul®>-=% 2ty > < llul? - = ul? == ul* =«a. )
)= gl =D F(Euttm, o) > glul? = g 3 w0 > gl = gl = gl = (339

(3.35) shows that ||u|| = p implies that I(u) > «, i.e., assumption (ii) of Lemma 2.2 holds. The proof of Theorems 1.3 and 1.4
is completed. O

Proof of Theorem 1.5. We first show that [ satisfies condition (C). Assume that {uy}xeny C E is a (C) sequence of I, that is,
{I(ug)}ken is bounded and (1 + |lug|D|II’(ug)|l — 0 as k — +oo. Then it follows from (2.1) and (2.2) that

C1 =21 (ug) — (I'(up), ug)

0
= Z[ > F it n), g (©)u(t — 1) = 2F (6 up(t 1), . uk(t)):|. (3.36)
teZ Li=—n
It follows from (F8) that there exists 1 € (0, 1) such that (3.34) holds. By (F8), we have

0

> Py i(tout+n), L u®)ut —i) > 2F (tut +n), ... u() >0

i=—n

for (t,u(t+n),...,u(t)) e Zx R™ keN, (3.37)

and for t € Z, Y"1y u?(t +1i) > n?, we have

n v/2
F(t, up(t +n), ..., up(®) < |:a+b<Zu2(t+ i)) }

i=0

i=—n

0
X [ Z Fh i (ot 1), o ug(®) ) ug(t — 1) —2F(t,uk(t+n),...,uk(t))]. (3.38)
It follows from Lemma 2.4, (2.1), (2.3), (3.34), (3.36), (3.37) and (3.38) that

1
el = 1w + 3 F (e, ue +n). .. u(o)
teZ
=I(uy) + > F(t, ug(t+n),...,u())

teZ((XC g u2 (t+i))1/2<)
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" 2 F(t,ug(t+n), ..., u()
teZ(( g u (t+i)1/2>)
B n
<1 A+ 1) 2 .
Wt a1 > S ute+i

teZ((Y 1o u? (t+i))1/2<ny) =0

+ > |:a+b<2n:u2(t+i)>v/2j|

teZ((X g u2(t+i))1/2>1) i=0

0
X [ Z Fh i (t wge(t 1), g (6) ) ug(t — 1) —2F(t,uk(t+n),...,uk(t)):|

i=—n

v/2
1 n )
<G+ leukn2 +Z|:a+b<2u2(t+z)> j|

teZ i=0

0
X [ Z Fhpnpi (et 1), g (6) ) ug(t — i) —2F(t,uk(t+n),...,uk(t)):|

i=—n

1
<G+ Z||uk||2 + (a+bm+1)lluelll)

0
X [ Z Fh i (tuge(t 1), o ue () ug(t — i) — 2F(t, uk(t+n),‘..,uk(t)):|

i=—n

1
<G+ Zuukn2 +C1(a+bm—+ Dluglls)

1
<G+ Znukn2 +C{a+ 7V 2b(+ Dlluell”}, keN. (3.39)

Since v < 2, it follows from (3.39) that {|lug|/}ken is bounded. Similar to the proof of Theorem 1.1, we can prove that {u}
has a convergent subsequence in E. Hence, I satisfies condition (C).

It is obvious that I is even and I(0) =0 and so assumption (i) of Lemma 2.1 holds. The proof of assumption (ii) of
Lemma 2.1 is the same as in the proof of Theorem 1.2.

Now, we prove assumption (iii) of Lemma 2.2. Let E’ be a finite dimensional subspace of E. Since all norms of a finite
dimensional normed space are equivalent, so there is a constant ¢ > 0 such that (3.22) holds. Assume that dim E’ =m and
U1, Uy,..., Uy is the basis of E’ such that (3.23) holds. Let 1, IT; and ® be the same as in the proof of Theorem 1.2. Then
(3.24), (3.25) and (3.26) hold. For the I1; given in the proof of Theorem 1.2, by (F7), there exists o9 = oo(c, I71) > 1 such
that

s2 lrr‘lin] F(t,su(t)) > c* fors> oo, t € Z(—ITy, ITy). (3.40)
ul=

For u € O, it follows from (3.24) and (3.26) that there exists tg =to(u) € Z(—1I1, I1;) such that
1< uto)| = llulloo. (341)
It follows from (2.3), (3.37), (3.40) and (3.41) that

2
Iou) = 67||u||2 ~ S F(tout+n),....ou®)

teZ
o?
< Il - F(to.ou(to+n,...,ou(to))
< % Jul? — min F(to, outto) 9
2 |x|=1
(co)? 2
<5 - (co)*|u(to)|
(co)? 2
< — (co
5 (co)
(co)?
=— ue®, o>og. (3.42)
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We deduce that there is 0g = og(c, IT1) = 09(E’) > 1 such that

I(cu) <0 forue® ando > oyp.

That is

I(u) <0 forueE and |u|| > cop.

This shows that condition (iii) of Lemma 2.2 holds. By Lemma 2.2, I possesses an unbounded sequence {dj}ren of critical
values with d = I(uy), where uy is such that I’(uy) =0 for k=1,2,.... From (2.3) and (3.37), we have

1
iuukn2 =di+ Y F(t,ugt+n),...,u®) >dy, keNl.
teZ

Since {di}ken is unbounded, it follows that {||ug|/}ken is unbounded. The proof is complete. O

Proof of Theorem 1.6 and 1.7. By a fashion similar to the proofs of Theorem 1.1, Theorem 1.2 and the process in [33], we
can prove Theorem 1.6 and Theorem 1.7, respectively. The detailed proofs are omitted. O

Proof of Theorem 1.8. Our proof will be divided into five steps.
Step 1: We first verify that the functional I : E — R defined by

I(u) = %||u||2 - ZF(t, u(t+n,...,u®)), VuekE (3.43)
teZ

is well defined and of class C!(E, R) and (2.4) holds. Furthermore, the critical points of I in E are solutions of (1.1) with
u(£o00) =0.

For any u € E, there exists an integer IT > 0 such that |u(t)| < 1 for |t| > IT. It follows from (F11) and Hoélder inequality
that

n v1/2
O |F(tu+n), ... um)| < al(t)< > Z(u(t+i))2>

|t|>1T |t|>IT |t|>IT i=0
2-y1)/2 y1/2
2/(2— 2
<(n+1)%/2< 3 @ V”) (Z(u(t)))
|t|>1T teZ
<B4+ D" a1 o=y 2llull, (3.44)

and so I defined by (2.3) is well defined on E. By (F12), there exists M > 0 such that

e(Ix) < Mplx"~, VxeR, [x < 1. (3.45)

For any u, v € E, there exists an integer I7; > 0 such that |u(t +1i)| + |v(t +1i)| <1 for |t| > [T1, i=0,...n. Then for any
sequence {6;}tez C R with |6¢] < 1 for t € Z and any number h € (0, 1), by (F12), (3.45) and Lemma 2.4, we have

2

Y Fy it ut+n) +0hv(t+n), . u(t+ i) +Ov(E+D), .., u®) + 0hv(©O)v(E+1)

teZ1i=0
n
= Z ZFéJrn_i(t,u(t+n)+9thv(t+n),...,u(t—i—i)—i—@tv(t—i-i),...,u(t)—f-@thv(t))v(t—i-i)
[t|<I4 | i=0
n
+ Y DRt ut )+ Ohv(t+n), . u(t D)+ Ov(E D), u) + 0hv()v(E+i)
t|>IT |i=0
n
< YD Fhai(tutn) +0hv(e+n). . u(t+ ) + v (E+ i), ... ut) + 6hv(©) [|v(E+ )]
1< i=0

n
Z Fypni(tu+n) +60hv(t+n), ... ult+1i) + 6 v(E+10), ..., u) +6:hv(t))
i=0

>

[t]>1T

vt +1)
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<

1t1< 1T

ZFM (6 XE 1), xE D), xO)| v+ )]
MDD eV Dl —

n r1-1/2
+My Yy b(t)(Z(uz(t+i)+v2(t+i))> lv(t+0)

|t]>1T4 i=—n
< tx(t+n),..., t),..., t— t+i
\It|<2nl |X|<”£‘103§’H‘/Hoo|f( X(t+m x(0) x(t —m)|[v(e+1)]

+My Yy b(t)(Z(u(H—i))yl1+(V(t+i))y11)|v(t+i)|

|t]>1T; i=—n
<> _ |f(E.x(E+n), ... X(0), ..., x(t —))|[v(E+ 1)
= < Wl Voo
;& 5 . 1/2 5 1/2
+M1< 3@ Y (ue+i)* " ’) ( 3 (vie+) )
[t|>1T4 i=—n [t|>1T1
1/2
+M1( 37 b (vie +i)* " U) (Z > v(e+) )
|t|>1T; |t|>IT1 i=—n
|x|<||ﬂ?i)iuvum|f(t’u(t+n) ..... u(), ..., u(t —m)| v +1)|
[t]< I
s N n C\D2
+MB ( > b ) > Z(u(r+z))> v
In|>1ITq |t|>1T1 i=—n

o @-n)/2 n N\
+Mu‘3‘”2< 3 o ”“) ( 33 (ve+) ) vl

[n|>1T; |t|> Ty i=—n
<X
[t1<ITy

+ M1 2n+ 1)Y= 20b 1 o (Il + v 7Y v

t,u(t+n,..., t),..., t— t+i
IXlélllfﬁlj)j—HVHmU( ut+m Ho u n))HV( +l)|

< +00. (3.46)
Then by (2.3) and (3.46), we have

(I/(u) V) lim w

h—0*+ h
— lim lu+hv|? — fJul?
h*)0+ h 2

teZ

. [ hilv)?
= lim | (u,v)+

- Z[F(t, u(t+n)+hv(t+n), ..., ut)+hv(t)) — F(t, u(t—l—n),..‘,u(t))]}

h—0+ 2
= Fh it ut+n) +0chve +n), . u(t—i—i)—}-@tv(t—i—i),...,u(t)+9thv(t))v(t+i):|
teZ i=0
=Y feu+n), ..., u(), ..., ut —m)v(t)
teZ
=Y [rt =AM — DA (E = 1) +qOu@)v(Ee) — f(tu+n). ... u@®),....ut —m)v©)].

teZ
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This shows that (2.4) holds. Then (I’(u), v) =0 for all v € E if and only if

A"(r(t —n)A"u(t —n)) +q()u(t)
=f(tut+nm,ut+n—"1,...,u®),ut—1),...,ut —n)), teZ.

So, the critical points of I in E are the solutions of Eq. (1.1) with u(£o0) =0.
Step 2: Let’s prove now that I’ is continuous. Let uy — u in E. For any ¢ € (0, /B), we can choose an integer 1, > 0
such that

1/2
{Z [r(t—l)(A”uk(t))z+q(t)(uk(t))2]} <&, keN, (3.47)
[t[>1T¢
and
2 2 172
{ > [re = D(A"u®) +q) (u) ]} <e. (3.48)
[¢]>1T¢

For any v € E, from Lemma 2.4, (2.4), (3.45), (3.47), (3.48), (F12) and Hdlder inequality, we have

[(I' ) = I'(w), v)]

< Z[r(t — D(A"ug(t —n) — AMu(t —n)) A"v(t —n) + q(0) (uk(t) — u(®)v(t)]
teZ
) N (EueE 0. we©), € —m) = f(euE ). ), ult—m))v(D))|
teZ
:‘(uk—u,v)|+Z\f(t,uk(t+n),...,uk(t),...,uk(t—n))—f(t,u(t+n),...,u(t),...,u(t—n))Hv(t)]
teZ
< ug —ull vl + Z |f(t ukE+n), .. ug(®), ... upt =) — f(E,uE+n),...,u®), ..., ut —n)||vo)]
1< e
+ Y (ftm+n), @, ut = )|+ | f(Gu+n), L u), L u =) ) v ©)]
o n (1-1)/2 n 1-1)/2
<o(1) + My Z b(t)((lz (uk(t+i))2> + <Z (u(t+,'))2> >|v(t)|
. o 2—y1)/2 lz,;n i-1)/2
<0(1)+M1ﬂ_1/2< 3 |b(t)|2/(2_y’)> ( > Z(Uk(t+i))2> vl
|t|>1Tq |t|>1T1 i=—n

PN T n N\
+M1ﬁ—1/2< S |boy m)) ( Y (u+) ) vl

In|>IT4 |t|>IT i=—n
<o(1)+22n+ DM =D2M 872 |blly -y VeV ™!, for sufficiently large k,
which, since ¢ is arbitrary, implies the continuity of I’. The proof is complete.

Step 3: In view of Lemma 2.3, I € C!(E, R). In what follows, we first show that I is bounded from below. By Lemma 2.4,
(F11), (2.3) and Hoélder inequality, we have

1
I(u) = E||u||2 =Y F(tut+mn),....u)
nez

1
:§||u||2— > F(t,u(t+n),...,u()) — > F(t,u(t +n),...,u()

Lo (u(t+i)H)1/2<1) Lo (u(t+)?)1/2>1)

1 n "/2 n ¥2/2
> =l - 3 m(t)(Z(u(tH))z) - ¥ az(r>(2(u(t+i>)2>

(o (u(t+i)»)1/2<1) i=0 Z( oo (u(t+1)2>1) i=0
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1 5 2/ 2-y1)/2 n N v1/2
Lt WD SN T ) Y Y ()

ZA(T o (u(t+1)2)1/2<1) (o (u(t+0)2<1) i=0

2=y1)/2 n V2/v1\ V1/2
_< > \az(t)lz/(z_y‘)) ( > (Z(u(t—i—i))z) )

Z((Y i (u(t+i)))1/2>1) Z(E o (u(t+i))2)1/2>1) \ i=0
2—y1)/2
1 _ 2/(2—
> S lull® =+ )" 2g WZ( 3 a1 )" V”) ]
Z((C o (ut+i)NH1/2K1)
2 2@) 2-y1)/2
—[2n+1)]” ﬁ—yl/znunié‘”( > |az(0)| ”) flu
ZA(Y o (u(t+i))2)1/2>1)
2-y1)/2
1 _ 2/(2—
> Sl =+ 1728 WZ( 3 jar @) “’) )"
ZA(Y o (u(t+i)?)1/2<1)
2—-y1)/2
— [Z(n + 1)]}’2/2’3772/2( Z ’az(t)|2/(2—}/1)> flu |72
Z(( i (u(t+i)2)1/2>1)
1 _ 2, _
> S lull® = 4+ DB ar 2/ ) — 21+ D] B2 azll -y 2. (3.49)

Since 1 < y1 < 2 <2, (3.49) implies that I(u) — 400 as |[u|| = 4oo. Consequently, I is bounded from below.
Step 4: We prove that I satisfies the (PS)-condition. Assume that {ug}reny C E is a sequence such that {I(u)}ken i
bounded and I'(ug) — 0 as k — +oo. Then by Lemma 2.4 and (3.49), there exists a constant A > 0 such that

1
luklloo < B7 2 llull < A, keN. (3.50)

So passing to a subsequence if necessary, it can be assumed that u, — ug in E. It is easy to verify that u,(t) converses to
up(t) pointwise for all n € Z, that is

lim up(t) =up(t), VkeZ. (3.51)

k— o0
Hence, we have by (3.50) and (3.51)

luolloo < A. (3.52)
By (F12), there exists My > 0 such that

o(IxI) < M2lx" !, WxeR, x| <A (3.53)
For any given number ¢ > 0, by (F12), we can choose an integer /T > 0 such that

2=y1)/2
( Z (b(t))z/(Z—m)) k . (354)

|t|>11

It follows from (3.52) and the continuity of f(t,u(t+n),...,u(t),...,u(t —n)) on u that there exists ko € N such that

I1
S F (L uE+n), . we©), et —m) = f(E ot 1), ug(D), .. uo(t — )| [uk(0) — uo ()] < &
t=—1I1

fork > ko. (3.55)
On the other hand, it follows from (3.50), (3.52), (3.53), (3.54) and (F12) that

Z |t ug@E+n), .. uget), ..., ugt —n)) — f(t,uo(t +n), ..., ug(t), ..., ugt —n))||ur(t) — uo(®)|

It|> 1T

< ) b [q)( > u,%(t+i)) +¢< > u%(t+i>>}(|uk<t>| + |uo(®)])

|t|>1T i=—n i=—n
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r1-1 -1

n 2 n 2
<My ) b(t)(( > uﬁ(t+i)> + ( > u(z)(t—i—i)) >(|uk(t)| + |uo(®)))

|t|>1T i=—n i=—n

n L 3
<2M22b(r)<(2u,%(r+i)) +<Zu3(t+i>) )

|t|>1T i=—n i=—n

2@\ P S ‘
<2M2< > (b)) ) SO up++Y Y upt+i)

|t|>1T teZ i=—n teZ i=—n
3 2 2/e-y) 4
<202n+1)2 Mpp™ " ( > (bo) ) [lugl” + lluo "]
|t|>1T
<22n+1) 7 Myp11/2 [BV/2AY + |lug) "' ]e, keN. (3.56)
Since ¢ is arbitrary, combining (3.55) with (3.56) we get
D (F(t w4+, ug®), o (€ =m) = f(E uo(t+n), ..., uo(t), ..., uo(t —n)), up(t) — ug(t)) — 0

teZ
as k — oo.

It follows from (2.4) that

(I'w) = 1' (uo). wg — o) = Il — ol = D _(F (£, ur(t +n), ... w(0). ... (t — )
teZ

— f(t.uo(t +m)), ... . uo(t), ..., uo(t —n))(u(t) — uo(t)).
Since (I'(ug) — I'(ug), ux — up) — 0, it follows from (3.9) and (3.10) that u, — up in E. Hence, I satisfies (PS)-condition.

By Lemma 2.3, ¢ = infg I(u) is a critical value of I, that is there exists a critical point u* € E such that I(u*) =c.
Step 5: Finally, we show that u™ £ 0. Let ug(tp) =1 and ug(t) =0 for t # tg. Then by (F11), (F13) and (2.3), we have

2
s
I(sug) = 5 luoll® — Z F(t,sug(t +n),...,sug(t))
teZ
2

§ 2
=3 lluoll* — F(to. suo(to +n), ..., sug(to))

2
S
< 3lluollz—nsy3|uo(t)|"3, 0<s<1. (3.57)

Since 1 < y3 < 2, it follows from (3.57) that I(sug) < O for s > 0 small enough. Hence I(u*) = ¢ < 0, therefore u* is nontrivial
critical point of I, and so u* =u*(n) is a nontrivial homoclinic solution of (1.1). The proof is complete. O

4. Examples

In this section, we give some examples to illustrate our results.

Example 4.1. In Eq. (1.1), let r(t) > 0, q(t) — 400 as |t| &> +o0 and

. (5+316)/2(4-+1t)
F(t,ut+n),...,u() = |:|u(t)|4+|t| - (Zuz(t—i—i)) }
i=0
Let u=4,0=3, J={-3,-2,-1,0,1,2,3} and

4+t

(5+31t)/2(4+]t])
W (t, u(®)) = |u®)] )

: H(t,u(t+n),...,u(t))=(Zuz(t—i-i)
i=0

Then it is easy to verify that all conditions of Theorem 1.2 are satisfied. By Theorem 1.2, Eq. (1.1) has an unbounded sequence
of homoclinic solutions.
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Example 4.2. In Eq. (1.1), let r(t) > 0, q(t) - 400 as |t| - 400 and

0j/?
E(t,u(t+n),...,u(t) = (Zak|u(t)|"" Zb1<2u (t+1)) )

where (1> 2>+ >Um>01>02> >0 >2,0.,bj>0,k=1,2,....m; j=1,2,...,p. Let 4 = um, 0 =01, and

p n Qj/2
W (t, u(t)) Zak|u(t)|"" H(t,u(t +n),... u(t):Z <Zu2(t+i)) .
i=0

Then it is easy to verify that all conditions of Theorem 1.4 are satisfied. By Theorem 1.4, system (1.1) has an unbounded
sequence of homoclinic solutions.

Example 4.3. In Eq. (1.1), let

n n 1/2
F(t,u(t+n),...,u(®) =q(t)Zu2(t+i)ln|:l + (Zuz(t—i-i)) }

i=0 i=0
where q: Z — (0, 0o) such that q(t) - 400 as |t| — +o0. Since

0
D Fypi(tut+n). o u@®)u—i)

i=—n

n " 12 ,
. . (Ciou?(t+1)>?
Zq(r)[22”2(t+')]n[] * (ZUZ(H')) } 1y (Zig:o W2 (t+ 1)1/

i=0 i=0

1 n
> <2+ . +(Zyzouz(t_i_i))l/z)F(t,u(t~|—n),..‘,u(t)) >0, V(tu(t+n),...,ul) ez xR

This shows that (F8) holds with a =b = v = 1. In addition, for any t € Z,

s~2 min F(t, su) =s 2 mm[q(t)lsul In(1+ Isul)] =q(®) In(1 +5) - +00, s—> +00.

[ul=1 [ul=1

This shows that (F9) also holds. It is easy to verify that assumptions (q), (F1) and (F7) of Theorem 1.5 are satisfied. By
Theorem 1.5, Eq. (1.1) has an unbounded sequence of homoclinic solutions.

Example 44. In Eq. (1.1), let r(t) > 0, q(t) - 400 as |t| - +oo and

8
n 2
F(t,u(t+n),...,u(t))=(1+25in2t)<2u2(t+i)) )

i=0
By a fashion similar to the computation in [33], it is easy to verify that all conditions of Theorem 1.6 are satisfied. By
Theorem 1.6, Eq. (1.1) has an unbounded sequence of homoclinic solutions.

Example 4.5. In Eq. (1.1), let r(t) > 0, q : Z — (0, o0) such that q(t) - +o0 as |t| — 400 and

2/3 3/4
F(t,ut+n),...,ut) = L Zu (t+1) +L Zu(t+z) .
1+ Y L olt+il 1+ YL olt+il

Then

fltu+n),....u®),...,ut—n)
- . ~1/3 33 sinet i ~1/4
Lizo 05— 1) (Z u (t—i—l)) u(e) + =0 D (Z u (H—l)) u(),

REES ST 20+ 3, It~ i)
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200 qu(t+1))?3

n
L Y ut+n), ... ut) eZ x RN w2t +0) <1,
pr (t.u(t+n) ) > ute+i)

i=0

[F(t.ut+n),....u@t)] <

2000 qu(t+1))3/4
1+t

n
O Y(tuttn)..u®) €Zx R Y ut (e 4i) > 1
i=0

[F(t.ut+n),....u@t)] <

and for every t € Z, (u(t +n), ..., u(t), ..., u(t —n)) € R#*+1 we have

_ s+ 1)L v+ +om+ 1D ute+i)/4
= 6(1 + |t]) '

[f(tut+n),... u@®),...,ut —n)]

We can choose t( such that

costg > 0, sintg > 0.
Let
costo sintg
T o+l T+ olto+il
Then

3/4 1/2

F(to.ut+n),...,u®) >n| Y vc+i)) . Yut+n.....u®)eR™ (Y u?@+i) <1
i=0 i=0

These show that all conditions of Theorem 1.8 are satisfied, where

4 3 8+ 1)s'/2 +9(n+ 1)s!/2
1 - = = =—- <2, t) = t)=>b(t) = s = .
Sz3=N<nr=r=;-< ai(t) =ax(t) =b() Tt @(s) 12

By Theorem 1.8, Eq. (1.1) has at least a nontrivial homoclinic solution.
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