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1. Introduction

For a complex number x and an integer n, define the shifted factorial by

n—1
H(x + k), whenn > 0;
k=0 b

)1, whenn = 0;

(X)ﬂ - (_1)11

o whenn < 0.
[Tk —=x)
k=1

Recall that the function I" (x) can be given by Euler’s integral:
oo
r'(x) = / t*le~tdt withRe(x) > 0.
0
Then we have the following two relations:

Fetm =IO®n  TOr1-9= .

which will frequently be used without indication in this paper.
Following Bailey [1], define the hypergeometric series by

ap, Ay, ..., G o (@o)k(ank - @k
r+1Fs zZ| = E —_—7".
+1 |: by, ..., b ] — KI(by)k - - - (bs)k
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Then a simple ,F;-series identity (cf. [2, Eq. (26)]) can be stated as
arcsin(x
2:| = 7() where |x| < 1.

1, 1
2F1 31X
5 X4/1 — x2

Two beautiful series for 7 (cf. [2, Egs. (23) and (27)]) implied by it read as

o0
= (1
o (k)?
= N 2
3ﬁ 2; 2k + 1)! (2)
where the double factorial has been offered by
2k + 1)! «
2k+ D! = ——, 2! = 2°k!.
(2k+1) Kl (2k)

By means of WZ-method, Guillera [3, p. 221] derive lately the nice series for 72:

Recall the ;Fg-series identity due to Chu [4, Eq. (5.1e)] and Dougall’s 5sF4-series identity (cf. [1, p. 27]):

1 2a42
— 3 2b—1, 2c—1, 24 2a—2b — 2c, a—+s, —s
7Fs 20— 1 1 1
3 1+a—b, 1+a-—c, b—{—c—i, 2a+2s, —2s

(B @s(@a—b—c+3),
- (%)5(1 +a—bs(1+a—c)(b+c— %)S

where s is a positive integer,

a
a, 1+ —, b, c, d
5Fy a2 1
7 1+a—-b, 14a—c, 1+a-—-d

_ rl+a—-brd4+a—cor(+a—dIr'(l+a—b—c—d
CIrA+ord+4+a—-b—or(4+a—b—-drd+a—c—d
provided thatRe(14+a—b —c —d) > 0.

Recently, Chu [5,6] and Liu [7,8] have deduced many surprising -formulas from some known hypergeometric series
identities. Thereinto, Chu [5] showed that (5) implies the Ramanujan-type series for 1/7 with three free parameters:

2_ Gy mnpz(_ e D Do Bl
T (3),0() k'(k +m —n)!(k +m — p)!

pk

(5)

(4k +2m+1) (6)

where m, n,p € Z with min{m — n,m — p, m — 2n — 2p} > 0 and the Ramanujan-type series for 1/z2 with four free
parameters:

2 (Dnony Gy )

2 Bein O Gy v

_ m—p—q Z(
m2  (m-n—p—q-1(3), (%)p( . = k'(l<+m—n)!(k+m—p)!(l<+m—q)!

(4k+2m+1) (7)

wherem, n, p, ¢ € Zwithmin{m—n, m—p, m—q, m—n—p—q—1} > 0.Liu [8] showed that (5) implies the Ramanujan-type
series for 1/ with four free parameters:

é _ (g)m n—, p(1)m n— q(])m —p—q i (%)k+m (l)k+n (l)k+p (%)k+q (4k+2m+ 1) (8)
3 m=n—p=q=1!(3),(5), Q) Z KEk+m =)y E)iim g
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where m, n, p, ¢ € Z with min{fm —n,m —n —p — q — 1} > 0. Egs. (6)-(8) can create numerous special 7 -formulas by
specifying the free parameters. For example, the case m = n = p = 0 of (6) produces the simplest Ramanujan-type formula
due to Bauer [9, Section 4] (see also [10]):

()
——Z( D Gays e+ D).

Inspired by these work just mentioned, we shall explore further the relations of 7 -formulas and hypergeometric series.
The structure of the paper is arranged as follows. Seven general 7 -formulas with free parameters, which include (1)-(3) as
special cases, will be derived from (4) in Section 2. Three general -formulas with free parameters, which include (6)-(8)
as special cases, will be deduced from (5) in Section 3.

2. Summation formulas for 7 and 72 with free parameters implied by Chu’s ;Fs-series identity

Letting s — oo for (4), we obtain the following equation:

1 2a+2
a— L 22 op 4. 2c-1, 242a-2b—2¢4
<F4 2 3 2
4
201 ia—b 1+ btc—
) a—non, a—=c, C— —
3 2

r(z)ra+a—bra+a—or (b+c-j3)
r+arwmrer@—b—c+3)
Subsequently, one general summation formula for 7w with two free parameters, five general summation formulas for 7w with
three free parameters and one general summation formula for 72 with three free parameters will respectively be derived
from (9).
Choosingb =1+ m,c = 1+ nin(9) and then letting a — oo, we achieve the equation.

(9)

Theorem 1. For m, n € Ny, there holds the general summation formula for = with two free parameters:

T m'n! i (k+2m)!(k + 2n)!

ominl — 2m)l2n)! &~ K2k + 2m + 2n+ DI

k=0

When m = n = 0, Theorem 1 reduces to (1) exactly. Other two examples of the same type are displayed as follows.

Example 1 (m = 1and n = 0 in Theorem 1).
i (k+ 1!
£ (2k+ DI

Example 2 (m = 2 and n = 0 in Theorem 1).

3t & (k+2)!

2 & @k+

We point out that the limiting case a — oo of (9) is equivalent to Gauss’ second summation theorem (cf. [1, p. 11]):

a b 1 1+a+b
) 1 (1) r(tetb
2F1|: 14+a+b }:M
> 12 r(839)r)
Therefore, Theorem 1 can also be deduced by fixinga =1+ 2mand b = 1+ 2ninit.
Makinga = 3 +m,b =} 4+ nandc = 2 + pin (9), we attain the equation.

Theorem 2. For m, n,p € Z with min{m, m — n — p} > 0, there holds the general summation formula for = with three free
parameters:

T 1 i (_%)k+2n (%)k+2p (k+m)!(k+2m —2n —2p)! 3k 4 2m 1
2 (_%)n (%)p (%)m—n—p k=0 (%)kerfn (%)k{»m—p (%)IH»VH‘P k! k+m 4
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Two examples from Theorem 2 are laid out as follows.

Example 3 (m = 1and p = 0in Theorem 2).

o0

Z (4k+ 3)”(3k +2).

=0

Example4 (m = 2 andn = p = 1in Theorem 2).

—  (2k)!
Z o1 )”(3k+ 1).

A beautiful result should be mentioned. Fixing a = —% in the identity due to Chu [4, Eq. (5.3g)]:

5 2—4a
7+4a, -2-—2a, —=—2a, ——i, —a+s, —S 32
6Fs B > 77
5 3+4a
-, -, — , —2—4s, —2—4a+4s
3 3 5

|
=
Q

—a),(-i-9),G -9, G+,

(3) (3)s 3); (=3 —2a),
and then letting s — oo, we obtain the surprising series for :
T i k'(2k)! 5k +3

2 = (Bk+2)! 2

Settinga = 3 +m,b= ; + nandc = 2 4 p in(9), we get the equation.

Theorem 3. For m, n,p € Z with min{m, m — n — p} > 0, there holds the general summation formula for = with three free
parameters:

2 1 i (—%)kﬂn( )k+2p (k+m)!(k+2m—2n—2p)! 3k +2m 1
3\@ (_%)n (%)p (%)m—n—p k=0 (%)kﬁ»mfn (%)kJrrn—p (%)I<+n+p k! k+m 4etm

Whenm = n = 1and p = 0, Theorem 3 specializes to (2) exactly. Other two examples of the same type are displayed
as follows.

Example 5 (m = 2 and n = p = 1in Theorem 3).
2

3[ Z <2k+ D!

(Bk+2).

Example 6 (m = 3,n = 2 and p = 1in Theorem 3).

3k + k.

9f Z (2k + 1!
Takinga = 5 + m,b= 1 4+ nandc = % + pin(9), we gain the equation.

Theorem 4. For m, n, p € Z with min{m, m — n — p} > 0, there holds the general summation formula for 7 with three free
parameters:

£ 1 i (—%)Mn(;)mp (k+m)!(k+2m —2n—2p)! 3k 4 2m 1
\/§ (_%)n (é)p (%)m—n—p k=0 (%)k+m—n (%)k+m—p (%)k+n+p k! k+m 4erm '

Two examples from Theorem 4 are laid out as follows.
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Example7 (m=n=1 andp = 0in Theorem 4).

Mk (3), (3), 3k+2
-

Example 8 (m = 2 andn = p = 1in Theorem 4).
Z Wi (2), (%), 3k+1
2‘[ z k(G)k (G)k 4

Choosing a = % +m,b== + nandc = 5 + p in (9), we achieve the equation.

Theorem 5. For m, n,p € Z with min{m, m — n — p} > 0, there holds the general summation formula for = with three free
parameters:

. = : i (_%)k+2n (5 )k+2p (k+m)!(k +2m —2n —2p)! 3k 4 2m 1
- 1 1 1 13 11 1 K .
6(2 — \/§) (_ﬁ)n (ﬁ)p (E)m—nfp k=0 (ﬁ)kwtm—n (ﬁ)k+m7p (§)k+n+p k! k+m 4kem
Two examples from Theorem 5 are displayed as follows.
Example 9 (m =n = 1and p = 0in Theorem 5).

117 _ i (D (%)k (Lel)k 3k+2
602 —+3) = (%)k (%)k (%)k 4

Example 10 (m = 2 and n = p = 1in Theorem 5).

- _i (e (2), (2), 3k+1
2e-v3) T @@L ¥

Makinga = 1 +m,b = &5 + nand c = 5 + pin(9), we attain the equation.

Theorem 6. For m, n, p € Z with min{n, p, m — n — p} > 0, there holds the general summation formula for 7 with three free
parameters:

5 1 i (_%)k—o—Zn ( )k+2p (k+mltk +2m = 2n = 2p)! 3 + 2m 1

6(2 + ﬁ) B (_%)n (%)p (%)m—n—p k=0 (%)k+m—n (1%)!{+m—p (%)k+n+p k! k +m 4k+m .

Two examples from Theorem 6 are laid out as follows.

Example 11 (m = n = 1and p = 0 in Theorem 6).
7

351 :i (D (%)k (E)k 3k+2
122+v3) = () (B (3), ¥

Example 12 (m = 2 and n = p = 1in Theorem 5).

o7 = i (D (%)k (lTal)k 3k+1
12 +V3) & (%)k (%)k (%)k 4k

Settinga = % +m,b=1+nandc =1+ pin(9), we get the equation.

Theorem 7. For m, n, p € Z with min{n, p, m — n — p} > 0, there holds the general summation formula for > with three free
parameters:

, 1 i(k—i—m)!(k—l—Zn)!(k—l—2p)!(k+2m—2n—2p)!3k—|—2m+2
b a—

()a )y Dy = (Demn Gy Gisnsy ¥ am
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When m = n = p = 0, Theorem 7 reduces to (3) exactly. Other two examples of the same type are displayed as follows.

Example 13 (m = 2 and n = p = 1in Theorem 7).
n’ i M;  k
2T &
2= (G

Example 14 (m = 2andn = p = 1in Theorem 7).

1 3k-2
S i
( k( )k 4k

3. Ramanujan-type series for 1/ with free parameters implied by Dougall’s ;F,;-series identity

In this section, three general 77 -formulas with free parameters will be derived from (5). They include not only (6)-(8) but
also many other Ramanujan-type series for 1/ with free parameters as special cases.
Takinga =x+ m,b =x+n,c = x+ pin(5) and then letting d — —oo, we gain the equation.

Theorem 8. For x € Cand m, n, p € Z with min{Re(1 +
7 -formula with four free parameters:

m—3x
2

—n—p),1+m—n,14+m—p} > 0, there holds the general

sin(rx) N (1 _X)mfnfp = 1k (X)I<+m(x)k+n(x)k+p
R ,;( D ik m— ik m —py 2K MmN

When x = 1/2, Theorem 8 specializes to (6) exactly. Other fourteen Ramanujan-type series for 1/ with three free
parameters from this theorem are laid out in Table 1.

Table 1
Series for 1/ implied by Theorem 8.

Values of x ~ Ramanujan-type series for 1/7 with three free parameters

5 1 1 1

1 3 _ (®mn-p xoo o 4k (§kam (5 )ken (5 )k4p

6 T (%)"(%)p Zk:ﬂ( ]) k!(k+m—n)!(k+m—p)! (12k +6m + 1)
1 5 5 5

5 3 _ (§)m-n—p 00 k (B)k+m (§)k+n(F)k+p

3 7= iy koD Ko miemopy (12K +6m + 5)

1 27 _ BDmnp oo k Dikem (D ($ierp

i 5= AT Lo D iy (8k +4m 4+ 1)
HaDp

3 27 _ Mmnp oo & Ckem esn Giesp

1 5= o Lo D oy (8k +4m + 3)
ENTE

1 33 _ Bmnp oo e Dem Geen(Dicep

3 S0 = oy k=0 (D Fagmomitermpy (6k +3m +1)

3n(3)p

2 33 _ (Dmnp oo _ k Betm(3iesn(Bicrp

3 T Dy 2o (D" Fagmomierm—pr 6k +3m +2)

1 5(/5-1) _ (%)m—n—p S k(%)k#—m(%)k-ﬁ—n(%)k-ﬁ—p

10 2 - (%)n(i) Z":O( D k! (k+m—n)!(k+m—p)! (20k +10m + 1)

3 5(/5+1) _ (3g)m-n-p e (3 keem (35 ke (55t

10 T BB Yo Wk migcrmopn (20K +10m +3)

[~

5(/541) _ (F)mn-p o0 k (fokerm (5 ke (5 kep
27 Zon(D) 2 ko= adcem—n)Gmepy (20k +10m +7)

S

|

5/5-1) (1) 1 (35 km (35 Dken (55 )k
S Ui o e phemthenCiin ok 4 1o+ )

o
2|

3/6-v2) _ (1) K (F kem (5 i (ke
O - ene 3 (- D i Qaic 12m + 1)

o

|
b S

3(V6+v2) _ (33)m-n—p K kem (3)ieen (5 ictp
7 e Zk (=1 W(24k+]2m+5)

o

[~
Rl u\w

3(V/6+v2) _ (H)m-n—p K (5 kem (5 ieen (3 Dicep
T - (4 Zk ( ]) k!(k+m—n)!(k+m—p)! (24k + 12m +7)

I~
N\\'

3(/6-v2) _ <ﬁ)mfnfp oo o 4k Gkem (B een (33 kp
T = dhaan, LoD e 24K+ 12m +11)

o

Choosinga=x+m,b=x+n,c=x+pandd = % + g in (5), we achieve the equation.
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Theorem 9. For x € Cand m, n, p, q € Zwithmin{Re(3 —x+m—n—p—q), 1+m—n, 14+ m— p} > 0, there holds the
general 7w -formula with five free parameters:

tan(rx) (1 = X)m—n—p (%)mfnfq (%)m—p—q i () ktm O sen (X iep (%)k+q 2k +m+ %),
k=0

T (G- x)minipiq ()n(X)p (%)q ki(k +m—mn)!(k+m—p)! (5 +x)

When x — 1/2, Theorem 9 reduces to (7) exactly. Other ten Ramanujan-type series for 1/ with four free parameters
from this theorem are displayed in Table 2.

k+m—q

Table 2
Series for 1/7 implied by Theorem 9.

Values of x ~ Ramanujan-type series for 1/7 with four free parameters

: 2 = e Y e e e @y am 1)
: 1 = gl ye (ot beat s bies st 4-am +-3)
% R v iy b PR T reerd LAELRRY
B = e e T B s G+ 3m )
% 20 = Gpnbeubens v, gl s qacron
: 5 = Upesbmsabeps sy Dmteatiisd i (1244 6m+)

E R — (st b 50, (e izt Des g+ 12m + 1)
s 12043 _ (%zl)m—n—p<%>m;n—q<5%>m—1p—q Y, <%)k+m<%)k+n<%)kl+lp(%)k+q 4k + 12m + 5)
z (32)m=—n—p—q(F)n(F)p(3)q =Y kl(k+m—n)!(k+m—p)!(13 )k+m—q

% 2l = (e Do e et ip D Qe+ 12m +7)
B e e S s Q4+ 12m 4 11

Making a = % +m,b= % +n,c=x+pandd =1—x+ qin(5), we attain the equation.

Theorem 10. For x € Cand m, n, p, q € Z with min{m —n, m —n — p — q — 1} > 0, there holds the general 7 -formula with
five free parameters:

(1 — 2x) tan(7rx) _ (1 =X m—n—pX)m—n—q (%)m—p—q
™ m—n—p—q—D!(2), 0(1-2,

o i (%)k—o—m (%)k—o—n ®ie4p(1 = Xietq @k + 2m + 1),

i kl(k+m—m!(3 —x) !

k+m—p (2 X) k+m—q

When x — 1/2 and x = 1/3, Theorem 10 specializes to (7) and (8) respectively. Other four Ramanujan-type series for
1/m with four free parameters from this theorem are laid out in Table 3.

Table 3
Series for 1/ implied by Theorem 10.

Values of x ~ Ramanujan-type series for 1/7 with four free parameters

1 1 _ GmnpDm-n—g(3m—p—g 3o (Ditm Pietn($DreapGierq
3 k=

20 T (m—n—p—q-1)!(In(§p(3)q O Kik+m=n)! 3k ym—p(3krm—q (dk+2m +1)
: B = s St e Pk 2m 4
: o e T s e am 1)
= e S i @ am 1)

Besides those formulas displayed in Tables 1-3, Theorems 8-10 can give more Ramanujan-type series for 1/7 with free
parameters with the change of x. We shall not lay them out one by one in the paper.
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