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Abstract

The operad Lie can be constructed as the operad of primitives Prim .As from the operad .As of associative
algebras. This is reflected by the theorems of Friedrichs, Poincaré-Birkhoff-Witt and Cartier—Milnor—
Moore. We replace the operad As by families of free operads P, which include the operad Mag freely
generated by a non-commutative non-associative binary operation and the operad of Stasheff polytopes. We
obtain Poincaré-Birkhoff—Witt type theorems and collect information about the operads PrimP, e.g., in
terms of characteristic functions.
© 2005 Elsevier Inc. All rights reserved.
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0. Introduction

Recent developments in Hopf algebra theory show that there are important objects which
could be called “non-classical” Hopf algebras. Typical examples are dendriform Hopf algebras
[20,29-31]. Dendriform algebras (introduced in [18]) are equipped with two operations <, >
whose sum is an associative multiplication. Many of these Hopf algebras provide new links
between algebra, geometry, combinatorics, and theoretical physics, e.g., renormalization in quan-
tum field theory in the work of Connes and Kreimer (cf. [6]). Other examples are magma Hopf
algebras and infinitesimal Hopf algebras (cf. [1]). Here the usual Hopf algebra axioms have to be
changed.
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Let Mag be the operad freely generated by a non-commutative non-associative binary op-
eration \V2(x1, x2) also denoted by xi - x5. Let similarly Mag,, be freely generated by n-ary
operations V", one for each 2 < n € N. A basis for the space of n-ary operations is given by re-
duced planar rooted trees with n leaves. This is the operad of Stasheff polytopes, see [35]. More
generally, we consider operads Magy, 2 < N < w, intermediating between Mag and Mag,,.

In a natural way, Hopf algebra structures over these operads can be considered. In fact it is suf-
ficient that the operad P fulfills certain coherence conditions. Then the free 7P-algebra generated
by aset X of variables is always a P-Hopf algebra with the diagonal A, (also called co-addition)
as a comultiplication. There canonically exists an operad Prim P, and Prim .As = Lie. A table of
pairs P, Prim P (triples in fact, if coassociativity of the comultiplication is replaced by a different
law) is given by Loday and Ronco in [21,22], and the family given by Magy might be added
to the list. In the case of Mag, a full set of multilinear primitives was given by Shestakov and
Umirbaev in [36], answering a problem posed by Hofmann and Strambach in [14]. An approach
to study the primitive elements via Taylor expansions with respect to the so-called algebra of
constants was given in [11].

In order to describe the operads Prim Mag,, we describe the graded duals of the given
Mag -Hopf algebras. These duals are equipped with commutative multiplications LLI. We show
that these commutative algebras are freely generated by the primitive elements (and dually the
given generalized Hopf algebras are connected co-free). This is an analogon of the Poincaré—
Birkhoff-Witt theorem.

We conclude that the characteristic of the X,-module Prim Magy (n) is of the form

. 1 ;oo
chy, (Prim Magy (n)) = . Z M(d)C[N]n/de/d-

d|n
Especially this means that the dimension of Prim Mag (n) is equal to
(n—D!c[NT,.

For N =2, c[2]; = ¢} is the kth log-Catalan number, with ¢} =1, ¢, =1, ¢ =4, ¢, = 13,
c5 =46, cp = 166, ...

In Section 1, we recall basic facts about trees and operads. We introduce the notion of admis-
sibly labeled (planar or abstract) rooted trees, where a sequence of sets My contains the allowed
labels for vertices of arity k. This is useful to define the operads Magy . Related integer se-
quences and their logarithmic derivatives are also considered.

In Section 2, we use the notion of unit actions on operads (see [19], and cf. [8] for further
studies) in a generalized setting. The properties of the unit actions on Mag are needed in Sec-
tion 3 to define the corresponding P-Hopf algebras. In their definition we do not include objects
with various not necessarily associative operations and not necessarily coassociative coopera-
tions. The given definition is general enough to include dendriform Hopf algebras, though, and
we sketch the relations to work of Loday, Ronco, and others.

In Section 4 we describe the free unitary Mag, -algebra K{X},, together with A, in more
detail. We also explicitly describe the graded dual (K{X},, A,), which is equipped with a shuf-
fle multiplication that is a sum of the shuffles. For Magy-Hopf algebras one may pass to the
appropriate subalgebras and quotients.

An analogon of the Poincaré—Birkhoff—Witt theorem for the operads Magy is proved in
Section 5, see Theorems 25 and 26. Our approach makes use of co-D object structures, where
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D is the category of unitary magmas. We also discuss the existence of a Cartier—Milnor—Moore
theorem and of Eulerian idempotents. Moreover, we note that there are cocommutative As-Hopf
algebras (with the same coalgebra structure) associated to the given Mag, -Hopf algebras.

In Section 6, we discuss the generating series and characteristic functions for the operads
of primitives. Here we focus on Prim Mag and Prim Mag,,. For small n, we can present the
corresponding ¥,-modules in terms of irreducible representations.

We also relate our results to recent independent work of Bremner—Hentzel-Peresi [3] and
of Pérez-Izquierdo [26] concerning the case of Mag-algebras. We discuss the description of
Prim Mag(4) by Sabinin operations.

1. Trees and free operads
1.1. Some combinatorics of trees

A finite connected graph ¥ £ T = (Ve(T'), Ed(T)), with a distinguished vertex pr € Ve(T),
is called an abstract rooted tree (with root pr), if for every vertex A € Ve(T') there is exactly one
path connecting A and pr. At each vertex there are incoming edges and exactly one outgoing
edge. (Here we think of the edges as being oriented towards the root, and we add to the root an
outgoing edge that is not connected to any further vertex.) At a given vertex A, the number n of
incoming edges is called the arity ar, of A. We write the set Ve(T') of vertices as a disjoint union
U,eny V&' (T). The vertices of arity 0 are called leaves, and we denote Vel (T) by Le(T).

An abstract rooted tree T together with a chosen order of incoming edges at each vertex is
called a planar rooted tree (or ordered rooted tree), cf. [33,34] as a general reference.

It is well known that the number of planar rooted trees with n vertices is the nth Catalan
number

n—1
(2 —1)!
Chn = — o —1)! chcn [

The sequence of Catalan numbersisci =1,co=1,¢c3=2,c4 =5, c5 =14, c¢ =42, c7 =132,
cg =429, cg = 1430, ... with generating series f(f) = ZZOII cpt" given by (1 — /1 —41)/2.

The numbers ¢, also count the number of planar binary rooted trees with n leaves (or 2n — 1
vertices). A tree T is called binary, if Ve(T) = Ve?(T)) U Le(T).

Let a,, n > 1, be a sequence of integers with generating series f () =Y o ant". The loga—
rithmic derivative of f(7) is the series g(¢) := = log(l + f (1)), and we say that the sequence a,,
n>1,with Y 02 a,t" =1-g(t) is obtained from a,, n > 1, by logarithmic derivation.

The sequence of log-Catalan numbers ), starting with 1, 1, 4, 13, 46, 166, 610, 2269, 8518,
32206, ... has the generating series 2¢/(3+/1 — 4t — 1 + 4¢).

Since

2 31 <3—«/1—4t)
= (0] _— 1,
VI _di— 1+t o0 2
it is obtained by logarithmic derivation from the Catalan numbers ¢,,n > 1.
In the set of all planar (rooted) trees with n vertices, the number of vertices with even arity is
given by c),. The corresponding numbers of vertices with odd arity have the generating series
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00 00
t 2t
! .n
ne,t" — ct" = —
,; Z " 1—4 @B-V1—4)/1—41

n=1
t(1—/1—4f
= ( ) =2 4263 + 7t + 248 +861° + 3147 + - -

QB =V1-4)J1—4r

(see [32, A026641], [7, p. 258]).
For example, in the set

v

of planar trees with n = 4 vertices, we count seven vertices with odd arity and cjl = 13 vertices
with even arity.

1.2. Admissible labellings

Let M be asetand T a planar (or abstract) tree. Then a labeling of 7" is amap v: Ve(T) — M.
The tree T together with such a labeling is called a labeled tree.

Let a collection My, My, M, ... of sets be given, and let M = UkeN My. A labeling
v:Ve(T) — M of a planar (or abstract) tree T is called admissible, if the restrictions v|Vek(T)
are maps Vek(T) — My, i.e. it holds that:

v(A) € My ifar) =k.

If M| =0, only reduced trees can be provided with an admissible labeling. A tree T is called
reduced, if ary #~ 1 for all A € Ve(T).

The set of planar rooted trees 7 € PTree with admissible labeling from (My)ien is denoted
by PTree{(Mj)ken}-

Non-labeled trees occur as trivially labeled trees, i.e. in the case where all My, k € N, are given
by a one-element set {o}. Similarly (setting M; = ), we consider non-labeled planar reduced
trees.

The number C,, = #PRTree” of planar reduced trees with n leaves is called the nth super-
Catalan number, also called the nth little Schroeder number. The generating series for the super-
Catalan numbers is %(l + 1t — /1 —6t+12) (cf. [32, A001003]). The first 10 super-Catalan
numbers are 1, 1, 3, 11, 45, 197, 903, 4279, 20793, 103049.
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Moreover, for fixed N € N, we consider the sets PRTree[ N]" of planar reduced trees which
have n leaves and fulfill the property, that for every vertex A the arity ar is < N. The corre-
sponding integer sequence is denoted by c¢[N],. Clearly for N = 2, we get binary trees and the
sequence c,, while for N — 0o, we exhaust all planar reduced trees. More exactly, c[N], = C,
whenever n < N.

Similar to the definition of log-Catalan numbers, we define the sequences C,, and ¢[N];, by
logarithmic derivation. One can check that these sequences are in fact integer sequences. (This
will also follow later on.)

1.3. Free operads

Let K be a field. Let a collection M = (My)>> of sets be given, and set My := {o}, M7 := 0.
Then the free non-X-operad I" (M) generated by the collection (My)r>> can be conveniently
described using admissible labellings:

Let '(M)(0) =0, I'(M)(1) = K - |, where | is the tree consisting of the root. The elements
of I'(M)(n) are all linear combinations of admissibly labeled (necessarily reduced) planar trees
with n leaves.

The operad structure on the sequence of vector spaces I"(M)(n) is determined by K -linear
op,;-operations

oni : 'M)() @ L (M)(m) — I'M)(m+n—1), alln,m=1,1<i<n,

and the unit |. Here, if 7' is a tree with n leaves, and T2 is a further tree having m leaves,
Tl On.i T2 (fori=1,...,n)is given by the substitution of T2 in T' at the ith leaf (obtained by
replacing the specified leaf of T'! by the root of 72).

Let M; consist of one generator «, and let My =@ (k > 3). Then all elements of I"(M) are
linear combinations of planar binary trees. For n > 1, we can identify a basis of I"(M)(n) with
the set of (non-labeled) planar binary trees with n leaves. Especially,

dimI"(M)(n) = c,.

The tree \/ corresponds to the binary operation o, and we get ternary operations o 02,1 o
and o 07 » o as compositions.
This is the non- X-operad Mag of (non-unitary) magma algebras.

1.4. Grafting operations

A word T'.T%... Tk (or an ordered tuple (Tl, T?, ..., Tk), not necessarily non-empty) of
planar trees is called a planar forest. Given a forest T'.T2 ... T* of k > 0 trees, together with a
label p € M, there is a tree T = \/p(Tl.T2 ... T*) defined by introducing a new root of arity
k and grafting the trees T!,.... Tk onto this new root. The new root gets the label p, and the
specified order determines the order of incoming edges at pr. The tree T is called the grafting
of TL.T2... Tk over p.

The non-X-operad /C of Stasheff polytopes is the free non- X -operad I"(M) generated by a

collection (My )y >2 of one-element sets. We denote the generator of arity k by vk It corresponds
to the grafting operation V restricted to planar forests consisting of k trees (and their K -linear
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combinations). The tree symbolizing this operation is called the k-corolla. The cells of the Stash-
eff polytope (or associahedron) in dimension n — 2 can be identified with reduced planar trees
with n leaves and form a basis of [C(n).

1.5. A family of free operads

For each N € N, we can also consider the non-X-operad Mag, generated by a collection
(My)k>> given by {VK} for k < N and @ for k > N. The trees symbolizing operations are ele-
ments of PRTree[ N]", i.e. they have at most arity N vertices. Clearly Mag, = Mag. There are
obvious inclusion maps -

Magy — Magy, N <N/,

defined. All these are sub-operads of IC, which we will also denote by Mag,,.

Let Mag, be the operads given by the symmetrizations of the non- ¥'-operads Mag ;.

The symmetrization of a non- X'-operad P is defined by P(n) = P(n) @ K X, (all n), where
X, is the symmetric group. The composition maps are induced by the maps of P (and the maps
of the operad As with As(n) = K X),). Thus, e.g., the X,,-module Mag(n) is given by ¢, copies
of the regular representation K X, and Mag,(n) is given by C,, copies of K X,. Operads that
occur as symmetrizations of non- X -operads are also called regular operads.

2. Free Mag y-algebras

Let K be a field of characteristic 0, and let X = {x1, x2, ...} be a finite or countable set of
variables. We consider algebras over the operads Mag, defined in the previous section. If not
specified, N is allowed to be in N»; U {w}.

To ensure that the tensor product of P-algebras is provided with the structure of a PP-algebra
there are several approaches possible (cf. [15,19,24]). The approach of [19] for binary quadratic
operads is generalized in the following. For the purpose of this paper, we mostly deal with regular
operads.

Definition 1. Let P be an operad, P(0) =0, P(1) = K = K id.
Let a 0-ary element 1 be adjoined to the X'-space P by

(PO, i1,
P(')'_{Kn, i =0.

A unit action on P is a partial extension of the operad composition onto P’ in the sense that
composition maps (fulfilling the associativity, unitary, and invariance conditions) fiy:m;,....m, are
defined on

Pn)@P'(m)®---@P'(my) > P'(m), m:=my+--+my,
forallm; >20(j=1,...,n),forn>22,m>0(orn<1,m>0).

Given a P-algebra A, we can define structure maps for A := K 1@ A such that n € P'(0) is
mapped to 1 € A, and A is called a unitary P-algebra.
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Definition 2. Let P be a regular operad, P(n) = P(n) @ K X, where P is generated by fixed
sets (My)2<k<n- Let P be equipped with a unit action.
If there are operations x,, € P(n) = P(n) ®k K -id S P(n),n < N, fulfilling
*n On,i () =*,—1, alli,

*2 0,1 (1) =*2022 (1) =id,
then we say that the unit action respects the operations *,, and we define

Mn:0,...00, QN ®---@n) =1.

Such a unit action is called coherent, if for all P-algebras A, B it holds that (A® K1) & (K1 ®
B) ® (A ® B) is again a P-algebra with:
Foralln,all p e M, alla; € A, b; € B,

p(al®blva2®b27"'vaﬂ ®bn) :z*n(al’a21~--1an)®p(blvb27"'vbn)
in case that at least one b; € B,
pa®l,aa®1,...,a,®1):=plar,az,...,a,) 1,

if p(ay,az, ..., a,) is defined; and the operations on (AQKDN@®(K1QB)D (AR B) generated
by these p via compositions (and the X'-action) are obtained by applying the same compositions
(or permutations) on both tensor components correspondingly.

In case an operad Q is a quotient of a regular operad P with a coherent unit action, we say that
Q is equipped with the induced coherent action if the analogous equations hold for the images
of the operations %, and p in Q.

Since Magy is a regular operad freely generated by operations VX, k < N, we get:

Lemma 3. Each operad Mag y is equipped with a (unique) unit action which respects the oper-
. k
ations V¥, i.e.

\/k Ok,i (7)) = \/k_l, all i,

2 2

VZop1 () =V- o027 () =id.

This unit action is coherent.
Remark 4. Let MX = (M ,f( k>0 denote the sequence
M =X, M,f(=Mk={\/k} for2<k<N, and M{=¢ else.
Then the free Magy-algebra has the set of admissibly labeled planar trees as a vector space

basis. In the case N = w these are the reduced planar trees with leaves labeled by X, and for
N e N only trees with maximum arity N occur.
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The free Mag, -algebra is naturally graded, such that the planar trees with n leaves are ho-
mogeneous of degree n. We set

K{x)V =k1

and identify 1 with the empty tree ¥ (which we now adjoin to the set of reduced planar trees).
For N € N>, U {w}, we denote the free Magy-algebra with unit 1 by

K{X}y =PKX}y.
n=0

The admissibly labeled trees with only one vertex are identified with X and form a basis of
K{X}\. We also set VE(1, 1,..., 1) =1 (all k).

Consequently, the free Mag-algebra with unit 1 can be identified with the space of labeled
binary trees K {X} C K{X}y (all N > 2), equipped with the free binary operation - = V2. On
Mag, the coherent unit action is just the one givenby 1-a =a-1 = a (for every Mag-algebra A,
every a € A), with component-wise multiplication on the tensor product. The operads As and
Com are equipped with the induced coherent unit actions.

3. P-Hopf algebras and Prim P

Since Hopf algebras combine operations and cooperations, there is no operad whose algebras
or coalgebras are Hopf algebras. To describe them, and also generalizations with not necessarily
associative operations and not necessarily associative cooperations, one would use PROPs. Here
we are only interested in the case where the set of cooperations is generated by one coassociative
cooperation. Thus we do not need the generality of PROPs and stay close to operad theory.

Definition 5. Let P be an operad equipped with a coherent unit action. Let A= K1 A be a
unitary P-algebraand AQ A=KI®(A® K1) ®(K1® A) ® (A® A) be equipped with its
unitary P-algebra structure (see Section 2).

Let A:A— A® A be a K-linear coassociative map (called comultiplication map), such that
A =1®1land A'(a) :=Aa) —a®1 —1®ac AR Aforall a € A.

Then A together with A is called an (augmented) P-bialgebra, if A is a morphism of unitary
P-algebras, i.e. if Ao pg = pagac(A®---® A), forall peP.

Let moreover A be given by |,y An, Where each A; is a subspace of A; ;1. Then A is called
a filtered P-Hopf algebra if A(A,) €Y/ Ai ® Ay (all n).

We call A connected graded, if A = EBn eN A™ for finite dimensional vector spaces AD C A
such that A® = K and

n—1
A(AM) Y AV @AM (@lln>1).

i=1

In case that P is a regular operad equipped with a coherent unit action, we are going to
define a comultiplication map on A = K @ Fp(Vx). Let us recall that for any operad P, any
sequence (g1, g2, - - .) of elements of a P-algebra A’ uniquely determines a P-algebra morphism
Y =Yea...) A= A withx; > g; (all x; € X) and 1 — 1.
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Lemma 6. Let P be a regular operad equipped with a coherent unit action and let A be the free
unitary P-algebra generated by the vector space Vx with basis X. Then there is a coassociative
P-algebra morphism A, defined by

Ai)=x®1+1Qx, allxelX.

It provides the free unitary P-algebra A with the structure of a connected graded P-Hopf alge-
bra.

If we furthermore assume that the K -linearmap t:AQA — AQ A, a1 Qax > a®aj isa
‘P-algebra isomorphism, then A, is cocommutative in the sense that T o Ay, = Ag.

Proof. By construction the map A, is a P-algebra morphism and A/, (f) € A® A forall f € A.
To check coassociativity, we just have to verify that

(Aq ®id) (44 (x)) = (1[d®A) (Aa(x)), allx € X.

Bothsides areequal to x @ I Q1+ 1®@x @1+ 1Q 1 Q@ x.

The free unitary P-algebra A allows a grading (with A(Y) = K) respected by all P-operations.
Similarly the P-algebra operations on A @ A respect the grading (component-wise), and the map
A, provides A with the structure of a connected graded P-Hopf algebra.

The last assertion follows directly from the definition of A,. O

Remark 7. We call A, the diagonal or co-addition (in analogy to the usage in [2], where any
abelian group-valued representable functor leads to a co-addition on the representing object).
The cocommutative Hopf algebra given by the free unitary As-algebra K (X) together with
the diagonal A, is well known.
Dually one can equip the standard tensor coalgebra (i.e. K(X) with its deconcatenation
coalgebra-structure) with the shuffle multiplication LLI = A¥, which is commutative (cf. [28,
Chapter 1]).

Definition 8. For any connected graded P-Hopf algebra A = P, .y A™ | we define the vector
space A*¢ =@, (AW =P, (A™)*, where V* = Homg (V, K) for any vector space V.
We call A*8 the graded dual of A.

We denote by A*:A* @ A* — A*8 the K-linear map given by (A*(f1 ® f2))(a) =
> fi (aqy) f2(a)), where f1, fo € A*8 and a € A with A(a) = Za(l) R a).

The maps A* and A are adjoint with respect to the canonical bilinear form (,): A*8 x A — K,
ie.

(A*(f1® f).a)=(fi ® fr, Aa)),
where (f1 ® f2,81 ® g2) = (/1. 81) ® (/2. 82)-
Lemma 9. The space A*S together with the operations p*, p € P, is a P-coalgebra.

The space A*8 together with A*: A*8 @ A*8 — A™S is a graded As-algebra with unit 1 €
(A*$)O) = K. Furthermore, a cocommutative A leads to a commutative multiplication A*.
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Proof. This is just the classical result, modified using the fact that a P-algebra structure on A
induces a P-coalgebra structure on A*S. O

We consider primitive elements, i.e. the elements f such that A(f) = f ® 1 +1® f, with re-
spect to the comultiplication A, on the free P-algebra Fp(Vx) (over an operad P with coherent
unit action).

The following lemma reflects that the composition of primitive elements is again primitive
and gives the definition of the operad of primitives (compare also [11,19]). We recall that the
space of elements in Fp (Vi x,,..., xn})(”) which are multilinear (i.e. have degree 1 with respect
to each variable x;) can be identified with P (n), for any operad P.

Lemma 10. Let P be as in Lemma 6. The X, -spaces Prim P (n) of multilinear primitive elements
in Fp(Vix, x, x,,})(") define a sub-operad PrimP of P, with free algebra functor Fpimp =
Prim Fp.

,,,,,

Proof. (1) Let A = K @ Fp(Vy) together with A, be the connected graded P-Hopf algebra
defined in Lemma 6. The image of an element p(x1, x7,...) of A under A, is given by

Aa(p()C1,X2,...)) =pagAX1 @1 +1Q®@x1,x1+1RQx2,...).

This can be expanded into a sum. To simplify notation, we treat the case where p € M,, is a gen-
erating operation. Two of the summands are p(x1, x2,...)® 1 and », (1, 1,...) ® p(x1,x2,...) =
1® p(x1,x2,...), because the unit action is coherent. Let n > 2, and let us collect all summands
with first tensor component x1, say. Therefore we have to compute

pA®A(x1®1, 1 ®x2,1®x3,...,1®xn):*,,(x1,l,..., D®p, x2,x3,...,%,).
—_——

X1

Similarly, in the A,-image of every multilinear p(x1, x2, ..., x,), the term x; ® p(...,x;-1, 1,
Xj41,...) collects all summands with first tensor component x ;. Moreover this implies that every
multilinear primitive p(x1, x2, ..., X,) is mapped to O if any k variables are replaced by 1, 1 <
k<n-—1.

(2) Given a sequence (g1, g2, ...) of primitive elements of A, we consider the P-algebra
morphism y = y(g, ¢,,..): A — A with x; = g; (all x; € X). Then

(Daoy)xi) =g ®1+1®g = ((y ®y) 0 Ag)(x).

Now let p(x1, x2, ..., Xx,) be a multilinear primitive element and let g := y (p(x1, x2, ..., Xn)).
We claim that g is primitive. Since A, and y are P-algebra morphisms,

Aa(g) = (Agoy o p)(x1,x2,...) = paga(Aa(g1), Aa(g2),...)
=paga(@1®1+1®g1,201+18g,...).

As in step (1), we can expand into a sum where two of the summands are

p(gi,.82,..)®1 and 1® p(gi,g2,...).
e e R
8 8
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The other summands yield O by step (1), because y (p(1l,x2,x3,...,x,)),...,v(p(1,1,...,
1, x,)) are 0.

(3) The vector space PrimP(n) is a X, -space: This follows from step (2), when we consider
the maps y for (g1, g2, - .., g») any permutation of (x1, x2, ..., x,). In the case of arbitrary prim-
itive elements g; = g; (x1, x2, . ..) that are homogeneous of a degree m;, step (2) shows that there
are well-defined composition maps for Prim P. Thus we have constructed an operad Prim P. The
vector space Prim(Fp(Vy)) is a Prim P-subalgebra of Fp(Vx) which is freeon Vx. O

Remark 11. The operad Prim As is Lie (cf. [19]). This follows from the theorem of Friedrichs
(cf. [28]), which states that Lie polynomials are exactly the polynomials in non-commuting asso-
ciative variables which are primitive under A,. The theorem of Cartier—Milnor—Moore (cf. [27,
Appendix B]), together with the theorem of Poincaré—Birkhoff—Witt, shows that the category of
cocommutative connected graded Hopf algebras is equivalent to the category of Lie algebras.

The operad Dend of dendriform algebras of [18] can be provided with a coherent unit ac-
tion such that | < y =0,x < | =x,x > |=0,| > y =y, see [19]. The free Dend-algebra
(K YTree™, <, =) can be provided with the structure of a Dend-Hopf algebra (see [20]). It
is exactly the Dend-Hopf algebra structure given by A,. Ronco [29] has determined the prim-
itive elements, the operad Prim Dend is the operad of Brace-algebras, special pre-Lie algebras
equipped with n-ary operations (...): A®" — A for each n. For the operad Dend they play the
role of Lie-algebras in the analogues of Cartier—-Milnor—-Moore and Poincaré-Birkhoff—Witt the-
orems [4,30]. Further results in this direction can be found in [22].

4. Mag y-Hopf algebras with duals related to shuffles

We consider the connected graded Mag,,-Hopf algebra A = K{X},, with A,, and we con-
sider K{X}n as a sub-Magy-Hopf algebra for each N.

Lemma 12. The Mag y-Hopf algebras K{X}y, 2 < N < w, are cocommutative (in the sense of
Lemma 6).

The following lemma generalizes the formula for N =2 given in [11].

Lemma 13. Let T be a tree in K{X},. For I in Le(T) let I¢ denote the complement of I in
Le(T). Then the image A,(T) of T is given by the formula

> red(T|I) ®red(T|I°),
1CLe(T)

where the construction of red(T |I) can be sketched as follows: All vertices and edges of T that

do not lie on some path from a leaf in I to the root are removed from T. Then the necessary
contractions are made to obtain a reduced (admissibly labeled) tree red(T |I).

Proof. If Le(T) = @, the formula says that A,(1) =1 ® 1. If T consists of one leaf labeled
by xi, then

Aa(T) = x, ® 1+ 1@ x =red(T|Le(T)) @ red(T'|#) + red(T |¥) ® red(T |Le(T)).
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Assume now that T has at least two leaves. We may iteratively apply the Mag, -algebra mor-
phism property

Aaov”zv’/;@Ao(Aa@m@Aa)

of A, and expand \/'/'4'®A (V'X®A e,k ®14+1Q®xg,...),...) distributively to show that
Aq4(T) is given by summands where the tree 7 is splitted as indicated, according to the choice
of ICLle(T). O

Definition 14. Given two planar admissibly labeled trees T!, T2 with ny, ny leaves, and a planar
tree T with n| + nj leaves, we say that T is a shuffle of T! and T2 in K{X}y,if

red(T|1)=T", red(T|1) =T?

for some subset I C Le(T).

Similarly defined is the notion of a shuffle in K{X}y. If T', 72 both belong to K{X}y,
N € N, one can consider their shuffles in K{X}y and the (larger) set of shuffles in K{X},,.

For any tree T in K{X},, we define a K -linear map dr : K{X}, — K{X}, by

A= Y TR,

T cPRTree{MX}
where f € K{X},. Especially, for T = 1gx;, =¥, dg =id.

Remark 15. The map d7 may be called a generalized differential operator. For any x; € X, 9,
is the unique mapping D : K{X}, — K{X}, with

D(x)) = 1, k=1,
=0, k£l
satisfying the Leibnitz rule
n
D(\/"(vl, e, vn)) = Zvn(vl, e Vi1, D), vigt, ..., vn) for all v;.
i=1

Proposition 16.

(i) For S, T € PRTree{MX}, T =vP(T'.T?...TP), we have

3s(T) = > VP (31 (T") ... 850 (T7)),

vP(S1.82..8P)=$

where the sum is over all not necessarily non-empty trees Sl 82 ..., 8P such that
vP(St.s2...8P)=S5.
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(11) Let xx € X, and let W (k,n) be the set of reduced trees with n leaves that are all labeled
by x. Then:

1
D ds=— ()",

SeW (k,n)

Proof. Since A, is a Mag,-algebra morphism, we get assertion (i). To prove the equation in
assertion (ii), we apply both sides to T = v’ (T!...TP). The assertion is trivial forn =0, n = 1,
or if T has less than n leaves. On the one hand, we have

1 1 n i1 (1 i

GO D=0 S (" 00 ) 0 (7))
i feip=n TP

On the other hand, by (i),

oo = ) > vP(ag (7). 050 (T7)).

SeW (k,n) i1++ip=n SfeW(k,ij)
and assertion (ii) follows by induction. O

Lemma 17. For f homogeneous of degree n, f is primitive if and only if or (f) = 0 for all
monomials T € K{X}, with 1l <degT < (n—+1)/2.

Proof. By definition f is primitive if and only if d7(f) = O for all monomials 7 € K{X},,.
Using the cocommutativity of A,, the criterion follows. O

The commutator operation [x, y] := \/Z(x, y) — Vz(y, x) € Prim Mag,,(2) is only the first in
a large number of primitive operations, see Example 31.

In view of Lemma 9, we can describe the graded dual K {X}.¢ of the Mag,,-Hopf algebra
K{X}, equipped with A, as follows. In analogy to the classical case, see Remark 7, the commu-
tative associative binary operation corresponding to A, is called planar tree shuffle multiplication
(or planar shuffle product), and the coefficients (T]TTz) are called planar binomial coefficients,
see [10].

Proposition 18. The vector spaces K{X}o, and K{X}.¥ can be identified by mapping the basis

given by trees T on the corresponding dual basis elements §1. Then the commutative associative
multiplication A%, is given by the binary operation LL1: K{X}, ® K{X}, — K{X}, induced by

T
T'®T?— Z (Tl T2> T for tree monomials Tl, T2,
all shuffles T of T and T? ’

where (TITTz) > 1 is the number of subsets I C Le(T) with
red(T|1)=T", red(T|1€) = T2

Especially 1 LL11 =1.
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Remark 19.
(i) In the case where T'! has k leaves labeled bijectively by x1, ..., x;, and T2 has n — k leaves
labeled bijectively by xz+1, ..., X,, then no coefficient (TITTZ) > 1 can occur. We get a gen-

eralization of the well-known shuffle multiplication of permutations LLI: K Xy x K X, —
KX,.

(ii) The graded dual of the Magy-Hopf algebra K{X}y equipped with A, is the quotient of
(K{X}w, 1) with respect to the projection K{X}, — K{X}y which is the identity on the
subspace K{X}xy and O on its complement. By abuse of notation, we denote all these shuffle
multiplications by LLI.

Example 20. The product xj LLIxp LLI---LLl X, is given by

2, 2T

T ePRTree" c€Xy,

where 77 is the admissibly labeled tree with first leaf labeled by x4 (1), second by x4 (2, and so
on. This can be shown by induction (the case n = 1 being trivial) using the fact that every term
of x1 LLIxp LLI--- LLIx, occurs in a unique way as a shuffle of a term of xy LLIxp LLI -+ LLIx,—
and x,,.

5. An analogon of Poincaré-Birkhoff—Witt

As a vector space (in fact as a coalgebra) the free As-algebra on V is isomorphic to the
free Com-algebra generated by all Lie polynomials, i.e. by the primitive elements. This is the
Poincaré—Birkhoff—Witt theorem.

To describe the operads Prim Mag , we are going to use an analogon of this theorem.

First, we need to describe the primitive elements as irreducible elements with respect to
the shuffle multiplication, and we also need a description of the operation (V2)*: K{X}, —
K{X}o ® K{X}o.

Proposition 21. Let f € K{X }5(,1) be homogeneous of degree n > 1.

(1) If f is primitive, then ( f, g1 LLI g2) = 0 for all homogeneous g1, g2 € K{X}y of degree > 1.
(i1) If S is an admissibly labeled tree of degree 1 < k < n — 1, then ds(f) =0 if and only if
(f, S g)=0forall g e K{X}\™.
(iii) If the homogeneous element f of degree n is orthogonal to all shuffle products S LI T of
trees S € K{X}X,C), T e K{X}g\'}_k) with 1 <k < (n+1)/2, then f is primitive.

Proof. We can consider elements of K{X},,. By definition, (A,(f), g1 ® g2) = (f, g1 LLI g2).

Clearly, if f is primitive, (f, g1 LLI g2) = (f, g1)(1, g2) + (1, g1)(f, g2) =0.
If 95(f) # 0 for some tree monomial S of degree 1 < k < n — 1, then by definition

0#(Aa(f),S®g)=(f,Stug) forsomege K{X}I.
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If f is orthogonal to all shuffle products S LL1S’, S, S’ trees with deg S = k > 1, then

Ad(f) = > T ®dr(f)

T ePRTree{ MX}—{S}
and ds5(f) = 0. Then assertion (iii) follows by Lemma 17. O

Definition 22. Let N € N>, U {w}. The maps given by (VK)*: K{X}}¥ — (K{X},$)®* are sim-
ply denoted by Vi, for each k < N, see Lemma 9.
Especially, we consider V, as amap K{X}y — K{X}y ® K{X}y foreach N.

Lemma 23. We consider the unitary Com-algebras A = (K{X}y, L)), N € N> U {w}. By A
we denote the augmentation ideal. Then:

(1) The K -linear map Vo:A — A ® A is a morphism of Com-algebras.
(i) The K-linear map V3 is non-coassociative. If T is an admissibly labeled tree, then

TRI+1QT+T'®@T% T=vXT'.T?,

Vo (T) =
2D {T®1+1®T, ar, #2 (p the roof).

(i) IFVH(f):=Va(f)— f®1—1Q® f, then Vi(f) € A® A for f € A.

In other words, these unitary Com-algebras are co-D objects, where D is the category of unitary
magmas.

Proof. (1) The chosen unit actions on Mag, and Com have the property that the operations on
the tensor product A @ A are defined component-wise. We have to check that

Violll= (L ®LL) o1p0(Va ® V7).
—_—

WagA
By looking at the graded dual, this is equivalent to the equation
Aovi=(VI®V)ono(A®A).
The latter equation is fulfilled, because (V2 ® V?) o1, is \/i® 4and A: A — A® A is a morphism

of Mag-algebras.
(2) Since V; is determined by the equation

(V2(fi-f2), 8) = (1 ® f2. Va(g)

we conclude that, for 7 an admissibly labeled tree,

VW=T®1+1T+ Y T'®T.
T=v2(T'.T?)
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It also follows that V; is not coassociative. We note that, for f, g € A,

(f.8)=(V2(1.)g)=(1® f. Va(g)) = (f ® L, Va(g)).

Thus assertion (iii) follows.

(3) The categorical coproduct for Com-algebras is the tensor product ®. By (i) and (iii) this
means that V; provides the unitary Com-algebras A = (K {X}y, LLI) with the structure of a co-
magma object, with counit given by the augmentation map. O

Remark 24. The vector space K{X}y equipped with V3 is a non-associative coalgebra in the
sense of [13].

Theorem 25. Let, for N € Nx» U {w}, A = K{X}y be the unitary free Magy-algebra. Let
W =Prim A be its space of primitive elements, graded by W® = Prim A®.

(1) The unitary Com-algebra (A, L) is freely generated by W = Prim A with respect to the
shuffle multiplication.

(ii) Letn >2, and let B™ be the orthogonal complement of Prim A™ in the vector space A™.
If fi,..., fr is a basis (consisting of homogeneous elements) of EBZ;II Prim A®), then a
basis of B™ is given by the elements

k
fallfy i fy, 1<ii<ip <o <ig<r, with y_deg fi; =n.
j=1

Proof. (1) We have shown in Proposition 21 that the homogeneous primitive elements of A are
also the homogeneous LLI-irreducible elements of A, i.e. the elements f not of the form g LLI g»
(for f, g1, g2 homogeneous of degree > 1). Thus the unitary Com-algebra morphism 7 : K1 &
Feom(W) — (A, LL) is surjective, and for every proper subspace U of W, K1 F¢,,,,(U) cannot
be isomorphic to (A, LLI).

(2) We have to show that 7 is injective, i.e. that (A, LL) is a free Com-algebra.

By Lemma 23, there exists a morphism V,: A — A ® A of Com-algebras, which provides the
unitary Com-algebras (A, LLI) with the structure of a co-D object in the category of Com-algebras,
where D is the category of unitary magmas.

Over a field K of characteristic 0, all connected (i.e. A® = K) Com-algebras that are
equipped with the structure of a unital co-magma are free. This is the Leray theorem, see [25].
Thus 7 is an isomorphism.

(3) Since the space Prim A" is orthogonal (with respect to (,)) to the shuffle products in A®,
see Proposition 21, assertion (ii) follows from assertion (i). O

Dualizing the statement of Theorem 25(i) and its proof, we obtain:

Theorem 26. The Magy-Hopf algebras given by the free Magy-algebras equipped with A,
are cofree co-nilpotent Com-coalgebras, co-generated by their primitive elements.
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Remark 27.

(i) Given an arbitrary graded connected Mag,-Hopf algebra A, one can consider it as a
Prim Mag y-algebra, and its primitive elements as a (Prim Mag-)subalgebra. For K of char-
acteristic 0, the situation is analogous to the classical Cartier—Milnor—-Moore theorem (cf.
[27, Appendix B]), and the Hopf algebra A is of the form U (Prim A). Of course the concrete
description of the functor U depends on a description of the Prim Mag-operations.
Theorem 25(ii) shows that one may search for orthogonal projectors

eV e@ e k(X)) - KX}

which are similar to the Eulerian idempotents (cf. [17]). The idempotent e prO_]CCtS ele-
ments of K{X }(") into the subspace of i-factor shuffle products of primitive elements. Here
any series like the exponential series of [9] which maps primitive elements on group-like
elements is useful.

(i1) Theorem 26 suggests the definition of a family of cocommutative .As-Hopf algebras Hy
related to the given Mag, -Hopf algebras. The idea is to have a free Lie algebra on a space
C of graded generators associated to Hy by the Cartier—Milnor—-Moore theorem, such that
the cocommutative coalgebra structure of Hy is the same as the one on the corresponding
Mag y-Hopf algebra.

One might consider the Prim Magy-operations [...[x,, xs1], xs2]. .. X50:—1)], 6 € Zp_1,
n > 2, and choose C such that these operations evaluated on C yield all primitive elements.

6. The generating series and representations
. . P . . dimP®) .n
The generating series f’ (¢) of an operad P is the series Zn>1 — .
The classical Poincaré—Birkhoff—Witt theorem implies that the generating series of Prim As =
Lie is

: — 1!
frem =y o py Ly = —log(1 —1),

n>1

because its composition with fC”m =exp(t) — 1is fAS ®OH=1/(—-1)—1.

Similarly, it is implied by Theorem 25 that the generating series of the operads Prim Mag y
are the logarithms log(1 + ¢) of the generating series of the corresponding Mag . In fact this
holds on the level of characteristic functions in the ring A of symmetric functions, equipped with
the plethysm o. For the theory of symmetric functions, see [23]. Let p,, r > 1, denote the Q-basis
of A given by the power sum symmetric functions Zi>1 x!.

Corollary 28.

(1) The characteristic of the X, -module Prim Mag(n) is given by

ch,, (Prim Mag(n)) = Zu(d)cn/dpd
dln
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and the characteristic function ch(P) = Zn> 1 ¢h, (P(n)) for Prim Mag is given by
w(d) C]/< k
D
d>1 k>1

Here cy_is the kth log-Catalan number.
(ii) Especially it holds that the dimension of Prim Mag(n) is given by

dimPrim Mag(n) = (n — 1)!c|,

and the generating series fP™Mag (1) s given by

<3 —J1- 4t)

logl —— ).
2

(iii) The analogous assertions of (i) and (ii) hold for the operads Prim Magy, N € N> U
{w}: The sequence c|, has to be replaced by the sequence c[NY1,. Especially, for Mag,, the

logarithmic derivative C), of the super-Catalan numbers Cy, has to be taken. The generating
series fPIMMas, (1) is given by

10g(5+t—\/1—6t~|—t2)
2 .

Proof. We may modify a computation given in [12]. While the classical Poincaré-Birkhoff—Witt
theorem implies that ch(Lie) = Log(1 + ch(As)), Theorem 25 implies that ch(Prim Mag) =
Log(1 + ch(Mag)). Here the operation Log on symmetric functions is given by

d _1n+l
L0g(1+f)=ZM;)Z( ’z pho f.

d>1 n>1

Clearly ch(Mag) is given by 3 ;> ckp/f, thus 3, (71,):“ Pl o ch(Mag) is equal to

log<1 ~+ pa o chpll‘> zlog(l + chp§>.

k>1 k>1

By definition of the log-Catalan number c; as the coefficient of t*=1 in the logarithmic deriv-
ative of )" cxz¥, we get that

10g<1 + chtk> = Z %tk.

k>1 k>1

Hence we get the asserted expressions for ch(Prim Mag) and ch,, (Prim Mag) in (i).
To show assertion (ii), one may repeat the same computation for generating functions instead
of characteristic functions, or apply the rank morphism that maps p; +— ¢ and p, — O, n > 1.
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The same arguments, with Catalan numbers ¢, replaced by the sequence c[N],, apply to
PrimMagy, N e N> U{w}. O

Remark 29. The occurrence of log-Catalan numbers in dimension formulas for homogeneous
elements of Prim K {X} has independently also been observed by Bremner, Hentzel, and Peresi
in [3]. They consider a set X of r; generators of multi-degree e¢;, i =1, ..., N, and show that the
Witt dimension formula

1 / |d| dj dy
HZMUC)Cw(CZI )rl Y
k,d

so.dy
kd=n

yields the dimension of the space of homogeneous primitive elements of multi-degree n =
(ni,n2,...,nN).

Remark 30. Using Corollary 28 it is easy for small n to describe the representation of ¥, given
by Prim Magy (n) in terms of irreducible representations. In the basis of Schur functions, one
checks that chz is s3 + 3s2.1 + s1,1,1 for Prim Mag, and 2s3 + 5s2,1 + 251,11 for Prim Mag,,.
We get 3s4 + 10s3,1 + 6522 + 10s2,1,1 + 351,1,1,1 for Prim Mag(4), and 8s4 + 25531 + 16522 +
25s82.1,1 + 8s1.1.1,1 for Prim Mag,, (4).

These representations of X, are not given by copies of the (n — 1)!-dimensional representation
Lie(n). But they occur as the representations of primitives associated to the cocommutative Hopf
algebras mentioned in Remark 27(ii), because the homogeneous components of degree n of these
Hopf algebras are c[ N], copies of the regular representation (in the Mag  -case). Thus one may
obtain this type of representations, starting with free .4s-algebra generators, as was pointed out
to us by J.-C. Novelli. Here one needs e[ N], generators in degree n, where the generating series
e(t) and c(¢) for e[N], and c[N], are related by c(¢) =1/(1 —e(¢t)) — 1.

A comment made by F. Chapoton is that it would be nice to have presentations of the operads
Prim Mag , as Hadamard products, and one may ask for a possible (anti-)cyclic operad structure,
see [5].

An intrinsic characterization of Prim Mag, by generators and relations would naturally be
interesting, a question that was posed (for primitive elements in free Mag-algebras) by Umirbaev
and Shestakov in [36], see also [11].

Example 31. The commutator operation v2(x,y)—V2(y, x) € Prim Mag(2) = Prim Mag,,(2)
is denoted by [x, y]. Let (x, y, z) :== (x,z,y) — (x, ¥, 2), where (x, y, z) is the associator opera-
tion V2(V2(x, y),z) — V2(x, V2(y, 2)). Furthermore, let {x, y, z} := (x,z, y) + (x, y, 2).

The space Prim Mag(3) has dimension 8 and is generated (as a X'3-module) by the operations
(x,y,2), {x,y,z}, and [[x, y¥], z], which fulfill

(x,z,y)=—(x,y.2), {x.z.y}={x.y.2}, [y, x].z] =—[lx,y].z], and
the relation Z (a,b, c) = Z [[a, b], c],
a,b,c cyclic a,b,c cyclic

which is called the non-associative Jacobi relation (cf. [19]) or Akivis relation (cf. [36]). Here
the operation (x, y, z) + [[y, z], x] generates only a 2-dimensional X3-module.
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The space Prim Mag3(3) = - - - = Prim Mag,,(3) has dimension 14 and is generated by the
operations above together with the operations (x, y, z); := VZ(V2(x, y), 2) — V3 (x, y, 2).

The space Prim Mag(4) of dimension of 3!- ¢} = 78 can be generated by the operations p and
q given by p(x,t,y,z):=(xt,y,z2) —x-(t,y,2) —t-(x,y,z) and g(x,¢,y,2) := (x,ty,2) —
y-(x,t,2)—t-(x,y,2).

Definition 32. (Cf. [26,36].) A vector space V (over a field K of characteristic 0) together with
(m+2)-ary operations (x|y|z), all m > 0, and (m +n)-ary operations @ (x|y), allm > 1,n > 2,is
called a Sabinin algebra, if relations hold which can be abbreviated—using Sweedler’s notation
for A (x1.x3...x,)—Dby:

(x|alb) = —(x|bla),
DX|y) =P (xc1s -, Xeml|Yst, - -5 Yon), allt e Xy, 6 € Xy,
(X1, ... x0,a,b, Zp41, - Zmlcld) — (x1, ... Xr, b, a, Zp41, ... Zm|cld)

+ Z(X(l)(X(2)|a|b)Zr+1 e Zm |C|d) =0, allr,

Z ((xc|a|b) + Z(x(1)|(x(2)|a|b)|6>)= 0.

a,b,c cyclic

Remark 33. We used p and ¢ to generate Prim Mag(4). More generally, Shestakov and Umir-
baev [36] show that the recursively defined operations

/
Pxi,...,Xm; Y1, s ) =(X,y,2) — Z x)Y) PXe):¥e): 2)

(together with [x, y]) give a complete set of primitive operations. Here products of more than
two arguments are evaluated from left to right, and )" indicates that there are no terms with
Xy = ¥() = 1. Moreover they show that the space B of primitive elements together with

(ylz) :=—[y,z], and form>1: (X|ylz):=P(Xx;z;y)— P(x;y;z), and

s Xomi Y81y -5 YS(n—1)s Yén)
m!n!

P ..
form>21,n>22: DXy := Z (X1
1,0eX

is a Sabinin algebra G (B). Especially this means that these (multilinear) Sabinin operations form
a sub-operad Sab of Prim Mag.
We denote m!n! @ (x|y) also by {x]y}.

Conjecture 34. The operads Sab and Prim Mag are the same.

This conjecture is enforced by recent results of Pérez-Izquierdo [26], which show that Sabinin
algebras V have a universal enveloping (Mag-)algebra with a Poincaré—Birkhoff—Witt basis
(given by monomials on V) and that there is a Cartier—Milnor—Moore theorem for Sabinin al-
gebras. The free Mag-algebra also has a Poincaré—Birkhoff-Witt basis formed by primitive
elements (by [36] or Theorem 26).
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We know that Prim Mag(n) = Sab(n) for n =2, 3. In the degree 4 component of Prim Mag
of dimension 78 the following Sabinin relation holds:

Y xclalby= > ((x.la.bl.c)+ [(x.a.b).c]),

a,b,c cyclic a,b,c cyclic

where (x, t|y|z) := p(x,t,z,y) — p(x,t,y, z). By a computation we find that the X4-subspace
given by the iterated commutators and the operations [(x,t, y), z], [{x,t, ¥}, zl, ([x,t],y,2),
(x,[t, v, z), {[x,t],y,z}, and {x, [z, y], z} has dimension 65. Three more basis elements of
Prim Mag(4) may be given by (x, t|y|z), (v, z|x|t), and (z, t|y|x). Together with the (indepen-
dent) 6 + 4 operations given by {xt|yz} and {x|tyz}, we arrive at a description of Prim Mag(4)
by Sabinin operations, confirming that Prim Mag(4) = Sab(4).

Remark 35. The commutative version of the operad Mag is the operad Cmg of commutative
magma algebras. It is the free operad generated by a free binary commutative operation. The trees
symbolizing operations are abstract instead of planar trees. If we replace planar trees by abstract
trees, we get ‘commutative versions’ Cmgy of the operads Mag . In this paper we have focused
on the operads Prim Mag . The same techniques can be applied to describe operads PrimCmg y,
and we will consider these operads in a subsequent paper. For P = Prim Cmg, we get that P(2) =
0 and P(3) is 2-dimensional, generated by the associator operation (x1, x2, x3) = (x1 - x2) - X3 —
X1 - (x2 - x3) = —(x3, X2, x1) subject to the relation (x1, x2, x3) + (x2, x3, x1) + (x3, x1, x2) =0.
In terms of irreducible representations (or Schur functions), chsz is 52,1 and chy is 54 + 53,1 + 522
(with dimension 6).
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