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1. Introduction

In this paper, we consider the following system of Schrodinger-Poisson equations

{—Au+V(x)u+q>u:f(x,u), in R3, (1)
—A¢p=u?, in R3. )
System (1.1) was first introduced in [6] as a model describing solitary waves for the nonlinear stationary Schrodinger equa-
tions interacting with the electrostatic field. We note that system (1.1) is also called Schrédinger-Maxwell equations, for
more details on the physical aspects of this problem, we refer to [6] and references therein.

In recent years, problem (1.1) with V(x) =1 or being radially symmetric, has been widely studied under various condi-
tions on f, see for example [2,8-12,16-18]. The case of positive and bounded nonradial potential V has been considered in
[21], when f is asymptotically linear, and in [3,4], when f(x,u) = |u|P~1u, with 3 < p < 5. Moreover, in [3], the existence of
ground state solutions for problem (1.1) has been proved in several situations, including the positive constant potential case.
In [4], the authors considered problem (1.1) with a class of more general potential which may be unbounded from below,
and the existence of ground state solutions was proved. Let H'(R?) and D2(R3) = {u € L5(R3): |Vu| € L2(R%)} denote the
usual Sobolev spaces. We recall here that (u, $) € H' (R®) x D1:2(R3) is said to be a ground state solution to problem (1.1), if
(u, ¢) solves (1.1) and minimizes the action functional associated to (1.1) among all possible nontrivial solutions. However,
as pointed out in [3,4], because of some technical difficulties, the existence of ground state solutions was established in [3,4]
only for 3 < p <5 when V was not a constant. In this paper, motivated by techniques used in [14,15], we generalize results
in [3,4] to the case 2 < p < 3.

In the first part of this paper, we are interested in the existence of ground state solution of (1.1) with pure power type
nonlinearity so that (1.1) can be rewritten as
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i—Au+V(x)u+¢u:|u|p*1u, in R3, (12)

—Ap =u?, in R3,
where 2 < p < 3. On the potential V, we make the following assumption

(V1) V e C(R3,R).

(V2) V(o0) :=liminfjx-o V() > V(x).

(V3) info (—A + V(x)) > 0, where o (—A + V (x)) denotes the spectrum of the self-adjoint operator —A + V (x) : H*(R®) —
L*(R3), ie.,

Jre IVul? + V(xu?dx

info (—A +V®)=
( ®) ueH! (R3)\{0} Jge lul?dx

(V4) V is weakly differentiable, and satisfies (VV (x), x) € L>°(R3) U L3/2(R3), and
2V + (VV(x),X) >0 ae.xe R3,
where (-,-) is the usual inner product in R3.

Our main result is the following.
Theorem 1.1. Assume (V1)-(V4) and 2 < p < 3. Then problem (1.2) has a ground state solution in H' (R3) x D1-2(R3).

We will use variational methods to prove Theorem 1.1. The main difficulty consists in the lack of compactness of the
Sobolev embedding, since (1.2) is set on R3. We recover the compactness by using a version of global compactness lemma,
see Lemma 3.6. On the other hand, it seems difficult to get the boundedness of a (PS) sequence when 2 < p < 3. To
overcome the difficulty, motivated by [15,16], we use Jeanjean’s result [14] to construct a special bounded (PS) sequence
then we can complete the proof of Theorem 1.1.

In the second part of this paper, we deal with problem (1.1) with a periodic potential. We assume

(Vs) V e C(R3,R).

(Ve) V(x) is 1-periodic in each x;, i =1, 2, 3, mings V (x) > 0.

(f1) f(x,u) is 1-periodic in each x;, i=1, 2, 3.

(f2) fu(x,u) exists everywhere, and f,;, (x, u) exists for u #0, f, is a Caratheodory function f(x,0) = f,(x,0) =0 for all x.
There are C > 0 and p1, p2 € [4, 6) with p; < p3 such that

’fuu(X, U)| < C(|u|p'*3 + |u|P273)

holds for every u # 0 and for every x.
(f3) There exists u >4 such that

0<uFx,u) <uf(x,u), forall (x,u)e (R3,R),

where F(x,u) = [y f(x,t)dt.
(fa) For every u # 0 and for every x, it holds that

fulx, wu? > f(x,uu.

In the following theorem, we consider the multiplicity of solutions of (1.1). We note that if (ug, ¢9) is a solution of (1.1),
then so are all elements of the orbit of (ug, ¢p) under the action of Z3, O(ug, ¢o) := {(Uo(- — k), po(- — k)): k € Z3}. Two
solutions (uq, ¢1) and (uy, ¢,) are said to be geometrically distinct if O(uq, ¢1) and O(uy, ¢) are disjoint.

Theorem 1.2. Assume (Vs), (V) and ( f1)-(f4). Then problem (1.1) has infinitely many geometrically distinct solutions in H' (R3) x
D2 (R3).

We remark that assumptions (f)-(fs4) were introduced by [5] to study the nonlinear Schrodinger equation and (f1)-(f1)
hold for f(x,u) = |u|P~'u with 3 < p < 5. Since we do not assume here that f(x,u) is odd with respect to u, Theorem 1.2
is a generalization and complement of Theorem 2.1 in [2] in the case 3 <p <5.

The paper is organized as follows. In Section 2, we outline the variational setting and give some preliminary lemmas. The
proof of Theorems 1.1 and 1.2 are given respectively in Sections 3 and 4. In Appendix A, we give the proofs of Lemmas 2.2
and 2.3.
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2. Preliminary lemmas

In this section we outline the variational framework for problem (1.1) and give some preliminary lemmas.
Throughout the paper, we denote the norm of H!(R3?) by

llull = ( /(|Vu|2+u2)dx)1/2,

R3

the norm of D2(R%) by

1/2
HunD:(/WuFdx) .
R3

We also use the notation
1/2
lully = ( /(|Vu|2+V<x>u2)dx> ,
R3

which is a norm equivalent to || - || under (V1)-(V3). And by | - [l; we denote the usual L9-norm, C stands for different
positive constants.
For every u € H'(R3), the Lax-Milgram theorem implies that there exists a unique ¢, € D:2(R?) such that

—Agy =u>. (2.1)
Moreover, ¢, can be expressed by

1
Ix—yl

_ 1 [
du(x) = e /u ) dy.

R3

From (2.1), it is easy to see
lgullp < Cllulidys < Cllul®. (22)

It can be proved that (u, ¢) € H'(R®) x D1"2(R%) is a solution of (1.1) if and only if u € H'(R3) is a critical point of the
functional I : H'(R3) — R defined as

I(u):%/(|Vu|2+V(x)u2)dx+%/qﬁuuzdxf/F(x,u)dx

R3 R3 R3

and ¢ = ¢, where F(x,u) = fou f(x,t)dt, see for instance [6].
We collect some properties of the functions ¢y, see [9] and [17].

Lemma 2.1. For any u € H'(R?), we have

(i) lldullp < Cllull?, where C is independent of u. As a consequence there exists C' > 0 such that

2 4
/¢uu dx<C’||u||12/5;
R3

(il) ¢u > 0;
(iii) forany t > 0, ¢y, (x) = 2y (tx), where ur(x) = t2u(tx).

Define N: H!(R®) — R by

N(u):/¢uu2dx.
R3

The next lemma shows that the functional N and its derivative N’, N” posses BL splitting property, which is similar to the
well-known Brezis-Lieb Lemma [7], see [5] for its definition.

Lemma 2.2. Let u, — u in H'(R?) and u, — u a.e. in R3. Then as n — oo
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(i) N(up —u) = N(un) — N(u) +o(1);
(ii) N'(un —u) = N'(up) — N'(u) + 0(1), in H' (R?);
(iii) N”(un —u) = N"(un) — N” () +o0(1) in LLH'(R3), H-1(R3)).

Lemma 2.3.

(i) N’ : HY(R®) - H~1(R®) is weakly sequentially continuous;
(ii) N”(u) € L(H'(R?), H~1(R?)) is compact for any u € H' (R%).

We will give the proofs of Lemmas 2.2 and 2.3 in Appendix A.
3. Proof of Theorem 1.1

In this section we study problem (1.2) and give the proof of Theorem 1.1. The functional I is rewritten as

1 1 1
Iu) = E/(|Vu|2+V(x)uz)ax+ Zl/qbuuzdx— m/ml’“ dx. (31)
R3 R3 R3

When 3 < p < 5, in [3,4], the authors proved the existence of ground state solutions by minimizing I restricted to the
Nehari manifold

N={ueH"(R*)\{0}: (I'w),u)=0}.

The key point in their arguments is that N is a natural constraint for the functional I. However, when 2 < p < 3, this
fact is no longer true and the structure of N is complicated. In this situation, as in [3,17], we introduce another manifold
M$° which is a natural constraint for the limiting functional of I when 2 < p < 3. On the other hand, we find that every
(PS) sequence is bounded when 3 < p <5 because a variant of global Ambrosetti-Rabinowitz condition is satisfied when
3 < p <5, see e.g. [9]. While it seems to be difficult to get the boundedness of a (PS) sequence when 2 < p < 3. To overcome
this difficulty, motivated by [15,16], we use Jeanjean’s result [14], which generalizes Struwe’s argument [19,20]. We consider
a family of functionals defined by

1 1 A
L) = 3 /(Wul2 + V(xu?)dx + Z/d)uuz dx — FES] / [u|P*1dx, (3.2)
R3 R3 R3

for A € [1/2,1]. By Jeanjean’s result [14], we can see that for a.e. A € [1/2, 1], there exist a bounded (PS)., sequence for
some ¢, > 0. Then with the aid of a version of global compactness lemma, we get a nontrivial critical point u; of I, for a.e.
A €[1/2,1]. By choosing A, — 1, we get a sequence of {u,,} being the critical points of I;,.

Subsequently, a pair of functions (u;,, ¢u,,) is a solution to the following parameterized system

{—Au+V(x)u+¢u:)\n|u|P—1u, in R3, (33)

—A¢p =u?, in R3.
From the fact that (uy,, @u,,) is a solution to the system (3.3), we know that {u,,} satisfies the Pohozaev identity. We use

the Pohozaev identity to show that the sequence {u,,} is bounded in H'(R?) (see also e.g. [15,16]). Then we deduce that
{u,,} is a bounded (PS) sequence of I, which yields to Theorem 1.1.
We need the following abstract result which is due to Jeanjean [14].

Proposition 3.1. Let X be a Banach space equipped with a norm ||.||x and let | C Rt be an interval. We consider a family {®,},¢; of
C!-functional on X of the form
&, (u)=A() —ABu), Vie],

where B(u) > 0,Vu € X, and such that either A(u) — +oo or B(u) — +00, as ||u|| — oo. We assume that there are two points
V1, vy in X such that

o= )}Qﬁ [max @, (v (0)) > max{®,(v1), ?r(v2)}, VA€ ],

where
r'={y ec([0,1],X): y(0) =vq, y(1) =v2}.

Then, for almost every A € ], there is a bounded (PS)., sequence for &;, that is, there exists a sequence {un (1)} C X such that

(i) {un(A)}is bounded in X,



L. Zhao, F. Zhao / J. Math. Anal. Appl. 346 (2008) 155-169 159

(il) @, (un(r)) — ca,
(iii) @} (up(2)) — 0in X*, where X* is the dual of X.

The following lemma ensures that I, has the mountain pass geometry [1]. The corresponding mountain pass level is
denoted by c;.

Lemma 3.2. Assume (V1)-(V3) and 2 < p < 5. Then
(i) there exists a v € H'(R3) \ {0}, with I, (v) <0, forall » € [1/2, 1],
(ii) ¢x = infyer maxeero,17 [1 (¥ (£)) > max{I;(0), I, (v)} for all x € [1/2,1], where I" = {y e C([0,1], H'(R®)): y(0) = 0,
y(1)=v}

Proof. (i) First we have

1 1
L) <155, ) = /qu| dx+ = /V(oo)uzdx+2/¢uu2dx—m/luﬁ’“ dx.
R3 R3

R3

By Lemma 2.1, for u € H'(R?), u# 0 fixed, it is easy to see that
2 2 t? 2 21 +1
195, (tPu(tx)) Vul|®dx V(co)u“dx 4+ — u dx — — [ |[u|PTdx.
1/2 ( ) /| | + = / (c0) +4/¢u 2(p+1)/| |
3 3

Since 2p — 1 > 3, we have that I??z(ﬂu(tx)) — —00 as t — +oo. Taking v = t2u(tx) for t large, we have I, (v) < I]/z(v) <0.
Thus we have (i).
(ii) Since
1 2 A 1 1 2 +1
> Sl — 2 [t i - cpuil

and p > 2, we deduce that I, has a strict local minimum in 0 and ¢, >0. O

In what follows, we need to consider the associated limit problem

—Au+ V(co)u + ¢u = ArjulP~'u, in R3, (3.4)
—Ap=u?, in R3, :
where 2 < p <5, A €[1/2,1]. Define I5°: H'(R?) — R by
©u) = 1 /(|Vu|2 + V(co)u?) dx + 1quuuzdx— o / [u|P+ dx. (3.5)
2 4 p+1
R} R} R}
As in [3,17], we introduce the following manifold
M = {ue H'(R®)\ {0}: G5°(u) =0}
where
3 1 3 p — D
G (u) :=/<§|Vu|2 + 5V(oo)uz + quuuz - ﬁlul"“) dx.
R3
Set
my° = inf I°(u). (3.6)
ueM°

The manifold M$° contains all the nontrivial critical points of I and possesses the following properties, see [17].

Lemma 3.3. Assume 2 < p < 5. Then for any u € H'(R?), u # 0, there exists a unique number ¢ = t(u) > 0, such that u; =
t2u(tx) € M5°. Moreover

19° (u;) = max I3° (uy).
A ( t) £30 A ( t)

The following lemma is proved in [3].
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Lemma 3.4. Assume 2 < p < 5. Then m$° is achieved at some u$° € M3° for any A € [1/2, 1]. Moreover I'>(u$°) = 0, and

129 (uf°) = m$° = inf{I5°(u): u #0, I'°(u) =0}.
Lemma 3.5. Assume (V1)-(V3) hold and 2 < p < 5. Then ¢;, <m$° forany A € [1/2,1].

Proof. Without loss of generality, we assume V (x) # V (00). Let u$° be the minimizer of m3°, by Lemma 3.3, we have

177 (u3) = max I (£u3* ().

Thus by choosing v = tzuio(tx) for t large in Lemma 3.2, we have

¢, < max L (FPuf® (%)) < max IP(PuP ) =12 W) =m®. O

Lemma 3.6. Assume (V1)-(V3) hold and 2 < p < 5. Let {uy} be a bounded (PS) sequence for I, for . € [1/2, 1]. Then there exists a
subsequence of {up}, still denoted by {u,}, an integer | € N U {0}, sequences {y*} c R?, w* € H(R?) for 1 <k <, such that
(i) up — uo with I (ug) =0,
(ii) |yX| — oo and |y% — yK'| = oo, fork £k,
(iii) wk #0and I}, (wk) =0, for 1 <k <],
(iv) llun —uo — Yk=y wk(- — y5)Il > 0,
(V) Lutn) = L (o) + Yk 1°(wh),

where we agree that in the case | = 0 the above holds without w¥, {yﬁ}.

Since we have Lemma 2.2, we can prove Lemma 3.6 in a standard way. We omit it here, see e.g. [15].
We will make use of the following Pohozaev type identity. Since its proof is standard we do not provide it (see e.g. [10]).

Lemma 3.7. Let u be a critical point of I, in H!(R3), then

1 3 1 5 3a
5/Wmﬁw+5/vum%»+i/vawwﬁm+g/¢w%u—517/wﬁ“w:a (3.7)
R3 R3 R3 R3 R3

Lemma 3.8. Assume (V1)-(V4) hold and 2 < p < 5. Let {uy} be a bounded (PS)., sequence for I, i.e. limy_oo Ix(Un) = cy,
I} (un) — 0. Then, up to a subsequence, {u,} converges to a nontrivial critical point uy, of I, with I (u,) = c,.

Proof. By Lemma 3.6, there exist | e NU {0} and u;, € H'(R®) such that I} (u;) =0 and

up —u; in H'(R?),
k=l

D) — L) + Y 152 (wh),
k=1

where {wk}!_, are the critical points of I°.
Denote

a:=/|VuA|2dx, b::/V(x)uﬁdx,
3 3
R R (3.8)
E::/(VV(X),x)u,z\dx, c:=/¢mu§dx, d:=‘/1|u,\|"+1 dx.
R3 R3 R3
It follows from (V4) that 2b + b > 0. Then by Lemma 3.7, we have
1 3 1- 5 31
— —b+-b+-c———d=0
20Tt aP g p+1 ’
1 1. 1 A (3.9)
- -b+-c— ——d=1I ,
2a+2 +4c P A (uy)
a+b+c—d=0.
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The first equation comes from the Pohozaev equality (3.7). The second one is from the definition of I, and the last one is
(It (u), uy) = 0. From these relations, we have

1 2p-2)

31 =b+ b+ —=d,

au)=b+ 3 + P11
that is
1 2(p—2 2(p—2
30, 3) = /(voo + 5(VV(x),x))uidx+ 22 [t 222 [ r+axo
R3 R3 R3

If I £ 0, then

k=l
: k
= lim I (un) = L) + > I (wW) =mp,
k=1

which is a contradiction by Lemma 3.5. Thus [ =0 then Lemma 3.6 implies that u, — uy in H'(R?) and I, (u;) =c;. O
Now we are in a position to give the proof of Theorem 1.1.

Proof of Theorem 1.1. The first step is to show that I has a nontrivial critical point. By Lemma 3.8, it is sufficient to construct
a bounded (PS)¢, sequence for I, where c; is the mountain pass value of I1 =1.

We use Proposition 3.1 with X = H'(R®), J =[1/2,1], &, =1, and A@u) = I [es((Vul® + Vu?)dx + 1 [ps puu?dx,
B(u) = ﬁ ng lu|P*1dx. By Lemma 3.2, I, satisfies the assumptions of Proposition 3.1. Thus for almost every A € [1/2,1],
there exists a bounded (PS)., sequence for I;. Then Lemma 3.8 implies that there exists u; € H 1 (R3), u, # 0, such that

Iﬁ\(ux)zo, I (u))=c, forae Ae[l1/2,1].

Choosing A, — 1, then we have a sequence of u,,, denoted by {uy}, the critical points of I,,. Next, we show that {u,} is
bounded. _
Define ay, by, by, ¢y and d,, as in (3.8) by replacing u with u, respectively. As (3.9), we have

1 3 1- 5 3An

—an+ =bp+ =bp+ -cn — ——dn =0,
2n+2n+2n+4n P 1 n

1 1 1 A
Ean+§bn+zcn—p_:1dn=ckm

ap + by +cp —d, =0.

From these relations, we have

1 1 1 1
Zan + an + (Z - m) ndn = Ca, (3.10)
and
1- 2(p—2
bn + Ebn + %)\.ndr‘ = 3C)Ln < 3C]/2. (311)

Note that (V4) implies b, + %En > 0. Thus (3.11) implies d, is bounded since 2 < p < 5. It turn out that a, + b, is bounded
by (3.10), that is, {u,} is bounded in H!(R3). Therefore

lim I; (up) = lim (1)\n(un) + (Ap — 1)/ |un|P+1 dx) = lim ¢, =c1.
n—oo n—oo n—oo
R3

Here we use the fact that the map A :— c; is left-continuous, see [14]. Similarly, I’(uy) — 0 in H~'(R®). Then Lemma 3.8
yields that there exists ug € H'(R?), ug # 0, being a critical point of I.
Next we prove the existence of ground state solution of problem (1.2). Denote

m:=inf{I(u): u#0, I'(u) =0}.

As in the proof of Lemma 3.8, we can see that every critical point of I has nonnegative energy. Thus 0 < m < I(ug) < +oc0.
To complete the proof, it suffices to prove m can be achieved in H!(R3). Let {u,} be a sequence of nontrivial critical points
of I satisfying I(u,) — m. Since I(uy) is bounded, using the argument in Lemma 3.8, we can deduce that {u,} is bounded.
Thus, in particular, {u,} is a bounded (PS) sequence of I. Applying Lemma 3.6, we have
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I(up) — I(ig) + kf: 1°° (wk) (3.12)
k=1
with | > 0, iip a critical point of I and w* critical points of I°°, where [*° = I3° defined in (3.5). Let
m®™ :=inf{I®u): u#0, I'°(u) =0},
which can be achieved in H'(R®) by Lemma 3.4. As in the proof of Lemma 3.5, we assume V (x) # V (c0), thus, we have

m < cq <m®. Since I%°(wk) >m™> > 0, for each k, we deduce ilg # 0 and | =0 from (3.12). Thus I(iip) = m, and (iig, bi,) Is
the ground state solution of problem (1.2). O

Remark 3.9. In [4], the authors prove the existence of a ground state solution to problem (1.2) with 3 < p <5 under the
assumptions

(V) V:R® - R is measurable function;
(V1) V(00) :=liminfly .o V(x) > V(x), for almost every x € R3, and the inequality is strict in a nonzero measure domain;
(V%) there exists C > 0 such that, for any u € H!'(R%),

/|Vu|2 + V@u?dx > Cllul?.

R3

As pointed out in [4], under conditions (V{), (V4) and (V}), V is allowed to be unbounded from below. Since we can
easily obtain the boundedness of (PS) sequence when 3 < p < 5, it is not difficult to give an alternative proof of Theorem 1.2
in [4] using Lemma 3.6.

4. Proof of Theorem 1.2

In this section, we give the proof of Theorem 1.2. Following [5], we show Theorem 1.2 by a superposition principle
established in [5]. We recall it below.

Let E be a Hilbert space with the inner product (-,-)g. Let G be a Abelian group acting isometrically on E. Assume G
satisfies

(G) Every infinite subset A of G contains a cofinal sequence.

For the definition of cofinal sequence, we refer to [5]. Remark that G = Z3 satisfies (G).
Define the functional @ : E — R by

1
D(u) := E(Lu, u)p — ¥ (u).
We consider L € £L(E) with the following properties

(Ly) L is a selfadjoint isomorphism. Its spectrum is a finite set.
(L) L is equivariant under the action of G.

And we consider a differentiable map ¥ : E — R and denote its gradient by A. We assume the following properties for ¥

(F1) There is o in (0, 1] such that ¥ € C2+(E, R), uniformly on bounded subsets.
(F2) ¥, ¥’ and ¥"” have the BL-splitting property.

(F3) A is weakly sequentially continuous.

(F4) For every u in E, the operator A’(u) is compact.

(F5) W’ is invariant under the action of G.

We need to recall some notions, see [5]. If X, Y are normed spaces and f: X — Y is a map, we call f is bounded if
it maps bounded subsets of X into bounded subsets of Y. We say that f € C"(X,Y) uniformly on bounded subsets if all
derivatives up to order n are bounded in this sense. For @ € (0, 1) we say that f € C"*%(X, Y) uniformly on bounded subsets
if f € C"(X,Y) uniformly on bounded sunsets and if the nth derivative of f is uniformly Holder continuous with exponent
o on bounded subsets of X. And we say that f has the BL-splitting property, if for every weakly convergent sequence {x;,}
in X with x, — x it holds that

fxn)— f(xn—x)— f(x) inY as n— oo.

Let us recall the superposition principle in [5].
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Proposition 4.1. Suppose that (G), (L1), (L2) and (F1)-(F5) hold. Let u # 0 is an isolated critical point of &, such that & has
nonzero reduced local degree at ii. Then ic,’jgfg/g is infinite for ¢ := @ (u) and for every € > 0 and every k in N \ {1}, where ICQ =
{ueE: @' (u)=0, a< @) <b).

In H'(R?), we introduce the inner product

(u, vy = /(Vqu + V(xuv)dx.
R3

Define N: HI(R®) — R by

N@) = / F(x,u)dx.
R3

Thus the functional I defined in (2.3) is rewritten as
1) = 2 Jul, + 2N - Nw)
T2V g '

Similar to N, under the assumptions (f1)-(fs), the functional N and its derivative N, N” posses BL splitting property. For
the proofs of Lemmas 4.2 and 4.3 we refer to [5].

Lemma 4.2. Assume (f1)-(f4) hold. Let u, — u in H'(R?) and u, — u a.e. in R®. Then as n — oo

(i) N(up —u) = N(up) — Nw) +0(1);
(i) N'(up — u) = N'(un) — N'(u) + o(1), in H-L(R3);
(i) N”(un — u) = N” (up) — N"() + o(1) in L(H! (R3), H~1(R3)).

Lemma 4.3. Assume (f1)-(f4) hold. Then

(i) N': HU(R3) — H~1(R3) is weakly sequentially continuous;
(i) N”(u) e L(H'(R3), H™1(R3)) is compact for any u € H! (R3).

Now we give the proof of Theorem 1.2.

Proof of Theorem 1.2. We use Proposition 4.1 with E=H'(R®), =23, L =1d, ¥ (u) = —N@) + N@) and &) = I(u).
Then

1
I =3 lully = ¥ w.

As in the proof of Lemma 3.2, we can see that I possesses the mountain pass geometry. By Ekeland’s variational princi-
ple [13], there exists {u,} c H!(R?) and c > 0 such that

Iup) —>c,  I'(up) >0, in H'(R?). (41)
By (f3),
1 / 1 2
c+ 14 flunlly > I(up) — Z(I (tn), Un) > 2 lunlly,

which implies that {u,} c H'(R?) is bounded. Since I is invariant under the action of Z3, we claim that after an appropriate
translation, u, — i1, in H'(R?), for some & € H'(R3), il # 0. Otherwise, by a standard argument, we can deduce ¢ =0, a con-
tradiction. From (4.1), it is easy to see I’(i) = 0. And as in the proof of Proposition 4.1 in [5], I has nonzero reduced local
degree at u # 0. Thus to apply Proposition 4.1, we need to verify that ¥ satisfies (F1)-(Fs). In fact, by simple computation,
we can see N satisfies (F1), and by (f2), N satisfies (F1), see [5]. Thus (F1) holds for ¥. (F,) follows from Lemmas 2.2
and 4.2. (F3)-(F4) hold by Lemmas 2.3 and 4.3. (Fs) is obvious since V and f(-,u) is 1-periodic. By Proposition 4.1, we
complete the proof of Theorem 1.2. O

Appendix A

In this section, we give the proof of Lemmas 2.2 and 2.3. We need the well-known Hardy-Littlewood-Sobolev inequality.
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Lemma A.1 (Hardy-Littlewood-Sobolev inequality). Let

I fx) = f Ix— yI™" f(y)dy.
Rﬂ

Ifr > 1and % =1- (% — %)forsomel < p < q < 0o, then there exists a C = C(p, q, r,n) such that
Ir fllg < Cllfllp-

Proof of Lemma 2.2. Let u, — u in H'(R®) and u, — u a.e. in R3. We use these notations

11
GX,y)i=——, A:=//u2(y)u2(X)G(x, y)dxdy,
4 |x -yl
R3 R3

I :=f/u§(y)u2(X)G(x, yydxdy, 1P :=//un(y)u(y)un(x)u(x)G(x, y)dxdy,

R3 R3 R3 R3

G ._ 2 @ ._ 2

Iy ._f/un(y)un(x)u(x)c(x, y)dxdy, Iy -—//UH(Y)U(J/)U *)G(x, y)dxdy,
R3 R3 R3 R3

(i) Using above notations, we have
N(uy —u) — (N(up) — Nw) = 218" + 412 —a1® — 41?424,

thus it suffices to show that

lim I =A, i=1,23,4.

n—oo
Set
1 1 1 1
Vn(x) = 4—/u§(y) dy, v := —/uz(y) dy.
T [x— Yyl 4m |x— Y|
R3 R3
First, we have
Vp— VvV a.e.on R.
In fact,
|murwan</wﬁw—u%wmQJMy
R3
1 1/2 1 1/4
22 2.2
<Clug —u ”LZ(BR(x))( / x—y[2 dy) +Cllug —u ||L4/3(B§(x))( / x—y[* dy)
|y—=xI<R |[y—x|=R

Letting n — oo and then R — oo, we get v, (X) — v(x), as n — oo.
We note that v, = ¢, € D1?(R?), and

IValls < Cllvallp < Cllun i35 < C.
Therefore we can assume, v, — v in L6(R3). Since u € H'(R®) thus u? € L5/5(R3), the dual space of L6(R?), we have
/‘vnu2 dx — /‘vu2 dx,
R R
e 1 1 _
that is limp— o I; ' = A.

To prove lim;_, o I,(,Z) = A, we set

- 1 1
Vn(x) = 4—/un(y)u(y)—dy.
/4 [x—y|
R3

As before it is easy to verify that v, — v a.e. in R3.
Now by Hardy-Littlewood-Sobolev inequality, ¥, € L6(R?) and

IValle < Cllugullss < Cllunllizsslullizs,

(A1)

(A2)

(A3)

(A4)
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which implies that
[Vatnllz < [Vallsllunlls < Cllual?lull < C.
Therefore up to a subsequence Vhu, — vu in LZ(R3). Since u € L2(R3),

/Vnunudxa/vuzdx,
R3

R3

that is limp_ o I,SZ) = A. In a similar way, we can verify (5.1) with i = 3, 4. We omit the details. Thus we have (i).

(ii) For any @ € H'(R?) with |¢|| <1, we need to show
(N"(uq —u) — N'(up) + N'(u), ¢) — 0, uniformly with respect to ¢.

In fact,

(N'(un —u) — N'(up) + N'(u), ) = / /(—uﬁ(y)G(x, WUEPE) — 2un (U (Y)G X, Y)un()@(X)

R3 R3

+ 2up (MU G, YYuEEE) +u*(1)G(x, y)un ()@ (x)) dxdy

R S O

where

= f / u2(G Yue dxdy, TP = / / Un(MUW)G X, Y)un ()@ (x) dxdy,

R3 R3 R3 R3

7,(,3)://un(y)u(y)c(x, YuE@x) dxdy, 7,(14)=//u2(y)6(x, V()@ (x) dxdy.

R3 R3 R3 R3

Thus it suffices to show
Jlim T = / f (NG u®edxdy, i=1,2,3,4,
—00

R3 R3

uniformly with respect to ¢.
First,

T - / / w2 (G X, YU @) dxdy‘ < / | (Vi) — v(0)u®)e(x)] dx
R3

R3 R3
172
< ||§0||2< f (Vo — v)zuzdx)

R3
1/2
< C( /(vn —v)2u? dx)
R3

165

where v, and v are defined by (5.2). Since {(v, — v)%} ¢ L3(R®) is bounded and v, — v a.e. in R3, up to a subsequence,

(va—v)* =0 in }(R?).
Since u? € L3/2(R3), we have

/(vn —v)2u?dx — 0,

R3

that is, (5.5) with i =1.

The verification of (5.5) with i = 2,3, 4 can be done in a similar way. For the sake of simplicity, we prove only the case

i =2, since it is the most complicated one.
By Minkowski inequality, we have
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1> — / / uz(y>c(x,y>u<x>so(x>dxdy‘< / f |(tn (1) tn(®) — u(PIUE)G X, YIu()9()| dxdy

R3 R3 R3 R3
372\ 2/3
< ||<0|I3< /(/!(un(y)un(X)—u(y)u(X))G(x, y)u(y)}dy> dX)
R3 R3
2/3

<C/( /I(un(y)un(X)—u(y)u(X))G(x, y)u(y)|3/2d><> dy

R3 R3

2/3

ZC/ ( f | (un(un (0 — u(uE)| 26> x, y)dx) |u(y)| dy

R3 R3

=C/wi/3(y)|u<y>}dy,
R3

where wy, is defined by

Wa(y) = / |(n()tn (%) — u(PIu)[*>632(x, y) dx. (A6)
R3

First we claim w, — 0 a.e. in R3.
Set

Wa(y) = f |un (%) — u(0 > 632 (x, y) dx,
R3
an<y):=/|un(x)y3/zc3/2<x, ydx, W) :=/!u(x)|3/263/2(x, y)dx.
R3 R3
In fact,
Wa(y) = / |(tn () — u (Ot () + (un(y) — u())u)| /> G2 (x, y) dx
R3
< unW) 2 W) + [un(y) —u 2w (). (A7)
For y € R? fixed,

1/3 2/3
v—vn<y><( / (un(x>—u(x))9/2dx) ( f G4 (x, y)dx)
x—yI<R x—yI<R
3/4 1/4
+(/|un—u\2dx> ( / GG(x,y)dx) ) (A.8)
R3 |x—y|=R

Letting n — oo and then R — oo, we get w,(y) — 0, as n — oo. By (5.7), wp(y) — 0.
Next we consider the integrability of w,. By Hardy-Littlewood-Sobolev inequality, W, € L*(R?), for all ¢ >4, and

1alla < 1z ] 45 < Iunlly? < C.

Similarly, W € L*(R3). Thus

2 ~ ~
/\wﬁ/3(y>| dy < /(|un|2|wn|“/3 + Ju? (W43 dy

R3 R3
2/3 173 2/3 13
<(/|un|3dy) (/IWn|4dy) +(f|u|3dy) (f|v~v|4dy)
R3 R3 R3 R3

< C.

Thus w2/> € I2(R3) is bounded and by w, — 0 a.e. in R3, we have

wy? ~0 in L2(R%).
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i 2m3 2/3 . . .
Since u € L*(R?), [ps wy/"udx — 0, that is (5.5) with i = 2.
(iii) For any ¢, h € H'(R?) with |¢|| <1 and |h|| < 1, we need to show

(N"(un —wh, ) — (N" (up)h, @) + (N" )h, ¢) — 0,
uniformly with respect to ¢ and h. In fact,

(N"(wh, @)= / (Bu(h(Y)G(x, Yu@ @) +4u(y)G(x, Yh() (X)) dx, (A9)

R3

thus

(N"(un —wh, ) — (N" (un)h, ) + (N" h, ¢)

=f/((—8un(y)u(><) — 8u(y)un(x) + 16u(Y)u®)h()G X, Y@ + (—8un(u(y) +8u?(¥))G(x, Yh()¢p((x)) dxdy
R3 R3

=8I\ —81® — 81> + 16B + 8B,

where

W= f / un(NUER(Y)G (X, Y)p(x) dxdy,

R3 R3

7@ .= / / u(y)unh)GK, y)(x) dxdy,
R3 R3

7= / / Un(Y)U(Y)G X, Y)h (0P (x) dxdy.
R3 R3

B :://u(y)u(X)h(y)G(x, o) dxdy,
R} R3
§:://u(y)2c(x, YhE)@(x) dxdy.
R} R3
Thus it suffices to show

lim I\ =B, i=1,2, lim =3,

n—oo n—oo

uniformly with respect to ¢ and h.

TV - B| < f / |(un(¥) — u()u® G, Wh(y)pX)| dxdy

R3 R3

2 12
<||(0||2< / ( / |(un(y>—u(y))u<x>c<x,y>h<y>|dy) dx)

R3 R3

1/2
< ||€0||2/< fl(un(y)—uw))u(x)G(x, y)h(y)|2dx) dy

R} R

12
= ||<p||z/< /\u(X)G(x, y)lde> |un(y) — u(y)||h(y)| dy

R3 R3

1/2
<||¢||z||h||z(/?(y)(un(y)—U(y))zdy> ,
R3

where V(y) is defined by

V() = /|u(x)G(x, y)!zdx.
R3
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Again, by Hardy-Littlewood-Sobolev inequality, we have ¥ € L2(R3). Since {(u, —u)?} is bounded in L%(R3), and u, — u a.e.
in R3, we have (u, — u)2 — 0 in L2(R3®). Thus

/V(un —u)?dy — 0,
R3
that is limn_moT,.f]) = B. Similarly, we can verify that limn_moTna) = B. Next we show that limn_>oo'1\,§3) = B. First, by Holder
inequality yields that
1/2 1/2 s s

/ G, h)@(X) dx < ( / h2(x)G (x, y)dx) ( / P2 ()G, y) dx) =22 ey 2 ().

R3 R3 R3
Thus

M —B| g/y(un(y)—u(y))u(y)]( /G(x, y)h(X)fp(X)dX> dy
R3 R3
1/2 1/2

< / |(n(y) — u)u|o) >Nl (v dy
R3

o5 o5 5/6 1/12
<(f|(un(y)—u<y))} P luy)|” dy) (f¢,?(y>dy) (/¢g<y>dy)
R3 R3 R3

5/6
<C||h|m/s||gouu/5( /\(unm—u<y>)16/5|u<y>!6/5dy)
R3

1/12

Since {(un — u)%/°} is bounded in L?(R3), and u, — u a.e. in R3, we have (u; — u)®/> — 0 in L2(R3). Thus

/(un —w)®PubSdy — 0,
R3

and then limn_>007,f3) =B. O

Proof of Lemma 2.3. (i) Let {u;} ¢ H'(R®) and u, — u in H!(R®), we need to show for any ¢ € H'(R®), (N'(u,) —
N’ (1), @) — O.
In fact

(N"(un) — N'(u), @) :4/(¢unun<p - ¢uu<p)dx:4/(d)un(un — W@ + (¢u, — pu)u@) dx.
R3 R3
Since
f!dm(un —w)[* dx < ||y | 21utn — ul3 < Cllunll*un —ull® < C
R3

and u, — u a.e. in R?, we have ¢, (up —u) — 0 in L?>(R3). Thus

/d)un(un —u)pdx — 0.
R3

Similarly,

/((ﬁun — ¢y)updx — 0.
R3

Thus we have (i).
(ii) Let {vy} € H'(R?) be a bounded sequence. Without loss of generality, we may assume, up to a subsequence, v, — 0.
We need to prove for ¢ € HI(R3), |lo|| <1

(N”(u)vn, <p) — 0, uniformly with respect to ¢.
In fact, by (5.9),
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(N"(W)vn, )= / (Bu(y)va ()G, YU ) +4u ()G (x, y)va ()@ (x)) dx
R3

2 12 32 \2/3
<8||<p||z</(/!u(y)vn(y)G(x,y)u(X)Idy) dX> +4||<p||3<f(/qu(y)G(x,y)vn(X)ldy) dX>
R3

R3 R3 R3

<8||<o||zfv”%y)u(y)vn(y)dy+4||go||3/W§/3u2<y)dy
R3 R3

where V(y) and W(y) are defined respectively by

&2 ::/|”(")G("’ niidx.  Way) :=/|vn(x)G(x, »|*dx.
R3 e

It is easy to see V € L?(R®) by Hardy-Littlewood-Sobolev inequality. Thus

o~ 2 ~
[ @2 ) dy < [Fl2llu)? < +oo.
R3

which implies

[ V2(y)u(y)va(y)dy — 0.

R3
And similarly, W, € L*(R®) and is bounded in L*(R3). As in the proof of (5.8), we have W, — 0 a.e. in R3, thus
w2 —~0 in L5(R%),

and from u? € L5/5(R3), we have

/wfl“uz(y)dy =0
R3

Thus

(N"(u)vn, ¢)— 0, uniformly with respect to 9. O

References

[1] A. Ambrosetti, P.H. Rabinowitz, Dual variational methods in critical point theory and applications, J. Funct. Anal. 14 (1973) 349-381.
[2] A. Ambrosetti, D. Ruiz, Multiple bound states for the Schrodinger-Poisson equation, Comm. Contemp. Math. 10 (2008) 1-14.
[3] A. Azzollini, A. Pomponio, Ground state solutions for the nonlinear Schrodinger-Maxwell equations, ]. Math. Anal. Appl. (2008), doi:10.1016/j.jmaa.
2008.03.057.
[4] A. Azzollini, A. Pomponio, Ground state solutions for the nonlinear Schrédinger-Maxwell equations with a singular potential, arXiv:0706.1679v1
[math.AP].
[5] N. Ackermann, A nonlinear superposition principle and multibump solutions of periodic Schrodinger equations, J. Funct. Anal. 234 (2) (2006) 277-320.
[6] V. Benci, D. Fortunato, An eigenvalue problem for the Schrodinger-Maxwell equations, Topol. Methods Nonlinear Anal. 11 (1998) 283-293.
[7] H. Brézis, E. Lieb, A relation between pointwise convergence of functions and convergence of functionals, Proc. Amer. Math. Soc. 88 (3) (1983) 486-490.
[8] G.M. Coclite, A multiplicity result for the nonlinear Schrédinger-Maxwell equations, Commun. Appl. Anal. 7 (2-3) (2003) 417-423.
[9] T. D’Aprile, D. Mugnai, Solitary waves for nonlinear Klein-Gordon-Maxwell and Schrédinger-Maxwell equations, Proc. Roy. Soc. Edinburgh Sect. A 134
(2004) 1-14.
[10] T. D’Aprile, D. Mugnai, Non-existence results for the coupled Klein-Gordon-Maxwell equations, Adv. Nonlinear Stud. 4 (2004) 307-322.
[11] T. D’Aprile, J. Wei, On bound states concentrating on spheres for the Maxwell-Schrédinger equation, SIAM ]. Math. Anal. 37 (2005) 321-342.
[12] P. D’Avenia, Non-radially symmetric solutions of nonlinear Schrédinger equation coupled with Maxwell equations, Adv. Nonlinear Stud. 2 (2002) 177-
192.
[13] L. Ekeland, On the variational principle, J. Math. Anal. Appl. 47 (1974) 324-353.
[14] L. Jeanjean, On the existence of bounded Palais-Smale sequence and application to a Landesman-Lazer type problem set on RN, Proc. Roy. Soc.
Edinburgh Sect. A 129 (1999) 787-809.
[15] L. Jeanjean, K. Tanaka, A positive solution for a nonlinear Schrodinger equation on RN, Indiana Univ. Math. ]. 54 (2005) 443-464.
[16] H. Kikuchi, On the existence of a solution for elliptic system related to the Maxwell-Schrédinger equations, Nonlinear Anal. 67 (2007) 1445-1456.
[17] D. Ruiz, The Schrédinger-Poisson equation under the effect of a nonlinear local term, J. Funct. Anal. 237 (2006) 655-674.
[18] D. Ruiz, Semiclassical states for coupled Schrédinger-Maxwell equations concentration around a sphere, Math. Models Methods Appl. Sci. 15 (2005)
141-164.
[19] M. Struwe, Variational Methods, second ed., Springer, 1996.
[20] M. Struwe, The existence of surface of constant mean curvature with free boundaries, Acta Math. 160 (1988) 19-64.
[21] Z.P. Wang, H.-S. Zhou, Positive solution for a nonlinear stationary Schrédinger-Poisson system in R3, Discrete Contin. Dyn. Syst. 18 (4) (2007) 809-816.


http://dx.doi.org/10.1016/j.jmaa.2008.03.057
http://dx.doi.org/10.1016/j.jmaa.2008.03.057

