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Abstract

We study generalized filters that are associated to multiplicity functions and homomorphisms of the
dual of an abelian group. These notions are based on the structure of generalized multiresolution analyses.
We investigate when the Ruelle operator corresponding to such a filter is a pure isometry, and then use
that characterization to study the problem of when a collection of closed subspaces, which satisfies all the
conditions of a GMRA except the trivial intersection condition, must in fact have a trivial intersection. In
this context, we obtain a generalization of a theorem of Bownik and Rzeszotnik.
© 2009 Elsevier Inc. All rights reserved.
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1. Introduction

Filters have historically been an essential tool used in both building and analyzing wavelets
and multiresolution structures. In particular, filters traditionally called “low-pass” arise naturally
from refinement equations for multiresolution analyses (MRAs) and generalized multiresolu-
tion analyses (GMRAs). Beginning with work of Mallat [14] and Meyer [15], the process of
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defining filters from a multiresolution structure was also reversed; that is, functions that be-
have like low-pass filters have been used to build the structures. This construction technique
has been remarkably fruitful, producing, for example, the smooth and well-localized wavelets of
Daubechies [11]. In generalizing this procedure to allow less restrictive conditions on the filters
as well as on the setting, for example in [2,4,10], properties of an operator associated with the
filter, called a Ruelle operator, are used to justify this construction. The essential ingredient is
that the Ruelle operator be a pure isometry. A theorem giving general conditions under which the
Ruelle operator is a pure isometry in the case of an integer dilation in L2(T) appeared in [10].

In this paper we derive a similar theorem (Theorem 4 in Section 2) in a quite general context.
We then exploit this theorem both in analyzing multiresolution structures and in building them.
Our central result of the first type addresses the question of when a structure that satisfies all the
properties of a GMRA except possibly the trivial intersection property, must satisfy that as well.
This generalizes work of Bownik and collaborators [7,9]. Our main result of the second type is
to show that very little in the way of a low-pass condition is needed when building GMRAs from
filters using direct limits as in [4] and [5].

Our general context is as follows: Let I be a countable abelian group (written additively)
with dual group I" (written multiplicatively), equipped with Haar measure p (of total mass 1).
Let « be an isomorphism of I into itself, and suppose that the index of (1) in I" equals N > 1.
Assume further that ﬂn>0 a™(I') = {0}. Write o™ for the dual endomorphism of I onto itself
defined by [e*(@)](y) = w(x(y)), and note that the kernel of o™ contains exactly N elements
and that o™ is ergodic with respect to the Haar measure on I. Write K = U, =0 ker(e™"), and
note that, because ﬂn>0 o (I') = {0}, K is dense in r.

Of course the standard example (e.g., from wavelet theory) of these ingredients is where
I'=7, =T, and a(k) = 2k. Or, more generally, I' = Z4, and a(X) = AX, where A is a
d x d integer dilation matrix of determinant N.

Letm:I" — {0,1,2, ..., 00} be a Borel map into the set of nonnegative integers union oo,
and for each i € N, write o; for {w € r: m(w) > i}. Note that

m@) =Y Xo; ().

We remark that such functions m arise, via Stone’s Theorem on unitary representations of abelian
groups, as multiplicity functions associated to such representations of I". In that context, we will
make use of a unitary representation 7 of I", acting in a Hilbert space H, and a unitary operator
6 on H for which

871y 8 = Ta(y)

forally eI
In this general setting, we define a filter as follows:

Definition 1. Let H = [h; j]; jen be a matrix of Borel, complex-valued functions on f, with
h;,j supported in ¢, and such that for every i and almost all w, 23‘;1 |h,-)j(a))|2 < 00. Then H
is called a filter relative to m and «* if the “filter equation”

DY hij@hi j(@8) = N&j it o, (* () (1)

oa*()=1

is satisfied for almost all w € I".
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Remark 2. When the multiplicity function m is bounded, so that the rows and columns of the
filter are all eventually identically 0, we can treat the infinite matrix H as a finite-dimensional
matrix. Even when the multiplicity function takes on the value oo, an elementary functional
analysis argument shows that a filter H is a bounded operator on /2, so that products of filter
matrices are well defined. In the following sections, we will often need a uniformity of this
bound that will require additional hypotheses.

In the standard situation described above, i.e., where I = Z, a(k) = 2k, and where m is the
identically 1 function, a filter relative to m and o™ is just a 1 x 1 matrix (function) %, and the
filter equation becomes

@)+ |h(-2)]* =2,

for almost all z € T, which is the classical equation satisfied by a quadrature mirror filter. These
are the filters that played a central role in the early theory of multiresolution analyses and
wavelets in LZ(R). Indeed, in the classical case, where ¢ is a scaling function for an MRA
in LZ(R), we know that the integral translates 7;,(¢) = ¢ (- — n) form an orthonormal basis for
the core subspace Vp, and we may define a unitary operator J from V, onto L?(T) by sending
the basis vector 7}, (¢) to the function z”. This correspondence between an orthonormal basis of
V with the canonical Fourier basis for L%(T) is clearly a unitary operator. Furthermore, J sends
the element ¢ (x/2)/+/2 = Y cnTn(¢) to the function ), ¢,z" = h(z), where h is the associated
quadrature mirror filter. We notice that, in addition to the fact that 4 satisfies the quadrature mir-
ror equation, it satisfies another condition. Namely, if § denotes the dilation operator on L2(R)
given by [8(f)](x) = ~/2f (2x), then one can verify that the operator J 08~ o J~! on L%(T) is
given by

[7087 0 (N @ =h@) (%) = [Sh(H]@)
for every f € L?(T). We will call such an operator Sj, a Ruelle operator. Because 6~ is an
isometry on Vj, and (| Range(8 ") = (") V, = {0}, it follows that the operator Sy, has these same
properties. That is, Sy, is a “pure isometry.”
In the next section we define a Ruelle operator Sy similarly associated with an abstract filter

H as in Definition 1, and present our first main result, a characterization of when this Ruelle
operator is a pure isometry. The final two sections contain the applications of this result.

2. Filters and pure isometries

Let H be a filter relative to m and o*. Whenever the formula

[Su(H)](@) = H' () f(«* (@)
=P > Hij©) fi(e* )
J i

defines a bounded operator from P; L%(o;, ) into itself, we will call Sy the Ruelle operator
associated to H. In the contexts we study in this paper, this will always be the case.
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We now prove a generalization of the filter equation of Definition 1 that will provide a crucial
step in determining when the Ruelle operator Sy is an isometry. If the function m associated to H
is finite a.e., this proposition follows from the standard filter equation by induction (see Lemma 9

n [4]). However, without this restriction, it requires a more careful argument exploiting the fact
that, in the situations we study, Sy is an isometry.

Proposition 3. Let H be a filter relative to m and a*, and assume that the associated Ruelle
operator Sy is an isometry. Then:

n—1
v X S| Tweton] [Treron]| —sm o
ij i

a*”({) 1 i k'=0

Proof. Let f, g be elements of @j Lz(aj, ). Relying on the fact that S%,(f) € @j Lz(aj, )

whenever f € P j L2(U i, 1), we may, by Fubini’s Theorem, exchange the sum and integral in
the following calculation:

/ZZ[HH' “*k(“’)} fi(e™ (@) Z[HHf (o (w>)] gy (@ (@) do

il HA

J i,j

_Z/ SH (O] (a))mdw

= (Sﬁ,(f) | S (2)
=(flg).

Therefore,

> Z(Z[ﬁfi o (@0)) ]lﬁjfj(a*"w)))

—
|

a*(g)=1 i J
n—1
(Z[n Ht a*k'(a)g))] gj/(ot*"(a)))) dw
i Ler=0 ij
=(flg).

Write C; for the element of the direct sum space P j L%(o j» ) whose jth coordinate is x,; and
whose other coordinates are 0. Set f = xgC;, for E Co;, and g = xg'Cj, for E' Coj. We
then have

1

[ mrx|dreten] [nm a*k«wg»de

" (ENE") ‘ 0
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i,j

1 n—1
= / WZZ[H Ht(a*k(wi))] xe (™ (@))Cj (o™ (w))
r Ie i k=0

n—1
~ [H H! (a*k'(wg“))} xe (@ (@) Cjr (@™ (@) do
i,j

k'=0
={xeCj | xe'Cj)

=8j,j’/XEmE’(a*"(w))dw

r

Z(Sj,j/ / ldw.

a* " (ENE’)
Since this is true for any Borel sets E and E’, the proposition follows. O

We now prove our first main result, establishing conditions under which a Ruelle operator Sy
that is an isometry must in fact be a pure isometry. This theorem generalizes Theorem 3.1 in [10],
which finds a similar conclusion in the setting of integer dilations in L(T).

Theorem 4. Assume that m is finite on a set of positive measure. If Sy is an isometry on
@j Lz(oj, W), then Sy fails to be a pure isometry if and only if it has an eigenvector. Specifically,

Su fails to be a pure isometry if and only if there exists a nonzero element f € @j Lz(oj, nw,
and a scalar A of absolute value 1, such that Sy (f) = Lf. Moreover, if f is a unit eigenvector
for Sy, then || f(w)|| =1 a.e.

Proof. Write R, for the range of the isometry S%,, and write Ry, for the intersection (| R, of
the R,,’s. By definition, Sy is a pure isometry if and only if Ry, = {0}.

If Sy has an eigenfunction f, say Sy (f) = Af, with A # 0, then clearly f belongs to the
range of each operator S%,, and hence f € Ro. Therefore, Ry, # {0}, and Sy is not a pure
isometry.

Conversely, suppose Sy is not a pure isometry. We now adapt an argument in [4] that was
based on the reverse martingale convergence theorem. (See Theorem 10.6.1 in [12].) For each
n > 1, let M,, be the o-algebra of Borel subsets of I that are invariant under multiplication by
elements in the kernel of *”*. Let f and g be two nonzero vectors in R, and define a sequence
of random variables {X,} = {X,{’g} on I by

1
Xn@) =~ D (f@O)]g@r).
a*"(;):l

Then it follows directly that X,, is M, -measurable, and the conditional expectation of X,,,
given M, 41, equals X, 1. Therefore, the sequence {X,, M,} is an integrable, reverse mar-
tingale. Hence, using the reverse martingale convergence theorem, we have that the sequence
{X,(w)} converges almost everywhere and in L' norm to an integrable function L on r.
Clearly, L(w¢) = L(w) for almost every w and every ¢ € K = J,_ker(«™"). Hence, the
Fourier coefficient ¢, (L) satisfies ¢, (L) = y (¢)cy, (L) forevery ¢ € K, implying that ¢, (L) =0
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unless y(¢) =1 for all ¢ € K. Since K is dense in f, it then follows that ¢, (L) = 0 for all y
except y = 0. Consequently, L (1) is a constant function, and we have, from the L! convergence
of the sequence {X,},

L(n) = / L(w)dw

r

=lim | X,(w)dw
nz

r

_hm— Z /f(w{)|g(a)§))

" (@)=15

= / (f(@]g)do
r

=(f18)

Therefore, the reverse martingale X,, converges almost everywhere to the constant (f | g).

For each w, write N,, for the set of all natural numbers n for which m(a™ (w)) < co. Since
m is finite on a set of positive measure, the ergodicity of «* implies that N, is infinite for almost
all w. We show next that, for each n € N,,, there is a different expression for X, (w). To wit, for
each n € N,,, define f, = S}," (f) and g, = S}," (g). Since Sy is a unitary operator on Roo, We
have

1
Xn@) =~ Y (f@O)]g@D)
o ()=
n—1

<HH (@*(@0)) ful(a™ (@) HH (e (@0)) gn *"<w>)>

zz;hvfwM}ziﬁwwmmlf

ji i Li=o
< fai (@ (@) gni (@ ().

When interchanging the sums in the previous expression is justified, we may continue this com-
putation; then, using Proposition 3, we would obtain

n—1 n—1
Y il @)sr@ @) X 3| [T e @o) | | [T # @ @)
N
i ¢ j Lk=0 i g’

k'=0

=Y fai (@ (@) gni (0 (@)

=(fu(a™ (@) | gn (™ (@)))-
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This gives the different expression for X, (w) that we want, whenever we can justify the inter-
changes of sums in the previous computations:

X (@) = (f (™ (@) | gn (™ (@))). )

The following calculation, which again uses Proposition 3 and the Cauchy—Schwarz inequal-
ity, shows that the interchange of sums above is justified whenever the sums on i and i’ are finite
sums. Because of Proposition 3, the sums on i and i’ will be finite if m(a*" (w)) < 0o, and this
is the case when n € N,. Hence, the computation below will complete the derivation of Eq. (2).
Note also that the sums on i and i’ will be finite sums if the vectors f, (o™ (w)) and g, (a*" (w))
only have a finite number of nonzero coordinates. We will use this later on.

ZZZZ

i=li'=1 ¢ j

k'=0

n—1
[HH *k(wo)} []‘[Hf(a*k’(w;-))} Fui (@ (@) gnir (@™ ()
Jii i’

R
5 20 D i@ @) s (0" (@)

i=1i'=1
2

et 2\ 172
[ 1_[ H[(ot*k/(a)g)):| )
¢, Ji!

k'=0

(z

]

[1_[1 H%a*"(wc))]

k=0

Jii

—Z|fn, (@™ (@) xo; (e *”(w>|Z|gn, () Xy (" (@) |

c c 1/2 1/2
<(Z»fm(a*”wmzZ!m;(a*"(w))ﬁ) (Zm o (@) [* Z|xm (" @)] )
i=1 i=1

i'=1
Vel | fule™ @) | g (e @)

< 00,

for almost every w.
The first conclusion we can draw from Eq. (2) is that for almost all w,

Tim (£ (@ @) | gn(0™ (@) = lim X, (@)
=(f18),

or, setting g = f, for f a unit vector in R,

Jim [ fu(e™ @) =111 =1.

A second conclusion we may draw is that we must have o1 = r ,i.e., m(w) > 1 a.e. Indeed, if
m(w) = 0 for all w in a set F of positive Haar measure, then from the ergodicity of o™, we must
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have o™ (w) € F infinitely often for almost all w, so that || f,, (¢ (w))|| = O infinitely often. But,
since each such integer n belongs to N, this contradicts the first claim above.

Now let ig satisfy o;, = I and 0iy+1 be a proper subset of I" of measure strictly less than 1.
(Of course 0j,+1 could be the empty set, if m(w) = ip.) Then, by a similar kind of ergod-
icity argument as was used above, we know that for almost all @, and for infinitely many
values of n, [f(a¢™(w))]; =0 for all i > iy and all f € Ry. Indeed, this is true whenever
o™ (w) ¢ 0iy+1, and this occurs infinitely often for almost all w. Moreover, each such n belongs
to N,,.

Let f Lo, f k be orthonormal vectors in R Then, for infinitely many sufficiently large n,
we must have that the k iy-dimensional vectors

{7 @ @) A (@ @)], )

are nearly orthogonal and nearly of unit length. Consequently, £k must be < ip. Hence R, is
finite-dimensional, and therefore Sy (a unitary operator on R.,) must have an eigenvector.

To prove the final part of the proposition, let f be a unit vector in R,. From the second claim
above, we know that the coordinates f; of f are all O for i > iy. Therefore, the interchanges of
summations in the calculations above are justified, and we obtain

X (@) = | fu(@ @) |,

so that
. *n 2 2
Jim [ £ (e @) "= 11117 =1

for almost all w.
Finally, let f be a unit eigenvector for Sg. We have then that

Jim |7 (e @) = tim [[85 0] @)

. 2
= lim [ fu(o«™" (@) ]
=1.
By the ergodicity of «*, it follows that || f (w)|| = 1 almost everywhere. 0O
3. Pure isometries and the low pass condition
In this section, we use Theorem 4 to eliminate the need for a restrictive low-pass condition
when building GMRASs from filters via the direct limit construction of [4] and [5]. First we recall

the definition:

Definition 5. A collection {V;}>  of closed subspaces of H is called a generalized multiresolu-
tion analysis (GMRA) relative to 7 and § if:

(1) V; € Vjy forall j.
(2) Viy1=48(V;) forall j.
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(3) MV, =1{0}, and [J V; is dense in H.
(4) Vj is invariant under the representation 7.

The subspace Vj is called the core subspace of the GMRA {V}.

In order to use the theorems from the previous section to build GMRAs from filters, we
need to know that associated Ruelle operators are isometries. The proof requires the additional
assumption that the multiplicity function m is finite a.e. This hypothesis is standard in much of
the literature.

Proposition 6. Assume m(w) < oo for almost all w, and let H be a filter relative to m and o*.
Then the Ruelle operator Sy is an isometry of @; L%(0;, p) into itself.

Proof. Note that, because m(w) < oo almost everywhere, the filter equation, together with the
very definition of /; ;, implies that h; ;(w) =0 if j > m(w) or i > m(a*(w)). Therefore, all the
sums in the following calculation, that are inside integrals, are finite, so that interchanges of these
sums is allowed.

IsutHl =3 [Ilsu], @)’ do
J o
ZZ/\[Hf(w)f(a*(w))]jfdw

J oj

2
-y / S Hy (@) fi (o (@)

J 0j

=3 [ [ i@ @)
TR

2

Z/Z Zhl](w)fl *(w) ][Zhl ](a))fz *(w))]dw

D3 fZ[Zhu@sz *<w)][2hl @) fir (e *(w))} o

ar@O)=1g J

=3 [ EE X o @ e @) fr o @) do
r i
/ng, (e @)] fi (¢*(@)]* do
=3 [Ir@f

i o;
2
=1/1%

as claimed. O
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In earlier works (e.g., [2] and [4]), a so-called “low-pass condition” on the filter H was used
to guarantee that Sy was a pure isometry. This condition had various forms, but they all required
something like H being continuous at the identity 1 in I’ and the matrix H (1) being diagonal
with +/N’s at the top of the diagonal and 0’s at the bottom. Results from [16] and more re-
cently [9] loosened these assumptions somewhat by separating out a phase factor. We will show
below that such assumptions on H imply that Sy can have no eigenvector, and so by Theorem 4,
Sy must be a pure isometry. The following theorem gives quite general conditions on H under
which Sy is a pure isometry, subsuming the conditions on H (1) mentioned above as well as the
results for a 1 x 1 filter H given in [5]. In particular, note that this theorem blurs the distinction
between classical low-pass and high-pass filters by not requiring H to take on specific values
near the identity.

Theorem 7. Let H be a filter relative to m and o*. Suppose there exists a positive number § and
a set F C I' of positive measure, such that for all ® € F the matrix H(w) is in block form

_ (A(w) B(w)
H(”)_(C(w) D(w))’

where the four blocks satisfy the following:

1
+5°
2) max(||B(@)|l, IC@)|l, ID@)|) <€ = min(%, %). (The norm here can either be the opera-
tor norm of a matrix or the Euclidean norm.)

(1) A(w) is an a x a expansive matrix with the property that ||A(a))_1 I <

Finally, assume that F N «*(F) also has positive measure. Then Sp is a pure isometry, ie.,
SH has no eigenvector.

Remark 8. The hypothesis of this theorem clearly covers the previously cited cases where H (w)
is continuous and has the relevant diagonal at w = 1.

Proof. Suppose, by way of contradiction, that f is a unit eigenvector for Sy with eigenvalue A,
|A| = 1. For each w, write the vector f(w) in the form f(w) = (f!(w), f>(w)), where f!(w) is
a-dimensional. Because f is an eigenvector for Sy, we have

M (@) =[Su(H](@) = H' (@) f («* ().

It follows from this, and the fact that || f (w)|| = 1 by the final conclusion of Theorem 4, that for
w € F we must have

| @] =B (@) f' (¢*(@)) + D' (@) f*(e*(@)] <2e.

Hence, again because || f(w)|| = 1 for w € F, we must have Il /()] > 1 — 2€. Since condition
(1) on the matrix A(w) implies that || A(w)v| = (1 4 8)||v|| for every a-dimensional vector v, we
must have, for w and o*(w) both in F,

1= fl@l
=] A" @) £ (¢* (@) + C" (@) f*(«* @)
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> (148 f(a* (@) ] —2¢

> (14 8)(1 —2€) — 2¢

SN
4 4 4
B
=1+

L.W. Baggett et al. / Journal of Functional Analysis 257 (2009) 2760-2779

We have arrived at a contradiction, and the theorem is proved. O

Theorem 7 can be used to build generalized multiresolution analyses with more general filters,
using approaches that do not require an infinite product construction, such as the direct limit

construction in [4] and [5].

Example 9. For another application of Theorem 7, consider the Journé filter system given by

h
H(w) = (h;

hip
hy o

).

In the classical Journé example described by Baggett, Courter, and Merrill in [1],

h1 (€)= V2xE, (),
ho 1 (€2) = V2 g, (),

where E1 and E; are the periodizations of the sets [—%,

[%, %), respectively.

h1,2=0,
h2o =0,

Hul=3.Hutt 2 and (-5, -3 U

These are the classical filters in L2(R) for dilation by 2 that can be associated to the GMRA
in L2(R) coming from the Journé wavelet.

We now apply a device very similar to that first used on pp. 259-260 of [3]. Choose a very
small § > 0, and an even smaller ¢ > 0. Define ¢ : T — R by

q(82m’x) —

ST,

0,

C* monotone decreasing,
V2,

C°° monotone increasing,
0,

V2.1,

C°° monotone increasing,

V2 lg(@miet g,

ifx =0,
ifl —e<x<3+e
7 14 )
if0<x<%—8,
) 5
1f7—8<x<m+8,
if3te<x<Z—¢
14 7 ’
3 3
lf7—€<x<7+8,
e — 1
1fx—2,

3 1
1f7+8<x<§,

if - <x<0.

Here r € (0, 1) is a number yet to be determined. We now define generalized filters {h?, /.} by:
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(6 )zq(eZJHX) [7%)%)()()’
1 (€7) Zﬁxlﬁf% VERLE
hlljz(eZm)c) :q( 2m(x+ )) % %)(x)
hgz(ezmx) =0.

Denote the matrix [hq (z)] by H?. A routine calculation shows that the filter equations of
Baggett, Courter and Memll are satisfied, i.e.

2 1

Zzhi,j( zmpzrk)hi’,]( it )_SII’ZXG,(X) i=1,2,

j=1k=0

where o1 =[—1, —2)U[-32,2)U[-3, ]), and op = [—1, ).

We now take A(z) = h{ | (2), B(z) = h{,(z), C(z) = hj (z), and D(z) = h3 ,(z) in the
matrix H = HY. We want to determine a specific value r € (0, 1) and a set F = {¢?7**: x € F},
where F C [—% %) such that the hypotheses of Theorem 7 are satisfied. We let F = [—% %]

where n € N is chosen so that n > 7 and g (™) > V241 =22, for all x € F. This can be
done by applications of the Intermediate Value Theorem, since ¢ is continuous. It’s clear that
F N o*(F) = F has positive measure. Also we want to find § > 0 such that |h(f71(62”ix)| =
1+ 6 and max([h ,(e*™ )|, |h] | (€ )], |hS ,(€*™™)]) < € = min(g, 8), Vx € F. Note that
hg’l (X% and hgyz(ez’”'x) are identically 0 on F, so we need only show that |h‘f’2(e2”ix)| <€
on F. Since h? 2(e2” ”‘) is continuous at x = 0, where its value is equal to V2 - r, we choose
=[—y.rlsothat V2 -r <h{, (™) <2-r, Vx e F.
Havmg chosen § > 0, we thus must choose r so that — L < L oand 2r <€ =

V21— T 1

min(%, %). So we first choose r| < min(%, 18—6).

V2-(1+8)

For r,, as long as § < V2 — 1, if we choose ) < T

, one can verify that

I 1
<—
NN R

Finally, we choose r = min(ry, r2). Then,
(1§
2r <min|( —, = |,
8 8

1 1
< )
V2J/1 =22 146

and
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so that the conditions of Theorem 7 are satisfied, and Sy is a pure isometry acting on L*(o1) ®
L?(07). In fact, letting » — 0+, we can construct a one-parameter family of filter systems giving
rise to pure isometries; when r = 0, we obtain exactly the filter system constructed in [3].

In Theorem 5 of [4], it is shown that given a pure isometry S on a Hilbert space K together
with a representation p of a countable abelian group I, such that § ! Py = pa(y) forall y € I,
then it was possible to construct a generalized multiresolution analysis via a direct limit process.
Taking S = Sy, K = Lz(al) &) Lz(az), and I" = Z, the desired hypotheses will be satisfied, and
it follows that a GMRA can be constructed from the above filter system in the direct limit Hilbert
space. In a paper in preparation, the authors will present a more constructive approach to making
the GMRA under the same hypotheses as in Theorem 5 of [4].

4. Pure isometries and the trivial intersection property

The following “problem” was first noticed by Baggett, Bownik and Rzeszotnik. Suppose {}

is a Parseval multiwavelet in L2(R9); i.e., the functions {/; , x(x)} = {2% Yr(2/x + n)} form
a Parseval frame for all of L2(R?). If V; is defined to be the closed linear span of the functions
{Y1.n.k} for [ < j, then these subspaces can be shown to satisfy all of the properties of a GMRA
except for the condition (1) V; = {0}. Bownik and Rzeszotnik demonstrated the delicacy of this
condition in [8] by constructing, for any § > 0, a frame wavelet in LZ(R), with frame bounds of 1
and 1 4 &, that has a negative dilate space Vj equal to all of L2(R). They showed in [9], however,
that a Parseval multiwavelet in L2(R?) generates a GMRA (that is, the trivial intersection prop-
erty does hold) whenever the multiplicity function of the negative dilate space Vj is finite on a
set of positive measure. In fact, Bownik proved in [7] that the condition that m is not identically
oo a.e. implies ﬂ‘j’ozl D;(Vp) = {0} in the more general setting where D; f(x) = f(A;x) for a
sequence {A;} of invertible n x n real matrices that satisfy ||A ;|| — 0 as j — oo. For a history
of the intersection problem in L2(R%), see [6].

This question about subspaces of L>(R?) obviously generalizes to a collection {V;} of sub-
spaces of a Hilbert space that satisfy all the conditions for a GMRA except the trivial intersection
condition. Below, we apply the results from Section 2 to show that this intersection is {0} if cer-
tain extra assumptions hold. In doing so, we extend some of the results mentioned in the previous
paragraph.

Let I', o, w, and § be as in the previous sections. We recall some implications of Stone’s The-
orem, whereby certain GMRAs give rise to an associated filter. Let {V;} be a GMRA in a Hilbert
space H, relative to the representation 7 and the operator é. Then, according to Stone’s Theorem
on unitary representations of abelian groups, there exists a finite, Borel measure p (unique up to
equivalence of measures) on r , unique (up to sets of y measure 0) Borel subsets 61 D07 2 - --
of I', and a (not necessarily unique) unitary operator J : Vo — €; L?(oi, ) satisfying

[J (7 ()] @) = 0 [I(H](@)

forall y e I', all f € Vy, and u almost all w € . In this paper, we assume the measure p is
absolutely continuous with respect to Haar measure, in which case we may assume that y is the
restriction of Haar measure to the subset o7j.

Write C; for the element of the direct sum space 5 j Lo j» ) whose ith coordinate is X,
and whose other coordinates are 0. Write €D j h; ; for the element J (8~ 1(J71(Cy))). The fol-
lowing theorem displays a connection between GMRA structures and filters and will allow us to
apply Proposition 3 and Theorem 4.
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Theorem 10. Let the functions {h; ;} be as in the preceding paragraph. Then the matrix H =
[hi, ;] is a filter relative to m and a*. Moreover, the operator J o s toJ lon b, L%(oj, ) is
the corresponding Ruelle operator Sy

[Jo87 0T M (N)](@) = H (0) f(a* (@)).
Proof. By definition we have
(o) =Cil*
=[s6 @)’
:Z/|hi’j(a))|2dw’
j “~

r

which implies that ) j |y, (w)|? is finite for almost all w. Write
Fi@)= Y > hij@)hij@7),
a*(¢)=1 j

and note, by the Cauchy—Schwarz inequality, that F; ;» € L' (), and that the Fourier coefficient
¢y (F; ;i) =0 unless y belongs to the range of a. We have that

CO!()/)(Fi,i’)Z/Fi,i’(w)w(—a()/))du(w)

r
:2/Zhi,j(w;)hi/,,(wc)w(—a(y)) do
¢ 5o

= NZ/h,-,j(co)hi/,j(w)w(—a()/)) dw
I

(JE1(I7HED)) | (e (671 (I 7 Cn))))
(771 | 7y (7€)
(

r

=N5i,i//Xcri (o (@)™ (@) (—y) dw,

r

showing that the two L! functions F; 7 (®) and N§; i xo, (¢*(w)) have the same Fourier co-
efficients, and hence are equal almost everywhere. This verifies Eq. (1). It follows from the
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filter equation that A; ; is supported on o* ! (07). That is, h; j(w) = 0 unless both w € o; and
o*(w) € 0.
Next, for any y, we have

[/~ (7 ren) @) = [ (57 (my (771 (C0)))J(@)
= [/ (a7 (I 7HCD))) @)
= (@) Phij@

= o(@()) X0, (@) P hi.j ()

J
= H'(0)[ly Cil(*(»)).
Then, by the Stone—Weierstrass Theorem, we must have

76 (771 (f ) (@) = H' (@) £ Cil(a* (@)

for every continuous function f on I". Then, by standard integration methods, this equality holds
for all L? functions f. Finally, if F = @i fi, then

oo = (e (£e)) o

= Z[J(a-l(rl(ﬁcn))](w)
= Z H' (o) f; («* (@) Ci (¢ ()

= H’(a))F(a*(a)))
=[Su(F)]@).
proving the second assertion. 0O

Remark 11. The preceding proof works in a more general setting. That is, we do not use all of
the GMRA structure, particularly the property that (1] V; = {0}. In particular, () V; = {0} if and
only if Sy =J 08 ! o J~! is a pure isometry.

We introduce two more groups. Let D be the direct limit group determined by I" and the
monomorphism « of I" into itself. (See for example [13].) For clarity, we make this construction
explicit as follows.

Let I be the set of all pairs (y, j) for y € I' and j a nonnegative integer. Define an equiva-
lence relation on I by (y, k) = (y/, k) if and only if ¥ (y) = a*(y'), and let D be the set of
equivalence classes [y, k] of this relation. Define addition on D by

1. kil + [, kol = [ (v1) + &1 (), k1 + k2.

One verifies directly that this addition is well defined, and that D is an abelian group.
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Next, define a map @ on D by &([y, k]) = [a(y), k]. Again, one verifies directly that & is
well defined and that it is an isomorphism of D onto itself. Indeed, the inverse @~ is given by
a Ny, k) =ly. k+11.

Define G to be the semidirect product D x Z, where the integer j acts on the element d by
j -d =@/ (d). Explicitly, the multiplication in G is given by

(@1, j1) x (da, jo) = (dy + &/ (), ji + J2).

As before, 7 is a unitary representation of I', acting in a Hilbert space H, and § a unitary
operator on H for which

871y 8 = Ta(y)
for all y € I'. Define a representation 7 on G by

~ ~ k. o—k—j
T, j) = (ly.h, ) = 870y 8.
One verifies directly that this is a representation of G. Note also that 7z (g) = 77 8 and 7 g, H=
Ta8~ 7.

Finally, for [A| = 1, define the (irreducible) unitary representation P* of G acting in the
Hilbert space [2(D) by

[Pl (D]@) =1 f(@7 @ - a)).

Remark 12. The representation P* is equivalent to the induced representation Indg X, Where
x> is the character of the subgroup Z determined by A.

Theorem 13. Suppose {V;} is a collection of closed subspaces of H that satisfy all the conditions
for a GMRA, relative to 7t and §, except possibly the condition that (1 V; = {0}. Assume that the
measure [ associated to the representation 1w restricted to Vy is Haar measure, and that the
multiplicity function m is finite on a set of positive measure. Then the following conditions are
equivalent:

(1) NV; #1{0).

(2) § has an eigenvector.

(3) The representation & of G contains a subrepresentation equivalent to the representation P*
for some |A| = 1.

Proof. We define the functions {4; ;} as in Theorem 10 and reiterate that the matrix-valued func-
tion H is a filter relative to the space Vy and that the operator J 08! o J~! is the Ruelle operator.
Then Sp is a composition of isometries, and thus clearly an isometry from € j L%(o i, () into
itself.

Assume (1), and thus that Sy is not pure. From Theorem 4, we know that Sy has a unit
eigenvector f: Sy (f)=Af, and |A| = 1. (We are using here the hypothesis that m(w) < oo on
a set of positive measure.) For such an eigenfunction f, v = J~'(f) is an eigenvector for § .
This proves (1) implies (2).
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Assume (2), and let v be a unit eigenvector for § with eigenvalue A. Because 7 is equivalent
to a subrepresentation of some multiple of the regular representation of I", we must have, from
the Riemann-Lebesgue Lemma, that the function (7, (w) | w) vanishes at infinity on I" for every
w € H. But, for each y, we have

i i @) [ )] = (87 7,87 ) [ )]
= [y @) [ )],

implying then that (7, (v) | v) = 0 for all y # 0, or equivalently that (7, (v) | 7,/ (v)) = 0 unless
y = y’. But now, for d = [y, k] € D, we have

(Fa) | v) = {Fya1 ) | v)
(857,87 () | v)

7y (V) ’ ”)

0

unless y = 0. It follows then that the vectors {7;(v)} form an orthonormal set. The span X of
these vectors is obviously an invariant subspace for the representation 7 of G. Moreover, we
claim that the restriction of 7 to X is equivalent to the representation P*. Thus, let U be the
unitary operator from X onto lz(D) that sends the basis vector 7y (v) to the point mass basis
vector €4 in lz(D). We have

U (%) (Far (0))) = U (Fad ™ 7 (v))
= U (Fafizi @)™ ()

= )\._]U(J’?d+a/(d/) (U))

=1/ €d+ai(d)
= P{y jy(€a)

= P ) (U(Fs ),

showing the equivalence of the restriction of 7 to the subspace X and the representation P*.
This proves (2) implies (3).

Assume (3). Because the operator (g, 1) is 871, it follows that there is a nonzero vector v € H
for which § ' (v) = 7(0,1)(v) = Av. (Just note that P()E)’l) has an eigenvector with eigenvalue A.)
This shows (3) implies (2).

Finally, assume (2), and let v be an eigenvector for § with eigenvalue A. Write W; for the
orthogonal complement of V; in V1. Then

oo
H= D W;e R,

j=—o00
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where Ry = (1) V;, so we may write

oo
v= Z Vj + Voo,

j=—00

where v; is the projection of v onto the subspace W;, and v is the projection of v onto the
subspace R... Applying the operator § gives

D vt v =v=2) 8v))+ (Vo).
j j

implying that vj ;1 = XS(vj), whence ||vj 1]l = |lv;|| for all j. Therefore v; = 0 for all j, and
hence v = V. S0, Roo # {0}, and (2) implies (1). (This part of the proof uses neither the hy-
pothesis on m nor the one on m.) This completes the proof of the theorem. O

Remark 14. We note that the proofs of Theorems 4 and 13 imply that § has an eigenvector when-
ever [ V; is nontrivial but finite-dimensional. Therefore, if § is known to have no eigenvectors,
(1 V; must be infinite-dimensional whenever it is nontrivial.

Example 15. Let H = L?(R), let I" = Z and 7 be the representation of I" determined by trans-
lation. Let o (k) = 2k, and define § on H by [§(f)](x) = \/Ef(Zx). Then 8~ '7x8 = 7o, Set V;
equal to the subspace of H comprising those functions f whose Fourier transform is supported
in the interval (—oo, 27). Then the V;’s satisfy all the conditions for a GMRA relative to 7 and
3 except the trivial intersection condition. Indeed, the intersection is nontrivial, because | V;
is the subspace of functions whose Fourier transform is supported in the interval (—oo, 0]. The
subspace Vjy comprises the functions whose transform is supported in the interval (—oo, 1), and
it follows that the multiplicity function associated to the restriction of 7 to this subspace is infi-
nite everywhere. Hence, since § has no eigenvector, we see that we cannot drop the hypothesis
that m < oo on a set of positive measure from the theorem above.

Example 16. Now let I" = Z2, let a(n, k) = (2n,2k), let H = L?>(R?), let 7 be the rep-
resentation of I” on H determined by translation, and let [§(f)](x,y) = 2f(2x,2y). Then,
871,86 = m4(y). Let V; be the subspace of H comprising the functions whose Fourier transform
is supported in the rectangle (—o0, 2/) x (=27, 2/). Then, the multiplicity function associated to
the restriction of 7 to Vj is infinite everywhere, but this time [ V; ={0}. Indeed, if f € N Vi,
then the support of the Fourier transform of f is supported on the negative x-axis, and such a
function is the 0 vector in L2(R?). Hence, the finiteness assumption of Theorem 13 on m is not
necessary for the intersection to be trivial.

The following example shows that for a Hilbert space H # L%(R%), a collection of subspaces
{V;} can satisfy all of the properties of a GMRA except the trivial intersection property, even
though the multiplicity function is finite almost everywhere. As Theorem 13 shows, this is made
possible by the presence of an eigenvector for the dilation 6. The implication (3) implies (2) in
Theorem 13 suggests a method of construction of such examples.

Example 17. Let H = [?(D), where D is the group of dyadic rationals. The group I" = Z acts
on this space by m, (f)(x) = f(x — y), and if we define a(y) =2y and §f (x) = f(2x), we
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see that 8‘17[)/8 = 7y (y). Note that f = xo is a fixed vector for this dilation. Now take Vj to
be the subspace [2(Z), and V= 87 Vy. Since 7 is the regular representation of I" on Vp, the
multiplicity function m is identically 1. We see that the fixed vector o is a nonzero element of
the intersection of the V;.

Finally, to clarify how Theorem 13 fits in with previous results about the intersection problem,
let H, m, and & be as in the beginning of this section. If {;} is a set of vectors in H for which the
collection {8/ (7t (¥;))} forms a frame for H, then & can have no eigenvector. Indeed, if v were
an eigenvector for §, then the numbers |(v | §/ (7, (¥;)))| are constant independent of j. Hence,
they must all be 0, contradicting the frame assumption. Therefore, in the original context of the
trivial intersection problem, i.e., where the subspaces V; = spTl{Sk(ny Wi)): k< j, y, i}are
constructed from a Parseval wavelet {1;}, there is no eigenvector for . Hence, if the intersection
is nontrivial, then it must be infinite-dimensional, and the multiplicity function m is infinite
almost everywhere. Theorem 13 therefore extends Theorem 6.1 of [9] from the classical case of
H = L*(R?) to an abstract Hilbert space.

In the case when H = L%(RY), the group I" = Z¢ acts by translation, and §(f) = 84(f) =
|det A|'/2 f(A-) for an expansive integer matrix A, we need not require the subspaces {V;} to be
constructed from a Parseval wavelet, as in the previous paragraph. For any bounded neighbor-
hood E € RY of 0, there exists a positive integer n such that £ C A" E. Since

/|f(x)|2dx = / | fo | dx

E AYE

for any f that satisfies A f (x) = |det A|'/% f (Ax), we see that §4 can have no eigenvector, and, by
Theorem 13, the assumption that m is not identically co a.e. implies the trivial intersection prop-
erty. Thus, Theorem 13 provides an alternative proof for the classical scenario of Theorem 1.1
of [7].
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