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Abstract

Chen, B., Tighter bound for MULTIFIT scheduling on uniform processors, Discrete Applied
Mathematics 31 (1991) 227-260.

We examine one of the basic, well studied problem of scheduling theory, that of nonpreemptive
assignment of independent tasks on m parallel processors with the objective of minimizing the
makespan. Because this problem is NP-complete and apparently intractable in general, much
effort has been directed toward devising fast algorithms which find near optimal schedules. Two
well-known heuristic algorithms LPT (largest processing time first) and MULTIFIT, shortly MF,
find schedules having makespans within % L respectively, of the minimum possible makespan,
when the m parallel processors are identical. If they are uniform, then the best worst-case perfor-
marnce ratio bounds we know are 1.583, 1.40, respectively. In this paper we tighten the bound
to 1.382 for MF algorithm for the uniform-processor system. On the basis of some of our general
results and other investigations, we conjecture that the bound could be tightened further to 1.366.

Keywords. Bin packing, multiprocessor scheduling, heuristic algorithms, uniform processors,
worst-case analysis, performance ratio.

1. Introduction

A well-known deterministic scheduling problem concerns the nonpreemtive
assignment of independent tasks to a set of processors in an effort to minimize the
makespan (the total elapsed time from the start of execution until all tasks are com-
pleted). Formally, we are given a list £={a,,...,a,} of independent tasks, each
task ¢; having processing time s(g;) and a set #={P,,...,P,} of m=2 uniform
processors. With each P associated a relative speed ;. The objective is to find a
schedule, i.e., an assignment of % to &, which minimizes the maximum finishing
time:

S(F)

Z¥(#) = min max s
I=ism Q;
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where s(P)= ZaePi s(a) and the minimization is over all assignments of #.

This problem can be readily demonstrated to be NP-complete [5] and is therefore
intractable in general. Hence practical heuristic algorithms, which provide near op-
timal solutions, have been enjoying great favor among our schedulers. Two of them,
called LPT and MULTIFIT, shortly MF, are well known. When all ¢;’s are equal
we know that, [6,7],

R(LPT) =%, and R(MF)=21,

where, R(-) is defined as follows:

s,
R(A4) = supg max ( ')/z;‘,;(g): A constructs an assignment & of Z},
i

l<si=sm O

where the supremum is over all &, m and ¢;’s. If ¢;’s are not equal, then the best
results we know are [3,2,4]

1.52<R(LPT)<1.583 and 1.341<R(MF)<1.4.
In this paper we show that
RMF)<r,

where r is the positive root of equation 2r° +4r> —5r—6=0, i.e., r=1.381501643....

After briefly describing the MF algorithm in the next section, in Section 3 we
assume the existence of a counterexample to a more general bound 1.366, and hence
the existence of a minimal counterexample whose properties we analyze. In Section
4 we analyze more specifically a minimal counterexample to the bound 1.382. From
our assumption contradictions are deduced. Basing the general results obtained in
Section 3 and some other investigations made, we conjecture that R(MF)=<1.366.

2. Description of MF and notations

The scheduling algorithm MF we considered is based on the bin-packing algorithm
first-fit decreasing (FFD) first. We consider each processor P, as a bin and its speed
a; as its capacity, and consider each task a; as item with size s(g;). When all bin
capacities are multiplied by a constant, or expansion factor, a deadline is specified
and hence a successful packing given by FFD is actually a schedule meeting this
deadline. We would like to find the smallest expansion factor r such that any list
that can be packed in a set of bins of capacities ¢, ..., &, will be successfully packed
by the FFD algorithm with the bin capacities multiplied by the expansion factor r.
To achieve this goal the MF algorithm first arranges the bins in nondecreasing order
of capacities, and arranges the list of items in nonincreasing order of sizes. Then
a lower bound and an upper bound are initiated for the expansion factors. At each
step we apply FFD, i.e., each item is considered in turn to be placed in the first bin
(the P with the smallest subscript) in which it will fit, for an expansion factor value
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of C midway between the current upper and lower bounds. If it succeeds, C becomes
the new upper bound, otherwise the new lower bound.

Our main result is that: when the expansion factor is set to be 1.382, then FFD
will succeed.

In the following sections we assume to be given a list of items £ ={ay,...,a,}
such that s(¢,)=---=s(a,), and a set of m bins with capacities o;<---<a,,. For
a,be¥, by a<b we mean a precedes b in & (hence s(a)=s(b)). By P.=(b,,...,by)
we mean that the ith bin is packed with items b, < --- < b;. |P.| denotes the number
of items packed in P. P[k] represents the kth item packed in P,.

3. General properties of a minimal counterexample

Let r, be the positive root of equation 2r*—2r—1=0, i.e., ro= (/3 + 1)/2=1.366.
In this section we suppose that there exists a counterexample for expansion factor
rg, or we will call ry-counterexample, that is, a list # of items and a set of bins of
capacities «,...,q,, such that & can be packed into these bins but FFD fails to
pack & into the bins even of capacities £, =ry@|, ..., B, =rot,. To simplify our
argument we assume that & and m are minimal—that no set of fewer than # bins
can be used to provide a counterexample and that, given m, no list with fewer than
|| items will fail to be packed by FFD. All properties we deduced in this section
also apply (o any minimal r-counterexample with routine changes of ry to r for any
r:rpsr=<l1.4.

We assume by the minimality that the FFD packed all items but the last. Let
#={P,...,P,} be this packing of {& - the last}. For convenience we normalize
all bin capacities and item sizes so that the final has size 1. Let £*={P ..., P*}
be some fixed optimal packing of & into bins of capacities ¢, ..., ,,,. Without loss
of generality, we may assume s(P{")<---<s(Pj), where s(P*)=Y ,_p«s(a). Let
d;=s(P,)-s(P*) and d;= —d,.

First of all, we use the concept of domination from [1] and [4] to give

Definition 3.1. A union of bins | J,_, P.C # is said to dominate Ujej P*cp*if

iel

(i) There is a bijection o:/+< J, such that a;=a,, for every i€, and

() Uie, P={ay,...,a} and U, B*={b;,....0,}. There is a function
fidby,....b,} > {a,...,a} such that for each ¢,

L As(d): f(h)=a} =s(ay).

Lemma 3.2 [4]. For any LJc{l,....m}, |I[|=|J], U, P. cannot dominate
U.,pP*
jed tJ

Sketch of proof. If we had such a domination, removal of bins UJ.E, P, and the

items packed in them would result in a smaller counterexample. [
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Lemma 3.3. For i=1,...,m, s(P)>rqe;— 1 and d;>(ro— Da;— 1. In particular, if
a;z1/(rg—1) then d;>0.

Proof. The fact that the last item has size 1 and it cannot fit in any bin gives that
s(P)+1>8;. Since s(P.*)=q; we have s(P)—s(P*)>(B,— 1) —e;=(rg— De;—1.

Lemma 3.4. For any P*e #*, |P*|=2. Hence a;=2 for all j.
J

Proof. Suppose P*={x}. If P, was empty when x was to be packed, then x was
packed in a bin no later than P, since it was fit in 7. Thus the bin dominates P*.
If P. was not empty, then the first item in P, must precede x and P, dominates P*.
In ecither case Lemma 3.2 is contradicted.

Since |P*| =2 and s(a)=1 for any e ¥, ;=2 follows. [

Lemma 3.5. [f a;<2r, then |P*|=2. Let P*=(a,b). Then both a and b are packed
by FFD after P,.

Proof. |P*| =2 is trivial since 2r,<3. Suppose a€ P, (j</). Since f§;=ro0;=2ry>
a;=s(a)+s(b), b would fit in P,. Thus be P, (k<j) else P, would dominate P.*.
But then P, must also contain an item at least as large as a since f;=2ry>s(a).
Hence P, dominates P*. In either case we contradict Lemma 3.2. Suppose now
beP, (j<i) and aeP; (k>i). Since B;=2ry>s(a) we know that P, contains
another item at least as large as a. Hence P; dominates P*, causing another contra-
diction. [J

Lemma 3.6. |P,| =1 iff s(P)<s(P™).

Proof. If |P| =1 then s(*) must be greater than s(P;) else P, dominates P*. Sup-
pose s(P:)<s(P*). By Lemma 3.3 we then have ;< 1/(ry—1)<3. If |P|=2 then
\P,| =|P* =2. Let P*=(a,b) and P,=(u,v). Since a was after P, by Lemma 3.5 we
have s(u)=s(a). Hence s(b)>s(v) by Lemma 3.2. Since b cannot be packed before
P. by Lemma 3.5, it was not fit in P,. Hence s(u) +s(b)> f;. But since s(a) +s(b) =<
a; we then have

s(u)—s(ay>p,—a; = (rp— Nz 2(rp— 1).

Hence s(u)>2r,—1, and

;zs(P*)>5(P) = s(u)+s()=2ry= —
-

contradicting our assumption. [

For convenience, we give the following
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Definition 3.7. An item x € & is said to be normal if s(x)<f3,, otherwise abnormal.
A bin Pe &, or P*e #*is normal if all items in it are normal, otherwise abnormal.

As in [1] and [4], we classify the bins of & and items of & by type according to
the following scheme. If, after P receives its first item, there is a total of & items
in P, when the next item is placed in a bin that follows P, then P, is called a k-bin.
The £ items are called regular. If no additional items are placed in P, it is called
regular, otherwise fallback and the subsequent item(s) are called fallback item(s).
Items in a regular k-bin will be called of type X, the first & items in a fallback
k-bin will be of type Y, and fallback items of type F,. Let b(P)=Y {aecP: a is
regular}.

Lemma 3.8. If «;<2ry, then |P|=1,2. If |P|=2, then P, is a fallback 1-bin,
S(PIID>2ry—1 and d;> 1 —ry(3 — 2ry).

Proof. Suppose P.=(by, by, ..., by),k=2. By Lemma 3.5 we can assume P*= (b, c).
Since b was placed after P by Lemma 3.5, s(b)<s(b,) and hence s(c)>s(b;)
by Lemma 3.2. Since ¢ was placed after P, ¢ could not fit in P. Hence
s(c)>s(by)+ - +5(b)=k. Moreover 2ry>a;=s(b)+s(c)=2s(c)>2k=4, a con-
tradiction. Hence k=<1, and P, is a fallback 1-bin if |£|=2.

Suppose |P.|=2 and d;<u, where u=1-ry(3—2ry). Then

S(P) =s(by)+sb))<=a;+u.
Since ¢ could not fit in P according to the above discussion,

s(by) +s(c)> B, = rpat;. 3.1
Hence on one hand,

s(e)y=s(by) > (rg— Da;—u,

or
s(@)>1+4+(rg— Da;—u.
Thus
10,2 H(sB)+s(e)z=s(e)> 1+ (ry— Da,— .
Hence

G —r)2rg>G —ra>1—-yu,
a contradiction, which shows that d;,>u.

On the other hand, since s(b) +s(c)<q;, combining (3.1), we get

5(by) >s(b)+ (rg— Da;=2ry— 1. ]

Lemma 3.9. If P, is a normal and regular k-bin, then each item in it exceeds
(1/k)(B;— 1) in size unless P, is the last such bin. If P is a fallback k-bin, then
b(P)>(k/(k+ 1) B;. If in addition P, is normal then each regular item in it exceeds
(L/(k+ 1)) B; in size unless P. is the last such bin.
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Proof. Let P, and P, be normal and regular k-bins (i<j). If there is an item of P,
say a € P, such that s(a) < (1/k)(B;— 1), then s(P;{1]) <s(a)=<(1/k)(8;~1). Hence

k
s(P) = El (BN s ks(BIID =B -1 = B; -1,
1

which contradicts Lemma 3.3.

Suppose P, is a fallback k-bin. If b(P)<(k/(k+1))B; then s(P[k])=(1/k)x
b(P)=(1/(k+1))f;. Hence any item succeeding P;{k] can fit in P, contradicting
the type of P.. Thus b(P)>(k/(k+1))8;. Let P, and P, be normal fallback k-bins
(i<j). Then s(P;[1]) = (1/k)b(P;) > (1/(k + 1)) B; since b(P;)>(k/(k + 1)) B;. For any
regular item ae P, s(@)z=s(P[1))>(1/(k+1)B;=(1/(k+ 1)), since a precedes
Pl1]. O

Lemma 3.10. If P.={x} then |P;|=1 for all j<i.
Proof. By Lemmas 3.3 and 3.6,
1
s) =s(P)<s(PM =g < —sUs<fisp
-

Hence x is normal and P, was not empty when x was to be packed. Thus s(P 1) =
s(x). Since B;<p;, P, could be packed with more than one item if so could P,.

Set /=max{i: |P|=1, I<i<m}. Such an / should exist. Otherwise s(P,)=s(P*)
for all 1=i<m by Lemma 3.6, and we would have

i=

s(@) =1+ § s(Py=1+ i S(P¥) =1 +s(%).
i=1 1

Let ;e P, (i=1,...,0). Then T, < :-- < T; (¢;< 1/(ry— 1)). They are the only items
of type X,. O

Lemma 3.11. For 1=<i=</, s(T))>2ry— 1. If T,€ P* then o;=2r;.

Proof. s(T))=s(P)>p;— 1=rqo;~ 122ry~ 1. If T;e P* then a;=s(P*)=1+s(T})>2r,
since [P¥|=2. O

Lemma 3.12. Let P, be a normal k-bin (k=2) and |P*|=2. If P* is also normal
then P*[1] is the regular item of a normal 1-bin.

Proof. Let P*=(a,b) and P=(u,v,...). If s(@)<s(u) then by Lemma 3.2,
s(b)>s(v), and hence b is packed before P, since v is regular. Let be P,. Then
P[1] < u since P, is normal. Hence P, dominates P*, which contradicts Lemma 3.2.
Therefore we must have s(a)>s(u). If aeP; then a=P;[1] otherwise P; would
dominate B*. If {P;| =1 then we are done. Suppose |P;|=2. Then P;[2] cannot be
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regular. Otherwise b < P,[2] and hence b € P;,, where P is before P;, which implies
that P. dominates P* since P.[1]<a. O

Lemma 3.13. Let ry<r=<1.4. Then in any minimal r-counterexample, s(T;) <2.
Immediate results of Lemma 3.13 are:
Corollary 3.14. If P. is a fallback 1-bin and o,=2r,, then P[1] is abnormal.

Proof. Suppose to the contrary that P[1] is normal. We show that s(#[1])>2 and
thus we have our contradiction by the fact that s(P[1])>s(7;) and g,<f;. If ¢;=23
then by Lemma 3.9,

SR > 38 = tro; = 31 > 2.
So we assume 2ry<a,;<3. Then |P*| =2 and let P*=(q, b). Since
s@y=a;—sh)<o,—1<4rye; and 1f; <s(P[1]),

we have s(P,[1]) > s(a). Hence s(b) > P [2] by Lemma 3.2. Since P,[1] is normal, any
bin before P, was not empty when P[1] was to be packed. Hence if b€ P, then j>i
or else P, would dominate P* since it contains another item as large as P;[1]. This
means that b could not fit in P:

s(P 1D +5(b) > B;.
Noting that s(a)+s(b)<a;, we then have

SB1D —s(a) > (rg— Da; = (r— D2ry = 1.
Hence s(P[1)>s(@)+1=2. [

Corollary 3.15. o <---<o;<2+2¢)/ry, where ey= 3% —r,.
Proof. Since 8,<s(7;)+1 by Lemma 3.3, ,<3, or a,<3/re=2+3-2ry)/r,. U

As for the proof of Lemma 3.13, we leave it until finishing the proof of our main
result. Then a sketch of proof is enough to make things clear.

4. Proof of the main result

In this section r is exclusively used to denote the positive root of equation
2r3+4r2 —5r—6=0 (i.e., r=1.381501643...). By using a little sophisticated weight
function w, we prove that the MF algorithm for scheduling uniform processors pro-
duces a schedule whose length is at most » times the minimal schedule length.

As preparations for the proof, we let
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a;=2+21 (A=0),
I-r—(@r—-1A=0.118498... — (r— DA,

[

é

r

4
A4 =3(a+5)—<3—7>

=¥ 15r+1—r9~ 15(r—1)A=0.530625... = 15(r — DA.

5 5
de—(4- —) = 2—4r+> —4(r =12 = 0.093243... ~ 4~ DA,

Lemma 4.1. For 1<i=<!, s(T))>2r—1+2rk and d|<---<d,<2e.

Proof. By Lemma 3.3 we have
s(M)=sP)>p—1=roy—1 =Q+2A)r—1=2r-1+2r.
Hence, for any i</,
s(TH=s(T))>2r-1+2rA.
On the other hand,
di=s(PM-s(P)=a;-s(T)<e;— (-1
=1-(r-Doyy=1-r-1DRQ+21)=3-2r)-2(r- DA

Since s(P*)<---=<s(P*) and s(P))=---=s(P), it is then immediate that d;<---
d. U

1A

Let
2r+1

=—5———1=0.035445...,
4(r--1)

0

6 4
sy = <__2r>,10+<——2r+ 1> — 1.188404...,
r r

o = Q2r—1)+pug+2rd =2.951407... + 2ri,

3
N — 4424 =3.863662... —44.

1
o’ =——(1+4¢e) =
r—1 r—

We use also X to represent the set of all items of type X if no confusion is caused.
Lemma 4.2, 1<4,.
For the same reason as for Lemma 3.13, we leave the proof to the next section,

where a sketch is enough.
Now we can define the following weight function w:
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Table 1

sI=(@+PNr/r=D—14, =(d+ Hr/iAr-1-1

Item type o;<2r 2r=a;<a”
X Ky -

Y, s—3¢ s—(e+9J)
F s—4 s—(£+0)

s—(r=172 ifs<s,
)(2a - S~(£+]lﬂé), if 51 <85=35,,
s—(e+J), otherwise.

P; npormal, |P*NX | =1,

Y,° - s—(e+6)
F s—-4, ifag<al,
2 - s—2¢&, otherwise.
x.c s—(e+9), if e;<a’, or f; —s(P;)<24y, or P; abnormal,
3 s—g, otherwise.
Y, B3y - s—(£+6)
s—(g+9) if P; abnormal,
X, - .
s—¢&, otherwise.
others - s—¢&

2 If ¢ is the last item in the last normal regular 2-bin, then w(a)=s(a)—-4.

b If ¢ is the last regular item in the last normal fallback 2-bin and a;<a’, 8; —s(P;)< ug—1, then w(a) =
s(a)—4.

¢ If @ is one of the last two items in the last normal regular 3-bit, then w(a)==s(a)—(e+J).

If a is the last item in & then w(a)=s(a@)—¢. Let aeP.. If ;=" then w(a)=
s(a) — . Other details are in Table 1.

We use w(d;) to denote w(P)— w(P*) and w(d,)=—w(d,).

The remainder of the proof consists mainly of a weight argument. It will be proved
that:

The FFD bins #={P,, ..., P,} can be grouped so that the total weights of items
in each group are often greater than that of items in the group of optimal bins cor-
responding those FFD bins. In case they are not, the loss of weights can be compen-
sated for by a gain from other groups.

Formally, by a sequence of case analyses, we show that:

The set {1,...,m} of indices can be partitioned into 4, ..., 1, (i.e., ;N I;=0, i #],
i, I={1,...,m}) such that for any Ie #={I,, ..., 1}, the following conditions,
which will be called D(7), will be satisfied:

Y wP)= Y wB™+ke,

iel iel

where k;=max{0, ¥,., (|IB| - |R*)}; or
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k=Y (IP* - |RD>0,
iel

and
Y wPH< Y wP)+kge.

iel iel

An argument about the conservation of total weights and numbers of items in &
will then allow us to contradict the assumption that we had a counterexample.
We use # to record our appropriate partition of {1,...,m}. Initially we let .% < @.

4.1. P is a regular 1-bin
The fact from Lemma 3.11 that any item of type X, cannot be packed in P*
shows that
w(P*) = s(P") - 2.
By Lemma 4.1 we then have
W(P) - w(P*) = s(P) — (s(B*) — 26) = 26 — d; > 0.
Hence we set S« .U {i}.

Before analyzing further, we give the following:

Lemma 4.3. Suppose |P|=k=2 and w(P)=s(P)—u (u=0). If d>u+ (k-4
then an appropriate set I of indices containing i can be decided so that condition
D(I) is satisfied.

Proof. Suppose first that P*N X, =0. Then w(P*)<s(P*)—2¢. Hence
w(d;) = (S(P)—u)~ (s(P*)-28) = d; +2e — u = (k- 2)e.

Therefore we can let 7={i}, and set F = FU L.
Suppose now |P*N X,| =1, and T,e B* (1 <j=</). Then w(P*)<s(P*)—&. Hence

w(d) = (s(B)—u)~ (s(P)—e) =dj+e—p.
Thus

w(d;) > (k—3)e, if k=3,
and

w(d)<e, ifk=2.

In either case we can let I<={i, j} and set F=(F-{jHUL
If |P*NX,|=2 then let I'={: TeB* 1<j<I/}. Since
w(d)=d—u>(k-4de, if k=4,
w(d)<e, ifk=3,

and
w(d;) <2, if k=2,
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we can let 7<I'U{i} and set #=(5-J,., {HUI. O.
4.2. P is a fallback 1-bin

Case 1: a;<2r. By Lemma 3.8 we have |P;|=2 and d;>1—2re. Since w(P)=
S(P) — (A +3¢) and w(P*)<s(P*)—2¢, we obtain
w(d) =w(P)—wP)=d+2c~(A+3e)=1-2re—A—e>0.
Let /= {i} and #=5U I,
Case 2: a;=2r.
Case 2.1: |P|=k=4. Since w(P)=s(P,)—k(¢+J), if we can show that d,>
k(e+0)+(k—4)e, then by Lemma 4.3 we are done. So we suppose to the contrary

that d;<k(2¢+0) — 4¢. Noting that the first item of 2 must be larger than half the
bin size by Lemma 3.9, we then have

s(P) > max{re;— 1,2(k—1)}.

Hence

d;zs(P)—oa;>max{(r— De;— 1,2(k— 1) —¢;}.
Therefore

(r—Do;—1 < kQe+3d)—4e,
and

2k—1)—a; < kQe+0d)—4e.
Combining the two inequalities, we get

(r—-DQR-2e-0k—4(r-1P2<(r- Da; < (2e+ )k + (1 —4¢),
or

4(r— 17+ (1 —4¢) 4r’ —4r—1
=— <4,
(r—-1D(2-26-6)—-(e+d) ~ 6r°—3r-7

a contradiction.
Case 2.2: |P;|=3. Since P[1] is abnormal by Corollary 3.14, we have s(P)>
F1+2=2r+2. Hence

3
dizmax{2r+2—-a;, (r—Da;—1} = 2r——.
r
But
3
<2r~—> > 2¢e+ 39,
r

hence
di>3(E+0)—¢.

Noting that w(F;) =s(P)~3(e+7J), we are then done by Lemma 4.3.
Case 2.3: |P;|=2. The fact that P[1] is abnormal implies that

2
dizmax{2r+1—-a, (r—De;—1} =2r-1-=>24.
r
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Since w(P,)=s(P.)—2(e+J) we are also done by Lemma 4.3.
4.3. P is a regular 2-bin

(At most (4 — (r—1)*+ %) of weight is needed for compensation to this class of
bins.)

If P, is abnormal, then d;=max{2r+1-ea;, (r— Da;— 1} =2r—1-2/r. If P* is
abnormal, then d;=(r— Da;— 1=(r— 1)(2r+1)—1. Hence

2 2
d,-zmin<2r—1——,(r~ D@2r+ 1)—1> =2r-1-—>20
r r

if at least one of P, and B* is abnormal. Therefore, considering that w(P)=
S(P)—2(e+9), we are done by Lemma 4.3.
In the following we then suppose that both P, and P* are normal. (If P, is the last
normal regular 2-bin, then we add (4 — (r— 1)* + +%) of weight to its second item.)
Case 1: P*NX,=0. If |P*|=3 then w(P*)—3¢ and d>@-1o,—1=
3(r—1)—-1=3r-4>20—¢. Hence

wd)=d+3¢-2(e+8)=d;+e—-26>0.

Set I={i} and F=F UL

If |P*|=2 then, by Lemma 3.12 P*[1] is a normal, regular item in a fallback
1-bin since P*N X, =0@. Hence w(P*[1])=s(P*[1])—3¢ by Corollary 3.14. Thus
w(P*)<s(P*)—4¢ and

w(d)=d+4e-2(e+d)=d;+2e-256>0

since d;>0 by Lemma 3.6.

Set [ = {i} and &= FUIL

Case 2: |[P*N X,|=1. Then w(P*)<s(P*)—¢. Let ;e P* (1<j=</) and P,=
(uy, u,). Then, by Lemma 4.1, ;>2r(1 + A). We are to show that w(d;)<¢ so as to
set I={ij} and =(I-{j}HUL

Let

r r
s i=——©0+H) -1 S5=——(#0+1)— 13
r—1 r

1, x>0,
B(x) =
0, x=0;

0 = 0(s(u)) — 52); 0, = 0(s(uy) —52).
Case 2.1: s(u,)>s,. Then
w(P) =s(P)—(2e+ (G + (0 +6,))0),

d; = max{s(u;) +s(u;) — o, (r— e — 1}
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o =1 r—1
= (5(uy) + s(1y) —252)7— +(25+ I)T -1
I r—1 r—1
=30+ (s(u)~ 52)—,_— +{s(uz)— 52)‘—;‘—-

Noting that 6,=0 iff

_ad < (s(u) —5)—=0 (1=1,2),

we then have

d; > (3 + 56, + 6,))0.
Hence

w(d,) = d;+e— Qe+ (F+ (6, +6,)0) > —¢,
or

w(d) <e.

Case 2.2: s(uy)<s,<s(u;). If P is not the last normal regular 2-bin, then
w(P,)=s(P)—(r—1)*~(e+ (% +%06,)5). Since, by Lemma 3.9, s(u)>4(f,~1)=
1@+ ) -1)=r3(1+ 1) -1, we have

d;zmax{(r’— 1)+ s(u) — o, (r— ey — 1} = (s(uy) + r¥(1 +,1)+%)':~1 -1
r

r—1 r—1
= (s -5+ <<s2+%)7 ~%) FUr-DA+H -

2(5(“1)—52)r“;—1+ RS+ ((r-1)*-e).

Since 4, =0 iff

r—1
—3%0 < (S(Ul)’sz)—r—”f 0,

we obtain ;> (r~1)2—e+(1 + £6,)6. Hence

w(d)=d +e~(+(5+36)0+(~-1)?) > —¢,
or
w(d;) < ¢.

If P is the last normal regular bin, then w'(8) = sSP)—((r-1’+e+
(% +56,)0 — &), where w’ stands for the new weight after compensation. Since

d; = (s(up) —s(T})) + () — (s(P") ~ s(T))) = s(uy) —1,
and

di>(-Do-1=z6T)+D)Er-D-1,
we have

s(u)) = (S(TH)+ 1) (r—=1)= Q2r+2rd)(r—1).
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Hence

d; =z max {s(u;) +s(uy) — o, (r— D — 1} = (s() + s(up) + l)r—;——l
r—1 r—1 r—1
= (S(u1)—52)'r—+ <(Sz+%)—r*‘—%> +Qrir-1( +i)+%)—r——%
r—1 5 1
= () = $)—+Rd+ (2(r— -1 +A)——>
r 2r
> 2(r—-1)%(1 +)L)——1—+(1 +36))4.
2r

By simple calculation and noting that 1 <A4,, we have

1
2(r—1)2(1+i)—;+(1+1—3061)5> r=Dr—e+(G+36)0— 5.

Hence

w(d) =w(P)—wP*) = d+e—((r—1)’+e+ (5 +56)6— %) > —¢.
or

w'(d) <e.

Case 2.3: s(u;)<s;. Then w(P)=s(P,)—2(r—1)* Noting that a;>2r(1 + 1), we
have
di>r—Da,—1=22rr—1D)(1+1)—122(r—1)2-2¢,
and
wd)=d+e-2(r—1)*> —¢,
or
w(d) < e.

Case 3: |[P*NX,|=2. By Lemma 4.1 we have ¢;=2(2r—1) and hence d;=
2Q2r—1)(r—1)—1>26. Since w(P)=s(P)—2(e¢+J) we are then done by Lem-
ma 4.3.

4.4. P, is a fallback 2-bin

(At most 4 —(2&+J+ 155 ) of weight is needed for compensation to this class.)

At first we suppose P; is not the last normal, regular fallback 2-bin.

Case 1: g;<q’. If |P|=4 then s(P;)>3-2=6 since each regular item exceeds the
sum of all fallback items in size, and hence §;=s(P)> 6, contradicting that ;<.
Therefore |P|=3. We have w(P)=s(P)—(4+2&+2J). By Lemma 3.9 we also
have s(P)=1+b(P)>1+3p;, and hence

d>1+1if—-a=1-(1-irne,>1-(1-irna’ >4-e+26.

If |[P*|=3 then P*N X, =0 or else ¢;=(2r—1+2rd)+2>a’. Hence w(P*)<
s(P*) -3¢, and
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w(d) = di+3e—(A4+2e+26)>0.

Set /<= {i} and = UL

Suppose |P*| =2 and let P.*=(x,c). Since both P* and P, have to be normal by
the restriction ¢;<a', we know that x € P, is regular and ; <2r from Lemma 3.12
and Corollary 3.14.

If x is of type Y}, then w(x)=s(x)— 3¢ and we obtain w(P*)<s(P*)~4¢, since
c cannot be of type X;. Hence

w(d) = d;+ 46— (A +26+20) > ¢.

Set I = {i} and & = FU I Suppose x is of type X;. Let Pj*z (a, b) and let a’ denote
the largest item among a, b and c¢. Then s(@’y<max{l + 24, 1y} =y, since s(x)>
2r—1+2ri by Lemma 4.1 and s(x)+s(c)<2r—1+2rd+uy. But po<ir’<ip<
s(P[2]) by Lemma 3.9, hence s(a@’)<s(P.[2]). In addition we have s(a’)>s(P[3])
since otherwise P;U P, would dominate P*U P™.

Case 1.1: a’ was packed before P.. Then a’e P, is a fallback item since s(a’) <
s(P[2]). Py is a normal 1-bin or else P;UP, would dominate P*U P* Hence
w(a’y=s(a’)— A4, and

w(d)+wld)zdi+A—-(A+2e+20)=d; - 2(e+5)>0.
Case 1.2: a’ was packed after P;,. Then a’ could not fit in P, which implies that
Bi—s(P)<s(@)—-1=u—1,

or

S(PY=Bi+1—puy=s(P*)+(r— Doy +1—puy,
or

diz(r—Do+1—py=2r(r-1)+1—puy>A+2e+4.
Hence

w(d) +w(d)) = di+e~(A4+2e+20)>0.

Set I={i,j} and (F= F—-{j}HUL

Case 2: a'<q;<q”. For the same reason as in Case 1, we have |P|=3. Hence
w(P)=s(P)—(4¢+26). As in Case | we have d;>1-(1-3r)g=l-(1-ina">
4e+26. Then by Lemma 4.3 we are done.

Case 3: q;=a”. Let |P|=2+k (k=1). Then w(f)=s(P)—(k+2)e and d;=
max{k—(1-3ne, (r—Da;-1} =3(k+1)(r—1)/r—1>2(k+1)e. The last inequali-
ty holds since k+1>r/(2r>—3). Hence

w(d)=d—(k+2)e=ke.

Set 7= {i}and £ = JUI

Now we show that if P, is the last normal, regular fallback 2-bin, then A4 —
(2e + 0+ 1) of weight compensation can make up the loss.

We only need to check when ¢;<a’ and B;—s(P,)<u,—1 since otherwise no
compensation is needed as was proved above (note: f;—s(P)=u,—1 implies yy<
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s(P.I2])). The following proof is almost the same as that of Case 1. We have [P =3
and

w(P)=wP)+4-Qe+d+ 7%
S(P)-QRA+e+0)—(—A+2e+5+ %
=s5(P)—(A+3e+25+ %),

diZ(r_l)ai+1—ﬂoz(r_1)2r+l—ﬂ0>ﬁ+25+%,

where w’ is the new weight after compensation.
If |P*|=3 then w(P*)<s(P*)—3¢ and hence

w(d;) = W(P)—w(P*) = d;+ 36— (4 +3e+25+ %) > 0.

Set I={i} and = JUIL
Suppose |P*| =2 and let B*=(x,c). Then x€ P, is regular and a; <2r. If x is of
type Y; then w(x)=s(x)— 3¢ and hence w(P.*)<s(P*)—4¢. We then have

wid)=d+de—(A+3e+20+5%) > ¢,

allowing us to set /< {i} and & < U I. Suppose x is of type X,. Let Pj*=(a, b)
and a’, a” be the largest and second largest, respectively, among @, b and ¢. We have
s(@a’y<uy<2r?/3<s(P[1)) and s(@”)<1+2A. Let a”e P.. If i’<i then a” is a fall-
back item and P; has to be a normal [-bin since otherwise P;U P would dominate
P*U P* (noting that uy+1+24<2r). Hence w(a”) =s(a”) - 4, implying that

wi(d)+w(d)zdi+A4—-(A+3e+20+ %) >A-3¢>0.

If i’=ithen a” < B[3] by Lemma 3.2 and thus a¢” = P,[2], which implies that w(a"”) =
s{a”)— A and that w'(d;)+ w(d,;)>0. If i<’ then since P,[2] <a”< F;[3] we have
B —s(P)<24. Hence

diz(r—1)o,—2Az=(r—1D2r-2A>A4+2e+25+ w5,
making that
w(d)zd+e—(A+3e+20+35)>0.

Therefore, in the case where x is of type X, we are allowed to set /= {i,j} and
F=(F-{jHUL

4.5. P is a regular 3-bin

(At most 26 of weight compensation is needed in this class.)

Case 1: 2r=sa;<a’, or B;—s(P,)<24q, or P, is abnormal. 1f §;—s(P;)<2A, then
S(P)>Bi—2hg= 0+ (r—D)o;—24g=s(P*)+(r—1)o;—249. Hence d;=(r—1)2r—24,=
e+3(e+6) and w(d,)=d;,~3(e+5)=e¢, allowing us to set / = {i} and F=FUI

If P, is abnormal then s(P)>2r+2. Hence d;=max{2r+2~a;(r-e-1}=
2r—3/r>3(e+06)—¢. Noting that w(P,)=s(P)—3(e+J), we are then finished by
Lemma 4.3.
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In the following we then suppose that P is normal and 2r=ea;<a’ (thus P* is
also normal else o;>2r+1>a’).

Case 1.1: |P*| =3. Then |P*|=3since a’<4 and P*N X,=0 since 2r—-1)+2>a’.

Let P*=(a,b,¢), and let P, =(u),uy,u3) be the first normal regular 3-bin. We
show that w(d;)=0so as to set / = {i} and # « .#U I. Suppose to the contrary that
w(d;)<0.

Then none of a, b and c satisfies w(-)=s(-)—A since otherwise w(P*)=<
s(P¥) — (4 +2¢), implying that

wd)=d+A4+2e-3(+5)=d+2¢— <3-§> >2e>0,
a contradiction.

If it is not true that a < &, then s(a) <s(u;), which implies that s(b) >s(u;) else Py
would dominate P*. Hence either b or ¢, say b, was packed before P, and thus is
of type F, or F,. Since (b)>s(b)— A we then have w(b)=s(b) - (¢ + ), which im-
plies that b is a fallback item of an abnormal fallback 1-bin. But then this abnormal
fallback 1-bin dominates P* since s(a) +s(c) < s(h)<a’—1<2r.

Therefore we have a<u,. Let ae P, where P, is a 1- or 2-bin before P;. It is
apparent that P; is normal since otherwise P; would dominate P* g has to be
regular since otherwise, as in the proof of that a<u;, @ would be a fallback item
of an abnormal fallback 1-bin, which then dominates P*. If s(a)=2r? then ;=
s(a) +s(b)+s(c)=2r*+2>a’. Hence s(a)<2r’. Then a is neither of type X, (Lem-
ma 4.1) nor of type ¥; (Lemma 3.8 and Corollary 3.14). If a is of type X, or Y,
then, by Lemma 3.9, it has to be the second item of the last such bin since +(8;, —1)>
6= 272, Hence we have w(a)=s(a) — A, contradicting our earlier conclusion that
none of a, b and c satisfies w(-)=s(-) - A4.

Case 1.2: |P*|=2. Let P*=(x,c¢). Since both P, and P* are normal, x is the nor-
mal, regular item of a 1-bin by Lemma 3.12. Suppose first that B,*N X; #0. Then
|P*N X, =1since 22r—1)>a’>a;. Hence xe P, (1<j=</) and w(c)<s(c)—e¢. Let
Pj*z (a, b) and a’ be of maximum size among a, b and c. Then ¢’ must be packed
before the first normal regular 3-bin since otherwise the bin and P, would dominate
P* and P*. Let a’e P,. Then Py is a 1-bin or 2-bin before P,.

If w(d;)=0 or w(d;)+ w(d;)=0 then we are done since we can set /< {i,j} and
F = (F—{j} UL Therefore we suppose that it is otherwise. Then a’ cannot be a
fallback item. Otherwise either w(a’)=s(a’) — 4, which implies

w(dy)+w(d)) =d;+A=3(e+8) = di+A—3(e+8) =0,

since d;=max{3—~a;, (r—De;—1}=3—-4/r, or P, is an abnormal fallback 1-bin,
which implies that P,U P, dominates P*U P*. Therefore a’ is regular.

Since s(a’)=max{1+24, uy} =uy<3r’ owing to the fact that s(x)>2r—1+2rA
by Lemma 4.1 and s(x)+s(c)<a’=2r—1+42rd +u,, the same argument as at the
end of Case 1.1 shows that w(a’)=s(a’) — A4, which contradicts our assumption as
was shown above.

Suppose second that £*N X, =6. Then, by Lemma 3.12, x=P/[1}, where P, is a



244 B. Chen

normal fallback 1-bin. Hence w(x)=s(x)—3e. As before, we let P*=(q, b) and let
@’ be of maximum size among ¢, b and ¢. Almost the same analysis as in the case
where B*N X, #0 shows that o’ satisfies w(-)=s(:)—4, which implies that

w(d,-)+w(dj)2d,~+3s+A—3(s+(5)_>.38>e

since d;=3—-4/r=3(+9)—A.

Therefore, in this case, we can set [={i,j} and #=(¥—{j})UL (Note: this is
the only way that a normal fallback 1-bin is grouped with other bins.)

Case 2: a;za’, P, is normal. (If P, is the last such bin then we add 2 of weight
for compensation.) w(P)=s(P)—-3¢. If o;=a” then d;=(r—1)a”"-1=4¢ and
hence w(d;)=d;—3e=4e—3e¢=¢. By setting I={i} and 4 «.#UT we are finished.
Hence we suppose o;<a”.

Case 2.1: |P*|=3. If P*NX,;#0 then o;=(2r-1)+2, which implies d;,=
(r—Da;—1=Qr+ 1)(r—1)—1>3¢. Hence

W(d,) = d,‘“ 3¢=0.

If P*N X, =0 then w(P*)<s(F*) — 3¢ and hence w(d;)=d;+ 3¢ —3¢=0. In both
cases we are allowed to set /= {i} and F=F UL
Case 2.2: P*=(x,0).
() P*NX,=9. If P* is abnormal, then a;>2r+1. Thus d;=(r—Da;— 1=
(r—1Q@r+1)—1>2¢. Since w(P*)<s(P*)—2¢ we have

w(d) =d;+2e-3e>¢.

If P is normal then, by Lemma 3.12, w(x) =s(x) — 3¢. Considering w(c)=s(c)—e,
we then have

w(d)=d;+4e-3e>e¢.

Therefore, in either case, we can set /={i} and F=F UL
(i) |P*NX,|=2. Let xeP, and ceP, (1=j,,/,=/). Since ;>2(2r—1) and
diz(r-Da,—1=2(r—1)2r—1)—1>2¢, we have

W(d,) = di—38 > —g,
or
W(a,) < E.

Hence it is valid to set I={j, i} and F=(F—{j;} —{iLHUL

(iii) |P*NX,|=1. If c is of type X| then x has to be abnormal, causing that
o;>2r+2r—1>¢", which contradicts our assumption that o;<a”. Hence we let
xeP, (1=j=<l/) and P*=(a,b). We are to show that w(d;)=0 or w(d;)+w(d;)=0
so as to set /={j,j} and £L=(F— {j})U I Suppose to the contrary that w(d;)<0
and w(d;) + w(d;)<0.

As usual we let @’ be of maximum size among @, b and c¢. Since P, is normal,
a’ e P, was packed before the first normal regular 3-bin, where P, is a 1-bin or
2-bin. ¢’ cannot be of type F, or F,. Otherwise either w(a’)<s(a’) —2¢, implying
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that
w(d))+w(d;))zd;+2e-3¢=di—¢>0
since
diz(r—Da—-1lz(r-Da'—1=2Q2r—1+y)r-1)-1>¢,

or P, is abnormal, causing that P, dominates P;*. Therefore a’ is regular. Since a’
is normal and not of type X, the remaining possibilities for P, are to be normal
fallback 1-bin, normal regular 2-bin and normal fallback 2-bin.

If P, is a normal fallback 1-bin or 2-bin (not the last), then, by Lemmas 3.8 and
3.9,

s(@)>min{ir32r—1} = 3r* > 1+ 24.

Noting that w(a')<s(a’)—(¢+J), we then have
o;>2r—1+2%r%,
d>@—Do,—1=Qr—1+2)r—-1)—1>2-4.

Hence
w(d)+w(d)=d+e+5—-3e>0,

a contradiction.
If P, is a normal regular 2-bin (not the last) then, by Lemma 3.9,

s@) > H (B~ =r’-14.
Considering that 1+ 24 <r*—4, we then have a’=c. Hence
;= Qr—D+ (-1,

di=r-D)Qr+rr—=H—1=3e—(r—1y,
and
w(a') < s(a’)—(r—1)%

we then have
w(d)+w(d)=di+(r— 1 -3¢=0,

a contradiction.
As for the case where P, is the last normal regular 2-bin or fallback 2-bin, either
the same happens as above, or w(a’) =s(a’) — 4, which apparently implies

w(d)+w(d)zdi+4-3e=4-3e>0.

Therefore, whatever type P, may be, we always have a contradiction.
4.6. P; is a fallback 3-bin

Let |P|=3+k (k=1). Then w(P)=s(P)—(3+k)e+J). Since s(P*) <a; and,
by Lemma 3.9, s(P)=k+b(P)=k+3p;, we have
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S(I)x) —S(Pl*) = k+ (%r'— l)ais
and hence
W(d) = di= 3+ K)e+0) = k+ Gr=12r=(+K)(E+8) = (k+ De.

The last inequality holds because it is equivalent to

i 4e+30—-Gr=12r 12-14r—34r2+15/r—16(r—1)A
- 1-2-6 6r—5/r—4+6(r—1)2

s

which is valid since the right-hand side is less than 1.
4.7. P, is a regular 4-bin

If P, is abnormal then s(£)>2r+3. Hence d;=zmax{2r+3—a;, (r—Da,—1} =
2r+1—4/r>4(c+9). Since w(P,)=s(P)—4(¢+J), we are done by Lemma 4.3. In
the following we suppose P is normal.

Case 1: P*N\ X, =0, P, normal. Then d;=zmax{4 —q,,(r— Na;,— 1} =4-5/r>3e¢.
w(P)=5(F)—4e. We show that w(d;)=2¢e so as to set /={i} and F=F UL

If |P*| =3 then w(P*)<s(P*) -3¢ and hence

w(d,;) = d;+3e—de = 2e¢.

Suppose |P*| =2. If P*is normal then, by Lemma 3.12, w(P*[1])=s(P*[1]) -3¢,
and hence w(P*)<s(P*)— 4e, making

W(d[')Zdi+48_48 = dl'Z 38.

Therefore we consider the case where P*=(g, b) is abnormal.

Let ae P;. Then P, is before P, since a could fit in . If P; contains more than
3 items, then 8;=f;>2r+3. Hence d;=(r~ 1)a;~ 1 = (r— 1)(2+3/r) — 1 >4e, which
implies that

w(d,))=d;+2e—4e=2e,

we are done. Hence we assume |P;|<3. Since P, is abnormal, from the table we
know that @ satisfies w(-)<s(-)—(e+dJ), and hence w(P*)<s(P*)—(2¢+4).
Considering that o;>2r+1 and d;=(r— Da;— 1= Q2r+ I}(r— 1) — 1 =4¢—J, we then
have

w(d,))zd;+ (2e+ ) —4e=2e.

Case 2: |P*NX,| =2, P, is normal.
Case 2.1: |P* =3. Since ¢,>22r—-1)+1 we have d;=z(r—Do;—1=(r—-1)x
(4r—1)—1>Se. Hence

w(d)=d,—de>¢,

allowing us to set /={i} and F=F UL
Case 2.2: |P*|=2. Suppose P*=(x,x,), where x,€P,, x;e P, (1=i,L=]),
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and P¥=(ay, by), Pf=(ayb,). If w(d;)=0, or w(d;)+w(d,)+ w(d;,)=0, then we
can set I={i,i},i,} and let & <=(& —{i;} —{i,}) UL So suppose to the contrary that
w(d;) <0, and w(d;) + w(d,) + w(d,;) <0.

Then a,<a” since otherwise d;=(r— 1)a; — 1 = 4e, causing w(d;)=d;—4e=0.

Let a’e {a,,a,} be of larger size. Then a’e P, where P;is a 1-, 2- or 3-bin before the
first normal regular 4-bin (otherwise the union of the 4-bin, P, P, would domi-
nate P*UPFUP¥*). If w(a')<s(a’)-(¢+0), since dizmax{4~a;, (r— Do;,—1}=
4-5/r, we would have

5
w(d)+w(d,)+w(d,)=d+5-4e= <4 ——> +0—4e=0,
r
a contradiction. Hence w(a’)>s(a’) — (¢ + §), which implies that P, is not a fallback
bin since any item in these bins satisfies w(-)<s(-)—- (¢ + ). Since s{a@’)<1+24;<
r’—1=12r?—1), the only possibility for P, is to be a normal regular 3-bin and

o;=a’. By Lemma 3.9 we then have
s(a)y>4(B;—1).

(Note: if P is the last such bin then a’= P;[1] and hence the inequality also holds
by Lemma 3.3.) Since o;=a’ we then obtain

1420 2s(a") > 3(B— D) = $(ra’— 1) = $(r(2r — 1 + o+ 2ri) — 1),
which implies that

2rt—r+rug—4

A>
6~2r2

= A’O’
contradicting our Lemma 4.2.

Case 3: |P*NX,|=1, P is normal. If P* is abnormal then o;>2r+(2r— 1),
hence d;=(r—1)(4r-~1)—1>6¢. We have

w(d;) = d;,— 4e > 2¢.
If [P* =3 then w(£*)<s(P*)—2¢ and hence

w(d)=d+2e—4de= (4—§> ~2e>e¢.

In either case we are allowed to set /= {i} and F=F UL

Suppose then that P* is normal and |P* =2. Let T,e P* (I1=<j</), and
a’e {P*[1], P*[2], P*[2]} be of maximum size. It can be readily seen, by Lemma
3.2, that @’ was packed in a normal 1-bin or 2-bin before P,.

We are to show that w(d,)+w(d;,)=¢ so that we can set I={ijj} and
S =(F—{j})UIL Suppose to the contrary that w(d;) + w(d;)<e.

Then w(e’)>s(a’)—(e+J) otherwise w(d;)=d;+(e+J)—4e=¢ (noting that
dizmax{4-a;, r— Da;— 1} =24 —5/r). But we have
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wld)=d +e-4de=e-4.
Hence we obtain
(i) w(d;) < d; and (i) d; < de.

Noting that d;<a;—s(T))<a;~s(T)) =2+24-5(T)) and that w(d;)=2e—d;, we,
from (i), obtain

S(Y})<2(1+/1)+5—28. 4.n

If a’ € P, then, because of the fact that w(a’)>s(a’) — (¢ + §) and the fact that P,

is a I- or 2-bin, Py is a normal regular 2-bin with |P¥N X,|=1 and that a’= P*[2]
since each item in P* is in size <1+421<r’—4}=4(B;—1). But s(a’)> (8, —1) by
Lemma 3.9. Considering (4.1) and d;=4 —s(P*)=4 — (s(T}) + s(a’)), we then, from
(ii), get

s(a)>4-4e-s(T)=z4—-4e-(2+24+J—2¢)

=2—2a—2x—5>(5+%)%—%.
r_

Hence w(a’)<s(a’) — (e + ;J), implying that
w(d)zd;+e+50—-4e=e—30.
Hence we obtain
(i) wld)<%90; and (ii') d;<4e— 6.
Exactly the same argument as above allows us to conclude that
s(@)<4-(4e—F0)—QR+24+H0-2¢)
=2 26— 22420 (86 +4) —

-4
*
r—1

which implies that w(e')<s(a’) — (¢ + J), a contradiction.
4.8. P is a k-bin (k>3) and |P| >4

Case 1: |P|=k;=7. Since w(P)=s(P)~- k;&, it is enough, by Lemma 4.3, to
show that d;>(2k;—4)e. Suppose to the contrary that d;<(2k;~4)e. Since d;=
max{k,—;, (r— Da;— 1} = (k;+ 1)(1 — 1/r)— 1 we then have

QRk;—4)e = (k;+ 1)<1 -%) -1,

or
1 —dre 4r? ~6r+1

< <
Tr-D=2re " 2r-2r-1

a contradiction.
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Case 2: |P|=6. We have w(P)=s(P)~6g, dizmax{6-a,(r—o,—-1}=
6-7/r>8e—0>7e.
Case 2.1: |P*|=3. If |[P*N X,|=1 then, since w(P*)<s(P*)—2¢, we have

w(d;) = d;+2&—6¢ > 3e.

Set I={i} and F =g UL If {P*N X,| =2 then let T, T,

-, € P* (1<, jy<I). Since

W(d,) = d,_6£ > &,

we can set J={i,j,/,} and F=(F—{j;} - {LDHUL

Case 2.2: |P* =2. If P* is normal then s(P*)<2s(T1)=<20,<20,=2(2+24).
Hence d;=s(P) —s(P*) =6 — (4+4A)>10¢. If P, is abnormal then s(£)>2r+5 and
hence d;>max{2r+5—a,, (r— Do;— 1} =(r—1)2+6/r)— 1= 10¢. In either case we
have

w(d;) = d;—6¢ = 4¢,

and hence are allowed to set I={i}, F=F UL

If o;=(1/(r—1)(1+8¢) then d;>(r—1)a;—1=8¢ and hence we are done by
Lemma 4.3.

In the following we then suppose that P is normal but P* not, and «,<
(1/(r—D)(1 + 8¢).

Let P*=(a,b). Then b is normal else ¢;>2- 2r>(1/(r— ))(1 + 8¢). If at least one
one of a and b satisfies w(-)=<s(-)—(e+J) then

w(d;) = d;+ (2e+6)—6e > (86 —0)—(4e—0) = dg,

we are done. Therefore we suppose to the contrary that both @ and b satisfy
w(-)>s(-)—(e+0). Let ae P,. Then P, is before P, and Pll}=a.

(i) b¢ X,. Since P, is abnormal, P, is then a k-bin (k=4) and |P;|=5. Since
s(b)>s(P;[2])) (otherwise P, would dominate P*), b was packed before P;. Let
beP.. Then a;=2r since w(b)>s(b)—(e+9) and b¢ X;. Since that s(a)>f;
would imply that /3,~2@2s(a)+422r2+4, or a;=2r+4/r, contradicting our
assumption that ;< (1/(r—1))(1+8¢), we then have s(a)<p;-, which implies that
P, is also abnormal and s(P.[1])=s(a). This fact violates Lemma 3.2 since P
dominates P*.

(i) beX,. Let b=T, (1=i’<l) and P*=(a’,b’). We assert that at least one of
a, a’ and b’ satisfies w(-)=<s(-)+(e+9), so that

w(d;)+w(d;)) = d;+ (e + ) — 66 = 3¢,

and we then can set /= {i,i’'} and #=(&~{i’})UI. Suppose our assertion were
false.

Since P, is a k-bin (k=4) we have s(a’)>s(8£[3]) otherwise P-U P; would dominate
P#U P* Hence at least one of ¢’ and b, say a’, was packed before P.Leta’eP,
(J’<J). Then the same argument as in case (i) above suggests that P is an abnor-
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mal k’-bin (k’=4) and P;[1]<a, which implies that all regular items of P}, are
abnormal, causing that P, dominates P*, a contradiction.

Case 3: |P|=5. We have w(P)=s(P)~5¢, and d;zmax{5—a,, (r— De;— 1} =
5—6/r>6e—0>5¢.

Case 3.1: |P*|=3. If |B*N X,| =<1 then, since w(P*)<s(P*)— 2¢, we have

w(d;) = d;+2¢ -5 = 2¢.

Set I={i} and F=FUI

If |[P*NX,|=2 then let T;,T, € P* (1<j,,j,</). Since

w(d)=d;~5=0,

we can set I<={i,j,j,} and F=(F—{j,} - {/LHUL

Case 3.2: |P* =2. Then the same argument as at the beginning of Case 2.2
allows us to suppose P, is normal, P* is abnormal and o;<(1/(r— 1))(1 + 6¢). Let
P*=(a,b). Then a is abnormal, b is normal and w(b) <s(b) ~ ¢ (b € X; would imply
o;>2r+Q2r—1)>(1/(r— )1 + 6¢). The same analysis as in Case 2.2(i) shows that
at least one of ¢ and b satisfies w(-)<s(-)—(g+J). Hence

w(d)) = d;+ (e +3J)— Se = 3¢,

allowing us to set I={i} and S=FUL
Now we are ready to prove our main result.
Theorem 4.4. There cannot be any r-counterexample.

Proof. If the theorem fails then we have a minimal r-counterexample. Let & be our
partition of {l,...,m} as was given in this section. We classify  into classes &,
and ¢,:
9= [1es: L wd)zkis, k= max{o, T (P - P,
iel

iel
jz':{-ley: J¢g¢1, EJZZ(IIDJ*l_“)Jl)>O’ EJWI(EJ')<EJ8},
jed je

where w’ stands for the new weight after compensation.
As we have seen, after at most

P=UA—-(—1P+2)+(U—QRe+I+2))+25
of weight compensation, we have & = ¢, U %,; namely,

m

L Lwd)+ ¥ Y wd)=Y wd)<y wd)+p. (4.2)

le g, iel Jed jed

= i=



~x
]
o
D
3
Y
9]
wn

Since
L k=YX k=Y Y(P|-IPH-X Z (1P =P
Ie % Je s Ted iel Je s jel
m
=_Z P =X [P =1,
i=1 Jj=1
we have

s

wd)=Y Ywd)-Y Y w@d)

i=1 le ¥, iel Je s jel
- v o A R e a AN
> L Kig— ), Kje=—¢t. {4.3)
€ .4 Je
Since the last item has weight 1—¢g, we have
m m
(1=e)+ L w(P) = ¥ wPP),
i= /=1
or
m
L wid) = ~(1-2). 4.4)
iz
Combining (4.2), (4.3) and (4.4), we then obtain
p—(l-¢g)=—¢,
or
A-@r-D)*+ + i)+ (A —QRe+5+ ) +20 =1-2¢. 4.5)

After simple calculation we know that (4.5) is impossible. Therefore we have a con-
tradiction, which proves our theorem. [J

5. Supplement: proofs of two lemmas

In this section we provide the proof sketch of two lemmas stated in the last sec-
tion. Since the proofs run parallel to those in the last section, we are often referred
back correspondingly. All notations remain the same unless otherwise specified.

Lemma 3.13. Let (1/§+ /2=ry=r=<1.4. Then in any minimal r-counterexample,
s(T)<2.

Proof. We suppose there exists a minimal r-counterexample, in which s(7;)=2.
Then, by the argument before Lemma 3.11, all items of type X, satisfy s(-)=2.
We are to deduce a contradiction. Let & =3ry—4. Without loss of generality we
may assume r = r, since the changes in the proof are only those of some =’s to =’s
(e.g., 1/(r—=1)=2rto 1/(r— 1)< 2r). The weight function w is now given by Table 2.

We are to show that, for almost all 1 <i<m, we have w(P;)= w(P*). Our desired
contradiction can then be deduced.
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Table 2

Item type a;<2r a;z2r

X, s -

Y. Fy s—de¢ s—¢&, 5—2¢

X0 _ s—2¢g, if P; n<.>rmal, ;<3
S—¢, otherwise

Yy, F; - s—2¢

others - s—¢

21f a is the second item of the last normal regular 2-bin, then w(a) =s— 2e.

5.1. P is a regular 1-bin

Since w(P*)=s(FP,*)—2¢ by Lemma 3.11 and
di=d =min{o;—s(T), 1 - (r— Doy}

3
=min{e;—2,1 —(r—- g} = — -2 =2,
r

we have
w(d)=2e—d; = 0.

5.2. B is a fallback 1-bin

Case 1: o;<2r. Then w(P*)<s(P*)—2¢ by Lemma 3.11 and w(P,)=s(P)—8¢.
Since, by Lemma 3.8, d;>1—-(3-2r)r=2—r>6¢, we have

w(d,)) = d;+2e-8¢> 0.

Case 2: o;=2r.
Case 2.1: |P|=k=3. Then w(#)=s(P)—(2k—1)e. Since s(P)>k—-1)+18;,
we have
d; = max{(k— 1)~ (1 —4ra;, (r— De; - 1}

-1
> 2k 1> 2k—1De.
r

Case 2.2: |P,|=2. Then w(P,)=s(P,)—3¢. Suppose to the contrary that w(d;)<0.

Then we have d;<3¢. Further we have
() |P*N X, =<1 otherwise @;>2-2=4>(1/(r—1))(1 + 3¢), which implies d;=

(r— Da;— 1 =3¢, contradicting d;< 3e.

(i) a;<(1/(r—1))(1+2¢) and d;<2¢. Otherwise d;=2¢. Since (i) implies that
w(P*)=s(P*)—¢, we then have w(d;)=d;,+e—-3e=d;—2e=0.

(iii) P is normal. Otherwise d;=zmax{2r+1-a; (r—Do;—1}=z2r—1-2/r=
3 —2r=2re>2¢, contradicting (ii).
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If |P*| =3 then by (ii), B*N X, =0. Hence w(P*)<s(P*)— 3¢, causing w(d;)=
d;+3¢—3e=0, a contradiction. Therefore, |F*|=2. Let P*=(a,b) and P;=(u,0).

Suppose first that s(@)<s(u). Then s(b)>s(v). b has to be after P since other-
wise the bin it packed to would dominate P.*. Hence b could not fit in P;:

s(u)+s(b) > p,;.

From (ii) we also have
s(u)+s) < eo;+2¢.

Combining the two inequalities we get
sh)y>s)-2e+(r-Do;z1-2e+(r—1)2r=2-2¢,

which implies o;=2s(b)>2(2 —2¢), contradicting (ii).

Suppose now s(a)>s(u). Let ae P;. Since, by (iii), P, is normal, £ is a 1-bin and
a is regular, that is, ¢ is of type X, or Y.

If geY, then P*N X, =0, hence w(P*)<s(P*)—2¢. We may assume o=>2r.
Then from the proof of Corollary 3.14 we can see that s(«) > 2, which is independent
of Lemma 3.13.

Hence a,;=s(a)+s(b)>3, which implies that d;=(r— Da;—1=3(r—1)—¢. We
then have w(d;)=d;+2¢—3e=0, contradiction. Hence a€ X,. Since s{a)>s(u)>
1B;, we have a;>4ra; + 1, implying that

2 d s@> r
> and s(@)>-——.
“=57 2—r

Then we have

gjs min{e;—s(a), 1 —(r—Da;}

. r 1 ) - 2 r &
< S — —(r— < — = s
_mln{aj 2—r’ r )ajz Q-rr 2-r 2-r
and
2
af,~2(r¢1)oz,-—1>2 (r—1)-1.
Considering
1 r—1)>
r-1)-1= TGl VA
2-r C-nr @-nr 2-r
we obtain

W(d,)+W(dj)Zd,—aj+3£—38:d,—aj>O

We are then done.
5.3. P, is a regular 2-bin

(At most ¢ of weight compensation is needed in this class of bins.)
If P; is abnormal then, since w(P;)=s(P;)—2¢ and
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dizmax{2r+1-a;,(r—lo;} = 2r—I—E =3-2r>2e¢,
; :

we have

fv

wiAdY> A _Jpe 0N
VV\“,— Ve

i Gy ~

Hence in the following we suppose P; is normal.

Case 1: a;<3. Then P is normal and |P| =2. Considering that PN X, =0, we
then have, by Lemma 3.12, w(P*[1])=s(P*[1])—4¢. Hence w(P*)<s(P*)- 5¢
and thus

w(d;) = d;+5¢—4e=5e—4g> 0.

Case 2: a;=3. (If P; is the last normal regular 2-bin then we add € of weight to
make w(P,)=s(P;)—2¢.) If a;=(1/(r—1))(1+2¢) then d;=2¢, which implies that
w(d)z=d;—2¢=0. If a;<(1/(r—1))(1 +2¢) then o; <4, implying that |[P*N X< 1.
Hence w(P*)<s(P?)—¢. But d;=3(r—1)—1=¢, we then have w(d)=d;+¢e-2e=0.

5.4. P; is a fallback 2-bin

Let |P|=k+2 (k=1). Then w(P;)=s(P;)-2(k+2)e. Since s(P)=k+3p we
have

d; z max{k—(1-3r)e;, (r-1)a,—1}
r—1
23k +1)——~1>2(k +2)e.

Hence w(d;})=d; - 2(k+2)e>0.
5.5. P; is a regular 3-bin

We may assume that w(d;)<0. Then d; <3¢ since w(P;)=s(P;)—3e. Then we
have:

(i) Both P; and P/ are normal. Otherwise d; =min{(2r +2)/r,2r+1} =24-2/r=
4r—2>3¢.

(i) |P*N X =<1, |PFNX,| =2 implies that &;>4 and thus d;>4(r—1) —1=3e.

(iii) [P¥ =2. If |P* =3 then, by (ii) w(P*)<=s(P*)-2¢. Noting that d;>
3(r—1)—-1=¢, we would have w(d;))=d,;+2¢—3¢=0.

Let P*=(x,¢). x has to be of type X| since otherwise by Lemma 3.12, w(x)=
s(x) — 4¢, implying w(d;)=d; +4e ~3e>0. Suppose x€ P; (1=<j=<I). Let Pj*= (a,b)
and @’ be of maximum size among «a, b and c¢. If ¢’ satisfies w(-)=s(-)—2¢ then,
considering ¢; >3, which implies d;=¢ we are done, since

w(d;)+w(d)) = d;+2e—3e = 0.

Therefore we suppose w(a’)=s(a’) —¢.
Let a’e P;. Then P, is before the first normal regular 3-bin, which implies that
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P, is a 1-bin or 2-bin. @' is a regular item by the fact that w(a’) =s(a’) —&. Then P,
cannot be a 1-bin since otherwise ¢’ is of type Y; and hence either w(a’)=s(a’) —4¢
if o, <2r, or s(a’)>2 according to the proof of Corollary 3.14, which implies that
a’=c and a;>4 and thus d;>4(r—1)—1>3e. In either case we have a contra-
diction.

Hence Py is a 2-bin. P, cannot be abnormal else it would dominate P/*. P, also
cannot be fallback by the restriction w(a’)=s(a’) —e. Therefore P, can only be a
normal regular 2-bin and ¢; = 3. Hence by Lemma 3.9,

s(a@) > H B - = +@r-1).

(Note: if Py is the last such bin then ¢'=P;[1] and hence the above also holds.)
Therefore we obtain

Ir—1

o;+a; =z s(@)+s(b)+s(c)+s(x) >2+ +2>4r,

which implies that

di+d;= (=)o +a)—2> 40— 1)r—-2=0,
or
w(d)+w(d) =d;+d;+3e-3e>0.

5.6. |P;l>3 and P, is a k-bin (k>?2)

Case 1: |P;| =k;=5. Since w(P;)=s(P;)—k;¢ and d;zmax{k;,—a;,(r—1)a; -1} =
(ki+D(r—1)/r—1=k;e, we have w(d;)=d; - k;e>0.

Case 2: |P;)|=4. Then w(P)=s(P)—4e. If w(P*)<s(P/)—¢ then w(d)=
d;+&—4e>0 since we have d;zmax{4—a,,(r— o, —1} =4 -5/r>3e. If w(P*)=
s(P7*) then «;>4, implying that d;=4(r—1)—1>4¢ and that w(d;)=d, —4e>0.

In conclusion we have proved that
m
e+ Z W(d,) =0.
i=1

Since the last item has weight 1 —¢ and the fact that

m m

Y wP)+(-e)= Y w(P"),

i=1 Jj=1
we get
m

—(1-&)= )} wld) = —¢,

i=

or 1=<2¢g, which is our desired contradiction. Our lemma is then proved. O

Lemma 4.2. Let r be the positive root of equation 2r*+4r*—5r—6=0 and 1,=
Qr+1)/(4(*-1))—1. Then in any minimal r-counterexample, A<Ay.
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Table 3
s0=@+Hr/r=1~}
Item type Weight
X1 S
YhFleZ’FZ S*A
s—(&+1d), s=sp,
X, s~(&+6), s>, £; normal
s—A, otherwise
others s—¢

21f a is the second item of the last normal regular 2-bin, then w(a)=
s(a)—A.

Proof. We prove this lemma in essentially the same way as we did in the last section.
So suppose we have a minimal r-counterexample, in which A = 4,. In the remaining
of the paper, r is again exclusively used to represent the indicated value. Let

e=3-r—(r—1)A, =4—(71+—5 =0.104975 ...,

J =4g—<4—§> =—1——4+§:0.039153...,
r r+1 r

A=3¢e— 3—£>= 3 —3+£=0.210327....
r 4(r+1) r

Our weight function w is now changed to be as in Table 3. Initially we set .# < @.
5.1 P;is a regular 1-bin

Since w(P*)<s(P)-2¢ by Lemma 3.11 and d; <3 -2r—2(r—1)A <2¢, we have
w(d)=2e-d;=0.
Set I={i} and F = S UL

5.2°. P;is a fallback 1-bin

Case 1: o;<2r. By Lemma 3.8 we have w(P;)=s(P))—24 and d;>1-r(3-2r)>
2A4. Considering that w(P*)<s(P)~2¢, we have w(d,)=d; +2e-24>0.

Set I={i} and ¥ = UL

Case 2: a;=2r.

Case 2.1: |P;| =k=4. Since w(P;)=s(P;,)— kA, we are done by Lemma 4.3 if
d;>kA+ (k—4)e. So suppose d;<kA + (k—4)e. Then

(r-Da;—1=k(d+e)—4e and 2(k—1)—a; < k(4 +¢&)—4e.
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From the above inequalities we get

- r—1DQ2-4e)+ (1 —-4¢)
T r-DR-A-e)—(4+¢)

3

a contradiction.

Case 2.2: |P]=3. Since s(P,)>2r+2 by Corollary 3.14, we have d,=
max{2r+2—a;,(r—1)a;—1}=2r—3/r>34 —¢. Considering that w(P;)=s(P;) - 34,
we are done by Lemma 4.3.

Case 2.3: |P;|=2. Since s(P;)>2r+1 by Corollary 3.14, we have d,=
max{2r+1—o;, (r-1)o;—1}=2r—1-2/r>24—-2¢. Considering that w(P;)=
s(P;)—2A4, we are done. '

5.3 P;is a regular 2-bin

(At most A of weight is donated to this class for compensation.)
Let P;=(u,,u,) and

p 1, x>0, E+1) r .
= Sn = = ——__;
x) 0, x<0; ° Yo

6, = 0(s(u)—s) (¢=1,2).

Case 1: P; is not the last normal regular 2-bin. Then

s(P) =s(P)—(Q2e+d+3d(0,+6,)),

and
d; = max{s(u;)+s@uy) —a;,(r—1yo; — 1} = (s(u) +s(uy) + l)r;rl—— 1
2 r—1 r—1 2 r—1
= Y (s(u) =) ——+(Qso+ 1) ——~1) = ¥ (s(u) —5p) ——+20.
=1 r r =1 r
Since
Sw) > HB=D =i =4 > (104 ),
r—
we have
—%6<(s(u,)-so)r;r1~50 iff 6,=0 (t=1,2).
Hence

d;=d5+45(6,+8,).

We are done by Lemma 4.3.
Case 2: P; is the last normal regular 2-bin. Then by adding A weight to its
second item we have w(P;)=s(P;)— (e ++5(1+6))). Since

r—1
r

d; = max{s(u;)+s(uy) —o;, (r—Da; =1} = (s(u;) + s(uz) + 1) -1




258 B. Chen

r—1

= (S(u1)+2)r*;l-1 = (S(Ul)“so)l;—l"' ((So"'%)'r_—%) - <%—1>

=40(1+6y) - <-3—— 1> >30(1+6)) ¢,
2r

we are done by Lemma 4.3.

5.4'. P;is a fallback 2-bin

Let |P;|=2+k (k=1). The fact that s(P,)=k + %8, implies that
d;zmax{k—(1-3r)o;,(r—De; -1}

23(k+1)r—;—]—1>(k+2)A+(k—2)s,

which, together with the fact that w(P,) =s(P;)—(k+2)A4 and Lemma 4.3, allows
us to be done.

5.5 P;is a regular 3-bin

Case 1. |P¥|=3. If PN X, #0 then o;>2r+1, which implies d;=Q2r+ 1)(r—1)—
1>3¢ and hence w(d))=d;—3¢>0. If P*N X, =0 then w(P*)<s(P*)— 3¢, which
implies w(d;)=d;+3e~3e>0. In ecither case we are allowed to set /< {i} and
F<FUL

Case 2: |Pf|=2. If w(d))=¢ then we can set /< {i} and <UL So we
assume w(d;)<e. Then (i) P; is normal else d;=max{2r+2—a;,(r—a; -1} =2r—
3/r>¢, which implies that w(d,)=d;—3¢=¢. And (ii) P*N X, #0 since otherwise,
if P*is abnormal, @;>2r+ 1, which implies that d; > (2r+1)(r —1) — 1> 2¢ and thus
w(d,)=d;+2¢~3e>¢; or by Lemma 3.12, if P*is normal, w(P*{1]) =s(P*[1]) - 4,
which implies that w(d)=d,+(d+¢e)-3e=d,+A4-2ezmax{3—-¢a;, (r-De;} +
(A-2e)=(3-4/r)+A4-2¢e=c¢.

Case 2.1: |P¥N X,|=2. Since ;>2(2r-1) we have d;=2Q2r-1)(r—-1)—1>2¢.
Hence we are done by Lemma 4.3,

Case 2.2: |P*NX,|=1. We may assume P*=(T;,c) (1=j=</). We show that
w(d))=0 or w(d;)+w(d;)=0so astoset I = {i,j} and & = (F—{j} UL Let P*=
(a, b) and a’ be of maximum size among @, b and ¢. Then o’ was packed before the
first normal regular 3-bin. Let @’ € P;, where Py is a 1- or 2-bin. If w(a')=s(a’) -4
then

w(d)+wld)=d+4-3¢= <3-%>+A—3£=0,

we are done. So we suppose w(a’)>s{(a’)—A. Then P, is a normal regular 2-bin.
By Lemma 3.9 we then have s(a’)>1(f,—1)=r?>—1. Hence
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o;+o; =2+ —4)+@2r—142rd )=r2+__(2r+1)_’+;
4 J = 2 0 2(,.2_1) s
which implies that
Qr+r
di+dj2(r‘1)<r2+5(rz—_1-)+%>—220,

and hence, considering that {a, b,c} N X, =0, we have

w(d)+w(d)=d+d;+3e-3e=0.
5.6. P, is a fallback 3-bin

Let |P|=3+k (k=1). Since s(P)>k+3p; by Lemma 3.9, we have d;=
k+@Er-Da;=k+2r(3r-1)>@2k—1)e. Considering that w(P;)=s(P;)—(k+3)e,
we are done by Lemma 4.3.

5.7. P;is a regular 4-bin

If P, is abnormal then d;>max{2r+3—a;,(r—Da;—1} =2r+1-4/r>6¢, im-
plying w(d))=d;—4e¢=2¢. If |P*|=3 then either, if |P*NX||<l, w(P)=<
s(P¥) —2¢, which implies w(d,)=d;+2¢~4e>(4-5/r)=2e>¢; or, if |P*NX|=2,
o;>2(2r—-1)+1, which implies that d;>(r—1)(4r—1)—1>5¢ and hence w(d;)=
d;—4e>¢. In all above cases we can set [« {i} and # = J UL

So we suppose P, is normal and |P*|=2.

If |P*NX;|=2 then a;>2(2r—1+2rky), which implies that d;>2(r—1)x
(2r—142riy) — 1=4e, we are then done by Lemma 4.3. If PN X, =0 then either,
if P* is abnormal, «;>2r+1, which implies that d;>(r—1)(2r+1)—1>4¢ and
thus w(d;)=d;+2¢—4e=2¢; or by Lemma 3.12, if P* is normal, w(P*[1])=
s(P*[1])~ 4, which implies that w(d))=d;+(4+¢&)—4e>(@—-5/r)—¢>2¢. In
either case we are allowed to set /= {i} and F = FUI.

Therefore we further suppose |P*NX;|=1. Then we may assume P*=(T},c)
(1=j=<!). Let P*=(a,b) and a’ be of maximum size among «, b and c. Let a’e P,.
Then Py is a 1- or 2-bin before P,. We are to show that w(d;) + w(d;)=¢ so that we
can set /= {ij} and F =(F-{j})UL

Suppose to the contrary that w(d;)+ w(d;)<e. Then w(a’)>s(a’)~ (¢ +J) since
otherwise w(d;)+ w(d;)=d;+ (¢ +)~4e=(4~5/r)+ 6 -3¢ =¢. Hence Py is a nor-
mal regular 2-bin. Considering that

wd)=z=d +e—4e=(r-5/r)-3¢c=¢-94,
we then obtain
(i) w(d;) < d; and (i) d;<4e.

Noting that A <3/(2r)—1 by Corollary 3.15, we then, from the analysis of the same
case in the last section, conclude that
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s@)>4-4e—s(T})z4-4e—-(2+2A+J-2¢)
=2—2e—2,1—5>2—2s—322’-

:8<1—l>——3->50=(5+%)L—%,
r 2(r+1) r—1

J

which implies that w(e’)=s(a’)—(e¢+J), a contradiction.
5.8. P;is a k-bin (k>3) and |P;|>4

Let |P;|=k=5. Since d;zmax{k; —a;,(r—Da; -1} =(k; + D(r—-1)/r—1>2k; - D¢
and w(P;)=s(P;,)~ k;&, we are done by Lemma 4.3.

Now our desired contradiction to the assertion that Lemma 4.2 were false is easy
to find. The same argument as in the proof of Theorem 4.4 allows us to conclude

A—(1—-¢g)= —¢,

which is obviously impossible. Hence our Lemma 4.2 is proved. O
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