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Abstract In the present investigation, an analytical analysis has been carried out to study the
influence of chemical reaction on MHD flow of a nanofluid in an expanding or contracting
porous pipe in the presence of heat source/sink. The pipe wall expands or contracts uniformly
at a time dependent rate. Similarity transformations have been invoked to reduce the governing
flow equations into coupled nonlinear ordinary differential equations. An analytical approach,
namely the homotopy analysis method (HAM) is employed to obtain the analytical solutions of
the ordinary differential equations. The convergence of the obtained series solutions is
analyzed. The effects of various physical parameters such as wall expansion ratio, Brownian
motion parameter, thermophoresis parameter, Lewis number, chemical reaction parameter and
heat source/sink parameter on flow variables have been discussed. Further, for the case of
hydrodynamic viscous fluid, we find a good agreement between the HAM solutions and
solutions already reported in the literature.
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1. Introduction

In recent years, study of laminar flow in a porous pipe or
channel with expanding or contracting walls received much
attention of several researchers due to their wide
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Nomenclature

aðtÞ radius of the pipe
ȧðtÞ time dependent rate
A the injection/suction coefficient
B0 applied magnetic field
C dimensional nanoparticle concentration
C0 reference nanoparticle concentration at the center
Cp specific heat at constant pressure (unit: J/(kg·K))
Cw nanoparticle concentration at the wall
k1 first order chemical reaction rate
K1 dimensionless constant
Le Lewis number
M Hartmann number
Nt thermophoresis parameter
Nb Brownian motion parameter
p̂ dimensional pressure (unit: Pa)
Pr Prandtl number
Q heat source/sink parameter
R permeation Reynolds number
r̂; ẑ dimensional cylindrical coordinates (unit: m)
T dimensional temperature (unit: K)
T0 reference temperature at the center
Tm mean temperature
Tw temperature at the wall
û; v̂ velocity components along r̂ and ẑ directions respec-

tively (unit: m/s)
vw injection/suction velocity

Q0 dimensional heat source/sink

Greek symbols

ρf density of the base fluid (unit: kg/m3)
σ electrical conductivity (unit: S/m)
β thermal diffusivity (unit: m2/s)
η dimensionless radial position
α dimensionless wall expansion ratio
μ dynamic viscosity of the fluid (unit: N·s/m2)
ν kinematic viscosity of the fluid (unit: m2/s)
γ dimensionless chemical reaction parameter
ρCp

� �
p

heat capacity of the nanoparticle (unit: kg/(m3·K))
ρCp

� �
f heat capacity of the fluid (unit: kg/(m3·K))

θ dimensionless temperature
ψ̂ stream function (unit: m2/s)
ψ dimensionless stream function
τ ratio between the heat capacity of the nanoparticle

and heat capacity of the fluid
ϕ dimensionless nanoparticles concentration

Subscripts

f base fluid
p nanoparticle
w pipe wall
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applications in technological as well as biological flows.
For example, in the transport of biological fluids through
expanding or contracting vessels, the synchronous pulsation
of porous diaphragms, the air circulation in the respiratory
system and the regression of the burning surface in solid
rocket motors [1–8]. Boutros et al. [9] have applied Lie-
group method for unsteady flows in a semi-infinite expand-
ing or contracting pipe with injection or suction through a
porous wall. Si et al. [10] have analyzed the problem of
laminar flow in a porous pipe with suction at slowly
expanding or contracting wall. Asghar et al. [11] analyzed
the flow in a slowly deforming channel with weak perme-
ability. Srinivas et al. [12] studied the thermal diffusion and
diffusion thermo effects in a two-dimensional viscous flow
between slowly expanding or contracting walls with weak
permeability. Recently, Srinivas et al. [13] have investi-
gated the influence of heat transfer on MHD flow in a pipe
with expanding or contracting permeable wall by employ-
ing homotopy analysis method (HAM).

Nanofluid is a liquid containing nanometer-sized particles
having diameter less than 100 nm, called nanoparticle [14].
Nanoparticle is currently an area of intense scientific
interest due to a wide range of applications in biomedical,
optical and electronic field. These can be found in metals
such as (Al, Cu), oxides (Al2O3), carbides (SiC), nitrides
(AlN, SiN) or nanometals (Graphite, carbon-nanotubes)
[15–20]. Buongiorno [21] examined the convective heat
transport in nanofluids. In this study the author developed a
two-component four equation nonhomogeneous equilibrium
models for mass momentum and heat transport in nano-
fluids. Further, Buongiorno [21] concluded that in the
absence of turbulent effects, the Brownian diffusion and
thermophoresis will be important and also he has consid-
ered the conservation equations based on these two effects.
Rosca and Pop [22] have examined unsteady boundary
layer flow of a nanofluid past a moving surface in an
external uniform free stream using Buongiorno's model.
The natural convective boundary layer flow of nanofluid
over a flat vertical plate was investigated by Kuznetsov and
Nield [23]. Nadeem et al. [24] have studied non-orthogonal
stagnation point flow of a non-Newtonian fluid towards a
stretching surface with heat transfer. Xu and Pop [25]
examined the fully developed mixed convection flow in
vertical channel filled with nanofluids. Mustafa et al. [26]
investigated MHD boundary layer flow of second grade
nanofluid over a stretching sheet with convective boundary
conditions by employing HAM. Alsaedi et al. [27] applied
HAM to study the effect of heat generation/absorption on
stagnation point flow of nanofluid over a surface with
convective boundary conditions. Chamkha et al. [28]
analyzed the free convective boundary layer flow of a
nanofluid over a vertical cylinder. Malvandi et al. [29] used
modified Buongiorno's model for fully developed mixed
convection flow of nanofluid in a vertical annular pipe.
Fully developed mixed convection in horizontal and
inclined tubes with uniform heat flux using nanofluid was



Figure 1 Porous pipe with expanding or contracting wall.
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considered by Akbari et al. [30]. Ellahi [31] obtained
analytical solutions to study the effects of MHD and
temperature dependent viscosity on the flow of non-
Newtonian nanofluid in a pipe by employing HAM. Uddin
et al. [32] developed a model of bio-nano-materials
processing to the hydromagnetic transport phenomena from
a stretching or shrinking nonlinear nanomaterial sheet with
Navier slip and convective heating. Xu et al. [33] discussed
the problem of fully developed mixed convective flow of a
nanofluid in a vertical channel using Buongiorno mathe-
matical model. Malik et al. [34] studied the boundary layer
flow and heat transfer of a Casson nanofluid over a vertical
exponentially stretching cylinder. Malvandi and Ganji [35]
analyzed the Brownian motion and thermophoresis effects
on slip flow of alumina/water nanofluid inside a circular
micro channel in the presence of a magnetic field. Zaimi
et al. [36] obtained numerical solutions for unsteady flow
and heat transfer of a nanofluid over a contracting cylinder
by using shooting method. Recently, Srinivas et al. [37]
have analyzed the hydromagnetic flow of a nanofluid in a
porous channel with expanding or contracting walls by
using HAM. Most recently, Hedayati and Ganji [38] have
investigated the effects of nanoparticle migration and mixed
convection of titania/water nanofluid inside a vertical micro
channel. Malvandi et al. [39] have studied the MHD mixed
convection of alumina/water nanofluid inside a vertical
annular pipe.
It is well known that chemical reaction effect plays a vital

role in the study of heat and mass transfer in many branches
of science and engineering. Possible applications of this
type of flow can be found in many industries and
engineering applications such as nuclear reactor safety,
combustion systems, solar collectors, metallurgy, and
chemical engineering. Some investigations have been
carried out in this direction by several researchers [40–
42]. Nadeem and Akbar [43] have examined the influence
of heat and chemical reactions on Walter's B fluid model for
blood flow through a tapered artery. Hayat and Abbas [44]
have studied the channel flow of a Maxwell fluid with
chemical reaction. Abdul-Kahar et al. [45] analyzed che-
mical reaction and heat radiation effects on boundary-layer
flow of a nanofluid past a porous vertical stretching surface
by using scaling group transformation. Kameswaran et al.
[46] have investigated the effects of homogeneous–hetero-
geneous reaction in nanofluid flow over a porous stretching
sheet. A numerical analysis of magnetoconvective boundary
layer slip flow along a non-isothermal continuously moving
permeable nonlinear radiating plate in Darcian porous
media with chemical reaction have investigated by Uddin
et al. [47]. Rashidi et al. [48] employed optimal homotopy
analysis method (OHAM) to study the free convective flow
of a nanofluid past a chemically reacting horizontal plate in
porous media. Recently, Srinivas et al. [49] have analyzed
the mass transfer effects on viscous flow in an expanding or
contracting porous pipe with chemical reaction. Most
recently, Uddin et al. [50] studied the magnetohydrody-
namic free convective boundary layer flow of a chemically
reacting nanofluid from a convectively heated permeable
vertical surface.

A literature survey reveals that no attempt regarding the
influence of chemical reaction on MHD flow of a nanofluid
in an expanding or contracting porous pipe in the presence
of heat source/sink has been made so far. Such a con-
sideration is of great value in biological and engineering
research. Keeping this in view, the main aim of the present
work is to investigate the effects of chemical reaction on
MHD flow of a nanofluid in an expanding or contracting
porous pipe in presence of heat source/sink. The governing
flow equations are transformed into a system of coupled
nonlinear ordinary differential equations by using similarity
transformations and then solved analytically by using
homotopy analysis method (HAM) proposed by Liao
[51]. It is worth mentioning that HAM has been applied
successfully to many interesting problems [13,20,31,44,52–
57]. The features of the flow characteristics are analyzed by
plotting graphs and discussed in detail. The organization of
the paper is as follows: the problem is formulated in Section
2. Section 3 includes the solution procedure of the problem.
Numerical results and discussion are given in Section 4 and
the conclusions have been summarized in Section 5.
2. Formulation of the problem

Consider the laminar and incompressible electrically
conducting nanofluid flow in an expanding or contracting
porous pipe of a semi-infinite length. The radius of the pipe
is aðtÞ. The wall has equal permeability and expands or
contracts uniformly at a time dependent rate a ̇ðtÞ. A magnetic
field of uniform strength B0 is applied perpendicular to the
wall. As shown in Figure 1, a coordinate system can be
chosen with the origin at the center of the pipe. Take the ẑ
coordinate axis parallel to the pipe wall and the r̂ coordinate
axis perpendicular to the wall. Under these assumptions the
governing equations are [1,2,9,10,21,22,28,29,33,34,36,45]

∂û
∂ẑ

þ ∂v̂
∂r̂

þ v̂

r̂
¼ 0 ð1Þ
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∂û
∂t

þ û
∂û
∂ẑ

þ v̂
∂û
∂r̂

¼ � 1
ρf

∂p̂
∂ẑ

þν
∂2û
∂r̂2

þ 1
r̂

∂û
∂r̂

þ ∂2û
∂ẑ2

� �
� σB2

0

ρf
û ð2Þ

∂v̂
∂t

þ v̂
∂v̂
∂ẑ

þ v̂
∂v̂
∂r̂

¼ � 1
ρf

∂p̂
∂r̂

þν
∂2v̂
∂r̂2

þ 1
r̂

∂v̂
∂r̂

þ ∂2v̂
∂ẑ2

� v̂

r̂2

� �
ð3Þ

∂T
∂t

þ û
∂T
∂ẑ

þ v̂
∂T
∂r̂

¼ β
∂2T
∂r̂2

þ 1
r̂

∂T
∂r̂

þ ∂2T
∂ẑ2

� �

þτ

"
DB

∂C
∂r̂

∂T
∂r̂

þ ∂C
∂ẑ

∂T
∂ẑ

� �

þDT

Tm

∂T
∂r̂

� �2

þ ∂T
∂ẑ

� �2
( )#

þ Q0

ðρCpÞf
ðT�T0Þ ð4Þ

∂C
∂t

þ û
∂C
∂ẑ

þ v̂
∂C
∂r̂

¼DB
∂2C
∂r̂2

þ 1
r̂

∂C
∂r̂

þ ∂2C
∂ẑ2

� �

þDT

Tm

∂2T
∂r̂2

þ 1
r̂

∂T
∂r̂

þ ∂2T
∂ẑ2

� 	
�k1C

ð5Þ

where û, v̂ are the components of velocity along the ẑ and r̂
directions respectively, ρf is the fluid density, p̂ is dimen-
sional pressure, t is time, ν is kinematic viscosity, σ is
electrical conductivity, B0 is the strength of applied
magnetic field, Cp is specific heat at constant pressure, β
is thermal diffusivity, Tm is the mean temperature, DB is
Brownian diffusion coefficient, DT is thermophoretic diffu-
sion coefficient, k1 is the first order chemical reaction rate
(k140 for destructive reaction, k1 ¼ 0 for no reaction,
k1o0 for generative reaction), T and C are temperature
and nanoparticles concentration and τ¼ ðρCp Þp

ðρCp Þf .
The corresponding boundary conditions are

û¼ 0; v̂¼ �vw ¼ �Aa ̇;
T ¼ Tw; C¼ Cw; at r̂¼ aðtÞ ð6Þ

∂û
∂r̂

¼ 0; v̂¼ 0;
∂T
∂r̂

¼ 0;
∂C
∂r̂

¼ 0 at r̂¼ 0 ð7Þ

û¼ 0; v̂¼ 0 at ẑ¼ 0: ð8Þ
The injection/suction coefficient A that appears in Eq. (6)

is the measure of wall permeability and Tw, Cw are the
temperature and nanoparticle concentration at wall.
Introduce a stream function which satisfies the continuity
Eq. (1)

ψ̂ ¼ νẑF ðη; tÞ ð9Þ
where η¼ r̂

a is the dimensionless radial position.
The axial and radial velocity components can be written

as

û¼ 1
r̂

∂ψ
∂r̂

¼ νẑF̂η ðη; tÞ
a2η

;

v̂¼ � 1
r̂

∂ψ
∂ẑ

¼ � νF̂ ðη; tÞ
aη

ð10Þ

Substituting the Eq. (10) in the Eqs. (2) and (3) and then
eliminating pressure, one can obtain
η2F̂ηηηη þ ðαη3�2ηÞF̂ηηη þ ðαη2 þ 3ÞF̂ηη

� αηþ 3
η

� �
F̂η þ F̂

2
η�ηF̂η F̂ηη þ ηF̂F̂ηηη�3F̂F̂ηη

þ 3
η
F̂F̂η�M2 ðη2F̂ηη�ηF̂ηÞ�

a2

ν

F̂

η

� �
ηt

η3 ¼ 0: ð11Þ

where α¼ aa ̇
ν is the non-dimensional wall dilation rate and

is defined to be positive for expansion and negative for
contraction and M ¼

ffiffi
σ

p
B0affiffi
μ

p is the Hartmann number and μ is
dynamic viscosity.

The corresponding boundary conditions given by Eqs.
(6)–(8) transform into

F̂ ð0; tÞ ¼ 0; F̂ ð1; tÞ ¼ R; F̂η ð1; tÞ ¼ 0;

lim
η-0

∂
∂η

1
η

∂F̂ ðη; tÞ
∂η

� �
¼ 0 ð12Þ

where R is the permeation Reynolds number and is defined
by R¼ avw

ν ¼ Aα: Note that R is positive for injection and
negative for suction. A similar solution with respect to both
space and time can be developed by following the
transformation described by Uchida and Aoki [1] and
Majdalani and Zhou [3] independently. For constant α

and F̂ ¼ F̂ ðηÞ, it follows that F̂η

η

� �
ηt
¼ 0. To realize this

condition, the value of the expansion ratio α must be
specified by the initial value

α¼ aa ̇
ν

¼ a0a0̇
ν

¼ constant or
a0̇
a ̇

¼ a

a0
ð13Þ

where a0 and a0̇ denote the initial radius and expansion rate.
Forthwith, the temporal similarity transformation can be
achieved by integrating Eq. (13) with respect to time. The
result is

a

a0
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ναta0�2

p
: ð14Þ

Since vw ¼ Aa ̇, an expression for the injection velocity
can be determined, proved that the injection coefficient A is
constant. From Eqs. (13) and (14), it is clear that
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a0̇
a ̇

¼ vw ð0Þ
vw ðtÞ

¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ 2ναta0�2

p
: ð15Þ

Under these provisions Eq. (11) becomes

η3F̂″″þ αðη4F̂000 þ η3F̂″�η2F̂Þ�2η2F̂000 þ 3ηF̂″
�3F̂0 þ ηF̂

02�3ηF̂F̂″þ 3F̂F̂0 þ 3η2F̂F̂000 �η2F̂0F̂″
�M2 ðη3F̂″�η2F̂0Þ ¼ 0: ð16Þ

The corresponding boundary conditions are

F̂ ð0Þ ¼ 0; F̂
0 ð1Þ ¼ 0; F̂ ð1Þ ¼ R; lim

η-0

F̂
0

η

 !0
¼ 0 : ð17Þ

Eqs. (10), (16) and (17) can be normalized by putting

ψ ¼ ψ̂

aa ̇
; u¼ û

a ̇
; v¼ v̂

a ̇
; z¼ ẑ

a
; f ¼ F̂

R
ð18Þ

and so

η3f ″″þ αðη4f 000 þ η3f ″�η2f Þ�2η2f 000 þ 3ηf ″
�3f 0 þ ηRf

02�3ηRf f ″þ 3Rf f 0 þ 3η2Rf f 000

�η2f 0f ″�M2 ðη3f ″�η2f 0Þ ¼ 0 ð19Þ

f ð0Þ ¼ 0; f
0 ð1Þ ¼ 0; f ð1Þ ¼ 1;

lim
η-0

f
0

η

� �0
¼ 0: ð20Þ

It may be noted that when α¼ 0 and M ¼ 0, Eq. (19) is
the case that Majdalani and Flandro [5] have described.
The temperature of the fluid and the nanoparticles

concentration in the pipe can be expressed as

T ¼ T0 þ ðTw�T0ÞθðηÞ;
C¼ C0 þ ðCw�C0ÞϕðηÞ ð21Þ

where T0, C0 are the reference temperature and nanoparticle
concentration at the center.
The dimensionless forms of temperature and nanoparticle

concentration from Eq. (21) are

θ¼ T�T0

Tw�T0
;

ϕ¼ C�C0

Cw�C0
: ð22Þ

Substituting Eq. (21) into Eqs. (4) and (5), one obtains

ηθ″þ αPrη2θ0 þ RPrf θ0 þ Nbηθ0ϕ0 þ Ntηθ02

þθ0 þ QPrηθ¼ 0 ð23Þ

ηϕ″þ αLePrη2ϕ0 þ RLePrfϕ0 þ η
Nt

Nb
θ″

þ Nt

Nb
θ0 þ ϕ0 �γLePrηϕ�LePrK1η¼ 0 ð24Þ
with the boundary conditions

θ0 ð0Þ ¼ 0; θ ð1Þ ¼ 1;
ϕ0 ð0Þ ¼ 0; ϕð1Þ ¼ 1: ð25Þ

where Pr ¼ ν
β is Prandtl number, Nb¼ τDB Cw �C0ð Þ

β is the
Brownian motion parameter, Nt¼ τDT Tw �T0ð Þ

Tmβ
is thermophor-

esis parameter, Le¼ β
DB

is Lewis number, Q¼ Q0a
2

ðρCp Þf ν is heat
source/sink parameter (i.e., positive for heat source and
negative for heat sink), γ ¼ k1a2

ν is the chemical reaction
parameter which is positive for destructive chemical reaction
and negative for generative reaction and K1 ¼ k1C0a2

ν ðCw �C0 Þ.

3. Solution of the problem

To develop analytical solutions by HAM as a polynomial
base function, the boundary conditions in Eq. (20) become:

f ð0Þ ¼ 0; f ð1Þ ¼ 1;
f 0 ð1Þ ¼ 0; f 0 ð0Þ ¼ 0: ð26Þ

For the HAM solutions of Eqs. (19), (23) and (24), the
initial approximations f 0, θ0 and ϕ0 and auxiliary linear
operators L1, L2 and L3 are as follows:

f 0 ηð Þ ¼ 3η2�2η3; θ0 ηð Þ ¼ 1; ϕ0 ηð Þ ¼ 1 ð27Þ

L1 fð Þ ¼ d4f

dη4
; L2 θð Þ ¼ d2θ

dη2
; L3 ϕð Þ ¼ d2ϕ

dη2
ð28Þ

with

L1 c1η
3 þ c2η

2 þ c3ηþ c4
� �¼ 0;

L2 c5ηþ c6ð Þ ¼ 0; L3 c7ηþ c8ð Þ ¼ 0 ð29Þ

where ci i¼ 1�8ð Þ are constants.
3.1. Zero-order deformation equations

Let pA ½0; 1� be an embedding parameter and h be the
auxiliary non-zero parameter. The deformation equations at
zero-order can be written as follows:

1�pð ÞL1 f̂ η; pð Þ� f 0 ηð Þ
h i

¼ phf N1 f̂ η; pð Þ
h i

ð30Þ

f̂ 0; pð Þ ¼ 0; f̂ 1; pð Þ ¼ 1;

f̂ 0 1; pð Þ ¼ 0; f̂ 0 0; pð Þ ¼ 0 ð31Þ

1�pð ÞL2 θ̂ η; pð Þ�θ0 ηð Þ
h i

¼ phθN2 θ̂ η; pð Þ; f̂ η; pð Þ; ϕ̂ η; pð Þ
h i

ð32Þ

θ̂ 1; pð Þ ¼ 1; θ̂0 0; pð Þ ¼ 0 ð33Þ
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1�pð ÞL3 ϕ̂ η; pð Þ�ϕ0 ηð Þ
h i

¼ phϕN3 ϕ̂ η; pð Þ; f̂ η; pð Þ; θ̂ η; pð Þ
h i

ð34Þ

ϕ̂ 1; pð Þ ¼ 1; ϕ̂0 0; pð Þ ¼ 0 ð35Þ
where

N1 f̂ η; pð Þ
h i

¼ η3
∂4 f̂ η; pð Þ

∂η4
þ α η4

∂3 f̂ n; pð Þ
∂η3

"

þη3
∂2 f̂ n; pð Þ

∂η2
�η2

∂f̂ n; pð Þ
∂η

#
�2η2

∂3 f̂ n; pð Þ
∂η3

þ3η
∂2 f̂ n; pð Þ

∂η2
�3

∂f̂ n; pð Þ
∂η

þ Rη
∂f̂ n; pð Þ

∂η

" #2

�Rη2
∂f̂ n; qð Þ

∂η
∂2 f̂ n; pð Þ

∂η2
�3Rηf̂ η; pð Þ ∂

2 f̂ η; pð Þ
∂η2

þ3Rηf̂ η; qð Þ ∂f̂ η; pð Þ
∂η

þ Rη2 f̂ η; qð Þ ∂
3 f̂ η; pð Þ
∂η3

�M2 η3
∂2 f̂ η; pð Þ

∂η2
�η2

∂f̂ η; pð Þ
∂η

" #
ð36Þ

N2 θ̂ η; pð Þ; f̂ η; pð Þ; ϕ̂ η; pð Þ
h i

¼ η
∂2θ̂ η; pð Þ

∂η2

þαPrη2
∂θ̂ η; pð Þ

∂η
þ RPrf̂ η; pð Þ ∂θ̂ η; pð Þ

∂η

þNbη
∂θ̂ η; pð Þ

∂η
∂ϕ̂ η; pð Þ

∂η
þ Ntη

∂θ̂ η; pð Þ
∂η

 !2

þ ∂θ̂ η; pð Þ
∂η

þ QPrηθ̂ η; pð Þ ð37Þ

N3 ϕ̂ η; pð Þ; f̂ η; pð Þ; θ̂ η; pð Þ
h i

¼ η
∂2ϕ̂ η; pð Þ

∂η2
þ αLePrη2

∂ϕ̂ η; pð Þ
∂η

þ RLePrf̂ η; pð Þ ∂ϕ̂ η; pð Þ
∂η

þ η
Nt

Nb

∂2θ̂ η; pð Þ
∂η2

þ Nt

Nb

∂θ̂ η; pð Þ
∂η

þ ∂ϕ̂ η; pð Þ
∂η

�γLePrηϕ̂ðη; pÞ�K1LePrη: ð38Þ

For p¼ 0 and p¼ 1, we have

^ ^
f η; 0ð Þ ¼ f 0 ηð Þ; f η; 1ð Þ ¼ f ηð Þ;
θ̂ η; 0ð Þ ¼ θ0 ηð Þ; θ̂ η; 1ð Þ ¼ θ ηð Þ;
ϕ̂ η; 0ð Þ ¼ ϕ0 ηð Þ; ϕ̂ η; 1ð Þ ¼ ϕ ηð Þ: ð39Þ

Further, by Taylor's series expansion, one obtains

f̂ ηð Þ ¼ f 0 ηð Þ þ
X1
m ¼ 1

f m ηð Þpm ð40Þ

where f m ηð Þ ¼ 1
m!

∂mf̂ η; pð Þ
∂pm


p ¼ 0
θ̂ ηð Þ ¼ θ0 ηð Þ þ
X1
m ¼ 1

θm ηð Þpm ð41Þ

where θm ηð Þ ¼ 1
m!

∂mθ̂ η; pð Þ
∂pm


p ¼ 0

ϕ̂ ηð Þ ¼ ϕ0 ηð Þ þ
X1
m ¼ 1

ϕm ηð Þpm ð42Þ

where ϕm ηð Þ ¼ 1
m!

∂mϕ̂ η; pð Þ
∂pm


p ¼ 0

:

We choose hf , hθ and hϕ, properly in such a way that these
series are convergent at p¼ 1, therefore we have the
solution expressions from Eqs. (40)–(42) as follows:

f ηð Þ ¼ f 0 ηð Þ þ
X1
m ¼ 1

f m ηð Þ ð43Þ

θ ηð Þ ¼ θ0 ηð Þ þ
X1
m ¼ 1

θm ηð Þ ð44Þ

ϕ ηð Þ ¼ ϕ0 ηð Þ þ
X1
m ¼ 1

ϕm ηð Þ: ð45Þ

3.2. The high-order deformation equations

Differentiating the zero-order deformation Eqs. (30)–(35)
m times with respect to p, then dividing by m! and finally
setting p¼ 0, one obtains the following mth order deforma-
tion equations:

L1 f m ηð Þ�χmf m�1 ηð Þ� �¼ hf R1; m ηð Þ ð46Þ

L2 θm ηð Þ�χmθm�1 ηð Þ� �¼ hθR2; m ηð Þ ð47Þ

L3 ϕm ηð Þ�χmϕm�1 ηð Þ� �¼ hϕR3; m ηð Þ ð48Þ

where

R1;m ¼ ηf
0000
m�1 þ α η4f ″m�1 þ η3f ″m�1�η2f

0

m�1

h i
�2η2f ″

0

m�1 þ 3ηf ″m�1�3f
0

m�1 þ Rη
Xm�1

k ¼ 0

f
0

m�1� k f
0

k

�Rη2
Xm�1

k ¼ 0

f
0

m�1� k f
″
k�3Rη

Xm�1

k ¼ 0

f m�1� k f
″
k

þ3R
Xm�1

k ¼ 0

f m�1� k f
0

k þ Rη2
Xm�1

k ¼ 0

f m�1� k f
″0
k

�M2 η3f ″m�1�η2f
0

m�1

h i
ð49Þ



Figure 2 h-curves for the 20th order approximations for the functions θ; ϕ for M ¼ 2, Pr¼ 7, Nb¼Nt¼ 0:2, Le¼ 1:25, Q¼ 0:5, γ ¼ 0:5,
K1 ¼ 0:1.

Table 1 The 20th order approximation for the optimal conver-
gence-control parameter h and corresponding square residual error
(SRE) for R¼ 2, α¼ 1, M ¼ 2, Pr¼ 7, Q¼ 0:5, γ ¼ 0:5,
Nb¼ Nt¼ 0:2, Le¼ 1:25, K1 ¼ 0:1.

h SRE of f SRE of θ SRE of ϕ

�0.7 8.49337� 10�2 2.26237� 10�3 8.34136� 10�3

�0.8 5.70298� 10�2 1.87724� 10�3 7.97921� 10�3

�0.9 4.02977� 10�2 1.51339� 10�3 6.84244� 10�3

�1 2.96384� 10�2 1.14937� 10�3 5.52003� 10�3

�1.1 2.25109� 10�2 8.74954� 10�4 4.68229� 10�3

�1.2 1.75532� 10�2 7.01274� 10�4 4.26881� 10�3

�1.25 1.56315� 10�2 6.37454� 10�4 4.08721� 10�3

�1.30 1.39902� 10�2 5.80984� 10�4 3.86788� 10�3

�1.35 1.25789� 10�2 5.28484� 10�4 3.60132� 10�3

�1.40 1.13591� 10�2 4.78725� 10�4 3.30084� 10�3

�1.45 1.02958� 10�2 4.3192� 10�4 2.99259� 10�3

�1.50 9.36762� 10�3 3.88914� 10�4 2.70408� 10�3

�1.55 8.57398� 10�3 3.50409� 10�4 2.45504� 10�3

�1.60 7.86291� 10�3 3.16704� 10�4 2.25316� 10�3

�1.65 7.19241� 10�3 2.87607� 10�4 2.09425� 10�3

�1.70 6.8687� 10�3 2.62538� 10�4 1.96674� 10�3

�1.75 1.11932� 10�2 2.4078� 10�4 1.85472� 10�3

�1.80 2.04833� 10�2 2.21541� 10�4 1.7472� 10�3
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R2;m ¼ ηθ″m�1 þ αPrη2θ
0

m�1 þ RPr
Xm�1

k ¼ 0

f m�1� kθ
0

k

þNbη
Xm�1

k ¼ 0

θ
0

m�1� kϕ
0

k þ Ntη
Xm�1

k ¼ 0

θ
0

m�1� kθ
0

k þ θ
0

m�1

þQPrηθm�1 ð50Þ

R3;m ¼ ηϕ″
m�1 þ αLePrη2ϕ

0

m�1 þ RLePr
Xm�1

k ¼ 0

f m�1� kϕ
0

k

þ Nt

Nb
ηθ″m�1 þ

Nt

Nb
θ

0

m�1 þ ϕ
0

m�1�γLePrηϕm�1

�K1LePrηð1�χmÞ ð51Þ

and

χm ¼
1; ma1

0; m¼ 1
:

(
ð52Þ

The corresponding boundary conditions are

f m ð0Þ ¼ f m ð1Þ ¼ f
0
m ð1Þ ¼ f

0
m ð0Þ ¼ 0 ð53Þ

θm ð1Þ ¼ θ0m ð0Þ ¼ 0; ϕm ð1Þ ¼ ϕ0
m ð0Þ ¼ 0: ð54Þ

To solve Eqs. (46)–(48) with the conditions Eqs. (52)–
(54), we use the symbolic computation software
MATHEMATICA.
3.3. Convergence of HAM solution

The convergence of the series solutions and rate of converg-
ence for the HAM depend upon the convergence-control
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parameter h. If h is properly chosen, the homotopy series
solution may converge rapidly. Hence to compute the range
of admissible values of hθ and hϕ, the h-curves plotted in
Figure 2. The range of admissible values of hθ and hϕ are
�2:6rhθr�0:4 and �2:5rhϕr�0:2 respectively.
Further, we define the square residual error to prove the
correctness of the h-curves. Substituting the approximate
solutions of f ηð Þ, θ ηð Þ and ϕ ηð Þ obtain by HAM into Eqs.
(19), (23) and (24) yields the residual error as follows:

E1 ¼ η3f ″″þ αðη4f 000 þ η3f ″�η2f Þ�2η2f 000

þ3ηf ″�3f 0 þ ηRf
02�3ηRf f ″þ 3Rf f 0

þ3η2Rf f 000 �η2f 0f ″�M2 ðη3f ″�η2f 0Þ ð55Þ

E2 ¼ ηθ″þ αPrη2θ0 þ RPrf θ0 þ Nbηθ0ϕ0

þNtηθ
02 þ θ0 þ QPrηθ ð56Þ
Figure 3 Square residual error (SRE) of f , θ, ϕ for M ¼ 2, Pr

Table 2 The 20th order approximation for the optimal conver-
gence-control parameter h and corresponding square residual error
(SRE) R¼ 2, α¼ �1, M ¼ 2, Pr ¼ 7, Q¼ 0:5, γ ¼ 0:5,
Nb¼Nt¼ 0:2, Le¼ 1:25, K1 ¼ 0:1.

h SRE of f SRE of θ SRE of ϕ

�0.8 6.36048� 10�2 1.74009� 10�3 3.85152� 10�3

�0.9 3.89656� 10�2 1.40645� 10�3 3.39659� 10�3

�1 2.56252� 10�2 1.13797� 10�3 2.92321� 10�3

�1.1 1.78083� 10�2 9.32050� 10�4 2.50986� 10�3

�1.2 1.29252� 10�2 7.81285� 10�4 2.1640� 10�3

�1.25 1.11607� 10�2 7.22231� 10�4 2.07478� 10�3

�1.30 9.71200� 10�3 6.71444� 10�4 1.9787� 10�3

�1.35 8.51124� 10�3 6.27139� 10�4 1.87944� 10�3

�1.40 7.50617� 10�3 5.87817� 10�4 1.79561� 10�3

�1.45 6.66067� 10�3 5.5231� 10�4 1.71544� 10�3

�1.50 5.93838� 10�3 5.19768� 10�4 1.63616� 10�3

�1.55 5.32191� 10�3 4.89614� 10�4 1.55629� 10�3

�1.60 4.78207� 10�3 4.61491� 10�4 1.47538� 10�3

�1.65 4.33502� 10�3 4.35187� 10�4 1.39385� 10�3

�1.70 3.90952� 10�3 4.10584� 10�4 1.31259� 10�3

�1.75 3.67279� 10�3 3.87613� 10�4 1.23275� 10�3

�1.80 3.25586� 10�3 3.66259� 10�4 1.15545� 10�3

�1.85 4.54801� 10�3 3.46445� 10�4 1.08166� 10�3
E3 ¼ ηϕ″þ αLePrη2ϕ0 þ RLePrfϕ0 þ η
Nt

Nb
θ″

þ Nt

Nb
θ0 þ ϕ0 �γLePrηϕ�LePrK1η ð57Þ

where E1, E2 and E3 correspond to the residual error for
f ηð Þ, θ ηð Þ and ϕ ηð Þ respectively. We show the square
residual error (SRE) for f ðηÞ, θ ðηÞ and ϕðηÞ in
Tables 1 and 2. From these tables it can be seen that the
different values of h lead to minimum average square
residual error for f ðηÞ, θ ðηÞ and ϕðηÞ. Also Figure 3 is
plotted to show the SRE for f ðηÞ, θ ðηÞ and ϕðηÞ for α¼ 1
and α¼ �1. In order to check the analytical solution, we
compare the results corresponding to the radial velocity with
that of Boutros et al. (Ref. [9]) in Tables 3 and 4 for the case
of hydrodynamic viscous fluid. It is clear that the present
¼ 7, Nb¼Nt¼ 0:2, Le¼ 1:25, Q¼ 0:5, γ ¼ 0:5, K1 ¼ 0:1.

Table 3 Radial velocity observations in the case of suction for
different values of α for the hydrodynamic viscous fluid:
M ¼ 0; R¼ �100.

α η v
A (Boutros
et al. [9])

v
A HAM (20th
order)

v
A HAM (25th
order)

50 0.91652 �1.039776 �1.03641 �1.03942
20 0.88318 �1.053519 �1.05519 �1.05628
0 0.86023 �1.06745 �1.06842 �1.06864

�5 0.86023 �1.07158 �1.07151 �1.07157
�10 0.84853 �1.07626 �1.07492 �1.07491

Table 4 Radial velocity observations in the case of suction for
different values of α for the hydrodynamic viscous fluid:
M ¼ 0; R¼ �1000.

α η v
A (Boutros
et al. [9])

v
A HAM (20th
order)

v
A HAM (25th
order)

50 0.87178 �1.06298 �1.06527 �1.06506
20 0.86023 �1.06528 �1.06736 �1.06714
0 0.86023 �1.06693 �1.06859 �1.06838

�5 0.86023 �1.06734 �1.06889 �1.06868
�10 0.86023 �1.06776 �1.06919 �1.06899



Figure 5 Effect of heat source parameter Q on temperature distribution.

Figure 4 Effect of Brownian motion parameter Nb on temperature distribution.

Figure 6 Effect of thermophoresis parameter Nt on temperature distribution.
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results are in good agreement with the results of Boutros
et al. [9]. Further, the heat and mass transfer rates in terms of
the dimensionless form of Nusselt number and Sherwood
number at the wall are defined as

Nu¼ �θ0 ðηÞη ¼ 1;

Sh¼ �ϕ0 ðηÞη ¼ 1: ð58Þ

4. Results and discussion
This section describes the influence of various physical
parameters that have been emerged in the mathematical
formulation on the dimensionless temperature, nanoparticle
concentration, Nusselt number and Sherwood number
distributions by assigning numerical values and the results
are shown graphically in Figures 4–17. Special emphasis
has been given to Brownian motion parameter Nb, heat
source/sink parameter Q, thermophoresis parameter Nt, the
wall expansion ratio α, Hartmann number M, Prandtl
number Pr and the permeation Reynolds number R,
chemical reaction parameter γ and Lewis number Le. To
understand the physics of the problem, we choose Pr¼ 7,
Nb¼Nt¼ 0:2, Le¼ 5, Q¼ 0:5, γ ¼ 0:5, M ¼ 2 and
K1 ¼ 0:1 unless otherwise stated. It may be noted that the



Figure 7 Effect of wall expansion ratio α on temperature distribution.

Figure 8 Effect of Hartmann number M on temperature distribution.

Figure 9 Effect of Prandtl number Pr on temperature distribution.
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parameters Nb and Nt characterize the strengths of Brow-
nian motion and thermophoresis effects. The larger values
of Nb and Nt, the larger will be the strength of the
corresponding effects. Thus Nb and Nt can take any value
in the range of 0rNb;Nto1.

The effects of Brownian motion parameter, heat source or
sink parameter, thermophoresis parameter, the wall expan-
sion ratio, Hartmann number, Prandtl number and the
permeation Reynolds number on the temperature field θ
are shown in Figures 4–10. Figure 4(a) and (b) display the
influence of Brownian motion parameter on the temperature
profiles for both the cases of injection combined with wall
expansion and contraction. It is observed that the tempera-
ture increases for both the cases of injection combined with
wall expansion and contraction with an increase in Nb for
Qo0. This is due to fact that an increase in the strength of
Brownian motion leads to effective movement of nanopar-
ticles from the wall to the fluid which results in the
significant increase in θ. This opposite behavior is found
for Q40. The influence of heat source/sink parameter on the
temperature for both the cases of injection combined with
wall expansion and contraction is shown in Figure 5(a) and
(b). As expected that heat source provides an increase in
temperature for both the cases of injection combined with
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wall expansion and contraction, while heat sink provides
decrease in temperature. Figure 6(a) and (b) show the effect
of thermophoresis parameter on the temperature for both the
cases of injection combined with wall expansion and
contraction. One can observe that θ increases for a given
increase in Nt. Figure 7(a) and (b) depict the effect of wall
expansion ratio on the temperature. For irrespective of
suction or injection, θ increases as α increases in the
presence of heat sink (i.e., Qo0) for the case of wall
expansion, while it decreases as αjj increases for the case of
wall contraction. But the behavior is reversed for the case of
heat source (i.e., Q40). Figure 8(a) and (b) illustrate the
Figure 10 Effect of permeation Reynolds

Figure 11 Effect of Nb on nanopa

Figure 12 Effect of Nt on nanopa
temperature profiles for different values of Hartmann
number. It is observed that similar to common fluids,
nanofluids show the same characteristics regarding Hart-
mann number on temperature. As increasing Hartmann
number, the temperature increases in the presence of heat
source for both the cases of wall expansion and contraction
combined with injection. The opposite observation can be
seen for the case of heat sink. Figure 9(a) and (b) elucidate
the effect of the Prandtl number on θ. It is important note
that the liquid metals and oils are characterized by the
Prandtl number. The small values of Pr characterize the
liquid metals which have high thermal conductivity and low
number R on temperature distribution.

rticle concentration distribution.

rticle concentration distribution.



Figure 13 Effect of γ on nanoparticle concentration distribution.

Figure 14 Effect of Le on nanoparticle concentration distribution.

Figure 15 Effect of α nanoparticle concentration distribution.
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viscosity, while larger values Pr correspond to high
viscosity oils. Prandtl number Pr ¼ 7; 11:4; 21 for water,
water at 4 1C and human blood respectively. It is obvious
that for both the cases of wall expansion and contraction
combined with injection, the temperature decreases as Pr
increases (i.e. increasing thermal diffusivity) in the presence
of heat sink, while it increases for case of heat source.
Figure 10(a) and (b) show the effect of permeation Reynolds
number on the temperature. It is observed that for a given
increase in injection the boundary layer thickness decreases
and as a result θ decreases for both the cases of injection
combined with wall expansion and contraction. The beha-
vior is reversed for suction combined with wall expansion
and contraction.

Figures 11–15 show the influence of Brownian motion
parameter, thermophoresis parameter, chemical reaction
parameter, Lewis number and wall expansion ratio on
nanoparticles concentration. Figure 11(a) and (b) indicates
that ϕ is a decreasing function of Nb in the presence of heat
sink for both the cases of wall expansion and contraction
combined with injection, while it is increasing function of
Nb for the case of heat source. Figure 12(a) and
(b) elucidates the effect of thermophoresis parameter on
nanoparticle concentration. It is clear that in presence of
heat sink, nanoparticle concentration increases with an
increase in Nt for the both the cases of wall expansion
and contraction combined with injection. From the physical
point of view, an increase in thermophoresis parameter
generates the larger mass flux due to temperature gradient
which in turn raises the concentration. From the same
figure, the opposite behavior can be observed in the
presence of heat source. The effect of chemical reaction
parameter which is positive for a destructive reaction and
negative for a generative reaction on nanoparticle concen-
tration is shown Figure 13(a) and (b). It is noticed that for
the case of destructive chemical reaction parameter (γ40),
for a given increase in γ, there is a decrease in nanoparticle
concentration. Further, the behavior is reversed for the
case of generative chemical reaction. Figure 14(a) and



Figure 16 Nusselt number distribution.

Figure 17 Sherwood number distribution.
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(b) illustrate the effect of Lewis number Le on ϕ. One can
observe that ϕ is a decreasing function of Le. This may be
due to fact that increasing of Lewis number increases mass
transfer rate and hence nanoparticle concentration
decreases. Figure 15 shows the effect of wall expansion
ratio α on ϕ. For irrespective of injection, nanoparticle
concentration increases for a given increase in α, for the
case of wall expansion, while it decreases as αjj increases
for the case of wall contraction.
The effects of Brownian motion parameter and Hartmann

number on Nusselt number Nu are shown in Figure 16
(a) and (b) respectively against thermophoresis parameter
Nt. It is noticed that the Nusselt number is in proportion to
Nt at the pipe wall. From Figure 16(a) it is clear that Nu
increases as Nb increases at the wall for Qo0 (see
Figure 16(aii)), while it decreases for Q40 (see
Figure 16(ai)). From Figure 16(b) it is noticed that Nu
increases for a given increase in M at the wall. The
influence of Brownian motion parameter and chemical
reaction parameter on Sherwood number Sh is shown in
Figure 17(a) and (b) against thermophoresis parameter. One
can observe that the Sh increases with an increase in Nt at
the wall. From Figure 17(a) it is clear that Sh decreases with
an increase in Nb at the wall. From Figure 17(b) it is
noticed that Sh decreases for a given increase in γ at
the wall.
5. Conclusions

In this study we have examined the effects of chemical
reaction and heat source/sink on MHD flow of nanofluid in
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expanding or contracting porous pipe. The governing
equations in cylindrical coordinates are introduced and
transformed into a system of nonlinear ordinary differential
equations using similarity transformations and then solved
by employing HAM. The convergence of obtained series
solutions is analyzed. The main findings are summarized as
follows:

� It is observed that the temperature significantly increases
with an increase in Brownian motion parameter, thermo-
phoresis parameter for both the cases of wall expansion
and contraction combined with injection.

� Heat source provides an increase in temperature for both
the cases of injection combined with wall expansion and
contraction, while heat sink provides decrease in
temperature.

� The temperature increases with an increase in Hartmann
number and Prandtl number for the case of heat source,
while it decreases for the case of heat sink.

� In the presence of heat sink, nanoparticle concentration
increases with an increase in Nt for the both the cases of
wall expansion and contraction combined with injection.

� ϕ is a decreasing function of Nb in the presence of heat
sink for both the cases of wall expansion and contraction
combined with injection, while it increases for the case
of heat source. Further, the nanoparticle concentration
decreases for γ40 and increases for γo0.

� In the absence of nanoparticle concentration, the results
of Srinivas et al. [13] for case the viscous fluid can be
recovered by taking Nb¼Nt ¼Q¼ γ ¼ 0.
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