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1. INTRODUCTION

Stute [ 10] introduced a class of so-called conditional U-statistics, which
may be viewed as a generalization of the Nadaraya—Watson estimates of a
regression function. This extension is similar to Hoeffding’s [ 3] generaliza-
tion of sample means to what we now call U-statistics.

Assume that (X;, Y;) are random vectors in the space R” x R”, where
X;=(X;, ., X,)and Y, =(Y,, .., Y,,),i=1, .., n Let h be any function of
k-variates (the U-kernel), k <n such that i(Y,, ..., Y,) is integrable. We are
interested in the estimation of

m(xy, e, X)) =E[W(Yq, ..., V)| Xi=x1, 0, X=X, ]. (L.1)
When p=m=k=1 and h=1,, then
m(x)=E[Y, | X,=x]
is the regression of Y, given X, =x,.
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For estimation of m(x,), Nadaraya [4] and Watson [ 11] independently
proposed:
; YiK[(xl_Xi)/an]

=1

X KL —X)/a,)]

mn(xl)

Here K is the so-called smoothing kernel satisfying jK(u) du=1 and (a,)
is a sequence of bandwidths tending to zero at appropriate rates.

Schuster [ 7] under conditions requiring the existence of the density f of
X, and finiteness of E(|Y,|?), proved the central limit theorem for m,(x).
See also Rosenblatt [6]. Then, Stute [ 8] proved the asymptotic normality
of m,(x) only under the condition of the finiteness of E( Y7), while X, need
not have a density at all. Later Yoshihara [13] proved the central limit
theorem for m,(x) when the r.v.s are ¢@-mixing under finiteness of
E(|Y,]*>%%) (6 >0). But the p-mixing condition has applications which are
too limited; for example, an ARMA process is never ¢-mixing but generally
geometrically absolutely regular.

For an arbitrary k, we now consider statistics of the form

un(x) = un(xl PR x/c)

S MY Yp) TS KL= Xy)/a,]
Z/; Hf: KL (x;— X/zf)/a;1]

Sph(Ypis oo Yoy oo (Ygrs s Yg)
x5 1 KL (x, — Xp)/an, - (x5 — Xp,)/a,]
Zﬁ .5'{:1 K[(le_X/)’/l)/ans eeey (x_,-,,—Xp_/,,)/an]

Here the summation extends over all permutations f=(f, .., ;) of
length k. Stute [10] derived the limit distribution of u,(x) when the r.v.’s
are independent under finiteness of E(|A(Y,, .., Y;)|*>*°) (6>0). In this
paper, we extend the result of Stute [ 10] for absolutely regular r.v.’s. When
p=m=k=1 and h=1I, our result extends the result of Yoshihara [13]
from the ¢-mixing condition to the absolutely regular condition which
permits a broad range of applications.

In what follows, we assume that the function 4 is symmetric and the
sequence of r.v.’s (X, Y,), .., (X,, Y,,) is absolutely regular with rates

B(m)=0(p™) for some O0<p<l1. (1.2)

Recall that a sequence of random vectors {X,; | <;<, .~} is absolutely
regular if

>, max E{  sup |P(A ] o(X,;, A<i<))) — P(A)|} = B(m) | 0.

men VSISN=m geo(Xy, i) +m)
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Here o(X,;, 1 <i<j) and o(X,;,i>=j+m) are the o-fields generated by
(X1 s X,y) and (X, ;40 X, iy 15 oo Xoy), TeSpectively. Also recall that

{ X} sat1sﬁes the strong mixing condition if sup,, ., sup;<;<, .
{|P(AnB)—P(A)P(B)|; Aea(X,;, 1 < i< j), Beo(X,;,i= j+m)} =a(m)]0.
Since a(m) < f(m), it follows that if {X,,} is absolutely regular, then it is
also strong mixing.

In Section 4, we will show how our results can be applied to some
Markov processes and particularly to some ARMA processes.

2. ASYMPTOTIC NORMALITY

Let x=(xy, ..., x;) be fixed throughout. In this section, / will be assumed
to be square-integrable. Set

(n—k)!

n!

<11 K<xf n >/1‘[ EK< - X‘> (2.1)

j=1 j=1 n

U/h,x)=Ux)=U,=

Z h( Yﬂl PRETETY Yﬂk)
s

Then

u,(X) = U,(h, x)/U,(1, X).

Note that U,(h, x) for each k>1 is a classical U-statistic with a kernel
depending on n.

Next, we denote the distribution function (d.f.) of (X;, Y,) by H and the
marginals by F and G. Consider a sequence of functionals

0,(h,x)=0,

= [tz T K (222)

j=1 n

x F(dz,).. dzk/]j[lf < >(dx)

_ELM(Yy, . VO TTH K((0— % ))/a,)]
E[TT*., K((x,— X))/a,)] ’

(2.2)

where (X, Y¥,), i=1, .., k are iid. random vectors with d.f. H.
We also suppose that the r.v.’s (Y, | X)), (X5] Y3), .., (Y, | X,) are
independent and we denote by G(x;-) the conditional d.f. of (Y, | X, =x).
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We also assume that
E|h(Y,,.. Y )P <+ for some J>0. (2.3)
For every ¢ (0 <c¢<k), put

gc,n((zla yl)a iaad) (an ya))
Eg(f((zl’ yl)’ ey (Z(?’ y(:))

k . f -
)

Jj=1 n i=1 n

k

ﬂ z;; dy;) F(dz)). (2.4)

:(’

We have g,=60, and

&il(21521)s v (215 Vi)

=h(yis . yk

I:»
/_\
=
|
N
N
R
I~
%l
b
R
=
|
2
~_
S
n

Let n’["]={n(n—1)---(n—r+ 1)}’1. Set

U =n LY jgc (215 V1)s s (Zes 2))
)

x l_[ d(I[(X/fj, Yp) <(zpy)] H(Zja yj))a (26)
j=1

where ¢ is the summation over all the permutations 8 =(f,, ..., f.) of
length ¢. Then

k k
U,=0,+ Y < > U, (2.7)
c=1 ¢
Let
=o’(h,x)= lim a}{E(gi(X,, ¥))— 0} (2.8)
if the limit exists. We note also that lim, _, ., a20>=

LEMMA 2.1. Assume that

(1) a, — 0 and na,, — co.

(i) K is bounded and has compact support.
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(i) F admits a density f which is continuous at each x;, 1 <j<k, with
f(x;)>0.

Then, we have o> < oo and (na?)'? UV — A7(0, 6°) in distribution, where
o? is defined in (2.8).

Proof. First, we show that

lim E((na?)"?(U))? =g (2.9)

n— oo

From (2.6), we have

n

Ul=n-' z gi1( Xy, Y) d; x, vy < (xn 1 — H(X: p2))

i=1

:nil Z gl(Xn Yz)

i=1

et £ [honoany li_[ <x —z>//ﬁ EK<XI_X1>

i=1

XHG( s dy;) Fldz))

Jj=1

n

:nil Z gl(Xia Yr)

i=1

—n! i“ jm(zl, . z,c)//ll_c[ EK (xj;nXl> ﬁ F(dz))

i—1 j=1

—n 'Y (gi(Xn Y)—0,).

i=1
We can write

na? E(U'")?

—pnlgP
=n anE<
i

—nar Y E(g(X, Y)—0,)

i=1

(g1(X;, Yy) — 6n)>

I s

1

+nlal Y E{(g(X,, Y)—0,)}

1<i#j<n
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znilaﬁ Z E(gl(Xia Yi)_en)z
i=1
+2nlal Y E{(gi(X, Y)—0,)(8:(X;, V) —0,)}
1<i<j<n
j*[ér
tonlal Y E{(gi(X Y)—0,)(gi(X,, Y)—0,)}.
I<i<j<n
jfiir
First, note that
limn~'a ) E(g\(X,, Y))—0,)*= lim ajE(g,(X,,Y,)—0,)=0"
i=1 n— oo
(2.10)
For the sake of brevity we set

k L X
M=T] E<K<x’ 1>>
i=1 n
From condition (ii), we easily deduce that

M = 0(a’r).
Then, we have

E{ (g(X;, Y)— Hn)(gl(Xia Y;) - en)}

= M2 [ () e 20 = 0,0 1 22— 0,)

k

k _ —
> II Kf(xma Zm> II Kf<xk+la Zk+l>
m=1 n n

k k
X n Fdz,,) n Hdz )

I=k+2
1)

— M2 zkp f (m(X1 —a,uy, .., xk—a,,u;()—ﬁ,,)

X (m(xy . —

F, (dzy, dz; 1)

ApUp 15 s Xofp — an”Zk) - Hn)
k 2k
X H K(u,) [l Ku)
= I=k+1
f;/( (xl_anul)9F71
S L F T (xy —aguy) foF
<Ca2k1’M 2
<C,

(Xpp1—auli 1))

du, ---dyk
l(xk+l_anuk+l) : 2

(from conditions (2.4) and (iii)),

(2.11)
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where F;; and f,; are respectively the distribution function and the
density function of (X, X;) and, by convention, Xx;,—a,u;=
(X1 — A, Uspy ey X5 — A, U;).

ip n“ip
For any >0

Elg(X;, Y)—0,1>*°

k
>0 [ Hz,)

m=1

<M [ m(z,, oy 2) = 0,127

k —
1—[ K<xm Zm>
m=1

a,

< Mﬁ(eré)dszJ |m(X1 —auUps e xk_anuk) - 6n|2+6

k
2Ho l_[ f(xm_anum) dul "'duk

m=1

k
[T K

m=1

<ca, " rOP, (2.12)

X

From (2.11), (2.12), and Lemma 5.1 in the Appendix it follows that

n_lag Z E{(gl(Xia Yi)*en)(gl(Xja Yj)*an)}

I1<i#j<n

<2Crap+2(Ca7k(1+5)p)2/(2+()‘) i [ﬁ(i)]ﬁ/(ZJrri).

i=r+1

If we take r=[a, 7], we get (2.9) from (1.2) and (2.10).
From Lemma 5.2 in the Appendix, we obtain the following inequality:

E z gl(Xi’ Yi)ien 2He

i=1

<SCm@*7% sup E|g(X,, Y)—0,1>"°,  m<n (213)

I1<is<m

Let now r=[n**], g=[n"?], and I=[n/(r +1)]. Put

(J—=D(r+q)+r

n;,= Z (g:1(X:, Y;)—0,), J=1 .1

i=(j—1)(r+q)+1
(=D +q)+r
0_/: Z (gl(Xia Yi)_gn)a j:1’"'> l’
i=(j—Dr+q) +r+1
Op 1= Z (g1(X;, Y;,)—0).

i=lr+q)+1
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Then, we have

. i I+1
n='Pal? Y (84X, Y)—0,)=n""Pal? ¥ 40 Pal? Y0,

i=1 j=1 j=1
From (2.13), we deduce

I+1
n Y 0,20,
j=1
To prove Lemma 2.1, it remains to show that n~"2a2? 3! _, n; converges
in law to .4#°(0, ¢%) random variable.
From Lemma 5.1 in the Appendix, we obtain

]E Jexp (im0 > )} [T [ E{expion="a2n,)} 1| < Clpa).

j=1 j=1
Hence it suffices to show that

X
[T [E{exp(itn—a?y,)} ] converges to e 2. (2.14)

i=1
Using (2.13), we obtain

E{exp (itn="al’n,)}

2,0 ) |t|2+5a(2+5)p/2 s
— n n +0
=1- m E(n)) +0< 2+ E(n,) >
abt? 2 246, —(1/6)(2+6 k-1 1-26)/2) 5
n — 0 —(k— — 0
=1 ™ E(n,)*+o(|t|*"°n (1/6)(2 + )aﬂ( )p+(( )/2) )

From condition (ii) and
. laf 2 2
lim— E(y;)* =0 (from (2.10))
" .

we get (2.14). The proof follows.

LEMMA 2.2.  Under the conditions of Lemma 2.1
(na?)'?(U,—0,) > A'(0,ka®) in distribution.

Proof. From the decomposition (2.7) and Lemma 2.1, it is sufficient to
prove that

E(U("))2=O(l/l_2), 2<c<k. (2.15)
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We shall only consider the case ¢ =2. The proofs for the cases ¢=3, ..., k
are analogous and are therefore omitted.
We first note that

UP=n"01" % {gX,, Y,), (X,, Y3))

o
I1<ii<ib<n

_gl(X”? Y) gl(Xl25 i2)+9n}'

So we have
EUY)?= ) Y J(iy, in), (JisJ2)), (2.16)
I<ij<ipa<n 1<j<j<n
where
J((ilai2)3(jlij2))

:E{gz X115Y) (X Yz)) (Xll’Y) (X Y)+6}

I3 >
< Agx((X,, ¥,), (X, V) —gi(X,, ¥,) —gi(X,,, Y,) +0,}.

J2? J2°

Since

J {gz((zlayl)a (Zzsyz))*gl(zlayz) *gl(zzaJ’2)+9n} H(dz,, dJ’1) =0,

therefore, from Lemma 5.1 we have the following inequalities: If
1<iy<i,<j,<j,<n and j,—j, =i,—i,, then

J((i1502)s (J1572)) S MBYCH2 (o — i) (2.17)
and, similarly, if 1 <i, <i,<j, <j,<n and i, —i, >j,—J,, then
J((i15 B2), (J1,J2)) S MBYCH2 iy —iy). (2.18)

Thus, from (2.17), (2.18), and assumption (1.2)

R (A (jl,m)‘

1<ij<iy<ji<j<n

<{ Yy oo+ Y } YURAXI A
I<ii<ip<jj<j,<n 1<ii<ip<jj<j,<n

l‘z*ilz.fzfjl l’l*ilsjzfjl
<Cn? Y (r+1) fC(r) = O(n?). (2.19)

r=1
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Similarly, we have

5 J((z'l,m,(jl,jz))‘=0<n2>, (2.20)
1 SH<jjSh<jysn

5 J((z'l,m,(jl,m)]=0<n2>, (2.21)
I<ij<ji<jp<ip<n

and

M=

Z J((ilaiz)a(j]>j2))‘ < Z ()/(2+()) >:0(”l2)-

B (2.22)

(<n i 1

S
Il

Hence from (2.19)—(2.22) and (2.16), we have (2.15) for c=2. |}

In the following, we shall investigate the asymptotic behavior of the two-
dimensional random vector

(Up(hy, x) = 0,(hy), U, (h, X) = 0,(h,)),

where &, and h, are two kernels satisfying the smoothness assumptions of
Lemma 2.2. We would like to apply the Cramér—Wald device. So, let ¢,, ¢,
denote any two real numbers. Clearly,

U, (hy,x)+c,U,(hy, x)=U,(cihy +c Dy, X) = U,(h, X),

where h=c,h,+c,h, and Lemma 22 applies. Specification of &?(h)
immediately leads to the following.

LEMMA 2.3. Under the stated assumptions
(naﬁ)l/Z [ Un(hlﬂ X) - On(hl)a Un(hZa X) - 0;1(h2)] - W(Oa 2)
in distribution, with

02(/’11, hy) Gz(hla h»)

=
a*(hy, hy)  a*(hy, hy)

and where for two functions h, and h,

Gz(hlahZ)
= lim aﬁE{(gl((Xl, Y))shy)—0,(h))(g (X, Yy); hz)_‘gn(hz))}~

n— oo

From this lemma, we will deduce the limit distribution of U,(x).



94 HAREL AND PURI

THEOREM 2.1. Under the assumptions of Lemma 2.1, we have
(na?)'? (u,(x)—0,) > A(0, p?) in distribution,
where

p>=k{a*(h, h)—2m(x) o*(h, 1) +m*(x) a(1, 1)}.

Proof. We have
u,(x) = U,(h, x)/U(1, x).
Define g(x,, x,) = x,/x, for x, #0. Then

og 0g _ _
D= ey =t v
Since 4,(h, x) —» m(x) and 6,(1, x) =1, we may infer from Lemma 2.3 that
(na?)"? (u,(x)—0,(h,x)) > A0, p?) in distribution,

where
and

Under appropriate smoothness assumptions on the marginal density f,
Theorem 2.1 immediately yields asymptotic normality of u,(x)—m(x).
Now assume that

S is twice differentiable in neighborhoods of x;, 1<j<k, (223)
and
K is symmetric at zero; (2.24)

m admits an expansion
m(y + A)=m(y) + {m'(y)' A} + 3 A"{m"(y) A+ o(A'A)}  (225)

as A — 0, for all y in the neighborhood of x. Then we have the following.
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CoROLLARY 2.1. [If, in addition to conditions of Lemma 2.1, (2.23)—(2.25)
hold, then

(na?)'" (u,(x) —m(x)) —» A(0, p>) in distribution,

provided that na.” — 0.

Proof. See Corollary 2.4 of Stute [10].

3. CONSISTENCY

As for the regression estimators, we need to develop consistency results.
We provide them here for the dependent case similar to the results estab-
lished by Stute [10] for the independent case. Our conditions on the
U-kernel h are not so restrictive as the conditions of Stute [10] on his
Theorems 2 and 3.

THEOREM 3.1. Under the conditions of Lemma 2.1, we have for
U ® -+ @y, for almost all x

u,(x) - m(x) in probability,
where u is the probability measure defined by the d.f. F.
Proof. We know that almost surely

0,(x) = m(x). (3.1)

We also know that
u,(x) = U,(h,x)/U,(1, x).
So, we have to show that
U,(h, x) - m(x), U,1,x)—1 in probability.

Since U,(1,x) is a special case of U,(h, x), we have only to deal with

Uﬂ(h’ X)'
From the decomposition (2.7) and (3.1), we have only to prove that

ko /k
> < > U -0  in probability.

c=1

But this is a consequence of (2.15). Theorem 3.1 follows.
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THEOREM 3.2. In addition to the conditions of Theorem 3.1, assume that
e}

Y n'"7exp(—nal)<oo  for some 0<y<]1 (3.2)

n=1

and suppose that h is bounded. Then, for almost all x
u,(x) = u(x) with probability 1.
Proof. From (2.15), we have
E(U,—kU}")>=0(n"?).
Then, from the Borel-Cantelli lemma, it suffices to show that
U -0  with probability 1. (3.3)

Clearly,

where

k X —2Z.
Ti’ﬂzj\h(yiay2;---,yk)nl<<J j>

j=2

XK(H)/ﬁ EK <xf_X1> ﬁ G(Zj; dyj) F(de),

a, i

We note that there exist two positive constants » and ¢ such that

|Ti,n| <b/ait]
E(T?,) <clal.

If U,,U,,..,U, are independent random variables with |U,|<m,
E(U;)=0, and E(U?) <07, then an inequality due to Bennett [ 1, p. 39]
states that

7|

—1 n
i=1

n

n' Y U

i=1

> s} <2exp{ —ne*/2(a* + me)},
where o> =n

2. Put g=¢,=[n'""]1+1 and write

q
1) _
UE: - Z Vn,j’

Jj=1
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where

I
Z /+pq n7E(Ti+pq,n)}

and /; is the largest integer such that j+/,¢ <n. Then

P[|U;“|>s]<P[ nY W ,|>e] S PV, 2] (34)

j=1 j=1

For any j, 1 <j<gq, define

b= {(yl’ = V) il Y >an—1}
P
and put
(V1 o 1) = {1 if (1,0 v))€B)
' 0  otherwise.
By Lemma 5.1,

P[|Vn,| >8n] =Eg(T _E(T/ n)’ () Tj+qu,;1_E(Tj+[fq,n))

{ / T\ pgn— (T/+pq,n) anql} +2[jﬁ(Q)
—ne-al
{264—4[)8} 2A(q)

where T, ,, .., T, , are independent and T, , is distributed as 7, ,.
From (3.4) and (3.5), we deduce

PLIU V| =e]<2n' 7{exp{ —anal} +n’B([n' 7]+ 1)}.

From the Borel-Cantelli lemma and conditions (1.2) and (3.2), we deduce
(3.3) and Theorem 3.2 is proved.

4. APPLICATIONS

Consider the model

Y, =¥(X,)+e, n=l, (4.1)
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where X, denotes a R”-vector of observed values, y is measurable known
function, €, is a multivariate white noise corresponding to the measurement
errors (that is, {€,,ne N} is a sequence of iid. random R”-vectors with
strictly positive density) and Y, is an R” predictor vector. If the sequence
(X,).>1 of random vectors is absolutely regular with a geometrically rate,
E(|y(X,)]>"°) < + oo and condition (ii) of Lemma 2.1 is satisfied. Thus we
can apply Theorems 2.1, 3.1, and 3.2 for appropriate functions # and K and
appropriate sequence a,,.

It is well known that any Markov process which is Harris recurrent,
aperiodic, and geometrically aperiodic is absolutely regular with a
geometrical rate.

For example, consider the model

Py P>
Xn“l_ Z A‘anfj:en—i_ z B,en,[, HEZ, (42)

j=1 j=1
where 4, .., 4, and B, .., B, are pxp real matrices, 4, and B, are
invertible and ¢, = (e, ..., €,,,) is a multivariate white noise, where each ¢,,

n>1,1<j<p, admits the same density g such that | |x|° g(x) dx < co and
j lg(x)—g(x—0)| dx=0(]0]") for some 6 >0 and y > 0.
From Pham and Tran [5], X, admits a Markovian representation
X,=HZ,, Z,=FZ, |+ Ge,,
where Z, is a sequence of random vectors and H, F, G are appropriate
matrices. If the eigenvalues of the matrices A have a modulus less than 1,
then X, is absolutely regular with a geometrical rate.
If p=1, m=1, and k=2, the example of Stute [10] can be applied to
the particular model
Y,=aX,+e€,, aeR, (4.3)
where X, is an ARMA process defined by

X,=bX,_,+e,, where |b| <1. (4.4)

ExampLE 4.1. Put i(y,, y,)=y,,. Then

m(xy, X,)=E(Y, | X, =x,) E(Y, | X,=x,)

=a’x,X,.
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When x, = x,, the variance p? defined in Theorem 2.1 yields

p>=4Var(Y, | X, =x1)“2x%jK2(”)d”/f(xl)

=402} | K2(u) duff(x))

while for x; # x,, we get

P2: [Var(Y, | X, =x,) azx%/f(xl) + Var(Y, | X;=x,) a2x§[f(x2)]

ijz(u) du

= [ K2u) du[ 3 [f(x)) + >3 f(x) ]

ExaMPLE 4.2. Suppose E(ef) < +oo. For h(y,,y,)=3%(y;—r,)% we

obtain m(x,, x,;) = Var(Y, | X, =x,) =c¢> In this case

PP = {EL(Y—ax)' | X=x,]=Var(Y | X=x,)} [ K*) dujf(x,)

= (ra— ") [ K2(u) duff(x)),

where 7, = E(e}).

We have seen how the examples of Stute [10] can be applied now to
more general models, but it is obvious from (4.1) and (4.2) that we have
the possibility of using our results for a much larger set of models and
applications when p>1 and m> 1.

APPENDIX

LemmA 5.1 (Davydov [2]). Let {X,;, 1 <i<n,n>1} be a nonstation-
ary sequence of r.w’s which is strong mixing. Let Z be a(X,;, 1<
i<j)-measurable (1<j<n) and let V be o(X,;, i=j+ m)-measurable.
If E(|1Z|”)< o0, E(|V|")< o0, and r ' +p~ ' +q '=1 (r,p, ¢>0) then

|E(ZV)— E(Z) E(V)| <(o(m))"" {E |Z|7} VP {E |V]} Ve,

where C is some constant >0, and of course if the sequence is absolutely
regular, the inequality (5.1) holds if we replace (a(m))'" by (B(m))"".
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LeMMA 5.2 (Theorem 1 of Yokoyama [12]). Letr {X,;, 1<i<n,n>1}

be a nonstationary sequence of r.v.’s which is strong mixing with E(X,;) =0,
1<i<n,n>1,andsup,_;_, E|X,;|""°<C, for some r>2 and 5 >0. If

i (i+ 1) [a(i)]" 2 < o0
=0

then
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