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Abstract

Let D, denote the n-punctured disk in the complex plane, where the punctures are on the real axis. An
n-braid « is said to be reducible if there exists an essential curve system C in Dy, called a reduction system
of «, such that o % C = C where o * C denotes the action of the braid o on the curve system C. A curve
system C in Dy, is said to be standard if each of its components is isotopic to a round circle centered at the
real axis.

In this paper, we study the characteristics of the braids sending a curve system to a standard curve system,
and then the characteristics of the conjugacy classes of reducible braids. For an essential curve system C
in D,, we define the standardizer of C as St(C) = {P € B;," : P % C is standard} and show that St(C) is
a sublattice of B,;" . In particular, there exists a unique minimal element in St(C). Exploiting the minimal
elements of standardizers together with canonical reduction systems of reducible braids, we define the
outermost component of reducible braids, and then show that, for the reducible braids whose outermost
component is simpler than the whole braid (including split braids), each element of its ultra summit set
has a standard reduction system. This implies that, for such braids, finding a reduction system is as easy as
finding a single element of the ultra summit set.
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1. Introduction

Let D, ={z €C: |z] <n+ 1}\{l,...,n}, the n-punctured disk in the complex plane with
punctures lying on the real axis. The n-braid group B, acts on the set of curve systems in D,,.
For an n-braid « and a curve system C in Dy, let o * C denote the action of & on C. An n-braid
« is said to be reducible if a x C = C for some essential curve system C in Dj,, called a reduction
system of «. In this paper, we are interested in the reducibility problem: given a braid, decide
whether it is reducible or not and find a reduction system if it is reducible.

1.1. Motivation and some of previous works

The Nielsen—Thurston classification theorem [Thu88] states that an irreducible automorphism
of an orientable surface with negative Euler characteristic is either periodic or pseudo-Anosov
up to isotopy. Recall that an orientation preserving self-diffeomorphism f of a surface S is said
to be

e periodic if f* is isotopic to the identity for some k % 0;

e reducible if there exist pairwise disjoint simple closed curves Cj, ..., Ci in S, isotopic to
neither a point nor a puncture nor a boundary component, such that f(C) is isotopic to C,
where C=CjU---UCy;

e pseudo-Anosov if there exist a pair of transverse measured foliations (F*, u*) and (F“, u*)
and areal A > 1 such that f(F*, u%) = (F?®, )L_lus) and f(F“, u") = (F“, rau").

There have been several approaches to the problem of deciding dynamical types of surface au-
tomorphisms. Bestvina and Handel [BH95] made the train track algorithm that, given a surface
automorphism, decides its dynamical type and finds its dynamical structure: a pair of transverse
measured foliations for a pseudo-Anosov automorphism; a reduction system for a reducible
automorphism. Benardete, Gutiérrez and Nitecki [BGN95] solved the reducibility problem in
braid groups. (It is known that a periodic n-braid is conjugate to either (o102 ---0,_1)" or
(o1(o102 -0, 1))’ for some integer [ [Kerl9,Eil34,BDMO02]. This implies that « is a peri-
odic n-braid if and only if either &” or "~ ! is equal to A?" for some integer m. Hence, it is
easy to decide the periodicity of braids. Therefore, in order to decide the dynamical type of a
given braid, it suffices to decide the reducibility.) Humphries [Hum91] solved the problem of
recognizing split braids.

With the above results, solving the reducibility problem and the problem of recognizing split
braids seems at least as hard as solving the conjugacy problem. When using the train track algo-
rithm, one needs to describe a given n-braid as a graph map of the n-bouquet, and the length of
this description grows exponentially with respect to the length of the braid word on Artin gener-
ators. The other two solutions need to use the algorithms solving the conjugacy problem in braid
groups.

Another motivation for this work is the close relationship between the reducibility problem
and the conjugacy problem. The approach to the conjugacy problem in braid groups can be di-
vided into two steps: solving the reducibility problem and solving the conjugacy problem for
irreducible braids. See [BGGO06a, §1.4] for a more precise description of this strategy. The con-
jugacy problem for periodic braids is easy to solve. There are two different polynomial-time
solutions to this case by Birman, Gebhardt and Gonzilez-Meneses [BGG06b] and by the au-
thors [LLO7b]. For the conjugacy problem for pseudo-Anosov mapping classes, there are several
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Fig. 1. A standard curve system in Djq.

results. In [Los93], Los solved the problem for pseudo-Anosov braids by using combinatorial
efficient representatives. Recently, Fehrenbach and Los [FLO7] proposed an algorithm that finds
roots and symmetries of pseudo-Anosov mapping classes together with a new solution to the
conjugacy problem. Mazur and Minsky [MM99,MMO00] showed that, fixing a mapping class
group and a finite set of generators for this group, there exists a constant K such that if o and
B are conjugate pseudo-Anosov mapping classes then there is a conjugating element y with
Yl < K(Je| + |Bl), where | - | denotes the word length. In order to extend the results on irre-
ducible braids to general braids, we need to solve the reducibility problem more efficiently.

For the last ten years, no serious progress has been made in the reducibility problem. On the
other hand, recently, there have been several new contributions to Garside-theoretic approach to
braid groups, for example [Deh02,FG03,Geb05,Lee07]. Exploiting them, we study the charac-
teristics of the conjugacy classes of reducible braids. Our approach uses neither the train track
algorithm nor the complete conjugacy algorithm. We hope that our results are useful in obtaining
a more efficient solution to the reducibility problem in braid groups.

1.2. Our results

Before stating our results, we recall some notions and results from the Garside theory in braid
groups.

e Let B, be the submonoid of B, generated by o1, ..., 0,_1. The partial order <g on B,
is defined as follows: for P, Q € B,", P <g Q if Q = SP for some S € B,". The poset
(Bn*, <R) is a lattice, i.e., there exist the gcd P Ag Q andthe lcm P Vg Q of P, Q € B;r.

e For a € B, there are integer-valued invariants inf(«) and sup(«). Let [¢] denote the conju-
gacy class of & € B,,. The following are conjugacy invariants.

infy (o) = max{inf(ﬂ): B e [(x]}, tinf() = lim inf(ocm)/m,
m—0oQ
sup, (o) = min{sup(B): g € [a]}, tsup (@) = mli_r)noo sup(a™)/m.
¢ In the conjugacy class [«], there are finite, nonempty, computable subsets, the super summit
set [«r]%, the ultra summit set [o]Y and the stable super summit set [a]. They depend only
on the conjugacy class, and [@]Y, [e]% C [«]S.
We call an essential curve system (see Definition 3.1) in D,, a standard curve system if each

component is isotopic to a round circle centered at the real axis as in Fig. 1. For an essential
curve system C in D,,, we define the standardizer of C as the set
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St(C) = {P € B,j': PxCis standard}

where P x C denotes the left action of the positive braid P on the curve system C, and then show
the following.

Theorem 4.2. For an essential curve system C in Dy, its standardizer St(C) is closed under Ag
and V', and hence a sublattice of B,. Therefore St(C) contains a unique <g-minimal element.

Theorem 4.9. Let « be a reducible n-braid with a reduction system C. Let P be the <g-minimal
element of St(C). Then the following hold.

(i) inf(e) <inf(PaP~ 1) <sup(PaP~') < sup(a).
(i) Ifa € [a]5, then PaP~! € [a]’.
(iii) Ifa €[]V, then PaP~ " € [a]Y.
(v) If o € [a]¥, then Pa P~ € [a]®.

Theorem 4.2 is essential in our approach to the reducibility problem, as the closedness under
AROf{P € B}: PP~ e[a]®}and {P € B}: PBP~! e[a]V} for B € [a]’ plays an important
role in solving the conjugacy problem [FG03,Geb05]. Theorem 4.9 shows that standardizing a
reduction system C of a braid by the < g-minimal element of St(C) preserves the membership of
the super summit set, ultra summit set and stable super summit set.

It is known by Birman, Lubotzky and McCarthy [BLMS83] and Ivanov [Iva92] that a reducible
surface automorphism admits a unique canonical reduction system. For o € B,;, let Rexi(c) be
the collection of the outermost components of the canonical reduction system of «. Let P be
the <g-minimal element of St(Rex(®)). Since Rext(PozP’l) = P % Rext(a) is standard, the
outermost component of D, \ Rex((Pa P -y s naturally identified with the k-punctured disk
Dy for some k < n. We define the outermost component aex of o as the k-braid obtained by
restricting the braid PaP~! to the outermost component of D,, \ Rexi(PaP~1). See Section 5
for the precise definition. The following is the main result of this paper. (In the statement, [oe]g
denotes the ultra summit set of o with respect to decycling. See the next section for the precise
definition.)

Theorem 7.4. Let o be a non-periodic reducible n-braid.

(1) If infs(aext) > infg (o), then each element of [«]Y has a standard reduction system.
(i1) If sup(cext) < sup,(a), then each element of [a]g has a standard reduction system.
(i) If « is a split braid, then each element of [«]V U [a]g has a standard reduction system.
(iv) If aext is periodic, then there exists 1 < g < n such that each element of [@?]V U [a‘/]g has
a standard reduction system.
(V) If tinf(Qext) > tinf(c), then there exists 1 < q < n(n — 1)/2 such that each element of [a?]
has a standard reduction system.
(Vi) If tsup(@ext) < tsup(@t), then there exists 1 < q <n(n — 1)/2 such that each element of [aq]g
has a standard reduction system.

U

Roughly speaking, the first statement of the above theorem says that if the outermost com-
ponent «ex¢ is simpler than the whole braid « up to conjugacy from a Garside-theoretic point of
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view, then every element of [o]Y has a standard reduction system. In this case, finding a reduc-
tion system is as easy as finding one element in the ultra summit set, because it is easy to find a
standard reduction system of a given braid if it exists by the results in [BGN93]. In Section 7, we
present three examples showing that the conditions in Theorem 7.4 cannot be weakened.

In [BGN95], Benardete, Gutiérrez and Nitecki showed that if a braid is reducible, then there
exists an element in its super summit set which has a standard reduction system. (The notion
of ultra summit set appeared later than their work, and from their proof we can replace ‘super
summit set’ in their statement with ‘ultra summit set.”) While their result concerns the existence
of an ultra summit element with a standard reduction system, Theorem 7.4(i)—(iii) show that,
under a certain condition, every ultra summit element has a standard reduction system.

We remark that the six types of braids in Theorem 7.4 cover most reducible braids. The braid
Oext Can be obtained, up to conjugacy, by deleting some strands from «, hence aex; cannot be
more complicated than «. Indeed, the following inequalities always hold (see Lemma 5.3):

inf (exy) = infy(@); supy (@ext) < sup; (a);

tinf (Ctext) 2 finf(at); Tsup (Qext) < Tsup (@).

Theorem 7.4 shows the characteristics of the braid conjugacy classes for which at least one of
the above inequalities is strict.
We briefly explain the idea of proof of Theorem 7.4.

e In Section 6, we show that if « is a split braid with the minimal word length in the conju-
gacy class, then the outermost component Rex () of the canonical reduction system of « is
standard. Since a positive braid has the minimal word length in the conjugacy class, we have
the following: if P is a positive split braid, then Rex(P) is standard.

e If a braid @ commutes with a non-periodic reducible braid §, then the canonical reduction
system of 8 is a reduction system of o. Combining this with the previous observation, we
have the following: if @« P = P« for some positive split braid P, then Rexi(P) is a standard
reduction system of o.

o If o belongs to the ultra summit set, then there exists a finite sequence @ = a9 — o] —
-+ = oy, = o for some m > 1, where o+ = A,-oziAi_1 for some permutation braid A;
fori =0,....m—1.If welet T = A;—1---A1Ap, then Ta = aT. Exploiting the <g-
minimal elements of the standardizers St(Rex¢(c;)), we show that T is a positive split braid
if inf; (ext) > inf; (@), from which Theorem 7.4(i) follows. The other statements are proved
using this.

1.3. Organization

In Section 2, we review the Garside theory in brad groups. In Section 3, we study the normal
form of the braids that send a standard curve system to a standard curve system. In Section 4, we
prove Theorems 4.2 and 4.9. In Section 5, we study the properties of the outermost component
aext Of a non-periodic reducible braid «. In Section 6, we show that if a split braid has the minimal
word length in the conjugacy class, then the outermost component of its canonical reduction
system is standard. In Sections 7 and 8, we prove Theorem 7.4, using the results of the previous
sections.
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2. Garside theory in braid groups

We give necessary definitions and results on Garside theory in braid groups. See [Gar69,
Thu92,EM94,BKL.98,DP99,Deh02,FG03,Geb05] for details. The n-braid group B, has the
group presentation

0i0j =0,0; 1f|l—j|>2,>

B,=\{01,...,0,— ey
" oo On—l oiojo; =0joi0; if [i — jl|=1

where o; is the isotopy class of the positive half Dehn-twist along the straight line segment
connecting the punctures i and i + 1. An n-braid can be regarded as a collection of n strands
I=0U---Ul,in[0, 1] x D?such that |IN({t} x D?)|=nfor0<t < 1andIN {0, 1} x D?) =
{0,1} x {1,...,n}.

2.1. Positive braid monoid

Let B,;F be the monoid generated by o1, ..., 0,1 with the defining relations: o;0; = o;0; for
li — j| >2; 0i0jo; = ojoioj for |i — j| = 1. B, is a (left and right) cancellative monoid that
embeds in B, under the canonical homomorphism. B, is called the positive braid monoid and
its elements are called positive braids.

Definition 2.1. The partial orders < and <g on B, are defined as follows: for P, Q € B;f,
P <, Qif Q=PS forsome S € B;f; P<g Qif Q= SP forsome S € B,

It is known that the posets (B,T ,<r) and (B,T , <) are lattices. Let Ay, and Vv (respectively,
Ar and V g) denote the gcd and the Iem with respect to <y, (respectively, <g). For positive braids
P1 and P, the gcd P; Ag P> and the lcm P; Vg P, are characterized by the following properties:

o Pi=Q((P; AR P2) and P, = Q>(P; AR Pp) for some Q1, Q> € B;r with Q1 Agr O =1;
e Pi Vg Po=R|P; =RyP, forsome R, Ry € B;’_ with Ry Ap Ry = 1.

The partial orders <; and <g, and thus the lattice structures in B,j can be extended to B,, as
follows: for o, B € By, a <1 B if B =aP for some P € B,"; a <g B if B = Pa for some
PeB;.

Definition 2.2. The braid A = (o1 - -0,—1)(01 - - -0opn—2) - - - (0102)07 is called the fundamental
braid (or the Garside element). Let D = {A € B;f: A <, A}. The elements of D are called
permutation braids (or simple elements).

The fundamental braid A has the following properties: A <y A if and only if A <g A for
Ae€eB; A<, Pifandonly if A<g P for P € B; 0; <, A and 0;A = Aoy, for i =
1,...,n— 1. Permutation n-braids are in one-to-one correspondence with n-permutations: for an
n-permutation 6, the diagram (in [0, 1] x R) of the corresponding braid is obtained by connecting
(1,i) e {1} x R to (0,0(i)) € {0} x R by a straight line for each i =1, ..., n and then making
the ith strand lie above the jth strand whenever i < j.

For P € B, ,lets;(P) = P AL A and sg(P) = P Ag A. Itis known that for P, Q € B,

n>’

sL(PQ)=s.(Ps (Q)) and sg(PQ)=sg(sr(P)Q).
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For « € By, there are integers u < v such that A* <y o < AY. Let inf(o) = max{u € Z:
A* < o} and sup(o) = min{v € Z: o < AY}.

Definition 2.3. The expression A¥Aj - -- A, is called the left (respectively, right) normal form of

o if u =inf(a), A; e D\ {1, A} and sp.(A; --- A;y) = A; (respectively, sg(A1---A;) = A;) for

i=1,...,m.

Definition 2.4. For P € B,J[ , the starting set S(P) and the finishing set F (P) of P are defined as
S(P)={i|loi <L P} and F(P)={i|o; <g P}.

The following properties are well known [Thu92,EM94].

Lemma 2.5.

(i) For a positive braid P, S(sp(P)) = S(P).
(1) If A is a permutation braid with induced permutation 0,

SA={i|67"@)>07"G+ 1} and F(A)={i|6G)>6G+D}.

(iii) For permutation braids A and B, the expression AB is in left (respectively, right) normal
form if and only if F (A) D S(B) (respectively, F(A) C S(B)).

By Thurston [Thu92], an n-braid « has a unique expression
_ p-1
a=P  Q,

where P, Q € B, and P Ap, Q = 1. We call it the np-form of «. Similarly, we define the pn-form
ofaasa=PQ !, where P, Qe B} and P Ag Q=1.

Let 7 be the inner automorphism of B, defined by t(o;) = 0,,—;. Then A e A = 1(a) for
a € B,,. The following is known [Cha95, Lemma 2.3].

Lemma 2.6. Let P, Q € B. For Ae D, let A= AA™".

() Let P = ApAp—1---Ay and Q = Apy1Amy2--- Ar be in left normal forms. If P70 is
in np-form, then AT A -~~r_1(Am_1)AmAm+1 -+~ Ay is the left normal form of
r1o.

(i) Let P=A1A>---Apand Q = AjAj—1 - App b_e in right norm_alforr_ns. IfPQ_1 is in pn-
form, then A™ Lt =LA - LA T" T (Apa1) - TN (A1Z1) Ay is the right normal

form of PQ~ 1.
2.2. Conjugacy problem in braid groups

Let A*Aq--- A, be the left normal form of @ € B,,. The cycling ¢(«) and the decycling d(«)
are defined by
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cla)=A"Ay--- Ayt "(A1);
d(a) = A"t"(Ap)Ar--- Ayt

Let [r] denote the conjugacy class of «. Let infy () = max{inf(8): B € [«]} and sup, (o) =
min{sup(B): B € [a]}.

Definition 2.7. For « € B,,, the super summit set [«]5, the ultra summit set [@]V and the stable
super summit set [«]%" of « are defined as follows:

= {/3 € [a]: inf(B) = infs (o), sup(B) = sup; (a)};
[a]U {B €lal®: ¢"(B) = B for some m > 1};

(1% = {B e [a]®: B" €[a™]’ forallm > 1}.
By definition, []Y and [«]5 are subsets of [«]5.
Theorem 2.8. Let o € B),.

(1) If ™ () = o for some m > 1, then inf() = inf; («).
(ii) Ifd™ () = o for some m > 1, then sup(a) = sup, (o).
(iii) ¢"d (@) € [«]Y for some m,1 > 0.
(iv) Both [o]’ and [«]Y are finite and nonempty.
) If B € [«]3, then ¢(B),d(B), T(B) € [a]5. The same is true for [o]V.
(vi) If B € [@]5, then c(d(a)) = d(c(@)), T(c(B)) = e(x(B)) and T(d(B)) = d(z(B)).

(vii) For B, B’ € [a]®, there is a finite sequence
B=Bo— B1—> = Bu=p

such that fori =0,...,m —1, B; € [«]® and Biy1 = Aiﬂ,-Ai_l for some A; € D. The same
is true for [a]Y.

For the results on stable super summit sets, see [LL06a,LLO6b]. For g € [«]5, let

cSpy={PeBl: P'prPe(p®}:
cVB)={PeB,: PP c(BlY}.

Both C5(B) and CY(B) are closed under Ay by Franco and Gonzilez-Meneses [FG03] and
Gebhardt [Geb05], respectively. The closedness under A; makes the conjugacy algorithm more
efficient.

For a nonempty subset V of B,", we call an element P € V the <g-minimal element of V
if P <g Q for all Q € V. By definition, the <g-minimal element is unique if it exists. If V is
closed under Ag, then V has the <g-minimal element.

The following notions are useful in studying powers [LL07a,LLLO6b]. For « € B, let

inf (o™ sup (o
tinf(a):mlgnoo ’(: ) and fyp(a) = ll)moo P« ).
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The following lists important properties of fin(+) and #syp(-). See Lemmas 3.2, 3.3, Theorem 3.13
in [LLO7a], and Corollary 3.5 in [LLO6b].

Theorem 2.9. Let o € B,,.

® tinf(Va)’_l) = tint(ar) and tsup(VO‘y_l) =tsup(@) forall y € B,.
(i) fint(@™) = mtine(ar) and tsup(@™) = misp(a) for allm > 1.
(i) infs (o) < finf(ar) < infy(@) + 1 and supg(a) — 1 < typ(ar) < supg(a).
(iv) tinf(ar) and tgup(a) are rational of the form p/q for some integers p,q with 1 < q <
nn—1)/2.

2.3. Duality between cycling and decycling

In many aspects, the cycling and the decycling are dual to each other. We define a variant of
the cycling as follows so that the duality is more clear. See Lemmas 2.11 and 2.13.

Definition 2.10. For « € B,,, define ¢cp(a) = T~ (c(a)).

Since t2(B) = B and t(c(B)) = ¢(7(B)) for B € [«]’, we can replace ¢ with ¢g in Theorem 2.8
and in the definition of [«]Y. In particular, for an element § € [a]®, B belongs to the ultra summit
set [«]Y if and only if cg’(,B) = B for some m > 1.

Lemma 2.11. Let A"A; --- Ay, be the left normal form of o € B,,.

(i) The set {P € B;f: inf(Pa) > inf(«)} is nonempty and closed under Ag. The <g-minimal
element A of this set is the permutation braid t™" (AAI_I) and satisfies co(a) = Aa A~

(i) The set{P € B,T : sup(ozP_l) < sup(w)} is nonempty and closed under A g. The < g-minimal
element A of this set is the permutation braid A,, and satisfies d(a) = Aa A~

Proof. We prove only (i) since (ii) can be proved similarly. Nonemptiness of {P € B,
inf(Pa) > inf(e)} is clear. Note that

o (Ba) Ar (ya)=(BAry)aforalla, B,y € By;
e inf(a Ag B) = min{inf(x), inf(B)} forall o, B € B,,.

If inf(Po) > inf(e) and inf(Q«) > inf(e) for positive braids P and Q, then
inf((P AR Q)oz) = inf((Pa) AR (Qa)) = min{inf(Pa), inf(ro)} > inf(a).

Therefore, the set {P € B,j‘: inf(Pa) > inf(a)} is closed under Ag.
It is easy to see that the <z-minimal element A is 77 (AAl_l) and, hence,
AaA™ = (A (A7) (A" A1 - Ay) (rT(ADATY
=A(A"Ay- - AT (AD) AT = Ac(@) AT =77 (e()

=cp(@). O



792 E.-K. Lee, S.-J. Lee / Journal of Algebra 320 (2008) 783-820

Fig. 2. The unnested standard curve system Cy forn= (1, 1,2, 1,2, 3).

Definition 2.12. For « € B,,, the set
[a]y ={B €la]’: " (B) = B for some m > 1}
is called the ultra summit set of o with respect to decycling.

The following lemma is easy to prove, so we omit the proof. It shows that there is a duality
between ¢o(-) <> d(-), inf(-) <> sup(-) and []V < [1§.

Lemma 2.13. Let @ € B,,.

(i) inf(e) = —sup(a~!) and inf(a) = —sup,(a@™).
(i) co(e) = (@)~ L.
(i) B € [a]® ifand only if B~ € [a™1]5.
(iv) BelalV ifand only if =" € [a™11].

3. Braids sending a standard curve to a standard curve

In this section we study the normal form of braids that send a standard curve system to a
standard curve system. We collect basic properties of such braids in Lemma 3.5, from which the
other results of this section follow easily.

We start by defining some notions. Throughout the paper, we do not distinguish the curves
and the isotopy classes of curves.

Definition 3.1. A curve system means a finite collection of disjoint simple closed curves. A sim-
ple closed curve in D, is said to be essential if it is homotopic neither to a point nor to a puncture
nor to the boundary. An essential curve system in D,, is said to be standard if each component is
isotopic to a round circle centered at the real axis as in Fig. 1. It is said to be unnested if none of
its components encloses another component. See Fig. 2.

Definition 3.2. The n-braid group B, acts on the set of curve systems in D,. Let « * C denote
the left action of o € B, on the curve system C in D,. An n-braid « is said to be reducible if
o * C = C for some essential curve system C in D,.. Such a curve system C is called a reduction
system of «.

The unnested standard curve systems in D, are in one-to-one correspondence with the
k-compositions of n for 2 < k < n — 1. Recall that an ordered k-tuple n = (ny,...,ng) is a
k-composition of n if n; > 1 foreachi andn =ny + --- + ng.



E.-K. Lee, S.-J. Lee / Journal of Algebra 320 (2008) 783-820 793

=E = S5

S
—/x —_
~ P00 Gl \,’\’L
@ (o7 'o2)n. ®) (@} Bo; 03 ®1). (0 (0] 'oa)n(o] Do 205 ®1).

Fig.3.n=(2,3,1).

Definition 3.3. For a composition n = (n1,...,n) of n, let C, denote the curve system

Uy, >2 Ci» where C; is the standard curve enclosing {m: Z’] 11 nj<m< Z }. See Fig. 2.

The k-braid group By acts on the set of k-compositions of n via the induced permuta-

tions: for a k-composition n = (n1, ..., ng) and g € By with induced permutation 9, g * n =
(ng—l(l), ey ne—l(k)).
Definition 3.4. Let n = (ny, ..., ny) be a composition of n.

o Letag=1;U---Ul be a k-braid with [; N ({1} x D?) = {(1, 1)} for each i. Note that the
strands of ¢ are numbered from bottom to top at its right end. We define («p)y, as the n-braid
obtained from ¢ by taking n; parallel copies of /; for each i.

e Leta; € By, fori=1,..., k. We define (a1 @ - - - @ o) as the n-braid aj) - - - o}, where «;
is the image of o; under the homomorphism B,,;, — B, defined by ¢ > 0y, 4...qn;_;+j-

We will use the notation & = {xg)n(t] @ - - - @ ax) throughout the paper. See Fig. 3.

Lemma 3.5. Let n = (ny, ..., ng) be a composition of n.

(1) The expression a = {ap)n(ct1 @ --- D ag) is unique, i.e., if (o)l & --- O ag) =
(Bo)n(B1® - @ Bi), thena; = B; fori =0,... k.
(ii) If o = (oo)n(a1 @ - - - @ ag), then a x Cy is standard and, further, a % Cy = Cyysn. Con-
versely, if o * Cy is standard, then o can be expressed as o = {(ag)n(a] D -+ - B o).
(iii) Let o = {ag)n(ot; ® - - - D ). If all ;s are positive (respectively, permutation and funda-
mental) braids, then so is «.
1v) {ap)n(a1 ®---Pay) = (0[971(1) ®--- @Olefl(k))<0l0>n, where 0 is the induced permutation
of ap.
(v) (@0Boln = (@0) o Bo)n-
Vi) ((eo)n) ™ = (g agen-
(vil) (@11 @ Poufr) =@ @--- Dag)(B1 D @ Py).
(Vi) (@1 @ @) =@ @ v ).
(ix) Let Ag and By be permutation k-braids. AgBy is in left (respectively, right) normal form
if and only if (Ao) Byxn{Bo)n is in left (respectively, right) normal form.
(xX) Let P;, i =0,...,k, be positive braids with appropriate braid indices. Let A; = sy (P;)
and B; =sp(P;) fori =0, ..., k. Then

SL((PI P ) Pk)(PO>n) =(A18--- P Ak)<A0>(A61P0)*n;

sR((Po)n(P1 @+ @® Pr)) = (Bo)n(B1 @ - @ By).
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Proof. The statements from (i) to (viii) are easy to prove. Let us prove (ix) and (x).
(ix) Let Bo xn= (n|,...,n) and N; =n +---+n} fori =1, ..., k. Then,

F((Ao)Bysn) = {Ni: i € F(A0)};
S((Bo)n) = {Ni: i € S(Bo)}.

Hence, F(Ag) D S(Byp) if and only if F({Ao)By«n) D S({Bo)n), and F(Ag) C S(By) if and only
if F((Ao)Bysn) C S((Bo)n)-

(x) We prove only the second identity. The first one can be proved in a similar way. It is easy
to see that sg ((Po)n) = (Bo)n by (ix) and that s (P1 @ --- ® Pr) = (B1 & --- @ By). Let 0 be the
induced permutation of By. Then, by (iv)

sR({(Po)n(P1 @+ ® Pp))

SR(sR((Po)n)(P1 @ --- @ Py))
SR({Bo)n(P1 @ -+ @& Po)) =sr((Py-11) ® - @ Py-1(1)) (Bo)n)
SR(SR(Py-1(1) ®  ® Py-11) (Bo)n)

((Bo-1(1) ® -~ ® By-1)) (Bo)n)

((

sr((Bo)n(B1 @ -+ @® By)) = (Bo)n(B1 ® -+ @ By).

SR

The last equality holds since (Bo)n(B1 @ - - - @ By) is a permutation braid by (iii). O
Let br(a) denote the braid index of «.
Lemma 3.6. Let o = (ag)n(a; ® --- D ag) € By.

(i) inf(a) = min{inf(e;): i = 0 Lk, br(a;) > 2}

(i1) sup(o) = max{sup(e;): i = Lk, br(a;) > 2}.
(iii) « is a positive (respectively, permutanon and fundamental) braid if and only if each «; is a
positive (respectively, permutation and fundamental) braid fori =0, ..., k.

Proof. (i) Let r = min{inf(c;): i =0, ..., k,br(e;) > 2}. Set ng=k.Fori =0,...,k, leta; =
A{P,-, where A; is the fundamental braid of B,, and P; € B,‘l‘l‘,. Let P=(Po)n(P1 & - - D Pp).
By Lemma 3.5(iv), (v) and (vii),

(AGPo) (ATPL® - @ ALPY)
(A6>P0*n<Po>n(Aq O DA)PID-- D P)
(A6>P0*n( 1(1)69 ®A l(k))<PO)n(Pl®®Pk)

where 6 is the induced permutation of Py. Since Py * n = (ng-1(}y, ..., np-1()), We have
(A )po*n(Ae " DD Ae k) ) = A", and hence @« = A" P. Since inf(P;) = 0 for some P;
with br(P;) > 2 sR(P) # A by Lemma 3.5(x). Therefore inf(a) =r.

(ii) Since sup(o) = —inf(ae™1) by Lemma 2.13(i) and a = (011_1 D---D otk_l)(ao_l)ao*n by
Lemma 3.5(vi) and (viii), the assertion follows from (i).
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Fig. 4. The 4-braid «, whose normal form is of the form A*1A1A2A3 Ay, sends the standard curve system C(j 2 1y to

. Al Ay Ay A3 Ay
the standard curve system C(2 1,1y as follows: C2 1,1) <—C(1,1,2) <—C2,1,1) < Ca,2,1) < C2,1,1) < Ca,2,1)-

(iii) Note that a braid S is a positive (respectively, permutation and fundamental) braid if and
only if inf(8) > 0 (respectively, 0 < inf(8) < sup(B) < 1 and inf(B) = sup(B) = 1). Therefore,
the assertion follows from (i) and (ii) and Lemma 3.5@ii). O

Lemma 3.7. Let C be a standard curve system in Dy, and P € B,| such that P * C is standard.

(1) If P= QA and A =sg(P), then A xC is standard.
(i) If P=AQ and A =sp(P), then Q xC is standard.

Proof. A curve system is standard if and only if each of its components is standard. Hence, we
may assume that the given standard curve system C is unnested. Let C = Cy for a composition
n=(ny,...,n;) of n.

(1) P =(Po)n(P1 @ --- @ Pr) for some positive braids P;, i =0, ..., k, by Lemmas 3.5(ii)
and 3.6(iii). By Lemma 3.5(x), A = sgr(P) = (sg(Po))n(SR(P1) @ --- D sgr(Pr)). By Lem-
ma 3.5(ii), A * C is standard.

(ii) P = (P1®- - -&® Py)(Po)n for some positive braids P;,i =0, ..., k, by Lemmas 3.5(ii), (iv)
and 3.6(iii). Let A; = sz (P;) fori =0,...,k. Then A=s;(P)=(A| & --- & Ak)(A())(A(;IPO)*n

by Lemma 3.5(x). By Lemma 3.5(vi) and (viii), A~" = (A; ") ppun(A7' @ -~ @ A"). By
Lemma 3.5(ii),

O#Cn=(AT"P)xCa=A""%(P*Cn) = A" % Cppin
—1 -1 -1
= (<A0 )Po*n(Al SZARA Ak )) * Crosn = C(A(;IPU)*H'
Hence Q *C is standard. O

Theorem 3.8. Let C be a standard curve system in D, and A" Ay --- Ay, be the (left or right)
normal form of « € By,. If a % C is standard, then so is (A; -+ Ay) *C fori=1,...,m.

Proof. It is an immediate consequence of Lemma 3.7, because (Aj---A,) *C=A"" % (a *C)
is standard. O

Roughly speaking, Theorem 3.8 says that if a braid « sends a standard curve system to a
standard curve system, then so does each permutation braid in the normal form of « as in Fig. 4.
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Corollary 3.9. Let A¥Aq--- A,y be the left normal form of an n-braid o. If a has a standard
reduction system C, then co(a), d(a) and t(a) have standard reduction systems T ™" (AAI_I) *C,
Ap % C and A~V % C, respectively.

Proof. A,, xC is standard by Theorem 3.8. By Lemma 2.11,
d(o) *x (A, xC) = (AmOlAZI) * (A xC)=A, x(axC)= A, xC.

Therefore d(«) has a standard reduction system A,, * C. In the same way, t(«) and co(«) have
standard reduction systems A~! % C and 77" (AAI_I) * C, respectively. O

Corollary 3.10. Let « be a reducible n-braid with a reduction system C. There exists an element
B of the ultra summit set [V which has a standard reduction system. Precisely, there exists a
positive braid P such that B = Pa P~ belongs to [«]V and P xC is a standard reduction system

of B.

Proof. Let P; be a positive n-braid such that Pj * C is standard. Then Pya P ! has the stan-
dard reduction system Pj x C. Take I, m > 0 such that 8 = cédm(PlaPl_l) belongs to [a]Y.
Lemma 2.11 and Corollary 3.9 say that if y € B, has a standard reduction system C’, then there
are permutation braids A and A; such that ¢o(y) = Aly/Al_1 and d(y) = Az)/Az_l have stan-
dard reduction systems A * C" and Aj * C’, respectively. Hence, we can find a positive n-braid
P> such that 8 = Pz(PlozPl_l)Pz_l and P, % (P; *C) = (P, P1) % C is standard. Let P,P; = P.
Then, g = PaP~!and B has the standard reduction system (P, P;) *C =P xC. O

Corollary 3.11. Let C be a standard curve system in D, and let a x C be standard for an
n-braid .

() If P~1Q is the np-form of a, then Q % C is standard.
@G) If P 0~ Vis the pn-form of a, then 0~ % C is standard.

Proof. By Lemma 2.6 and Theorem 3.8, Q *C and Q™! % C are standard. O

We remark that Theorem 3.8 and Corollary 3.10 were obtained also by Benardete, Gutiér-
rez and Nitecki [BGN95, Theorems 5.7 and 5.8], and that these two are enough to solve the
reducibility problem because there is an efficient algorithm that decides whether a given braid
has a standard reduction system or not and finds one if it has [BGN93]. However, Corollary 3.10
guarantees only the existence of an element (in the ultra summit set of a reducible braid) that
has a standard reduction system. To solve the reducibility problem using only Corollary 3.10, we
have to compute all the elements in the ultra summit set.

4. Standardizers of curve systems
Definition 4.1. For an essential curve system C in D,,, we define the standardizer of C as the set

St(C) = {P € B;r: PxCis standard}.
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Fig. 5. C; L Cp means that Cy = P xCj.

This section is devoted to the study of properties of standardizers. Clearly, St(C) is nonempty
for any essential curve system C. Theorem 4.2 shows that standardizers are sublattices of B,
hence they have unique <g-minimal elements. The main result of this section is Theorem 4.9
that for any reduction system C of a reducible braid «, conjugating « by the < g-minimal element
of St(C) preserves the membership of the super summit set, ultra summit set and stable super
summit set. Proposition 4.4 and Corollary 4.5 show that the <g-minimal element of St(C) does
not entangle any standard curve disjoint from C. Proposition 4.8 is a characterization of the
< g-minimal element of St(C) in terms of normal form and lattice operations.

Theorem 4.2. For an essential curve system C in D,,, its standardizer St(C) is closed under Ag
and V'R, and hence a sublattice of B,':'. Therefore St(C) contains a unique < g-minimal element.

Proof. (See Fig. 5.) Let Py, P, € St(C). Let Py = Q1(P1 Ag P») and P, = Q2(P; AR P») for

Q1,02 € B with Q1 Ag Q> = 1. Then P, = Q2(P; Ag P) = 020" Py, and 0,07 is in
pn-form. Since Py x C and P, * C are standard and

Py xC=(0207")* (P 0),

Ql_1 x (P *C) = (P) AR P2) *C is standard by Corollary 3.11(ii).
Let Py VR P =R P =Ry)P, for R, Ry € B;l’_ with Ry A Ry = 1. Then R;1R1P1 =P,
and R ! R; is the np-form. Since Py *C and P, * C are standard and

Py C=(Ry'Ri) * (P ),
Ry % (P xC) = (P Vg P2) xC is standard by Corollary 3.11(1). O
Let C, C; and C; be essential curve systems such that C = C; U C,. Then St(C) C St(C;) for
i =1,2.Let P, P; and P; be the < g-minimal elements of St(C), St(C;) and St(C,), respectively.

By Theorem 4.2, Py <g P and P> <g P, hence (P Vg P») <g P. One may expect that P =
P Vg P>. However, the following example shows that it is not true in general.
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Fig. 6. Standardization of a curve system.

Fig. 7. C is inside C’ in the first figure, and outside C’ in the other two figures.

Example 4.3. Let C; and C, be the curves in D4 as in Fig. 6. The <g-minimal elements of
St(C1), St(C2) and St(Cy U Cy) are o1, o3 and 020103, respectively. Note that o20703 is not
equal to o1 Vg 03 = 0103.

The following proposition shows that, when an essential curve C in D,, is standardized by the
action of the <z-minimal element of St(C), any other standard curve disjoint from C remains

standard.

Proposition 4.4. Let C be an essential simple closed curve in D, and let P be the <g-minimal
element of St(C). For any standard curve C' in D,, with C N\ C’ =, the curve P x C’ is standard.

Proof. Let C’ be a standard curve which is disjoint from C and encloses the punctures {r, r +
1,...,r +s}. Because C and C’ are disjoint, C is either inside C’ or outside C’ as Fig. 7.

Case 1. C is inside C’.

There exists a positive braid Q written as a positive word on oy, ..., 0r45—1 such that Q x C
is standard. Since Q € St(C) and P is the <g-minimal element of St(C), we have P <y O,
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(b) The braid diagram L of Q.

Fig. 8. The positive braid P = 01030703 standardizes the thick curve C in (a). The strands in K" =1I; Ul cross I3 once
and /4 twice. The braid diagram L is the union of K" and two parallel copies of /3. It represents a positive braid Q which
standardizes both C and C’.

hence Q = RP for some positive braid R. In particular, P is written as a positive word on
Oy, ...,0015_1,and hence P * C' = C’ is standard.

Case 2. C is outside C’.

For a braid diagram K, let ¢(K) denote the number of crossings in K. Note that if all the
crossings in K are positive, then K represents a positive braid Q with |Q| = ¢(K), where | Q|
denotes the word length of Q with respect to o;’s.

Claim. Let C and C’ be essential simple closed curves in D,, such that C’ is standard and C is
outside C'. Let P be an element (not necessarily the <g-minimal element) of St(C). Then there
is a positive braid Q such that |Q| < |P| and both Q * C and Q * C' are standard.

Proof of Claim. See Fig. 8 which illustrates this proof with a simple example. Let K =/, U---U
l,, be a braid diagram of P in [0, 1] x R such that the number of crossings in K is exactly | P|.
Here we assume that the rightend of /; is (1,i) fori =1,...,n.Let{r,r+1,...,r + s} be the set
of punctures inside C". Let K' =1, Ul, ;1 U---Ul,y;and K" =K\ K'.Fori=r,...,r +s,let
e; be the number of crossings between /; and K”. Let e;, be the minimum of {e,, ¢, 11, ..., €, 45}.
Then

|P|=c(K)=c(K") +c(K") + (e + -+ er45) 2 c(K") + (s + Dej.

Let L be the braid diagram which is the union of K” and (s + 1) parallel copies of /;;, and let Q
be the positive braid represented by L. Since all the crossings in L are positive,

101 = c(L) = (K" + (s + Dejy < | P].

By the construction of Q, both the curves Q * C and Q x C’ are standard. O
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By the above claim, there exists a positive braid Q such that |Q| < |P| and both Q * C and
Q * C’ are standard. Because P is the <g-minimal element of St(C) and Q * C is standard, we
have P <y Q. Since |Q| < |P|, we obtain P = Q, hence P * C’ is standard. O

Proposition 4.4 says that if we standardize the components of a curve system C = C;U---UCy
one after another by the < g-minimal element of the standardizers as follows, then the product of
the < g-minimal elements used in this process is exactly the < z-minimal element of St(C).

(i) Standardize the first component C; of C using the <g-minimal element P; of St(Cy). Then
Pix*C=P *CyU---UP; xCy and P; * Cy is standard.
(ii) Standardize the second component P * C; of P; % C by the <g-minimal element P, of
St(Py * C2). Then the first two components (P, Py) * (C1 U C2) of (P2 Py) * C are standard.
(iii) Continue the above process. Then (Py --- Py) * C is standard. Corollary 4.5 shows that in
fact Py --- Py is the <g-minimal element of St(C).

Corollary 4.5. Let C,Cy, ..., Cy be essential curve systems in Dy, such that C=Cy U ---U (.
Let P be the <g-minimal element of St(C).

@) If P; is the <g-minimal element of St((P;—1--- P1) % C;), then P = Py Py_1 - - Py.
(ii) For any standard curve C’ disjoint from C, the curve P x C' is standard.

Proof. We prove the corollary only for the case when each curve system C; has only one com-
ponent. The general case can be proved easily from this. Suppose that each curve system C; has
only one component.

Claim. The following hold for eachi =0, 1, ..., k.

(@ PiPi_1---PI<pP.
(b) The curve (P;P;_1--- P1) % C;j is standard for j =1,...,i.
(¢c) For any standard curve C’ disjoint from C, the curve (P; P;_y - -- P}) x C’ is standard.

Proof of Claim. The statement is obvious for i = 0 since P, - - - P is the identity. Using induc-
tion on i, assume that the statement is true for some i with O <i < k. Since P; --- P; <g P,

P=0Q(P;P)

for some Q € B;f. Since Q x ((Pi---Py) * Ciy1) = P * Ci11 is standard and Py is the
< g-minimal element of St((P; - -- P1) *C;+1), we have P; 1| <g O, hence

Piy1Pi---Pr<gr Q(P;---P1)=P.

By the induction hypothesis, (P; --- P{)*C’ and (P; - -- P;) *C ; are standard curves disjoint from
(Pj---P1)*xCiyy for j =1,...,i. Since P;y| is the <g-minimal element of St((P;--- Pp) *
Cit1), (Pig1Pi---P1) « C" and (Pip1 P;--- P) % Cj for j =1,...,i are standard by Proposi-
tion 4.4. By definition of P41, (Pi11P;--- P;) *C;y is standard. O

By (b) of the above claim, (P Px_1--- P1) % C is standard. Since P is the <z minimal
element of St(C), P <g (PxPi—1--- P;). By (a) of the claim, (PxPx—1--- P;) <gr P, hence
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Fig. 9. The figure shows that 83 4y(01)4,3) = (01)4,3)0(4,3)-

P = Py Py_;--- P. By (c) of the claim, P % C’ is standard for any standard curve C’ disjoint
fromC. O

In the rest of this section, we use the following definition.

Definition 4.6. For a composition n = (ny,...,nx) of n, we define the symbol 8, and non-
negative integers Ng, N1, ..., N as follows:

® on=A13 - ® Ag, where A; is the fundamental braid of B,,, fori =1,...,k;
e No=0and N;=ni+ny+---+mn;fori=1,... k.

Then, for a composition n = (n1, ..., ng) of n and o; € By, the following hold.
o If A <y 8y, then A xCy =Cy.
o SGn)=FGn)=1{1,...,n = 1}\{Ny,..., Nk—1}.
® 0ikN=0;, *N=(N1,...,0_1, 041, M, Ni42, ..., k).
L4 5n<(7i)a,-*n = <Ui)a,-*n60,-*n~ See Fig. 9.

Lemma 4.7. Let n = (ny, ..., ng) be a composition of n.

(1) Let A be a permutation n-braid with induced permutation 0. Then 8, A is a permutation
braid if and only if 0= is order-preserving on the set {Ni_i + 1,..., N;} for each i =
1,...,k, that is,

O N1+ D) <07 " (NiZ1 +2) <+ <07 (V).

(ii) For a positive n-braid P, the starting set S(8y P) is strictly greater than the starting set S(8y)
if and only if (0i)o;4n <1 P for somei € {l, ...,k —1}.

Proof. (i) Itis an easy consequence of the fact that a positive braid P is a permutation braid if and
only if any two of its strands cross at most once [Thu92, Lemma 9.1.10] or [EM94, Lemma 2.3].
See Fig. 10.

(ii) See Fig. 11. Suppose (0i)o;«n <1 P for some i € {1,...,k — 1}. Then N; € S(6uP),
hence S(8n P) is strictly greater than S(6n). Conversely, suppose that S(6, P) is strictly greater
than S(8p). Let A be the permutation n-braid such that s (6, P) = dp A, that is, 6, A is the first
permutation braid in the left normal form of §, P. Then N; € S(6,A) for somei € {1,...,k—1}.
Let w and 0 be the induced permutations of §, and A respectively. Then

o '\N)=Ni_1+1 and o '(Ni+1)=Niy.
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Fig. 10. The figure shows a permutation braid of the form §(3 4)A for a permutation braid A. If 6 is the induced permu-
tation of A, then 6~ lis order-preserving on each of the sets {1, 2, 3} and {4, 5, 6, 7}.

X

Fig. 11. The figure shows a permutation braid of the form §(3 4)A for a permutation braid A. If 3 € S(§(3 4)A), then two
thick strands cross each other and, hence, (0'1)(4,3) < A

Since N; € S(8,A), we have (w8) " 1(N;) > (w8) 1 (N; + 1) and, hence,
0~ (Nic1 + 1) > 07 (Nig). (1)

Because ! is order-preserving on each of the sets {N;_1 + 1, N;_1 +2,..., N;} and {N; + 1,
Ni+2,..., Ni+1}, we have the following:

O (Nii+ D) < <07' (N = 1) <07 (V) )
NN +1) <0 " (Ni+2) <+ <607 (Nj41). (3)

From (1), (2) and (3), we obtain (0;)g,sn <L A<y P. O

The following proposition characterizes the minimal element of the standardizer St(C) of a
curve system C.

Proposition 4.8. Let C be an unnested curve system in D,. Let P be a positive braid such that
P % C is standard and, hence, P x C = Cy, for some compositionn= (ny,...,ny) of n. Then the
following conditions are equivalent.

(1) P is the <g-minimal element of the standardizer St(C).
(i) P AL dn=1and Sy P) = S(6pn).
(iii) P~1(84P) is in np-form.
(iv) P~1 (SLP) is in np-form for some [ > 1.
) P_I(SLP) is in np-form for all |l > 1.

Proof. We prove the equivalence by showing that (i) < (ii) = (v) = (iii) = (iv) = (ii). The
implications (v) = (iii) and (iii) = (iv) are obvious.
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(i) = (i1)) Let A= P AL ép and let P = AQ for some positive braid Q. Since A <y, én,
A % Cp = Cp, and hence

0+%C=A""%x(PxC)=A"" %Cy =Cp.

Therefore Q € St(C). By the <g-minimality of P, we have P = Q and, hence, P A éhy = A =1.
Assume that S(8p P) is strictly greater than S(6y). Then, by Lemma 4.7(ii), P = (0;)0,4n Q
for some i € {1, ...,k — 1} and some positive braid Q. Since

0#C= ((G,')g,-*n)_l *(P*C)= (al._1>n * Cp,

Q *C is standard. This contradicts the <g-minimality of P. Consequently, S(8,P) = S(n)-
(i) = (i) Let Q be the <g-minimal element of St(C). Let Q * C = C,y for some composition
n’ of n. Since P % C is standard, P = RQ for some positive braid R. Since

R+Cy=R+(Q*C)=P xC=0=Cyp,

the positive braid R sends the standard curve system Cyy to the standard curve system Cy. There-
fore, by Lemmas 3.5(ii) and 3.6(iii), R = (Ro)y (R1 @ - - - ® Ry) for some positive braids R; with
appropriate braid indices, and Ry x n’ =n.

If (Ri®---® Ry) #1,then P Ap 8y # 1. This contradicts the hypothesis. Therefore (R| &
@Ry =1.

If Ry # 1, then Ry = o; R, for some i € {1, ...,k — 1} and a positive k-braid R;,. Since Ry *

n/=ai_1>x<(Ro>x<n’)=al._l*n:ai*n,

(Row = (01) g s (R0 )y = (01 )oysm(RG) -

Since (07)o;%n <1 (Ro)w <1 P, S(8nP) is strictly greater than S(8,) by Lemmas 3.5(ii). This
contradicts the hypothesis S(6y P) = S(6n). Therefore R = 1 and, hence, P is the <z-minimal
element of St(C).

(i) = (v) We first claim that S(ch,P) = 8(yp) for all I > 1. Let §,A = s;(6pP). Since
S(6pA) = S(6n P) by Lemma 2.5(i) and S(6n P) = S(8n) by the hypothesis,

S(BnA) =SB P) = S(Bn) = F(5n).

In particular, F(5p) D S(6nA), and hence 8,(5pA) is in left normal form by Lemma 2.5(iii).
Since F(6n) = S(6n), 6n---6n(6nA) is the left normal form of 6£IA for all / > 1, and hence
\ﬁf—d
-1
S(LP) = S(8LA) = S(8n).
Now we have S(BLP) = S(8p) for all [ > 1. By the hypothesis P A 8, =1,

S(P)NS(84P) =S(P)NS@Bn) =9 foralll> 1.
Consequently, P Ar (SflP =1and P! (SflP) is in np-form for all [ > 1.

(iv) = (ii) Let P~1(8, P) is in np-form for some [ > 1, that is, P Ay (8}, P) = 1. Since P AL,
8n <z P AL (8L P), we have P AL 8y =1.



804 E.-K. Lee, S.-J. Lee / Journal of Algebra 320 (2008) 783-820

Assume that S(dy P) is strictly greater than S(5p). By Lemma 4.7(ii), we have

P= (Gi>0i*nQ (4)
for some i € {1, ...,k — 1} and some positive braid Q. Since 8n(0;)s;sn = (07 )o;+n00;%ns
84 P = 8(01)0;4n Q = (0i) om0 4n O (5)

By (4) and (5), we obtain (07 )¢, «n <1 P AL ((Sfl P), which contracts the hypothesis that p! ((Sfl P)
is in np-form. As a result, S(5p P) = S(6p). O

Now we are ready to show that standardizing a reduction system C of a braid by the
< g-minimal element of St(C) preserves the membership of the super summit set, ultra sum-
mit set and stable super summit set. The anonymous referee of this journal pointed out that our
initial proof of the following theorem contains a mistake. The proof is corrected as suggested by
the referee.

Theorem 4.9. Let a be a reducible n-braid with a reduction system C. Let P be the <g-minimal
element of St(C). Then the following hold.

() inf(a) <inf(PaP~1) < sup(PaP_l) < sup(a).
(i) Ifa € [a]5, then PaP~! € [a]®.
(iii) Ifa €[]V, then PaP~ ' € [a]Y.
(v) If o € [a]¥, then Pa P~ € [a]®.

Proof. First, suppose that C is an unnested curve system. Let P x C = Cy for a composition
n=(n,...,n;) of n. Letu = sup(P). Define P = A*P~!and Q = PBKZIP. By Proposition 4.8,
P~1(82 P) is in np-form, hence, by Lemma 2.6(i),

P= O AL Asup(ls)‘

Since (Pa P~ ") % Cp=Cn, PaP~' = (Bo)n(B1 ® - -- ® Br) for some B;’s with appropriate braid
indices, and Bp * n = n. Thus Pa P! commutes with 8,2,, and it follows that « commutes with
P~182P. Therefore Qu Q™! = (A*P~182P)a(A* P7182P)~! = 17 (ax). That is,

0 't @O =a ©6)
Consider the following sets:
C(a) ={R € B;: inf(e) <inf(R™'aR) < sup(R™'aR) < sup(e)};
CS(@)={ReB: R"'aRelal’};
CY@) ={ReB: R 'aRe[a]};
C(a)=|Re B R 'aR e[al™}.

By Franco and Gonzalez-Meneses [FG03], Gebhardt [Geb05] and Lee and Lee [LLO06a], all the
sets C(«), CS(@), CY (o) and C5(«) are closed under Ay .
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Suppose o € [«]%. Since T (a) € [«]® for all m € Z, AP(P) ¢ €S (r=%(q)). Since Q €
C5(r7*(a)) by (6), we have P = Q Ay AP(P) € CS(¢7%(a)). That is,

PaP' =P A"A™ P = Pl (@) P e [t (@)]’ =[]’

Hence (ii) is proved. The other statements can be proved similarly.

Now we consider general case. For a reduction system C of «, we decompose C into C; U - - U
C;, where C;’s are inductively defined as the outermost component of C \ (C; U---UC;_1). By
the construction, C, ..., C; are unnested reduction systems of «. Fori =1, ..., [, define positive
braids P; and conjugates «; of o inductively as follows. Let Py =1 and g = .

o P; is the <z-minimal element of St((P;_;--- P1) %xC;);
o oj =P | P7 = (P Ppa(P;--- PN

Note that each «; is a reducible braid with a reduction system (P; --- P;) * C;4+1 and that P =
P; --- Py by Corollary 4.5(i).

Suppose o € [a]5. By the previous discussion on the unnested case, P;y¢; Pl.jrll e [«]® for
i=0,...,1 —1, hence PaP~! € [a]5. Therefore (ii) is proved. The other statements can be
proved similarly. O

5. Outermost components of non-periodic reducible braids

In this section we define the outermost component aex; of a non-periodic reducible braid «
using the <z-minimal element of the standardizer of the canonical reduction system of ¢, and
study its properties.

Recall the canonical reduction system of mapping classes. For a reduction system C C D,, of
an n-braid «, let D¢ be the closure of D, \ N(C) in D,,, where N (C) is a regular neighborhood
of C. The restriction of « induces an automorphism on D¢ that is well-defined up to isotopy. Due
to Birman, Lubotzky and McCarthy [BLM83] and Ivanov [Iva92], for any n-braid «, there is a
unique canonical reduction system R(«) with the following properties.

(i) R(@™)=TR(x) forall m #0.
(i) R(Bap™") =B *R(a) forall B € B,,.
(iii) The restriction of « to each component of D5 (4 is either periodic or pseudo-Anosov. A re-
duction system with this property is said to be adequate.
(iv) If C is an adequate reduction system of «, then R(x) C C.

By the properties of canonical reduction systems, a braid « is non-periodic reducible if and
only if R(«) # 0. Let Rext () denote the collection of the outermost components of R(«). Then,
Rext(e) is an unnested curve system satisfying the properties (i) and (ii). We remark that, while
the canonical reduction systems are defined for the mapping classes of surfaces with genus,
we have to restrict ourselves to the mapping classes of punctured disks in order to define the
outermost component Rex(¢).

Lemma 5.1. Let o, B € B, with R(a) # 0. If af = Ba, then R(a) and Rexi(a) are reduction
systems of B.
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Proof. Since R() = R(Baf™ ) = B * R(a) and Rexi () = Rext(BaB™") = B * Rexi (), both
R(x) and Rex¢(er) are reduction systems of 8. O

Definition 5.2. Let o € B,, with R(«) # @. Let P be the <g-minimal element of St(Rexi(a))
and B = PaP —1 Since Rext(B) is unnested and standard, Rex(8) = Cp for a composition n =
(n1,...,ng) of n, and B has the unique expression 8 = (Bo)n(B1 @ - - - & Br) by Lemma 3.5(ii).
We define the outermost component oyt of @ by aext = Po-

In other words, ey, is the restriction of « to the outermost component of D, \ Rext(e). This
element is a priori defined up to conjugacy, but the use of the < g-minimal element P determines
the particular element By to be chosen in the conjugacy class.

Lemma 5.3. Let o be an n-braid with R(«) # 0.

(1) If B is conjugate to o, then Bex; is conjugate to Mexy.
(i) (@™)ext = (atex)™ for all m # 0.
(i) inf(er) < inf(oext) < sup(ctext) < sup(@).
(iv) infy (o) <inf(ctext) < supg (dext) < supg ().
(V) finf(er) < finf(ext) < fsup (Xext) < Zsup(at).

Proof. (i) is obvious. (ii) follows from R(a¢™) = R(«). (iii) follows from Lemma 3.6 and The-

orem 4.9.
(iv) Choose any B € [a]5. By (iii), we have

infs (o) = inf(B) < inf(Bext) < sup(Bext) < sup(B) = sup,(a).

Since aex¢ and Bex; are conjugate by (i),

Inf(Bext) < inf(cext) < sup, (aext) < sup(Bext)-

Combining the above two, we obtain inf, (o) < infy (ctext) < sup; (text) < sup, ().
(v) By (ii) and (iii), forall m > 1,

inf(o™) <inf((a™),,,) = inf((cex)™) < sup((@ex)™) = sup((«™),,,) < sup(a™).

ext

Therefore,

inf(a™) < inf((aex)™) < sup((aex)™) < SUP(Ot’”).
m m m m

By taking m — o0, we obtain the desired inequalities for finf(-) and fp(-). O

Lemma 5.4. Let o € B, with Rext(a) standard. Then Rext(t(a)), Rext(co(a)) and Rexi(d(e))
are standard. Moreover,
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(1) T(@)ext = T(text);

.. _ ) Oext if inf(otext) > inf(e);
(@) Co@)ext = { co(aext)  if inf(atext) = inf(a);
| atext if sup(eext) < sup(a);

(i) (@ex: = { d(@ex) i SUP(text) = SUP(@).

Proof. Rex(7(2)) = Rext(A™'aA) = A™! % Rex(@) is obviously standard. Rex(co(a)) and
Rext(d(a)) are standard by Corollary 3.9. Let Rexi () = Cy for a composition n = (ny, ..., ng)
of n and o = (ag)n (0t @ - -+ B k). Let A; be the fundamental braid of B, fori =1, ...,k and
Ag be the fundamental braid of Bj. Note that «g * n = n and

A=(A1® @A) (A0) 51y = (A0) 41, (Ak B+ ® A
Therefore,

@) =A""'aA
=(ay") (A7 @ ® A ) (o)nlor ® -+ D o) (A0) o140 (Ak & -+ D A1)

=(Ay a0 A0) ;1 (A ok Ak @ - @ Ay Ay)

-1
Ay *n

= (T(Olo))Aal*n(T(Olk) - dr(ar)).

Since Rexi(t(@)) = A Cy = CAal*n’ T(@ext = T(0) = T (Clext)-

Leta = A¥A; - -- A; be the left normal form of «. Since o % Cy = Cp is standard, A; * Cy 1S
standard by Theorem 3.8. By Lemmas 3.5(ii) and 3.6(iii), A; is expressed as A; = (A;,0)n(A1,1 D
-+ @ Ay k), where A; ;’s are permutation n;-braids. Let 6 and 6, be the induced permutations of
aoAlfé and AZ& respectively. Then

d(@) = AjaA; !
=(A;,00n(A1,1 ® - DA ) {ao)n(a1 - D Olk)(Al_Jl ® & A;;})<A1_,(%)A,,0*n
-1 -1 -1
= (AL000A] 0) 4, 1on (ALE1 D) AL, (1) ® - ® ALey )00 AL gy 1))-

Recall Lemma 3.6(ii) that sup(ctext) < sup(e). If sup(eext) < sup(e), then A; o =1 and, hence,
d(a)ext = text- If sup(aext) = sup(), then A; o # 1 and, hence, d(@)ext = Al,oaoA;é = d(ext).
For ¢o(«), use the identity ¢o(a) = d(oz’l)’l. O

Recall Lemma 5.3 that inf(o) < inf(oext) and inf (o) < inf(cex;) for any o € B, with
R(a) # 0.

Lemma 5.5. Let « be an n-braid with R(«) # 0. Let B be an element of [«]Y with Rext(B)
standard.

(1) Let infg(atext) > infg (). Then, inf(Bext) > inf(B).
(i) Let inf(aext) = infs (). Then, inf(Bext) = inf(B), and c’O" (Bext) = Bext for some m > 1.
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Proof. By Lemma 5.3(i), Bext and aex¢ are conjugate, hence inf(Bex) < infy (ctext)-
We first prove the following claim.

Claim. Let inf(Bext) = inf(B). Then, cg(ﬁext) = Bext for some m > 1, and inf(aex) =
inf(Bext) = inf(B) = inf (c).

Proof of Claim. By Lemma 5.4(ii), the sequence {inf(cé(ﬁ)ext)}f.’io is non-decreasing. Since
B e [«]Y, cg (B) = B for some m > 1. Therefore,

inf(ch(B)ext) = inf(Bext) foralli > 0.

Since ¢)(B) € [«]Y forall i >0, we have inf(c)(B)) = infy(«) = inf(B) for all i > 0. Hence

inf(c),(B)ext) = inf(Bext) = inf(B) = inf(c)(B)) foralli > 0.
By Lemma 5.4(ii),
€h(Blext = €y(Bexr)  foralli > 0.

Since 081 (B) = B, we obtain 081 (Bext) = 081 (Bext = Bext-

By Theorem 2.8(i), inf(Bext) = inf(Bext) = inf;(cext). Therefore, inf;(cexi) = inf(Bext) =
inf(8) = infy (). O

(1) Assume inf(Bext) = inf(B). Then inf;(aext) = inf(Bext) = inf(B) = inf; () by the above
claim. This contradicts the hypothesis that inf; (cexc) > inf; (o), hence inf(Bex) > inf(B).

(ii) Since inf(B) < inf(Bext) < infy(ext),

inf(B) < inf(Bext) < infs(ctext) = infy (o) = inf(B).

Therefore inf(Bex;) = inf(B). By the claim, € (Bext) = Bext for somem > 1. O

The following proposition show that the property inf; (cex) > infs(«) is preserved by taking
powers.

Proposition 5.6. If inf; (aext) > infs (o), then infg (0" )ext) > infg (™) for all m > 1.

Proof. By Theorem 6.1 in [Lee07], for any § € B,, and any m > 1,

inf (B) < % <infs(B) + 1.

By Lemma 5.3(ii), (™ )ext = (@text)™ for all m # 0. Since infs (oex¢) > infs (),

: m . m : m
infy (™) < inf, (@) 4+ 1 < inf, (@ex) < infy ((ctex)™) _ infy ((0™ )ext)

m m

for all m > 1. Therefore inf; ((a™)ext) > infs(@™) forallm > 1. O
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6. Split braids

An n-braid « is called a split braid if it is conjugate to an element in the subgroup of B,
generated by o1, ...,0,_1,0i4+1,...,0,—1 forsome 1 <i <n — 1 [Hum91]. In our terminology,
o € By is a split braid if it is conjugate to a braid B of the form 8 = (1)n(81 @ B2), where
n=(,n—1i)forsomel <i<n—1,and 81 € B; and B, € B,,_;.

The following lemma is easy to show, but we include a proof for completeness.

Lemma 6.1. Let o be an n-braid.

(1) o is a split braid if and only if either o is the identity or a is non-periodic and reducible with
Qexy = L.

(i) Leta = (1)n(a1 & - - - B o) for a compositionn = (ny, ..., ng) of n such that Rex (o) # 0.
Then Rexi () = Cy if and only if «; is non-split for each 1 <i < k.

Proof. For unnested curve systems C and C' in D,, let us write “C’ < C” if each compo-
nent of C’' is enclosed by (possibly parallel to) a component of C, and write “C’ 2 C” if
C' < C and C’' # C. Then < is a partial order over the set of unnested curve systems in D,,.

For compositions n = (n1,...,n;) and n’ of n, Cy < Cp if and only if n’ is a refinement

of n, that is, for each 1 <i < k, there exists a composition (n} ,,...,n] - of n; such that
S ’ / /

n _(”1,1’""nl,rl’""nk,l""’”k‘rk)'

Claim. Let 8 x Cp, = Cy, for a composition n of n, then 8 is written as B = {Bo)n(B1 & - - - D Br).
If By is periodic or pseudo-Anosov, then Rexi(B) < Cn, and there exists P € Bn+ such that both
P x Rext(B) and P x Cy are standard.

Proof of Claim. Because S is periodic or pseudo-Anosov, we can make an adequate reduction
system of 8 from Cy by adding some curves each of which is enclosed by a component of Cy,. Be-
cause any adequate reduction system of 8 contains Rext(8) as a subset, we have Rext(8) < Cp.-
Let P be the <g-minimal element of St(Rexc(8)). Then P * Rexc(B) is standard by the con-
struction. Apply Corollary 4.5 to Cp\ Rext(8). Then P x (Cy\ Rext(B)) and hence P * C, are
standard. O

(1) It is obvious that if « is the identity or « is non-periodic and reducible with oex; = 1 then «
is a split braid. Conversely, suppose that « is a split braid. Taking a conjugate of « if necessary,
we may assume that

a = (1)l ®az),
wheren= ({,n — ¢) forsome 1 <{<n—1,anda; € By and a» € B,,_y.
First, assume that Rexi () = @, that is, « is periodic or pseudo-Anosov. Since split braids are

a special type of reducible braids and since pseudo-Anosov braids cannot be reducible [FLP79],
a is periodic. Therefore a? = A*™ for some p # 0 and m € Z, hence

(n(af ©ag) =af = 42" =(47"), (A]" & A3"),
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where Ap, A; and A, are the fundamental braids of B, By and B,_;, respectively. By
Lemma 3.5(i), we have A%m =1, hence m = 0, and it follows that «” = 1. Because braid groups
are torsion-free [Deh98], « is the identity.

Now, assume that Rexi (o) # @, that is, « is non-periodic and reducible. For a curve system C
in a punctured disk D,,, let Out(D,, \ C) denote the outermost component of D, \ C. By the
above claim, we have Rex() < Cp and hence Cp C Out(Dy, \ Rext(@)), and we may assume
that Rexi (@) is standard. Let aexe be a k-braid. Because Rex¢(e) is standard, Out(D;, \ Rext(a))
is canonically diffeomorphic to Dy. Let C’ be the image of Cy, under this diffeomorphism. Then
C’ is a reduction system of oy such that the restriction of oy to Out(Dy \ C’) is the same as
the restriction of « to Out(Dj, \ Cp) which is the identity. This means that oy is a split braid.
Because oey¢ is either periodic or pseudo-Anosov, the discussion in the above paragraph shows
that oex¢ is the identity.

(ii) Assume that oy is a split braid for some 1 < £ < k, hence o is conjugate to (1), (o, ®ery),
where ng = (), n})) is a composition of n, and «, € B, and oy € B, By taking a conjugate
of « if necessary, we may assume that

a=w(a1®  Do—1 Doy Doy Doy - Day),

where n' = (n1,...,n¢_1,ny,ny,ney1,...,ny). Note that Cy 2 Cy. By the claim, Rex(ar) <
Cn 3 Cp, hence Cp # Rexi(@).

Conversely, assume that Rex (@) # Cy. By the claim, we may assume that Rex () 3 Cn
and Rexi(a) is standard. Let Rex() = Cy for a composition n’ of n. Then n’ is a refine-
ment of n, hence, for each i, there exists a composition (nL], ey ”;,r,-) of n; such that n’ =
(”/1,1’ el ”/l,rl el ”;c,l’ e n;(’rk). Because aey is the identity by (i), « is written as

a={ly(a; 1@ - @aj, D Dag 1D S agr).
—_ ———
r 'k

Since Cyy = Rext(t) # Cp by the assumption, we have rp > 2 for some 1 < £ < k. Comparing the
above expression with o = (1)p(c;1 @ --- @ ak), we have oy = <1>n2 (g1 ® -+ D ay,r,) where
n, = (”2,1’ ey nz’m). Since r¢ > 2, ag is a split braid. O

For « € By, let |«| denote the minimal word length of o with respect to {olil, ey ani_]l}.
Then |«| is the minimum number of crossings in the braid diagram of «.

Proposition 6.2. If a # 1 is a split braid and |«| is minimal in the conjugacy class of a, then
Rext (@) is standard.

Proof. There exists a braid § in the conjugacy class of « such that Rex(8) is standard. Therefore
Rext(B) = Cp for some composition n = (ny, ..., ng) of n. Then by Lemma 6.1

B=0n(B1 & &P

for some non-split n;-braids B;. We may choose § so that | ;| is minimal in the conjugacy class
of B; foreachi € {1,...,k}.

Since  and B are conjugate, « = yBy ~! for some y € B,. Let 6 be the induced permutation
ofy.Fori=1,....kletS;={j:ni+---+ni_1<j<ni+---+n;j}and T; ={0(j): j € S;}.
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Fig. 12. The dotted strands indicate y; in the proof of Proposition 6.2.

K

|

a strand in K,,,

Ky,

Fig. 13. Since there is no crossing between the strands in K; and those in Ky, if a strand of Kj;, goes through K, then
K is splitted into two parts K; | and Kj ».

Let y; be the result of forgetting the jth strand from y for all j ¢ S;. (The strands of a braid are
numbered from bottom to top at its right end.) See Fig. 12. Let «; be the result of forgetting the
jth strand from « for all j ¢ T;. Then «; = yiﬂiyi_l foralli=1,... k.

Let K be a braid diagram of « such that the number of crossings in K is exactly |«|. For
i=1,...,k, let K; be the result of deleting the jth strand from K for all j ¢ 7;. Then K; is a
braid diagram of ¢; for all i. Let ¢(K) and c¢(K;) denote the numbers of crossings in K and K;,
respectively. Then |¢| = ¢(K), |a;| < ¢(K;) for each i and Zle c(K;) < c(K).

Since |o| is minimal in the conjugacy class, |«| < |B]. Since |§;| is minimal in the conjugacy
class, |Bi| < |aj| foralli =1,..., k. Hence

k

k k
c(K)=la| <IBI=D_ 181 <D leuil <Y c(Ki) <e(K).

i=1 i=1 i=1

Therefore ¢(K) = Z;‘:l c(K;) and it follows that there is no crossing between the strands in K;
and those in K ; whenever i # j.

Now we claim that each 7; is a set of consecutive integers. On the contrary, assume that there
exists j € T, for some m # [ such that i; < j < iy for some i1, i» € T;. Let K; 1 be the result
of deleting all ith strands from K; with i > j and let K;» = K; \ K;,1. See Fig. 13. Because
there is no crossing between the strands in K; and those in K,,, there is no crossing between K; |
and K ». Therefore K; is splitted into K; 1 and K ». This contradicts that «; is non-split. Hence,
each T is a set of consecutive integers.

LetT;,, T}, ..., T, be the rearrangement of 7);’s such that the elements of the sets are increas-
ing, and let n’ = (n;,,...,n;,). Then & = (1)y (e, ® - D ;) and Rexi(r) = Cyy. Therefore
Rext(a) is standard. O

Corollary 6.3. If P # 1 is a positive split braid, then Rex(P) is standard.

Proof. If P is a positive braid, then | P| is minimal in the conjugacy class of P. O



812 E.-K. Lee, S.-J. Lee / Journal of Algebra 320 (2008) 783-820

7. Ultra summit sets of reducible braids

In this section, we establish Theorem 7.4, the main result of this paper. Roughly speaking,
it says that if the outermost component ox; is simpler than the whole braid o from a Garside-
theoretic point of view, then it is easy to find a reduction system of «.

Definition 7.1. Let « € B,,, € [«]Y and m = min{l > I: clo(,B) =p}.Fori=0,....,m—1,
let A; be the <g-minimal element of {P € B, : inf(Pcf)(ﬁ)) > inf(cf)(ﬂ))}. The product
Am—1Am—2--- Ag is called the cycling commutator of B and denoted Tg.

By definition, the cycling commutator 7§ is a positive braid. By Lemma 2.11(i),

TﬂﬂTf;‘ =Am_1--AdA1AgBAG AT AT AT
= Ap-1-ArArcoBAT A AL
=Ap_1- -~A2C(2)(f3)A2_l "'A;,lfl
= =B =4

Lemma 7.2. Let o € B, and B € [a]Y. Then the cycling commutator Ty is a non-identity positive
braid with Tg 8 = BTp.

The following proposition is the key to Theorem 7.4. We prove it in Section 8.

Proposition 7.3. Let o be a non-periodic reducible n-braid with infg(aext) > infs (o). For any
element B of [a]Y, the cycling commutator Ty is a split braid.

Recall from Lemma 5.3 that infs (o) < infg(otext) < supg(cext) < supg(e) and fipr(er) <
finf (Cext) < fsup(Cext) < foup (@) for any non-periodic reducible braid o.

Theorem 7.4. Let o be a non-periodic reducible n-braid.

(1) If infs(aext) > infg (o), then each element of [«]Y has a standard reduction system.
(i1) If supg(cext) < sup,(a), then each element of [a]g has a standard reduction system.
(iii) If « is a split braid, then each element of [«]V U [a]g has a standard reduction system.
(iv) If aext is periodic, then there exists 1 < g < n such that each element of [@?]V U [a‘f]fi] has
a standard reduction system.
(v) If tinf(aext) > tint(@0), then there exists 1 < g <n(n — 1)/2 such that each element of [a?]V
has a standard reduction system.
(Vi) If tsup(@ext) < tsup(@), then there exists 1 < q < n(n — 1)/2 such that each element of [aq]g
has a standard reduction system.

Proof. (i) Let B be an element of [«]Y. By Proposition 7.3, the cycling commutator Tg is a
non-identity positive split braid. By Corollary 6.3, Rex(7g) is standard. Since B commutes with
Ts by Lemma 7.2, Rexi(Tg) is a standard reduction system of 8 by Lemma 5.1.
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(ii) Because infy((a™")ext) = infy((@ex) ™!) = —sup, (@ext) and inf(a@™') = —sup,(a), we
have infy (@ 1)ext) > inf (Ol_l). By (i), each element of [&~ 1Y has a standard reduction system.
Because [oe]dU = {ﬂ’]: B e [oe’]]U}, we are done.

(iii) Let 8 € [@]Y. If inf(cr) < infy(cexc), then B has a standard reduction system by (i). If
inf; () = inf (eex(), then inf(B8) = inf; (o) = inf; (cexc) = 0 and, hence, B is positive. Since 8 is
split, Rext(B) is standard by Corollary 6.3.

Since « is a split braid, so is a~ L. Thus, every element of [a’l]U and, hence, [a]dU has a
standard reduction system.

(iv) Let k be the braid index of aexi. Because wex¢ is periodic, there exist | < g < kandl/ €Z
such that

2l
(aex)? = Ay,

where A is the fundamental braid of By. Then A~%a? % 1 is a split braid. By (iii), every
element of [A™ a9V U[A 2 o4 ]g has a standard reduction system. Since

[@9]Y ={a%: pe[a2a?]"}) and [a?]] ={a¥B: Be[a 2 at]]),

each element of [@?]Y U [a? ]g has a standard reduction system.
(v) Recall from Theorem 2.9 that, for any y € B,

e finf(y) is rational with denominator less than or equal to |[A| =n(n — 1)/2;

o infs(y) <finf(y) < infs(y) + 13
o tinf(y"™) = mtine(y) for all integers m > 1.

Let k be the braid index of wex¢. Then fipr(ctext) = p/q for some integers p, g with 1 < g <
k(k —1)/2. Since tinf((ctext)?) = gtinf(ctext) is an integer, we have infs ((ext)?) = gtinf(Qext)-
Therefore,

infy ((aq)ext) = inf ((aext)q) = qlinf(Qext) > qlinf() = tinf(aq) > infy (Olq)~

By (i), every element of [«?]Y has a standard reduction system.
(vi) It can be proved in a way similar to (v). O

Now, let us consider the following algorithm. Let o be a given non-periodic n-braid.

Step 1. Applying cyclings and decyclings to o, obtain an element 8 of the set [a]Y N [a]g
together with an element y such that o = y8y 1.

Step 2. Decide whether § has a standard reduction system or not.

Step 3. If B has no standard reduction system, then return “we cannot decide whether « is
reducible,” and halt.

Step 4. Find a standard reduction system, say C, of 8.

Step 5. Return “y % C is a reduction system of «.”

Note that, from definitions,

[a]V N[al] = {B el®: ¢"(B) = B =d™(B) for some £,m >1}.
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_L

@a=o0 172 € By. b)B=0, UI 0203

Fig. 14. « is a split braid. B € [«]® has no standard reduction system.

This set is called the reduced super summit set, and known to be nonempty [Lee00].

Theorem 7.4(i), (ii) and (iii) say that the above algorithm finds a reduction system of a non-
periodic reducible braid « if either infy(cexc) > infy (o), supg(otext) < sup,(cr), or « is a split
braid. This implies that, roughly speaking, if the outermost component c.x; is simpler than the
whole braid « up to conjugacy, then we can find a reduction system of « from any element of
[a]V N[a]§.

In Theorem 7.4, the conditions in (v) and (vi) are weaker than those in (i) and (ii). Because
infs(-) and sup, (-) are integer-valued, Theorem 2.9(iii) implies the following.

o If infg (aext) > inf (), then infg (aex¢) > infs (o) 4+ 1 and, hence,
tinf(Qext) = Infy (0tex) = infg () + 1 > ting(ar).
o If sup, (cext) < sup,(cr), then sup, (cext) < sup, (o) — 1 and, hence,

Tsup (Qext) < supg(otext) < supg(a) — 1 < tsup(a)-

Note that, for any m # 0, a braid « is reducible if and only if @ is reducible. Therefore, in
order to decide the reducibility of «, it suffices to decide the reducibility of «” for an arbitrary
m # 0. If tinf(ctext) > finf(@) O Zsup(ttext) < Zsup(e), then the above algorithm, applied to a™
for 1 <m < n(n — 1)/2, finds a reduction system of &’ and, hence, decides the reducibility
of «. Consequently, the non-periodic reducible braids whose reducibility are not decidable by
Theorem 7.4 are those with finf(ext) = finf(0r) and foup (Ctext) = fsup ().

We close this section with some examples. From the examples, we can see that, in each state-
ment of Theorem 7.4, the assertion does not hold if one of the conditions is weakened.

Example 7.5 shows that Theorem 7.4(i), (ii) and (iii) do not hold for super summit sets.
Namely, there is a split braid who satisfies the conditions (i) and (ii) but whose super summit
set contains an element without standard reduction system.

Example 7.5. Let o = al_laz € By and 8 = (0302)’101(0302) = 02_101_10203. (See Fig. 14.)
Then « is a split braid with

0 =infj(cex) > infg(@) = —1 and O =sup, (ctext) < sup,(a) =1
and B € [«]%, but B has no standard reduction system.

Example 7.6 shows the following.
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(a) & = 020103020405030403. (b) B =040103020405040307.

Fig. 15. The 6-braid « is non-periodic reducible with infs (o) = infg (aext). The braid 8 belongs to [a]U, but 8 has no
standard reduction system.

e Theorem 7.4(i) and (ii) do not hold for inf; (ctext) = infy(ar) and supg(cext) = sup, (@), re-
spectively. Namely, there is a non-periodic reducible braid o with inf, (cext) = infg (o) and
sup, (ctext) = sup(or) such that the set [«]Y N [oe]g contains an element without standard
reduction system.

e For a non-periodic reducible braid o with periodic aexy, it is necessary to consider the ultra
summit set [«?]Y of some power of « in Theorem 7.4(iv). Namely, there is a non-periodic
reducible o with periodic oex; such that [«]Y contains an element without standard reduction
system.

Example 7.6. Consider the following 6-braids in Fig. 15.
Q = 020103020405030403,
—1\—1 —1
B= (0204 ) a(02c74 ) = 040103020405040307.

Observe that « is a non-periodic reducible braid such that aex; = 0107 is a periodic 3-braid. Since
Qext, @ and B are all permutation braids, we have

infy(@) =0 =infy(@ex);  supy(@) = 1=supg(aex); B €la]’ Nlalg.
It is easy to see that 8 has no standard reduction system.

Example 7.7 is due to Juan Gonzédlez-Meneses and Bert Wiest. The authors are very grateful
to them for providing it. It shows that Theorem 7.4(v) and (vi) do not hold for #nf(cext) = tinf(c)
and fgyp (cext) = tsup (@), Tespectively. More precisely, there exist a non-periodic reducible braid
o with fipf(ctext) = tint(cr) and fgup(ctext) = fsup(c), and an element B such that, for each g > 1,
the power B9 belongs to the set [a?]Y N [aq]dU but has no standard reduction system.

Example 7.7. Consider the following 7-braids in Fig. 16.
o = 010203040302010504060504,

—1
B = (030405)" @(030405) = 010203020104030506050403.
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(2) @ = 010203040302010504060504. (b) B =010203020104030506050403.

Fig. 16. The 7-braid « is non-periodic reducible with fjyf(r) = fipf(@ext) = 0 and fsup (ctext) = tsup(e) = 1. Forall g > 1,
the power 89 belongs to the set @41 n [aq]dU, but A7 has no standard reduction system.

Observe that

(i) both o and 8 are permutation braids;
(il) o and B are non-periodic reducible braids with reduction systems as in Fig. 16;
(iii) because aex; is pseudo-Anosov, the curves in Fig. 16(a) and (b) are the only reduction sys-
tems of a4 and B9, respectively, for all g # 0.

Let B = B. (Throughout the paper, we have used capital letters A, B, ... to denote permutation
braids.) The starting set and finishing set of B are

S(B)=1{1,3,6} and F(B)=/{l1,3,4,6}.
Since S(B) C F(B), the left normal form of 87 is A"BB--- B for all g > 1. In particular, for
——

q
allg > 1,

c(ﬂq) =p9, d(ﬂq) = p1, inf(ﬂq) =0 and sup(,Bq) =q.
Therefore, for all g > 1, the power 89 belongs to the set [«? 1Y N [oﬂ]g and
tinf(t) = tinf(B) = qlijgo inf(87)/q =0;
toup (@) = tsup (B) = lim sup(p?)/q = 1.

The outermost component cey; is obtained from « by deleting the second strand. Similarly to the
above, we can see that fipf(ext) = 0 = finf(ar) and foup (dtext) = 1 = typ(@0).

8. Proof of Proposition 7.3

In this section, we prove Proposition 7.3 that if « is a non-periodic reducible n-braid with
infg (aext) > inf; («), then for any element 8 of [«]Y, the cycling commutator T is a split braid.

Throughout this section, the notation St®'(y) is used as an abbreviation for St(Rext(y)),
the standardizer of the outermost component of the canonical reduction system of the braid y.
Therefore St®™'(y) consists of all positive braids P such that P * Rex(y) = Rext(Py P~ 1) is
standard. Recall that if y € [y]Y and P is the <g-minimal element of St®'(y), then Py P~
[¥1Y by Theorem 4.9.
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A A Am—l
B ——= co(f) — () —— -+ = (B =8
lpo lpl lPQ J/P"L:PO
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L0 B B o) B B ) )

Fig. 17. “a —% B denotes f = Aa A",

e (B) —> ciFL(p)

lpq; lpi-u

NG _ B (1)

Fig. 18. “a i> B’ denotes B = AaA™L,

Let B be an element of the ultra summit set [«]Y. Then c(’)" (B) = B for some m > 1. For each
i =0,...,m, we define n-braids A;, P; and y @ as follows (see Fig. 17):

e A; is the <g-minimal element of {P € B,": inf(Pc}(B)) > inf(c)(B))};
e P is the <g-minimal element of St™(c}(B));
o vy =PcypP .

Then, foreachi =0, ...,m —1,

e A; is a permutation braid with cf)ﬂ(,B) = A,-cf)(ﬂ)Afl by Lemma 2.11(i);

o Rext(y ) is standard because Rexi(y ) = Rext(Pich(B) P, ") = Pi % Rexi(ch(B)) and P; €
St (e (B)):

e @ belongs to [«]Y by Theorem 4.9.

Lemma 8.1. Fori =0, ...,m — 1, there exists a permutation braid B; such that B; P; = P; {1 A;
and yitD = By O B!,
1

Proof. (See Fig. 18.) Let B be the <g-minimal element of {P € B, : inf(Py?) > inf(y )}
Then B; is a permutation braid by Lemma 2.11, and

inf(Bjy ™) > inf(y) and e¢o(y?) =By "B/~
Since both ¥ and ¢} (B) belong to [«]V, we have inf(y ) = inf(c} (8)) = inf,(e). Since

inf( B/ P;c)(B)) = inf(B/y® P;) > inf(By") > inf(y V) = inf(c{(B)).
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Bi’Pi belongs to the set {P € B,',“: inf(Pcf)(ﬂ)) > inf(cf)(ﬂ))}. Since A; is the <g-minimal ele-
ment of this set, we have A; <g Bi/ P;, and hence

B/ P; = P/ | A, (7

/ +
for some P/ | € B,. Note that

Ploct (BYPL =Pl Aich(B)AT P = B Pich(B) P BT = Bly VBT = co(y?).

/. belongs to SteX‘(c’H(,B)). Since P;y is

the <z-minimal element of St"’“(c”rl (B)), we have Py <g P/ 41 Therefore,

Since Rext(co(y(’))) is standard by Lemma 5.4, P,

P./_,’_l = BiHPi-‘rl (8)

1

for some B/ € B;\. Observe that

Pir1Aich(B)A; P = P, (B P = yith.

Since Rext(y™V) is standard, P;;1A; belongs to St™(c)(B)). Since P; is the <g-minimal
element of St®'(c}(B8)), we have P; <g P;41A;. Therefore

Piy1Ai =B P; 9
for some B; € B;f. It is obvious that y (+1D = B,'y(")Blfl. From (7), (8) and (9),
BP —P_HA —B Pl+1A —B BP

Therefore B/ = B! B;. Since B; is a permutation braid and B; <g B;, the positive braid B; is a
permutation braid as desired. O

Let Rext(y(o)) = C, for a composition n = (n1, ..., ng) of n. Let A; be the fundamental braid
of By,.

Lemma 8.2. Fori =0,...,m — 1, Rex(y®) =Cn and B; <g (A1 & --- ® Ap).
Proof. Using induction on i, it suffices to show the following:
If Rexi(y?) =Cn, then Bi <g (A1 @+ ® Ay and  Rext(y ) =Ca.
Suppose Rexi(y ) = Cn. By Lemma 3.5(ii) and (iv),

v =1@ - ® ) (o)n,

where yo =y exi € By and y; € By, for j =1,... k. Since infy(cex) > infy (@) (from the
hypothesis) and y ) € [«]Y, we have 1nf(y(')) > 1nf(y(’)) by Lemma 5.5. By Lemma 3.6,

inf(yo) = inf(ys) > inf(y ) = min{inf(y;): i =0,...,k,br(y;) > 2}.
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Therefore inf(y) > inf(y;) for some j > 1 with br(y;) > 2, and

inf((41 @+ @ Ay ) =inf((A1y1 @ -+ & Aye) (vo)n)
= min({inf(Ajyj): J=1 ... kbr(y;) > 2} U {inf(yo)})
=min({inf(y;) + 1: j =1,...,k, br(y;) =2} U {inf()0)})
> inf(y(i)).

So (A1 @ @A) €{P B/ inf(Py @) > inf(y )}. Recall, from th(; proof of Lemma 8.1,
that B; <g B], where B! is the <g-minimal element of {P € B,: inf(Py®) > inf(y ?)}. There-
fore,

Bi <g B{<p (A1 ®--- @ Ap)

as desired. This implies that B; has the decomposition B; = (B;1 @ --- @ Bi) er some
permutation n;-braid B; ;’s. By Lemma 3.5(ii), B; * Cn = Cpn. Therefore, Rex(ytD) =
Rext(BiyB") = Bi % Rext(y ) = B % Ca =Cn. O

Let S = By,,—1--- Bp. Then S is a split braid by Lemma 8.2. Note that the cycling commutator
of Bis Tg = Ay—1 -+ Ap. Since PO_ISPO = Tg by Lemma 8.1, Tg is a split braid and the proof
is completed.
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