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Abstract—We obtain some formulae for calculation of the coefficients of four special types of
terms in 7%, k = 1,2,... (1-1 corresponding to four type of (2k 4 1)-vertex free unlabeled trees,
k= 1,2,..., respectively), for a fixed step size 7, in the tree-expansion of the formal energy of the
mid-point rule. And, we give an estimate of the difference between the formal energy H and the
standard Hamiltonian H in some domain  under the assumptions

(i) H is smooth and bounded in ©, and
(ii) the absolute values of the coefficients of the terms in 7
some constants n > 1, & > 0 and for any k > 1.
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1. INTRODUCTION

For a Hamiltonian system

‘fi—f =JVH(Z), ZeR®*, (1)

(where J = [IO —01,.]’ I, is n x n identity matrix, H : R? — R is a smooth function and V is

the gradient operator), it has been suggested that the symplectic difference schemes should be
employed to integrate it [1,2]. A great deal of numerical experiment has shown the superiority of
symplectic schemes over the nonsymplectic ones, especially in structural, global, and long-term
tracking capabilities [1,3,4]. Except for some trivial cases, a symplectic scheme will not pre-
serve the Hamiltonian energy H [1,2,4]. However, one of the striking outcomes of the symplectic
simulation is that the numerically resulted values for H at the discrete temporal points, always
undulate up and down in a very small neighborhood of the original identical value of H [1,4,5].
And, in fact, for a fixed-step size, any symplectic scheme has a formal energy (or nearby energy,
or perturbed Hamiltonian function) [6-10] which is the “ezact Hamiltonian” for the symplectic
scheme to be the “formal phase flow” when evaluated at the discrete temporal points {7]. And,
the expansions of the formal energies have found some remarkable applications, say, in construc-
tion of higher-order symplectic schemes and in delicate test of the long-term behavior of the
schemes [11-13]. Such being the case, the theoretical study of the convergence of the formal
energy of a symplectic scheme, and of the difference between the formal energy and the original
Hamiltonian H has come out to be most interesting and most important.
For instance, the mid-point rule

Z=Z4+7JVH (Z—;L—E) )

is a second-order time-reversible symplectic scheme that preserves any quadratic invariants of the
Hamiltonian H [4,14,15], and its formal energy has an expansion [13]

H=H+ 7 Hy+ " Hy + +7%Hg + -+, (3)
where
1 2
__1 AN
Hy = — o Hy: (z ) ; (3.1)
7 i 2 1 2
- (1] 1 AN . 2",
Hy= oo Hye (z ) + 755 Hos (Z ) 28+ = H,s (z ) : (3.2)
31 6 53 4
___ 31 mw)° _ m\* 7@
Hs = — 557680 =° (Z ) Te1280 11*° (Z ) Z
19 3 2 1 3
_ 19 g (1Y Z (i 1 m\” 71 z[2)
S06d0 17 (Z ) 2z (Z ) + 2688 1+ (Z ) Z:2
23 2 2 13 2
_ 2 g (7 e?_ 13 (1] (2] 711} ( 1]
26880 (Z ) (Z ) T34a0 1222 2 (Z )
(3.3)

1 1 3
L Mg gz _ L 2l
Soa0 12222 — yaag Ha (Z )

- gt (2 (21)') - g e (2 (2)) (2i2)

~ ooz B (200219

where ZIl = JVH(Z), Zl+1} = 822 7 for k = 1,2,.... We use the notation

2 oA
A1) (Vo) = Z W[VI](J‘x)-~-[Vr](1r)’

Jiyeendr=1
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where A is a variable of any dimension (say, H or Z[!), V; is a 2n-dim variable (say, ZIll, Z12 et
al.)fori=1,...,r, z;, is the 5! component of 2n-dim vector Z, and [V,];,) stands for the jt!
component of 2n-dim vector V,,, u=1,...,r.

For example, in (3.3),

(Zm) 7021 i _OH [Zm] [Zm] [Zm] _
Ny 02,0z;02y (%) &) (k)

In the expansion of (3), just like 1 for 72, 3 for 7%, and 11 for 7° in (3.1)~(3.3), respectively,
the number of terms for 72* is exactly the number of free unlabeled trees of 2k + 1 vertices and
there is a 1-1 correspondence between the terms in Hyi and the (2k + 1)-vertex free unlabeled
trees, for k > 1 [8,13].

(T-82) (T-d4) (T-d6)
Hye (211)? H2 (219)? Hyo ( szI?l

For example, the above free unlabeled trees: (T-d2), (T-d4), and (T-8g) correspond to the terms
in (3.1)-(3.3): —(1/24) H,2(2W)2, (1/160) H,2(Z(2)2, and —(1/896) H,2(ZM Z[2)2, respectively.
They also correspond to the d2-, 84-, and d¢-terms, respectively, in (12) in Theorem 1 in Section 3.

(T-A2) (T-Xa) (T-2e)
Hya (200)? Hya (211)* Hge (211)°

The above free unlabeled trees: (T-Az), (T-A4), and (T-Ag) correspond to the terms in (3.1)-
(3.3): —(1/24) H,2(ZM)2, (7/5760) H,«(Z11)*, and —(31/967680) H,s(Z11)8, respectively. They
also correspond to the Az-, As-, and Ag-terms, respectively, in (17) in Theorem 2 in Section 3.

The following free unlabeled trees: (T-u4) and (T-ue) correspond to the terms in (3.2),(3.3):
(1/480) H,s(Z1)2Z(2 and —(53/161280) H,s(Z1M)4 212, respectively. (T-p4), (T-u6), and (T-us)
also correspond to the p4-, pe-, and ug-terms, respectively, in (17) in Theorem 2 in Section 3.

(T-pa) (T-ue) (T-us)

Hys (211)? 212 Hys (21)* z12) Hyr (z1)° z2
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The following free unlabeled trees: (T-v4) and (T-vg) correspond to the terms in (3.2),(3.3):
(1/160) H,2(Z)? and —(23/26880) H,«(Z1)2(Z12)2] respectively. (T-v4), (T-vg), and (T-vg)
also correspond to the v4-, v, and vg-terms, respectively, in (17) in Theorem 2 in Section 3.

(T-v4) (T-ve) (T-vg)

Hgp: (212)? Hgza (211)? (2122 Hge (211)* (212))?

We call this kind of expansion of the formal energy a “tree-ezpansion” (for an introduction to
free unlabeled trees, refer to [16,17]). On the other hand, for the number of coefficients of the
terms in 72* for general k, there is no definite result. It is conjectured [13] that the mazimum
absolute value of the coefficients of the terms in T2* is exactly 1/(22%+! x (2k + 1)).

In this paper, first we review the generating functions for rooted unlabeled trees and free un-
labeled trees, and write out a rough bound for the number of the free unlabeled trees of 2k + 1
vertices vog41 (for k > 1). This is also a bound for the number of the terms for Hy in the
tree-expansion of the formal energy of the mid-point rule (Section 2, Remark 1). Second, we
obtain some formulae for the coefficients of four special type of terms in 72%, k = 1,2,..., in the
tree-expansion of the formal energy of the mid-point rule. These four special types of terms, with
coefficients {02k}, {A2k}T, {12k}3°°, and {vox}3, are four different subsequences of the
tree-expansion of the formal energy and exactly 1-1 corresponding to four type of (2k + 1)-vertex
free unlabeled trees, k = 1,2,..., respectively, (Section 3, Theorems 1 and 2). And, according to
these formulae, we give some estimates for the bounds of the coeflicients (Section 3, Theorem 3).
Finally, we give an estimate of the difference between the formal energy H and the standard
Hamiltonian H in a domain 2 under the assumptions

(i) H is smooth and bounded in 2,
(ii) the absolute values of the coefficients of the terms in 72* are uniformly bounded by no?*
for some constants > 1, o > 0, and for any k > 1 (Section 4, Theorem 4).
And, we indicate that this kind of analysis is also suitable for other type of terms (subsequences)
of the tree-expansion of the formal energy of the mid-point rule, and possibly suitable for that of
other symplectic methods (say, of Runge-Kutta type) (Section 5).

2. GENERATING FUNCTIONS FOR ROOTED
UNLABELED TREES AND FREE UNLABELED TREES

If we expand the mid-point rule (2) as follows:

2k

. +o00
Z=2+) 1Ry, (4)

k=1

where
R, = zZl; (4.1)
1

Ry=3 z12, (4.2)
= Lo 2,1 ARYACR 43
Ro= g 2 (21) + 3202 @3)

1 3 1 1 2 1
Ry = 24 (zlll) +3 zHzZ07¥ + — 2zl (29)" +  ZMzZNZE (4
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then just like 1 for 71, 1 for 72, 2 for 73, and 4 for 74, the number of terms for 7% is exactly
the number of rooted unlabeled trees of k vertices and there is a 1-1 correspondence between the
terms in Ry and the k-vertex rooted unlabeled trees, for k£ > 1 [8,13].

We know the generating function u(z) = +°‘; u,2" for rooted unlabeled trees has a recursive
definition [16,17]
o0
1 .
u(r) = Texp —u(z?) p =2If (1 —-2")™™", 5
{; zu )} (5)

and its expansion is

Z upz” =z + 22 + 22% + 4zt + 925 + 2028 + 4827 + 11528

r=1
6
+ 2862° + 719210 + 18422 + 4766212 + 12486213 (©)

+ 32973z + 8781121% + 235381216 + 634847217 + .- .

For the coefficients u,, r = 1,2, ..., in [19] it is given that
ﬂa3/2 a~ " a~"
n ~ G Ty = 04399237 (7)

with a = 0.3383219, g = 7.924780.
The generating function v(z) for free unlabeled trees can be expressed by that for rooted
unlabeled trees u(z) [18,19]

1
o() = u(z) - 5 [3(z) - u (%)), (®)
and its expansion is
+oo
v(z) = Z vezt =z + 2% + 2% + 22 + 325 + 625 + 1127 + 2328 o)
k=1
+ 472% + 10620 + 235z + 551212 + ...
In fact [19],
ﬂ3a9/2 a~" a~"
Vn ~ —47 —% = 0.5349485 m (10)
From (10),
vp < 3%, n=12.... (11)

REMARK 1. As mentioned above, inequality (11} also gives a bound for the number of the terms
of Hy in the tree-expansion of the formal energy (3) of the mid-point rule (2), for any k > 1.

3. FORMULAE FOR THE COEFFICIENTS
OF TERMS OF FOUR SPECIAL TYPES

THEOREM 1. If the tree-expansion of (3) is written
- 2
H=H + 52T2H12 (le])

2
co 4 647 H 2 (z;llzﬂl)
(12)

+
+

2
ook br?H,a (20 Z},llzl”)
+

sy
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then for any s > 1,
8o = __(;1_)_8__ 13
28 = 92541 (2s + 1) (13)

PROOF OF THEOREM 1. It's easy to check

2
{sz (ZL”...ZLIJZ“]) } (s — time — “Z")
F44
= (~1)2H,,JH,, ... JH,,JH,,JH,, ... JH,,JH,, +--- .

(14)

Observing the expansions like (4.1)~(4.4) of Rgs41 in (4) and of Z[125+1] we easily see that the
term z1ZIM ... ZWZ0 = JH,,JH,, ... JH,,JVH (with (25 + 1)—the number of “Z”) has the
coefficients 1/22° and 1 for Rp,4; and Z12*1| respectively. So for any s > 1, (725+1) /225 is the
term of 72*! in

3

r
T(1—252T2+254T4—~")+§- (1~2627‘2+2547'4—---)3
2k+1
+A..+(7:€_+_1_.)'(1_2527—2+2547—4_...)2k+1+... (15)

— 67(1—262T2+254‘r4_..‘).

If 6 = ~1/24 = =1/(2% x 3),..., 80k = (—=1)%/(2%%+1 x (2k + 1)), then (15) can be rewritten as

k+1
2[r/24(1/3) (/2)% 4 +(1/2k+1) (r2)P*+ 1 4. _ =1 2h+3
& R e
L+ (r/2) 1 (26)
2k+5Y _ 5 _(_1\k+1 2k+3 2k+5
+0 (T ) 1— (7./2) + { 2(k+1) ( 1) 92k+3 (2k T 3) } T + O (T ) .
Since in (16), the term of 7263 is (72k+3) /(22(k*+1)) we should have dy(41) = (—1)*+! (1/22k+3 x
(2k + 3)). ]
THEOREM 2. If the tree-expansion of (3) is written
- 2
H=H+ 27" Ha (2)
4 2 2
+ A7iH (lel) 4t Hys (Z[”) Z2 4 v H (2[21)
6 4 2 2
+ Ae7SH,0 ( Zm) + TS H s ( Zu]) 7P 4 yer%H . (Zm) ( lel) 4
e (an)
2k 2k—2
+ }\ng%szk (Z[ll) + H2kT2kH22k—1 (Z[l]) zl
2k—4 2
+ llszQkszk—z (Z[ll) (Z[z]) 4
+ vy
then
+00 .
28 __
;))‘2.97- - e,r/2 — e_,r/27 (18)
+0 2 3 3 2 (e7/2 4 ¢~ 7/2)
7.23 — _T_ + T + T — T (6 19
;ﬁ@s 12 4 (er/Z _ G_T/2) (€T/2 __ e_T/2)3 9 (67/2 — 6"7/2)27 ( )
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and
= 78 375 ™ (e7/? +e77/?)
Zuzs'rzs = — + 3 2
32(em/2—e7/2)  4(er/2—e-7/2)°  8(e/2—e~7/2)
N 3% 3rt(e7/? +e77/?)
(e‘r/2 _ 6—7/2)5 2 (BT/2 _ e—‘r/?)4 ’

(20)

PROOF OF THEOREM 2. We can write out

3 5 2k-1 2k+1
F20 4 _Tg_'z{s] + %2{5} et Zlk-1 T : ZRk+1]

k=) CTES]
T (2[11)2 LT g (Zm)“ e
=T + :—3? 22 24

5!
Zilzlk (Zill)zk 4.

2k-1 2k-2
ZB. (2M)" T+

7.2k+1
(2k +1)!

LT
(2 — 1)1

2 5 4
+ 732,24 (z[ll) + -;—, 2zl (21) 4
7.2k+1

—_— 2k T 2k+2
+ k=1 /\2Z£12],c (Z[ll) + m >\22£121k+2 (Z[l]) .

2k+3

21
5 1 { 4 7 {1 (1) 6 1)
WAy (z ) + T Mzl (z ) I

7.2k+3
ZB (2"

+ e

2k+4
eI )

1

AR 8)] (1
2R =Ty AaZ ks (Z

p3+2r 2+42r
30 A2TZ£12L27' (Zm) + -

2k—2+42r T2k+1+27‘ .
) MEEE] AorZhar (lel) i

2r
+ g, 2 (2M) +

r2k—1+2r
+ m /\21'Z£12]k—2+2r (Zm
And, it is easily shown that in the expansion of Ry in (4), the term ZBJ(Z (1Y% has coeffi-
cient Th+1/k12k,

Thus, we have
+0o0 7_2,-+1 +oco 7.2r+1 +00

o B PR )

r=0 =0
ie.,
T 1 =
— T/2 -7/2 —— T _ ,—T 2s
5 {e +e } 5 {e"—e };})\237 . (23)
So we obtain (18). Similarly, and a little more tediously, one can get (19) and (20). 1

THEOREM 3. With the notation above, we have the following inequalities: |Ag| < |0y for
1=1,2,...; || < |62 and |va| < p!|éai| for 1 = 2,3,.... Here p = 1.2416154923235787.
PROOF OF THEOREM 3. From (18) we have

+o00 2 +o00 T2T
{};‘) A2sT } {;} o +__1)!22r} =1, (24)

Ao =1 (25.0)

80

(25.1)
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= Ag(l+1-
"
Z Gr s i = 0, I>1. (25.2)
If we set
Mo=Xd=1 (26.0)

- A2e
A2s = Tondl =X, - 22125 +1), s=1,2,..., (26.1)

28

then from (25.1), (26.0), and (26.1) we have

Xo=1; (27.0)
de=-1 (27.1)
and for [ > 1,
l
- 2 2043 ;
) =X - Y .
W = T T Bra DRl Fa Y (272)

If | Aos| < |62] = 1/(2%F1 x (2541)), i.e., |Ags| < 1for s =1,2,...,1, then from (27.2) forl > 1,

2 20+3 20+ 3 21+3

by < R T B s
Pl S G tsmr it T e T @ = O @)

It is readily proven that {©;}*° monotonically decreases to (1/2) [(e — e~!) — 2] as | increases
to +00. And, (1/2)[(e — e~1) — 2] = 0.1752011936438016. Thus,

[A2+1)] < 82041y [=0,1,.... (29)

From (19), we have

+ + i
fuz 28 f 32r+1 _ 3 | 2 f (2r — 1)22r+1 _ 32r 4 1 o )
= ’  (2r +1)122r+1 1 r 7 DiE A ,

r=1
S0 ;
Ha = @; (31.2)
32r+l _ 3 (2l + 1)22l+3 _ 32(l+1) +1
2“2“”‘” @r + )27+t @ T L2t (313)
If we set
fizs = Il;T%I = e - 22125+ 1), s=2,3,..., (32)
8
then from (31.2), (31.3), and (32) we have
1
g = 3 (33.2)
and for | > 2,
l 2(1—r)+5 _
_ (20 +1)2243 32041 4 (21+3)[3 3]
Ha(+1) = 2(20+2)! g 2(2r+1)2(0—7)+ 5] Har- (33.3)

If |pos| < |82s) = 1/(2%F1 x (25+1)), i.e., |fios| < 1for s = 2,3,...,1, then from (33.3) for [ > 2,

~ (21 + 1)22l+3 + 320+1) _1 (21 + 3) (321+1 _ 3)

|Baen] < 220 + 2)! 22.5(20 + 1)
(2+3) 32045 —3] L (@+3) (35 - 3)
202r + D)2(l —r) + 5! 22(21 + 1)5!

(34)
= (I)[.
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It is readily proven that {®;}3* monotonically decreases to (1/8) [(e —e~!)? —8] as | increases
to +00. And, (1/8) [(e — e!)3 — 8] = 0.6230678366196249. Thus,

\pagen| € 0204ny),  1=1,2,0-. (35)

’f 2 +Z°° 52+l _5.32+1 410
vasT @r+ D2 "

From (20), we have

8=2 =2

(36)
ot {*i 92r(9r — 7) +20(2r — 1) 2,}
32 2r+1)! ’
SO 1
Vg = ﬁ; (37.2)
+1 1
Z Vol+3-ryPor = o) Q241)s 1>1, (37.3)
r=2

where Py, = (5%7+1 —5.3%+1 1 10)/((2r + 1)12%7+1), Qo = (2%7(2r — 7) +20(2r — 1))/(2r + 1)!
for r > 2.
If we set
g = s 2825 41), s=2,3,..., (38)
|62s|
then, from (37.2), (37.3), and (38), we have
by=1 (39.2)

and, for [ > 2,

(2l — 5)24+1 + 102 +1)2% Z (20 + 3) [p2U-m+7 — 5. 32U-")+7 4 10] _

17'2(l+1) = (2l+2)' 24 2T+1 [2 l _T') +7]' 27‘- (393)

If |vas| < p°|825| = p°/(22°F! X (25 + 1)), Le., |Pas| < p° (where p=(1/32) [(e ~ e71)° — 32] =
1.2416154923235787) for s = 2,3,...,1, then from (39.3) for [ > 2,
_ (20 — 5)24+1 110020 +1)2% | (204 3) [52+3 ~ 5. 3%+3 4 10]
<
I7204m)] < @l +2)! pr 245020 + 3)! P
2(l-r)4+7 _ £ . 22(l-7r)+7
(20+3)[5 5-3 + 10} p, (40)
2602r + )20 —7) + 7]!
(20 +3) (5" ~ 5- 37 + 10) )=
2421 + 1)7!

=0,

It is readily proven that {¥;}3° monotonically decreases to p as ! increases to +oo. Thus,

|V2(l+1)| < PPrl |52(z+1)| ) l=1,2,.... (41) 1

REMARK 2. From (24), we have

+00
T 1
—1)* Mo 720 = = [It> I
g( R Py ey R S pay py ey (42)
S0 Z;io A2s72% is an alternating series, i.e., Ao > 0,A2 < 0,..., A4t > 0, A4 < O0,.... Further-

more, according to the recursive relations (27.2), (33.3), and (39.3), the numerical calculation
shows that the sequences of the beginning finite terms (at least 320 terms) of {X2s}7°, {f2s}3*>
and {Pgs}7 are alternating, and monotonically and rapidly decrease to 0 as s— + oo, respec-
tively. Unfortunately, we are not yet able to prove this strictly. This is an open problem.
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4. ESTIMATE OF THE DIFFERENCE BETWEEN FORMAL
ENERGY AND ORIGINAL HAMILTONIAN—A NOTE ON
CONVERGENCE OF FORMAL ENERGY OF MID-POINT RULE

Theorems 1-3 and Remark 2 confirm to some extent the Conjecture (the mazimum absolute
value of the coefficients of the terms in 72 is ezactly 1/(2%1 x (2k+1))) mentioned in Section 1.
If this conjecture is true, even if only “the mazimum absolute value of the coefficients of the
terms in 72% is less than no®* for some constants n > 1, 0 > 0 and for any k > 17, and the
Hamiltonian H is sufficiently smooth and bounded in some domain €, i.e., there exists some
constant B > 0, such that '

0H
thl e thj

inLl Y1)

< B, (43)

]

(here, z;, stands for the t,-component of the 2n-dim vector Z) for Z € O(e,7?") C Q, and j > 0
and 1 < t,...,t; < 2n, then, in the expansion (like (3.1)-(3.3)) of Hy in formal energy (3),
the absolute value of every single term is not greater than no**B(2nB)?*, k = 0,1,2,..., and
according to (11)

|Ho| < 3%+1no%*B(2nB)?* = Fw®*, k=0,1,2,..., (44)

where E = 3nB, w = 6noB.
Thus, we have the following.

THEOREM 4. With condition (43), if the step size T is sufficiently small, and in the tree-expansion
of (3) the absolute values of the coefficients of the terms in T2* are uniformly bounded by no?*
for some constants p > 1, o > 0 and for any k > 1, then for the mid-point rule (2), we have the

estimate:
(wr)?

=y

where Ds depends only on the Hamiltonian H.

}H’ - H‘ <E < Dot (45)

5. CONCLUSIONS AND FURTHER WORK

We have studied the tree-expansion for the formal energy of the fixed step size mid-point rule,
and obtained the formulae and estimates for the coefficients of terms of four special types. With
some assumptions on the smoothness of the Hamiltonian A and on the size of the coefficients of
the terms in the tree-expansion, we have given an estimate of the difference between the formal
energy and the original Hamiltonian, which implies the convergence of the formal energy H. Of
course, our reasoning is incomplete because we could not deal with all the terms in the tree-
expansion. So there is still much to be done. We hope this could be a starting point for the study
of the convergence of the formal energies of the symplectic methods. Obviously, the techniques
used here are also suitable for the coefficients of the terms of other types in the tree-expansion
of the formal energy of the mid-point rule, and possibly suitable for that of other symplectic
one-step methods.
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