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Abstract

A simple algorithm for lattice reduction of polynomial matrices is described and analysed.
The algorithm is adapted and applied to various tasks, including rank profile and determinant
computation, transformation to Hermite and Popov canonical form, polynomial linear system solving
and short vector computation. © 2003 Elsevier Science Ltd. All rights reserved.
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1. Introduction

Let A be a matrix overF[x], F a field. By applying a sequence of elementary row
operations we can transformA to a matrixR which is in weak Popov form. An example is
given inFig. 1.

Fig. 1. Transformation of a 3× 3 rank 2 matrix to weak Popov form,F = Z/(7).

We defer untilSection 2to define the form precisely. For now, we note two key
properties of the weak Popov form:

• the number of non-zero rows ofR is equal to the rank ofA, and
• the sum of the degrees of the non-zero rows ofR is minimal among all matrices

which can be obtained fromA by applying elementary row transformations.
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Thus, transformation to weak Popov form is essentially lattice reduction for polynomial
matrices. The weak Popov form is a simplified, non-canonical version of the well-known
Popov canonical form from linear control theory.

This paper gives a simple algorithm for transforming an input matrix overF[x] to weak
Popov form. We adapt and apply the algorithm to get solutions to various other problems
involving polynomial matrices, seeTable 1.

Table 1
Some polynomial matrix computations

Section 2 Transformation to weak Popov form.
Section 3 Computation of rank profile.
Section 4 Computation of determinant.
Section 5 Transformation of full column rank matrix to Hermite form.
Section 6 Polynomial linear system solving.
Section 7 Transformation to canonical Popov form.

The algorithms we present are designed to handle efficiently the case of input matrices
which may be rectangular and/or rank deficient. Consider the well understood case of
matrices over a field. LetA ∈ Fn×m have rankr . Problems involvingA like linear
system solving and rank profile computation can be solved withO(nmr) field operations
using Gaussian elimination. This paper gives analogous results for matrices overF[x]. Let
A ∈ F[x]n×m have rankr and degree bounded byd, where the degree of a polynomial
matrix is defined as being the maximum of the degree of its entries. We show that all the
problems listed inTable 1can be solved withO(nmrd2) field operations. Note that when
r andd appear in a big-O bounds they should be taken as upper bounds, that is,r > 0 and
d > 0.

An algorithm to compute a reduced basis very similar to the weak Popov form has been
given byvon zur Gathen (1984)and applied to the problem of computing short vectors.
In Section 8we indicate the relationship between the Popov form andreduced basisas
defined there. This results in a substantially faster algorithm for the reduced basis and
short vectors problem.

In Section 9we extend the notion of weak Popov form to the setting of discrete valuation
rings. Analogous results as in the polynomial setting hold. InSection 10we end the paper
with a short summary, some remarks on implementation issues and some suggestions for
further research.

1.1. Cost model

We assume we have primitives for polynomial arithmetic which support the following
cost bounds. Leta, b ∈ F[x] be non-zero. Thena+b anda−b can be computed withO(1+
max(deg(a), deg(b))) field operations,abcan be computed withO((1+dega)(1+degb))

field operations, and if dega ≥ degb, then the uniqueq, r ∈ F[x] with a = bq + r and
degr < degb can be computed withO((1 + dega − degb)(1+ degb)) field operations.
The algorithms in this paper are deterministic. Allowing randomization, asymptotically
faster algorithms are known in some cases. For each problem we mention the currently
best known complexity bound. Some of these randomized algorithms allow use of
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asymptotically fast matrix or polynomial multiplication. Letθ (2 < θ ≤ 3) be such that
two n × n matrices over a field can be multiplied together withO(nθ ) field operations.
Let ε (0 < ε ≤ 1) be such that two degreed polynomials can be multiplied together with
O(d1+ε) field operations.

2. The weak Popov form

A well-known notion in systems theory is the Popov form (Popov, 1969) of a rectangular
matrix with polynomial entries. A non-canonical but still useful version of the Popov form
is the quasi Popov form (Kailath, 1980). In this section we define the weak Popov form—a
form with even less conditions than the quasi Popov form.

Let F be a field andM = (mi, j ) ∈ F[x]n×m. In what follows we useM to define
general notions for matrices. We use calligraphic characters to refer to specific variables
used in the various algorithms.

Definition. For 1≤ i ≤ n we define thei th pivot index IMi of M as follows: ifmi, j = 0
for 1 ≤ j ≤ m, thenI M

i = 0; otherwise

1. deg(mi, j ) ≤ deg(mi,I M
i

) for 1 ≤ j < I M
i ;

2. deg(mi, j ) < deg(mi,I M
i

) for I M
i < j ≤ m.

When I M
i �= 0, the elementmi,I M

i
is called thei th pivot elementof M and is denoted by

PM
i . The degree ofPM

i is called thei th pivot degreeof M and is denoted byDM
i . When

I M
i = 0 we putDM

i = −1.

A pivot element is the rightmost element with maximal degree in its row.

Definition. Thecarrier set CM of M is defined asCM = {1 ≤ i ≤ n | I M
i �= 0}.

Definition. M is said to be in weak Popov form if the positive pivot indices ofM are all
different, i.e. if

k, l ∈ CM , k �= l ⇒ I M
k �= I M

l .

By applying unimodular row-transformations, we want to transform a given matrix to weak
Popov form. We now define a particularly simple kind of unimodular transformation.

Definition. If k ∈ CM , l �= k and deg(ml ,I M
k

) ≥ DM
k , there are uniquec ∈ F ande ∈ N

such that

deg(ml ,I M
k

− cxePM
k ) < deg(ml ,I M

k
).

In that case we call subtractingcxe times rowk from row l thesimple transformationof
row k on row l . If I M

l = I M
k , the transformation is called of thefirst kind, otherwise it is

called of thesecond kind.
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Fig. 2. AlgorithmWeakPopovForm.

Sometimes we want to apply a simple transformation onM and simultaneously apply the
same transformation on a vector or matrixA. We then say that we apply the transformation
on [ M | A ]. Note that we only considerM when we determine the pivot element of a row.

Definition. When [N | B ] is the result after applying a number of simple transformations
on [ M | A ], we write [M | A ] → [ N | B ]. Note that in that case [N | B ] is left
equivalent to [M | A ], i.e. [ N | B ] = U [ M | A ] where U is unimodular and even
det(U) = 1.

Example 1. Let

M =
[

1 x2 x
3x x + 2x3 x3

]
, A =

[
x4

x2

]
and

N =
[

1 x2 x
x x x3 − 2x2

]
, B =

[
x4

x2 − 2x5

]
.

ThenI M
1 = 2 and by applying the simple transformation of the first row on the second row

of [ M | A ], we see that [M | A ] → [ N | B ].

Algorithm WeakPopovForm, shown inFig. 2, transforms a matrix by applying simple
transformations of the first kind. The algorithm is based on the following trivial lemma.

Lemma 2.1. M is not in weak Popov form if and only if we can apply a simple
transformation of the first kind on M, that is, not all non-zero pivot indices of M are
different.

We remark that the copying of matrices is done only in order to be able to reason about
the algorithm. Correctness of the algorithms output follows fromLemma 2.1. That the
algorithm always terminates will follow as a corollary of our cost analysis.

The next lemma notes how the pivot indices and pivot degrees may change when we
apply a simple transformation.
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Lemma 2.2. Let N be the matrix we get after applying the simple transformation of row
k on row l of M. If the simple transformation is of the first kind, then either DN

l < DM
l

or (DN
l = DM

l and IN
l < I M

l ). If the simple transformation is of the second kind, then
I N
l = I M

l and DN
l = DM

l .

Now we bound the cost of algorithmWeakPopovForm. For this, the following corollary of
Lemma 2.2is important.

Corollary 2.1. If d is a bound on the degree ofM, then the degree ofA is always bounded
by d.

Now we describe the possible values that a pair(DA
l , I Al ) can assume during the course

of algorithmWeakPopovForm.

Definition. The setI M = {I M
i | i ∈ CM } of non-zero pivot indices ofM is called the

index setof M.

The next two lemmas follow fromLemma 2.2 and the definitions of a simple
transformation of the first and second kind.

Lemma 2.3. If N is the matrix we get after applying a simple transformation on M, then
I M ⊆ I N.

Lemma 2.4. For 1 ≤ l ≤ n, the values that the pair(DA
l , I Al ) can assume during

the course of algorithm WeakPopovForm are all in the set{DN
l , DN

l + 1, . . . , DM
l }×

(I N ∪ {0}).
Lemma 2.5. If the pivot indices of all rows of M are positive and different, then the rows
of M are independent over F(x).

Proof. Let N be the matrix we get by multiplying, for 1≤ i ≤ n, row i by x−DM
i . Then

N = N0+ N̂, whereN̂ ∈ x−1F[x−1]n×m andN0 ∈ Fn×m has independent rows. Consider
F(x) ⊂ F((x−1)). It is clear that the rows ofN are independent overF((x−1)) and thus
are also independent overF(x). �

Corollary 2.2. Rank(M) ≥ #I M .

Theorem 2.1. Algorithm WeakPopovForm is correct. The cost of the algorithm is bounded
by O(nmrd2) field operations, where r is the rank ofM and d is a bound on the degree
of M.

Proof. From Lemma 2.4it follows that, during the course of the algorithm, the pair
(DA

l , I Al ) can assume at most(DM
l + 2)(#I N + 1) values. Since rank(N ) = rank(M), it

follows from Corollary 2.2that #I N = r . By Lemma 2.2, every simple transformation of
the first kind decreases, for onel , the pair(DA

l , I Al ) in the lexicographic order. It follows
that the number of simple transformations applied during the course of the algorithm is
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O(nrd). By Corollary 2.1the cost of one simple transformation is bounded byO(md)
field operations. �

To be able to compute the amortized cost of some algorithms we have to specify in more
detail the number of simple transformations applied by algorithmWeakPopovForm.

Definition. Thestate SM of M is defined by

SM =
∑

i∈CM

(DM
i m + I M

i ).

Lemma 2.6. SM ≥ 0. Moreover, when N is the matrix we get after applying a simple
transformation of the first kind on M, then SN < SM .

So the state ofM is a bound on the number of simple transformations of the first kind it
will take to transformM into weak Popov form.

Definition. If M → N, thestate drop SM,N from M to N is defined bySM,N = SM −SN .

The next result follows immediately from the definition of the state drop.

Theorem 2.2. The number of simple transformations applied by algorithm WeakPopov-
Form is at most SM,N .

In fact SM can also be defined withm replaced byr = rank(M) andTheorem 2.2then still
holds. Since the proof is more involved, and we do not need this result in what follows, we
restrict ourselves to the current definition.

3. The rank profile

In this section we show how algorithmWeakPopovFormcan be adjusted to compute
the rank profile of a matrixA ∈ F[x]n×m. Recall that thecolumn rank profileof A is
the lexicographically smallest list of row indices[i1, i2, . . . , i r ] such that these rows ofA
are linearly independent, wherer is the rank ofA. The column rank profile is thus named
because it describes the echelon structure of the column echelon form ofA. The row rank
profile is defined analogously, and is equal to the column rank profile of the transpose.

The rank profile overF[x] can be recovered with high probability by computing the
rank profile modulo a small degree and randomly chosen irreducible polynomial. This
Monte Carlo algorithm requires aboutO(nmrθ−2 + nmd) field operations. The cost
estimate might increase by a poly-logarithmic factor in the case of small fields.

AlgorithmRankProfile, shown inFig. 3, computes the rank profile deterministically. We
get the following as a corollary ofTheorem 2.1.

Theorem 3.1. Algorithm RankProfile is correct. The cost of the algorithm is bounded by
O(nmrd2) field operations, where r is the rank ofM and d is a bound on the degree ofM.
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Fig. 3. AlgorithmRankProfile.

Fig. 4. AlgorithmExtendedWeakPopovForm.

4. The determinant

In this section we show how algorithmWeakPopovFormcan be adjusted to compute the
determinant of a matrixA ∈ F[x]n×n. The determinant will have degree bounded bynd,
whered is a bound on the degree ofA. The algorithm we propose here computes det(A)

with O(n3d2) field operations.
Using randomization and a completely different approach,Storjohann (2002)gives a

Las Vegas probabilistic algorithm that requires an expected number ofO(nθ (logn)2d1+ε)

field operations. The cost estimate might increase by a poly-logarithmic factor in the case
of small fields. Also, theO((logn)2) factor is present even in the caseθ = 3.

Algorithm ExtendedWeakPopovForm, shown inFig. 4, applies simple transformations
onM to obtain the weak Popov formN and applies the same transformations on the vector
V , obtainingW . To estimate the cost of algorithmExtendedWeakPopovFormwe have to
bound the degree ofU .
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Definition. Thedegree sum DM of M is defined by

DM =
n∑

i=1

DM
i .

Lemma 4.1. If N is the matrix we get after applying a simple transformation on M, then
DN ≤ DM .

Proof. This follows immediately fromLemma 2.2. �

Definition. If M → N, thedegree drop DM,N is defined byDM,N = DM − DN .

Lemma 4.2. Let v ∈ F[x]n and assume that[ M | v ] → [ N | w ]. If c ∈ Z is such that
deg(vi ) ≤ DM

i + c for all i , thendeg(wi ) ≤ DN
i + c + DM,N for all i .

Proof. Since degree drop is additive, we only have to prove the lemma when applying one
simple transformation. Suppose we apply the simple transformation of rowk on rowl . For
i �= l we have deg(wi ) = deg(vi ) ≤ DM

i + c = DN
i + c ≤ DN

i + c + DM,N , since
DM,N ≥ 0 byLemma 4.1. Let j = I M

k andM = (mi, j ). Then

deg(wl ) ≤ max(deg(vl ), deg(ml , j ) − deg(mk, j ) + deg(vk))

≤ max(DM
l + c, DM

l − DM
k + DM

k + c)
= DM

l + c.

SinceDM,N = DM
l − DN

l we haveDM
l + c = DN

l + c + DM,N . �

Theorem 4.1. The cost of algorithm ExtendedWeakPopovForm is bounded by O((m +
n)dSM,N ) field operations, where d is a bound on the degree ofM andV .

Proof. By Theorem 2.2 at most SM,N simple transformations are applied. By
Corollary 2.1the degree ofA is always bounded byd. Since deg(Vi ) ≤ DM

i + d + 1
for all i and alwaysDM,A ≤ n(d + 1), it follows from Lemma 4.2that the degree ofU is
always bounded byd + (d + 1) + n(d + 1) = O(nd). From this the theorem follows.�

Let T ∈ F[x]n×n. Write T = [ M | V ], whereM consists of the firstn − 1 rows ofT and
V is the last column ofT . Apply algorithmExtendedWeakPopovFormon the pair(M, V )

yielding [ N | W ]. Since N is in weak Popov form and rank(N) = rank(M) ≤ n − 1,
it follows from Corollary 2.2that N will contain at least one zero row. So up to a row
permutation we have

[ N | W ] =
[

T̄ ∗
0 t

]
,

whereT̄ ∈ F[x](n−1)×(n−1) andt ∈ F[x]. Thus, up to sign we have det(T) = det(T̄) t .
This leads to algorithmDeterminantshown inFig. 5. Fig. 6 is (up to row permutation) a
pictorial representation of the flow of algorithmDeterminant. Here, the dark gray areas
representM andN , the middle gray areas representV andW , the light gray areas are
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Fig. 5. AlgorithmDeterminant.

ignored during the computation and the white areas represent zero entries. The determinant
of the matrix is (up to sign) the product of the black entries.

Theorem 4.2. The cost of algorithm Determinant is bounded O(n3d2) field operations,
where d is a bound on the degree ofT .

Proof. By Corollary 2.1the degrees of̄T ,M,V andN are always bounded byd. Let
Mn−1,Mn−2, . . . ,M1 be the consecutive values ofM andNn−1,Nn−2, . . . ,N1 the
consecutive values ofN during the course of the algorithm. ByTheorem 4.1the cost is
then bounded by

O

(
nd

n−1∑
i=1

SMi ,Ni

)
.

If i /∈ I Ni , thenD
Mi−1
l = DNi

l , I
Mi−1
l = I Ni

l for all i and thusSMi−1 = SNi . If k is

such thatI Ni
k = i , then D

Mi−1
l = DNi

l , I
Mi−1
l = I Ni

l for l �= k, D
Mi−1
k ≤ DNi

k and

I
Mi−1
k < I Ni

k and thusSMi−1 < SNi . So

n−1∑
i=1

SMi ,Ni = SMn−1 −
n−1∑
i=2

(SNi − SMi−1) − SN1 ≤ SMn−1.

SinceSMn−1 = O(n2d), the theorem follows. �

5. The Hermite form

Let A over F[x] have full column rank. The Hermite formH of A is the unique upper
triangular matrix which is left equivalent toA, has diagonal entries monic, and off-diagonal
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Fig. 6. Flow of algorithmDeterminant.

entries of degree less than the diagonal entry in the same column, seeMacDuffee (1956)
or Newman (1972). In this section we show how algorithmDeterminantcan be adjusted
to compute the Hermite form of a non-singular input matrixA ∈ F[x]m×m. The cost of
the algorithm isO(m3d2) field operations, whered is a bound on the degree ofA. The
algorithm extends immediately to rectangular input matrices of full column rank by first
computing the weak Popov form and restricting to the non-zero rows.

Different approaches to computing the Hermite form have been given.Domich et al.
(1987)work modulo the determinant of the input matrix to avoid intermediate expression
swell. Labhalla et al. (1996)transform the original problem overF[x] to that of
triangularizing a larger matrix overF . Villard (1996)deduces the Hermite form from the
Popov form, computed via a matrix gcd using a block Hankel construction, seeSection 7.
The O(m3d2) field operations algorithm we give here, based on lattice reduction, is the
first with a complexity bound that is cubic in the matrix dimension. For comparison, the
approach ofDomich et al. (1987)has costO(m3(md)1+ε) field operations.

In algorithmDeterminantwe ignored the last columns of the matrix when applying
transformations, seeFig. 6. That algorithm recovered the diagonal entries of the Hermite
form but not the off-diagonal entries. If instead we apply all transformations to the whole
matrix, we would be left with a triangularization. One could finally use the diagonal entries
to lower the degree of the off-diagonal entries, yielding a matrix in Hermite form. The
problem with this approach is that the degrees of the off-diagonal entries may become too
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Fig. 7. AlgorithmHermiteForm.

high, thus leading to a bad complexity. In order to avoid these high degrees we will apply,
during the course of the algorithm, extra elementary transformations.

Fig. 7 gives a description of algorithmHermiteFormto transform a full column rank
matrix into Hermite form. The details of steps (1), (2) and (3) will be explained shortly.
Fig. 8 is a pictorial representation of algorithmHermiteForm. Here the dark gray columns
representM, the middle gray columns representV and the light gray columns representA.

Fig. 9 represents (up to row permutation) the actions of one iteration during the inner
while loop. HereDs = DM

s and for j > i , dj is the degree of the bullet entry in columnj .
The idea is to let [M | V A ] always have the following property.

Property 1. For j > i + 1 and s< j the degree of entry(s, j ) of [ M | V A ] is at most
Ds + dj .

SoProperty 1ensures that the degrees of the entries in the light gray area are not too big.
Note that fors > i + 1 we haveDs = −1 and thus when [M | V A ] hasProperty 1,
then fori + 1 < s < j the degree of entry(s, j ) is less thandj . This means that the lower
triangular part ofA is in Hermite form, and at the end of algorithmHermiteForm[ V A ]
is in Hermite form.
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Fig. 8. Flow of algorithmHermiteForm.

Fig. 9. One iteration duringwhile loop.

SupposeE = [ M | V A ] hasProperty 1and letF = [ N | W B ] be the matrix
we get after applying on [M | V A ] the simple transformation of the first kind from
row k on row l . Let D̄l = DN

l . For j > i + 1 we have byLemma 4.2deg(Fl , j ) ≤
D̄l +dj + DM,N = Dl +dj . So if D̄l = Dl , [ N | W B ] still hasProperty 1and nothing
has to be done in step (1). If howeverD̄l < Dl , the entries in thel th row of [N | W B ]
may violateProperty 1and we have to restore the property in step (1). Letq be the quotient
of Fl ,i+2 by Fi+2,i+2xD̄l +1, i.e. deg(Fl ,i+2 − qFi+2,i+2xD̄l +1) ≤ D̄l + deg(Fi+2,i+2).
Then deg(q) < Dl − D̄l . Let G be the result of subtractingq times row i + 2 from
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Fig. 10. Snapshot afterwhile loop.

row l in F . Then the(l , i + 2) entry of G has degree at most̄Dl + deg(Gi+2,i+2) and
thus satisfiesProperty 1. Moreover, forj > i + 2

deg(Gl , j ) ≤ max(deg(Fl , j ), deg(q) + deg(Fi+2, j ))

≤ Dl + dj

since deg(Fl , j ) ≤ Dl + dj , deg(q) < Dl and deg(Fi+2, j ) ≤ dj − 1. Subtracting in a
similar way in sequence multiples of rowsi + 3, . . . , n from row l , we restoreProperty 1
for row l in step (1).

Now we describe step (2).Fig. 10represents (up to row permutation) the situation just
after the while loop has completed. Before we enlargeA with columnV , we make sure
that the entries inV satisfyProperty 1, i.e. make deg(Vl ) ≤ Dl + di+1. Step (2) takes care
of this. We could apply row transformations as in step (1), using the♣- and•-entries, for
this. However, this would be too costly.

Let s be the maximum degree excess in columnV , that is, for 1 ≤ l ≤ i we have
deg(Vi ) ≤ Dl + di+1 + s. LetQ0 be the(i + 1)th row ofE . Foru = 1, . . . , s letQu be the
row vector we get by multiplyingQu−1 by x and, like in step (1), reducing all entries from
left to right using rowsi + 2, . . . , n of E . Then deg(Qu

i+1) = di+1 + u and deg(Qu
j ) < dj

for j > i + 1. Now we can add appropriate monomial multiples of theQu to rows 1, . . . , i
to make the entries ofV satisfyProperty 1. Notice that this does not destroyProperty 1for
the entries inA.

Finally, we describe step (3). When the last column ofM is deleted before we enter
the while loop again,DM

l may decrease and thus the entries in thel th row may violate
Property 1. In step (3) we then apply the same procedure as in step (1) to make sure that
the entries in rowl satisfy the property again.

Theorem 5.1. The cost of algorithm HermiteForm is bounded by O(nm2d2) field
operations, where d is a bound on the degree ofT .

Proof. By Theorem 2.1computingT̄ can be accomplished in the allotted time.
By Corollary 2.1the degreeM is bounded byd. By Lemma 4.2the entries inV have

degree bounded byO(md). The sum of the degrees of the entries in one row ofA is at
most

∑m
j =i+2(d + dj ). Since the product of all•-entries divides the determinant ofT̄ we

have
∑m

j =i+1(d + dj ) = O(md).
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As in the proof ofTheorem 4.2we see that the number of simple transformations
applied is bounded byST̄ = O(m2d). One simple transformation costsO(md) and thus
the cost of all simple transformations isO(m3d2).

Adding a multiple of a row as in step (1) costsO((Dl − D̄l )md) and thus performing
step (1) once takesO((Dl −D̄l )m2d). Since the total degree drop, i.e. the sum of allDl −D̄l

is at mostmd, the total cost of all steps (1) isO(m3d2).

The cost of performing step (2) once is bounded byO(sm2d). By Lemma 4.2s is
bounded by the sum ofd and the degree drop during the last invocation of the while loop.
So the sum of alls during the algorithm isO(md) and thus the total cost of all steps (2) is
O(m3d2).

As in step (1), the cost of step (3) is bounded byO(m3d2) and making the diagonal
entries monic can be accomplished withO(m2d). �

5.1. Triangular factorization

AlgorithmHermiteFormcan be used to obtain a triangular factorization of a full column
rank A ∈ F[x]n×m, that is, compute the Hermite formH of A together with a unimodular
matrix V such thatA = V H. Proceed as follows.

Compute the column rank profile ofA and, if necessary, permute the rows so that the
first m rows are linearly independent. For simplicity, assume no permutation of rows is
required. Append toA the(n − m) × (n − m) identity matrix to the right bottom, yielding
the non-singular matrix

Ā =
[

A

∣∣∣∣ 0
I

]
∈ F[x]n×n.

Now compute the Hermite form̄H of Ā. Let H be the firstm columns ofH̄ .

Finally, we are going to computeV = ĀH̄ −1. To do this efficiently, letDi be then × n
identity matrix except withi th diagonal entry equal to that of̄H . Similarly, let Ei be the
n×n identity matrix except with off-diagonal entries in thei th column equal to those of̄H .
Then H̄ = DnEn · · · D3E3D2E2D1E1. ComputeV = ĀE−1

1 D−1
1 E−1

2 D−1
3 · · · E−1

n D−1
n ,

evaluating from left to right.

Theorem 5.2. Let A ∈ F[x]n×m have rank m and degree bounded by d. A triangular
factorization of A can be computed with O(n3d2) field operations. Moreover, the degree
of the unimodular transformation matrix is bounded by d.

Proof. Use the method described above. Determine them independent rows ofA and
computeH̄ using algorithmsRankProfileand HermiteForm. BecauseH̄ is in Hermite
form, we have the bounds deg(det(H̄ )H̄ −1) ≤ deg(det(H̄)) and

∑
1≤ j ≤n deg(Ei ) ≤∑

1≤ j ≤n deg(Di ) = deg(det(H̄)) = O(md). The former shows deg(V) ≤ deg(Ā). Using

this and the latter bound it follows thatV can be computed as indicated withO(n2md2)

field operations. �
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6. Polynomial linear system solving

Let M ∈ F[x]n×m andb ∈ F[x]1×m be given. This section shows how to solve the
polynomial linear systemvM = b in the following general sense:

1. If the system does not have a rational solution, that is, if there does not exist a
v ∈ F(x)1×n such thatvM = b, then report this.

2. If the system does have a rational solution, then find the minimal degree monic
e ∈ F[x] such thatvM = ebhas a polynomial solution, and

3. find a particular solutionv ∈ F[x]1×n for vM = eb.

These problems have been well studied. Letr be the rank ofM andd be a bound on the
degree ofM. The complexity bounds we state allow the target vectorb to have degree as
large asO(rd). Mulders and Storjohann (2000b)solve problem 1 withO((n+ m)r 2d1+ε)

field operations. A rational solution vector, if one exists, is computed in the same
time. Problems 2 and 3 are more subtle. The fastest methods are based on randomized
preconditioning. The Las Vegas algorithm ofMulders and Storjohann (to appear)solves
all the problems using an expected number ofO((nmrθ−2 + r θ (logr ))(d + log#Fr )1+ε)

field operations. Ifθ = 3 the logr factor can be avoided and the result becomes
O(nmr(d+log#Fr )1+ε) field operations. Here we show how to solve the problems without
randomization withO(nmrd2) field operations.

Our solution will be divided into three phases. The first phase is to solve problems 1
and 2 above. The second phase is to reduce the systemvM = eb to an equivalent system
vA = c which has full column rank. The third phase is to find a particular solution
of vA = c. The first two phases use standard methods together with the algorithms
presented in previous sections. Similarly, the third phase is easy to solve withO(n3d2)

field operations, but this may be too expensive for an input system that is overdetermined
(i.e. n � m) or is rank deficient. Our main contribution here is to show how to solve the
third phase with onlyO(nr2d2) field operations.

Phase 1: Computation of minimal denominator e

If the rank ofM augmented withb is greater than the rank ofM alone, then the linear
systemvM = b does not have a rational solution. We can perform this rank check and
solve problem 2 simultaneously by doing the following. Use algorithmWeakPopovFormto
compute the non-zero rowsR ∈ F[x]r×m of a weak Popov form ofM. Now use algorithm
ExtendedPopovFormto transform the matrix[

R
b 1

]
∈ F[x](r+1)×(m+1). (1)

If there does not exist a row in the transformed matrix which has firstm entries zero, then
report that the system has no solution; otherwise, the monic associate of the last entry in
this row is the desired minimal denominatore.

Phase 2: Reduction to full column rank systemvA = c

First use algorithmRankProfileto compute the row and column rank profiles ofM in
order to identify a non-singularr × r submatrix. Now constructA from M as follows:
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permute the rows and columns so that the principalr × r submatrix is non-singular, then
remove the lastm − r columns. Letc ∈ F[x]1×r be the corresponding subvector ofeb.
Any solution of vA = c will be, up to permutation of entries inv, also a solution of
vM = eb, and vice versa. Thus, we have reduced our problem to finding a particular
solution v ∈ F[x]1×n to the systemvA = c, where A is n × r with principal r × r
submatrix non-singular.

Phase 3: Particular solution ofvA = c

Let k = �n/r � and decomposeA as

A =




A1
A2
...

Ak




where eachA∗ is r × r except for possiblyAk which has row dimensionn − (k − 1)r .
Consider transforming the following augmented matrix to Hermite form:



1 −c
A1
A2 I
...

. . .

Ak I







1 v2 · · · vk

H1 ∗ · · · ∗
H2 · · · ∗

. . .
...

Hk


 . (2)

Note that the block aboveH1 is necessarily zero (as shown) because−c is in the lattice
generated by the rows ofA, that is, the systemvA = c has a polynomial solution forv.
Once thev∗ in (2) have been computed, solve the non-singular systemv1A1 = c − v2A2 −
v3A3 − · · · − vk Ak for v1 using the algorithm ofMulders and Storjohann (2000b). Then
v = [ v1 v2 v3 · · · vk ] is easily seen to be a solution to the systemvA = c.

We could apply algorithmHermiteFormto compute thev∗ in (2) but this would cost
O(n3d2) field operations. By pipelining the computation we can avoid computation of the
off-diagonal blocks∗ and reduce the cost toO(nr2d2). Proceed as follows.

Use algorithmWeakPopovFormto compute a weak Popov formRk of A1. For i =
k − 1, k − 2, . . . , 2 in succession, letRi be the non-zero rows of a weak Popov form of[

Ri+1
Ai+1

]
,

computed using algorithmWeakPopovForm. Now computevi for i = 2, 3, . . . , k in
succession as follows: setci = −c + v2A2 + v3A3 + · · · + vi−1 Ai−1 and use algorithm
HermiteFormto effect the following transformation:

1 ci

Ri

Ai I





1 vi

∗ ∗
Hi


 . (3)

This ends the description of phase 3. We now show using induction oni that the Hermite
form in (3) will be as shown, cf.(2).
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For some i (i = 2, 3, . . . , k) assume thatv2, v3, . . . , vi−1 have been correctly
computed. Note that fori = 2 (the base case) this assumption is vacuously true. Let
w = [ v2 v3 · · · vi−1 ]. Write A using a conformal block decomposition as

A =



A1
X
Ai

Y


 .

Now consider the transformation to Hermite form shown in(2), but restricted to the first
i r + 1 columns and using a sequence of unimodular transformations:


1 −c

A1
X I
Ai I
Y




(a)




1 −c
Ri

X I
Ai I




(b)




1 ci w

Ri

X I
Ai I




(c)




1 w vi

∗ ∗
X I

Hi




(d)




1 w vi

H1 ∗ ∗
∗ ∗

Hi


 .

Transformation (a) corresponds to the definition ofRi and involves only rows containing
A1 andY. Indeed,Ri is the non-zero rows of a weak Popov form ofA1 augmented with
Y. Transformation (b) addsw × [

X I
]

to the first row. Note thatci = −c + wX.
Transformation (c) is that shown in(3), and is restricted to the rows containingRi and
Ai . The key point is that the first row is already in correct form after transformation (c)
completes. Thus, transformation (d), which completes the transformation to Hermite form,
can be avoided.

Theorem 6.1. Let M ∈ F[x]n×m have rank r and degree bounded by d. Let b∈ F[x]1×m

have degree bounded by O(rd). The cost of the algorithm described above for solving the
polynomial linear systemvM = b is bounded by O(nmrd2) field operations.

Proof. As indicated, almost all of the computation is done by algorithmsWeakPopovForm,
ExtendedPopovForm, RankProfileandHermiteForm. There are a couple of places where
we need to take care that these algorithms run in the allotted time.

The transformation using algorithmExtendedPopovFormshown in(1) needs to be done
in a special way because we are allowing degb = O(rd). Perform the transformation in
two phases. For the first phase, apply simple transformations of the first kind involving the
rows ofR on the last row until either the last row has degree≤ d or the transformed matrix
is in weak Popov form. A similar argument as used in the proof ofTheorem 2.1shows
that the number of such simple transformations is bounded byO(r deg(b)). To estimate
the cost of the first phase it remains to bound the cost of a single simple transformation
of the first kind of a row with degree bounded byd on a row with degree bounded by
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O(deg(b)). Before beginning, store the coefficients of the polynomials inb in m arrays of
length 1+ deg(b). By modifying these arrays in-place, each simple transformation can be
accomplished withO(md) instead ofO(mdeg(b)) field operations. Thus, the total cost
for phase one isO(mrddeg(b)) field operations. For the second phase, use algorithm
ExtendedWeakPopovFormto complete the transformation.

Next we bound the degree ofc and thec∗. Note thatewill be a divisor of anr × r minor
of R and hence deg(e) ≤ rd. This shows that deg(c) ≤ rd + degb. The degree of the
Hermite form shown in(2) will be bounded by deg(det(A1)), which is≤ rd. Note that for
i > 2, ci can be computed asci−1 + vi−1Ai−1. Using this, we see that all thec∗ can be
computed from thev∗ in the allotted time and will have degree bounded byO(rd).

Now consider the computation of thev∗ using the transformation to Hermite form
shown in(3). Again, some care needs to be taken because deg(ci ) may be as large asO(rd).
The transformation should be done in two phases. First, use the technique described above
to apply simple transformations of the rows inRi to the first row to reduce the degree of
the first row to≤d. Then complete the transformation using algorithmHermiteForm.

For the final computation ofv1 = A−1
1 (−ck − vk Ak) use the algorithm of

Mulders and Storjohann (2000b). �

7. The Popov form

In this section, we show how we can transform a matrix that is in weak Popov form
into Popov form. Combined with algorithmWeakPopovFormthis will yield an algorithm
to transform any matrix into Popov form.

In Kailath (1980)and Villard (1996) the Popov form of a matrix is computed via
translation to problems overF with bigger dimensions. Consider the case of a non-singular
m × m input matrix with degreed. Villard (1996) reduces the problem to inverting a
single m × m matrix over F[x] with degreed and computing the rank profiles of two
md × md matrices overF . This approach also yields a fast parallel algorithm. Using
the best known sequential algorithms for these problems the cost estimate becomes about
O(mθ+1d + (md)θ + m2(md)1+ε) field operations. The algorithm we propose here has
costO(m3d2) field operations for this case.

Definition. M is said to be in ascending order if fori < l we haveDM
i < DM

l or
(DM

i = DM
l �= −1 andI M

i < I M
l ).

Note that whenM is in ascending order, the zero rows ofM are on top, i.e. have smallest
row index.

Definition (See alsoKailath, 1980). M is said to be in Popov form if

1. M is in weak Popov form;

2. M is in ascending order;

3. PM
i is monic fori ∈ CM ;

4. deg(mi,I M
l

) < DM
l for l ∈ CM andi �= l .
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WhenM is in weak Popov form we can transformM into ascending order by permuting
the rows ofM.

Assume thatM already satisfies properties 1 and 2. We will makeM satisfy property
4 by applying simple transformations of the second kind onM. In order that a simple
transformation does not cancel progress made earlier, we apply the simple transformations
in a particular order.

Suppose that the firstk − 1 rows ofM already satisfy property 4, that is deg(mi,I M
l

) <

DM
l for l ∈ CM , i �= l andi , l < k.
If the kth row of M is the zero row, then the firstk rows of M are all zero rows and

satisfy property 4.
Now suppose that thekth row of M is not the zero row. Fori < k we then have:

1. If DM
i = −1, then deg(mi,I M

k
) = −∞ < DM

k .

2. If DM
i < DM

k , then deg(mi,I M
k

) ≤ DM
i < DM

k .

3. If DM
i = DM

k , thenI M
i < I M

k and thus deg(mi,I M
k

) < DM
i = DM

k .

So deg(mi,I M
k

) < DM
k for i < k and we only have to make the entries in rowk satisfy

property 4.
Let δM = maxi<k,i∈CM (deg(mk,I M

i
) − DM

i ). If δM < 0, then the firstk rows of M

satisfy property 4. Otherwise letl < k, l ∈ CM such thatδM = deg(mk,I M
l

) − DM
l

andN = (ni, j ) the matrix we get when we apply the simple transformation (of the second
kind) of row l on rowk. By Lemma 2.2DM

k andI M
k do not change and thusN still satisfies

properties 1 and 2 and still deg(ni,I N
k

) < DN
k for i < k.

Let δN = maxi<k,i∈CN (deg(nk,I N
i

) − DN
i ). If δN < 0, the firstk rows of N satisfy

property 4. Otherwise, letνM = #{i < k|δM = deg(mk,I M
i

) − DM
i } andνN = #{i <

k|δN = deg(nk,I N
i

) − DN
i }. We now show that(δN , νN) < (δM , νM ) in the lexicographic

order. For this we only have to show thatδN ≤ δM and if δN = δM , thenνN < νM .
For i < k such thati �= l andi ∈ CN let j = I N

i = I M
i and note thatDN

i = DM
i . Then

deg(nk, j ) − DN
i ≤ max(deg(mk, j ) − DN

i , δM + deg(ml , j ) − DN
i ).

Since the firstk − 1 rows ofM already satisfy property 4 we have deg(ml , j ) − DN
i < 0.

So if deg(mk, j ) − DM
i < δM , then deg(nk, j ) − DN

i < δM ; if deg(mk, j ) − DM
i = δM , then

deg(nk, j ) − DN
i = δM . Moreover, deg(nk,I N

l
) − DN

l < deg(mk,I N
l

) − DN
l = δM , since

we applied the simple transformation of rowl on rowk. We see that either (δN = δM and
νN = νM − 1) or δN < δM .

Fig. 11 describes an algorithm to compute the Popov form of a matrix based on our
previous observations.

Theorem 7.1. Algorithm PopovForm is correct. The cost of algorithm PopovForm is
bounded by O(nmrd2) field operations, where r is the rank ofM and d is a bound on
the degreeM.
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Fig. 11. AlgorithmPopovForm.

Proof. Since alwaysδM ≤ d andνM < r it follows from the previous observations that
in the loop at mostO(rd) simple transformations are applied on each non-zero row. So the
total number of simple transformations applied in the loop isO(r 2d). FromLemma 2.2it
follows that the degree ofA is always bounded byd. Thus the cost of the loop isO(r 2md2).
The theorem now follows fromTheorem 2.1. �

8. Reduced basis

In von zur Gathen (1984)the notion of reduced basis is introduced. For a polynomial
matrix M = (mi, j ) ∈ F[x]n×m of rankr this boils down to the following.

Definition. M is said to bereducedif

1. Rowsr + 1, . . . , n are zero rows;
2. For 1 ≤ i ≤ r we have deg(mi,k) < deg(mi,i ) for 1 ≤ k < i and deg(mi,k) ≤

deg(mi,i ) for i ≤ k ≤ m;
3. deg(mi,i ) ≤ deg(mj , j ) for 1 ≤ i ≤ j ≤ r .

In von zur Gathen (1984)and von zur Gathen and Gerhard (1999,Exercise 16.12) an
algorithm is described to transform a full row rank matrix, up to column permutation, into
a reduced matrix by a unimodular row transformation. The complexity of this algorithm
turns out to beO(mn3d2+ε) field operations.



T. Mulders, A. Storjohann / Journal of Symbolic Computation 35 (2003) 377–401 397

Now supposeM is already in Popov form. If deg(PM
k ) ≤ deg(PM

l ) for k �= l , then
deg(ml ,I M

k
) < deg(PM

k ) ≤ deg(PM
l ). From this we see that by permuting the rows and

columns ofM such that the pivots ofM end up on the diagonal with increasing degree
from top to bottom, we get a reduced matrix. So we can transform any matrix in reduced
form by first computing its Popov form and then permuting its rows and columns. The
cost of this isO(nmrd2) by Theorem 7.1, which is one order of magnitude better than the
algorithm described byvon zur Gathen (1984).

Reduced basis is used byvon zur Gathen (1984)to compute short vectors in modules.
In the polynomial case the weak Popov form already suffices for that.

Lemma 8.1. If M is in weak Popov form and l is such thatdeg(PM
l ) =

min1≤i≤n(deg(PM
i )), then all vectors in the F[x]-module generated by the rows of M

have degree at leastdeg(PM
l ).

Proof. Let r i ∈ F[x]1×m denote thei th row of M = (mi, j ) and letdi ∈ F[x] such that
r = ∑n

i=1 di r i �= 0. Let k be such that deg(dk PM
k ) is maximal andI M

k maximal, i.e. for
i �= k either deg(di PM

i ) < deg(dk PM
k ) or deg(di PM

i ) = deg(dk PM
k ) andI M

i < I M
k . Then

for i �= k we have

1. if deg(di PM
i ) < deg(dk PM

k ), then deg(di mi,I M
k

) ≤ deg(di PM
i ) < deg(dk PM

k );

2. if deg(di PM
i ) = deg(dk PM

k ) and I M
i < I M

k , then deg(di mi,I M
k

) < deg(di PM
i ) =

deg(dk PM
k ).

It follows that deg(r I M
k

) = deg(dk PM
k ) ≥ deg(PM

l ). �

9. Discrete valuation rings

In this section we extend the notion of weak Popov form to the setting of discrete
valuation rings.

Definition (Atiyah and MacDonald, 1969). Let K be a field. Adiscrete valuationon K is
a mappingv of K ∗ ontoZ such that

1. v(ab) = v(a) + v(b);
2. v(a + b) ≥ min(v(a), v(b)).

Let R be the ring consisting of 0 and alla ∈ K ∗ such thatv(a) ≥ 0. ThenR is called a
discrete valuation ring. R is a local ring and its maximal idealI is the set of alla ∈ K
such thatv(a) > 0. Let u ∈ R such thatv(u) = 1. ThenI = (u), the ideal ofR
generated byu. The setR∗ of units of R is the set of alla ∈ K such thatv(a) = 0. Let
S ⊆ R∗ ∪ {0} such that the canonical projection mapS→ R/I is a bijection. Fora, b ∈ R
with v(a) ≥ v(b), we havev(uv(b)−v(a)a/b) = 0, so there exists a uniquec ∈ S\{0} such
thatuv(b)−v(a)a/b − c ∈ I, and thus

v(a − cuv(a)−v(b)b) > v(a). (4)
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Example 2. Let F be a field. The setF[[x]] of formal power series inx is a discrete
valuation ring. Fora ∈ F[[x]], v(a) is the maximumn ∈ N such thatxn dividesa. For S
we can takeF in this case.

Let M = (mi, j ) ∈ Rn×m. As an analogue toSection 2we define the pivot elementPM
i of

row i of M as the rightmost element with minimum valuation in its row, the pivot indexI M
i

as the index ofPM
i , i.e. PM

i = mi,I M
i

, and the pivot valuationDM
i asv(PM

i ). Again,M is

said to be in weak Popov form if all (non-zero) indices are different. Ifv(ml ,I M
k

) ≥ v(PM
k ),

let c ∈ S\{0} such thatv(ml ,I M
k

− cu
v(m

l,I M
k

)−v(PM
k )

PM
k ) > v(ml ,I M

k
). Then we call

subtractingcu
v(m

l,I M
k

)−v(PM
k )

times rowk from row l the simple transformation of row
k on rowl . The analogue ofLemma 2.2holds also.

Lemma 9.1. Let N be the matrix we get after applying the simple transformation of
row k on row l of M. Then INi = I M

i , DN
i = DM

i for i �= l and DN
l ≥ DM

l . If the
transformation is of the first kind, then either DN

l > DM
l or (DN

l = DM
l and IN

l < I M
l ).

If the transformation is of the second kind, then IN
l = I M

l and DN
l = DM

l .

Now we can apply algorithmWeakPopovFormto transformM into weak Popov form.
However, the algorithm may run forever as the following example shows.

Example 3. For

M =
[ x

1−x
1

]
=
[

x + x2 + x3 + · · ·
1

]
∈ F[[x]]2×1

algorithmWeakPopovFormwill keep on subtractingxi fromM1,1 for increasingi and thus
run forever. However, it is possible to transformM into weak Popov form by a unimodular
transformation, since[

1 1
−x 1 − x

] [
1

x + x2 + x3 + · · ·
]

=
[

1 + x + x2 + · · ·
0

]
.

Notice that the unimodular transformation matrix is even overF[x]. Indeed, algorithm
WeakPopovFormonly computes transformations overF[x].
Lemma 2.3andCorollary 2.2are still valid in the discrete valuations ring setting and thus
the number of different values that a pivot index can assume during the course of algorithm
WeakPopovFormis bounded by the rank of the matrix. The following lemma shows that
the algorithm still works whenM has full row rank.

Theorem 9.1. SupposeM has full row rank. Let d be the valuation of the determinant of
some non-singular n× n submatrix ofM. Then algorithm WeakPopovForm is correct and
applies at most dn+ n(n − 1) simple transformations of the first kind.

Proof. Since the index of a row can assume at mostn different values,Lemma 9.1implies
that the valuation of rowl , that is min1≤ j ≤m(v(Ml , j )), must have increased after applying
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n simple transformations of the first kind on rowl and so whensl simple transformations
of the first kind are applied on rowl the valuation of that row must have increased by at
least�sl /n�.

Let G be a non-singular submatrix ofM andd = v(det(G)). Suppose that algorithm
WeakPopovFormapplies more thandn+ n(n − 1) simple transformations of the first kind
and supposeG is transformed intoH after applying the firstdn + n(n − 1) + 1 simple
transformations. Thenv(det(H)) ≥ ∑n

i=1�si /n� > d, contradicting det(H) = det(G).
So algorithmWeakPopovFormdoes stop and is thus correct byLemma 2.1. �

As in the polynomial case, the weak Popov form in the current setting can be used to
determine a vector with minimal valuation in theR-module generated by the rows of a
matrix.

The analogue of Popov form would insist thatv(mi,I M
l

) > DM
l for i �= l . It is in

general not possible to transform a matrix into Popov form by only using unimodular
transformations.

Example 4. Let

M =
[

1 x
x2 x2c

]
.

ThenM is non-singular and in weak Popov form. Suppose

U =
[

a b
c d

]
∈ F[[x]]2×2

is unimodular andN = U M is in weak Popov form. We may assume (eventually switch
rows) thatv(a) = 0. Thenv(N1,1) = 0, v(N1,2) = 1 andv(N2,2) ≥ 1. So I N

1 = 1 and
thus I N

2 must be 2. Sincev(N1,2) ≤ v(N2,2), N cannot be in Popov form.

10. Conclusions

We have introduced the weak Popov form of a polynomial matrix and described a simple
algorithm to compute the form. The algorithm transforms a matrix by applying elementary
row operations in such a way that the degrees of rows never increase. This leads to a
complexity ofO(nmrd2) field operations for transforming an input matrixA ∈ F[x]n×m

of rank r with entries of degree bounded byd. The algorithm is central to various other
algorithms: for rank profile, determinant, Hermite form, Popov form, linear system solution
and short vector computation.

The analysis in this paper only counts field operations and thus gives a good estimate
of the cost whenF is a finite field. The hidden constants in the big-O bounds are not
explicitly computed but estimates can be derived without too much difficulty. Since these
constants are small, the algorithms will perform well in practice, also for modest sized
input matrices. Some comparative experiments with implementations of various algorithms
in Aldor (Watt et al., 1994) confirm this.

For the problem of computing the Hermite form we did not obtain a complexity bound
that was cubic in the matrix dimension for the case of an input matrix that does not have
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full column rank. The problem of computing the form in this case is at least as difficult
as computing a unimodular transformation matrixU to achieve the form. For example, let
A ∈ F[x]n×n be non-singular with degree bounded byd. Consider transforming then×2n
matrix [ A | I ], which is obviously not of full column rank, to Hermite form [H | U ]. The
triangular factorization ofA is given byA = V H, whereV = U−1. Note thatV will have
degree bounded byd butU will have degree bounded by(n − 1)d. We have shown how to
computeV andH with O(n3d2) field operations. CanU be computed in the same time?

The performance of the algorithms for other coefficient fieldsF , e.g. F = Q

(or Z), is another issue. In this case, intermediate expression swell on the coefficient
level is introduced, leading to a severe breakdown of the algorithms’ performance.
Combining the algorithms with homomorphic imaging schemes may be the solution to
this problem. Another idea may be to introduce fraction free techniques, as is done by
Beckermann et al. (1999, 2002). Further research needs to be done in this area.

We also extended the notion of weak Popov form to the setting of discrete valuation
rings. Such an extension does not seem possible for the notion of Popov form. Another
remaining question is how to transform in the discrete valuation ring setting a non-full row
rank matrix into weak Popov form. The algorithm presented inSection 9may run forever
on such a matrix.
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