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The ROBUST PRAM is a concurrent-read concurrent-write (CRCW)
parallel random access machine in which any value might appear in a
memory cell as a result of a write conflict. This paper addresses the
question of whether a PRAM with such a weak form of write conflict
resolution can compute functions faster than the concurrent-read
exclusive-write (CREW) PRAM. We prove a lower bound on the time
required by the ROBUST PRAM to compute Boolean functions in
terms of the number of different values each memory cell of the PRAM
can contain and the degree of the function when expressed as a poly-
nomial over a finite field. In the case of 1-bit memory cells, our lower
bound for the problem of computing the OR of n Boolean variables
exactly matches Cook, Dwork, and Reischuk's upper bound on the
CREW PRAM. We extend our result to obtain a lower bound, depend-
ing on the number of processors, for computing Boolean functions on
the ROBUST PRAM, even with memory cells of unbounded size. A

particular consequence is that the ROBUST PRAM with 22O( - log n)
pro-

cessors requires 0(- log n) steps to compute OR. These results are
obtained by defining a class of CRCW PRAMs, the fixed adversary
PRAMs, all of which are at least as powerful as the ROBUST PRAM.
We prove our lower bounds using carefully chosen PRAMs from this
class. We also show the limitations of this technique by describing
how, with n-bit memory cells, any fixed adversary PRAM can compute
OR and, more generally, simulate a PRIORITY PRAM in constant time.
Finally, we consider the effect of adding randomization to the ROBUST
PRAM. For any algorithm that computes OR without error, its expected
running time on its worst input is no better than the worst case deter-
ministic time complexity of computing OR. However, allowing a small
probability of error enables the ROBUST PRAM with single bit memory
cells to compute OR in almost constant time. ] 1996 Academic Press, Inc.

1. INTRODUCTION

A parallel random access machine (PRAM) that allows
concurrent writes must specify how to resolve write conflicts
when they occur. One method is to let an adversary deter-
mine what value appears [1]. In other words, an algorithm
must compute the correct answer no matter what values
appear when write conflicts occur. Hagerup and Radzik
[15] call this model the ROBUST PRAM. Such a model is
very weak, since the way an adversary resolves write con-
flicts may depend on the entire algorithm and the values of
all the inputs.

We define a fixed adversary PRAM to be a concurrent-
read concurrent-write PRAM in which the value that
appears in a given cell after a given time step can be
expressed as a function of only the value already in the cell,
the processors attempting to write to the cell, and the values
they are attempting to write. This function may be different
for different memory cells or different time steps. However,
the function does not depend on what algorithm will be run.
Essentially, the write conflict resolution mechanism is algo-
rithm oblivious. By definition, any fixed adversary PRAM is
at least as powerful as the ROBUST PRAM.

Many different write conflict resolution schemes for the
PRAM have been studied. In the PRIORITY PRAM [8,
11], the processor of lowest index that attempts to write
into a given cell at a given time step succeeds. When two
or more processors simultaneously attempt to write into
the same cell in the COLLISION PRAM [8], a special
collision symbol appears. In the TOLERANT PRAM [12],
the value of the cell remains unchanged in case of a write
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conflict. Another example is the MAXIMUM PRAM [4],
in which the largest value written to a memory cell at a given
time step is the value that appears there. These are all exam-
ples of fixed adversary PRAMs.

In the ARBITRARY PRAM [8, 10], an adversary is
allowed to determine which one of the values that is written
to a given cell will appear. Unlike the ROBUST PRAM, the
adversary cannot leave the cell contents unchanged nor
write some unrelated value when a write conflict occurs. The
ARBITRARY PRAM is at least as powerful as the
ROBUST PRAM. However, it is not an example of a fixed
adversary PRAM, because the value chosen by the adver-
sary may depend on the algorithm being executed.

The COMMON PRAM [8, 16] is a fixed adversary
PRAM that can only run a restricted class of algorithms. In
this model, many processors may simultaneously attempt to
write to the same cell, provided they all attempt to write the
same value. This value appears as the result of the write. The
relationship between the computational powers of the
COMMON and ROBUST PRAMs is not well understood.
Specifically, it is unknown whether there are problems that
can be solved substantially faster by the ROBUST PRAM
than by the COMMON PRAM or vice versa.

Except for the ROBUST PRAM, every previously
studied concurrent-read concurrent-write (CRCW) PRAM
can easily compute the OR of n Boolean variables in con-
stant time using n processors, whereas 0(log n) steps are
necessary for the concurrent-read exclusive-write (CREW)
PRAM, even with an unbounded number of processors [2].
It is unknown whether the ROBUST PRAM can compute
OR any faster than the CREW PRAM. More generally, it is
not known whether this very weak form of concurrent-write
is useful for deterministically computing any function over
a complete domain.

In contrast, over fractured domains, there are examples
where the ROBUST PRAM can compute functions faster
than the CREW PRAM. In particular, consider the
problem of computing the OR of n input bits, when the
input is known to contain at most k bits with value 1. The
time complexity of this problem on the CREW PRAM is
3(k) for k # O(log n) [2, 5]. However, the ROBUST
PRAM with n processors can compute this function in
O(log k) steps [7]. This separation may be less significant
than it first appears: the complexity of this restricted version
of OR is 3(log n) on the CROW PRAM for all k�1 [2],
but the time complexity on the CROW PRAM of any
problem over a complete domain differs by at most a con-
stant from its time complexity on the CREW PRAM [17].

We address the question of the relative power of the
ROBUST PRAM and the CREW PRAM for computing
functions over complete domains. In Section 2, we prove a
lower bound of 0(log d�log kq) on the time required by the
ROBUST PRAM to compute Boolean functions in terms of
qk, the number of different values each memory cell of the

PRAM can contain, and the degree d of the function when
expressed as a polynomial over the finite field of q elements.
For almost all Boolean functions, including OR, this implies
that the ROBUST PRAM with 1-bit memory cells requires
0(log n) steps. This is significant, since every Boolean func-
tion can be computed by the CREW PRAM with 1-bit
memory cells in O(log n) steps [2]. We also derive a lower
bound of 0(min[- log d, (log d )�(log q+log log p)]) steps
for computing any Boolean function of degree d over Fq by
the ROBUST PRAM with p processors, even if memory
cells can contain arbitrarily large values. In particular, the
ROBUST PRAM with 22O( - log n)

processors requires
0(- log n) steps to compute OR. These lower bounds are
obtained using carefully chosen fixed adversary PRAMs.

In Section 3, we show the limitations of these techniques,
by describing how any fixed adversary PRAM with p pro-
cessors and O(log( p�n))-bit memory cells can compute OR
in O(log n�log log( p�n)) steps. In particular, with 220(- log n)

processors, O(- log n) steps suffice. With 2n&1 processors,
only two steps and one n-bit memory cell suffice. This result
gives rise to a simulation of the p-processor PRIORITY
PRAM by any fixed adversary PRAM using only a constant
factor more time and a factor of p more memory cells, but
with an exponential increase in the number of processors.

Adding randomization to the ROBUST PRAM increases
its computational power. Borodin, Hopcroft, Paterson,
Ruzzo, and Tompa [1] showed that the randomized
ROBUST PRAM can compute OR in O(log log n) time,
with any constant probability of error. Hagerup and Radzik
[15] also showed that O(log log n) time is sufficient to com-
pute OR, using only n processors and with error probability
2&(log n)O(1)

. In Section 4, we present a new randomized
ROBUST PRAM algorithm that uses only O(log* n) time
and n�(log* n) processors and has error probability
2&O(2(log* n)�4). Together with our lower bounds, these results
prove a separation between the deterministic and ran-
domized ROBUST PRAM. For the CREW PRAM, no
such separation exists, since randomization provides no
more than a factor of 8 in speedup over the deterministic
model [3].

Throughout this paper, we use P1 , ..., Pp to denote the p
processors of a PRAM and M1 , ..., Mm to denote its m
memory cells. If the input consists of n variables, x1 , ..., xn ,
we assume that they are initially located in memory cells
M1 , ..., Mn , respectively. The other memory cells are
initialized to 0. Each step of a PRAM computation is
assumed to consist of three phases. In the first phase, each
processor can read from a cell of shared memory; in the
second phase, processors are allowed to do an arbitrary
amount of local computation; and in the third phase, each
processor can attempt to write to a cell of shared memory.
Formal definitions of the PRAM model can be found in
[2, 3].
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2. LOWER BOUNDS

Given any field F and any function f : D � R, where
D�F n and R�F, the polynomial g : F n � F represents f
over F if g(x)= f (x) for all x # D. In particular, every
Boolean function can be uniquely expressed as a multilinear
polynomial (i.e., as a sum of monomials) over any field
[18]. The degree of f over F is defined to be the minimum
degree of any polynomial that represents f over F. The
degree of f over F is undefined if there is no polynomial that
represents f over F.

In [3], it was shown that, on the CREW PRAM, the time
complexity of computing any Boolean function of degree d
over the field of real numbers is 3(log d ). Here, using a
similar approach, we derive lower bounds for the time to
compute a Boolean function on a particular fixed adversary
PRAM (and hence the ROBUST PRAM) in terms of its
degree degq over the finite field Fq of q elements.

Theorem 2.1. On the ROBUST PRAM with memory
cells that can hold at most qk different values, 0(log d�log qk)
steps are required to compute any Boolean function of degree
d over Fq .

To prove this result, it suffices to prove the lower bound
on any fixed adversary PRAM, each of whose memory cells
holds a k-tuple of elements in Fq . The key is to choose a
fixed adversary PRAM with nice properties.

When memory cells can contain only single bits (i.e.,
when q=2 and k=1), we use the F2-adversary PRAM. In
this model, the value of a shared memory cell changes
exactly when an odd number of processors simultaneously
attempt to write the negated value. In other words, if a
memory cell contains the value 0 (1) before a given step,
then it will contain the value 1 (0) after the step, if there are
an odd number of processors that attempt to write the value
1 (0) there during the step, and it will remain 0 (1)
otherwise.

For larger values of q, the write conflict resolution rule
can be generalized. Specifically, in the Fq-adversary PRAM,
if a memory cell M contains the value v # Fq before a given
step, then, after that step, M will contain the value

v+ :
u+Fq

(u&v) } (the number of processors that attempt

to write the value u to M),

where all operations are performed in the field Fq . Note
that, if no processors write to M, then the sum is empty and
M will retain its old value v. If all the processors that write
to M attempt to write v, M also retains the value v.
However, if exactly one processor writes to M, then M will
contain the value that processor wrote.

The Fq-adversary PRAM works component-wise for
k>1, treating each component of the k-tuple in each
memory cell separately. Short tuples can be padded with
leading zeros when necessary, so the actual number of com-
ponents k does not need to be specified. However, when k is
bounded, it is possible to derive lower bounds for the time
to compute Boolean functions on the Fq-adversary PRAM.

Lemma 2.2. On the Fq-adversary PRAM with memory
cells that hold k-tuples of elements in Fq , 0((log d )�log(qk))
steps are required to compute any Boolean function of degree
d over Fq .

Proof. Consider any Fq-adversary PRAM algorithm for
memory cells that hold k-tuples of elements in Fq . Without
loss of generality, we may assume that a processor's state is
merely (an encoding of) the sequence of values it has read at
each step (so a processor never forgets information). Given
an input x=(x1 , ..., xn) # [0, 1]n, let

SP, t, w(x)

={1
0

if processor P is in state w immediately after step t,
otherwise.

Then SP, t, w(x) is the characteristic function describing
those inputs x for which processor P is in state w at time t.
Note that for different states w and w$, the set of inputs for
which processor P is in state w at time t is disjoint from the
set of inputs for which processor P is in state w$ at time t.
Thus for any set of states W, �w # W SP, t, w(x) is the charac-
teristic function of the set of inputs for which processor P is
in a state of W at time t.

Let CM, t, i (x) denote the contents of the i th component of
memory cell M immediately after step t on input x and let

BM, t, i, u(x)={1
0

if CM, t, i (x)=u,
otherwise

be the characteristic function of the set of inputs for which
the i th component of memory cell M has value u at time t.
Define

s(t)=max
P, w

degq(SP, t, w),

c(t)=max
M, i

degq(CM, t, i),

b(t)=max
M, i, u

degq(BM, t, i, u),

to be the maximum degrees of these functions over Fq .
Since each processor is in its initial state at time 0 for all

inputs, the associated characteristic functions are all
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constant, so s(0)=0. The initial contents of the least signifi-
cant components of the memory cells M1 , ..., Mn are
described by the linear functions x1 , ..., xn , respectively. The
other components of memory cells M1 , ..., Mn and all k com-
ponents of any other memory cells are all initially 0 and
their contents are described by the constant 0 function.
Furthermore, since the inputs are binary, it follows that, for
i=1, ..., k,

BM, 0, i, 1(x)=CM, 0, i (x),

BM, 0, i, 0(x)=1&CM, 0, i (x),

BM, 0, i, u(x)=0 if u # Fq&[0, 1].

Therefore, c(0)=b(0)=1.
Processor P is in state (v(1), ..., v(t&1), v) immediately

after step t if and only if it is in state (v(1), ..., v(t&1))
immediately after step t&1 and the memory cell M that it
reads during step t contains value v=(vk , ..., v1). Hence

SP, t, (v(1), ..., v(t&1), v)(x)

=SP, t&1, (v(1), ..., v(t&1))(x) } `
k

i=1

BM, t&1, i, vi (x)

and s(t)�s(t&1)+kb(t&1) for t>0.
Now consider the writing phase of step t. Let

W(P, M, t, i, u) denote the set of states in which processor P
writes the value u to the i th component of memory cell M
at step t. Then �w # W(P, M, t, i, u) SP, t, w(x) has value 1, if pro-
cessor P attempts to write the value u to the i th component
of memory cell M at step t on input x, and has value 0,
otherwise. It follows from the definition of the write conflict
resolution rule that the ith component of the contents of
memory cell M at the end of step t can be expressed as

CM, t, i (x)=CM, t&1, i (x)+ :
u # Fq

(u&CM, t&1, i (x))

_:
P \ :

w # W(P, M, t, i, u)

SP, t, w(x)+,

when viewed as a polynomial over Fq . Thus c(t)�
c(t&1)+s(t) for t>0.

Finally, over Fq ,

BM, t, i, u(x)=1&(CM, t, i (x)&u)q&1

={1
0

if CM, t, i (x)=u
otherwise,

so b(t)�(q&1) c(t).

It is easily shown by induction that

s(t)�
k(q&1)

2 _\k(q&1)+2+2
2 +

t

&\k(q&1)+2&2
2 +

t

& ,

c(t)�
k(q&1)+2

22 \k(q&1)+2+2
2 +

t

&
k(q&1)&2

22 \k(q&1)+2&2
2 +

t

,

where 2=- k(q&1)[k(q&1)+4].
If an algorithm computes a Boolean function f, then the

contents of the least significant component of the output
cell at the end of the computation is described by the
function f. Hence the number of steps t taken by the algo-
rithm satisfies c(t)�degq( f ), which implies that t�
log( 22 degq ( f ) �k ( q & 1 ) + 2 ) � log(k(q &1)+2+2�2) #
0(log(degq( f ))�log(qk)). K

In the special case when the memory cells can contain
only single bits and f is a Boolean function, c(t)�F2j+1,
where F0 , F1 , F2 , ... is the Fibonacci sequence defined by the
recurrence F0=1, F1=1, and Fj=Fj&1+Fj&2 for j�2.
Thus it follows that at least .(deg2( f )) steps are required
to compute the Boolean function f, where .(d)=
min[ j |F2j+1�d]. In particular, since the OR of n Boolean
variables has degree n over F2 , the F2 -adversary PRAM and
the ROBUST PRAM both require .(n) steps to compute
this function with single bit memory cells. This lower bound
exactly matches the upper bound for computing OR on the
CREW PRAM with single bit memory cells [2].

The threshold k function of n Boolean variables and the
exactly k out of n function both have degree at least n�2 over
F2 . In fact, over F2 , only a very tiny fraction (at most
1�22n&1) of all polynomials of n variables have degree less
than n�2. Hence, most Boolean functions of n arguments
require at least .(n)&1 steps to be computed by the
ROBUST PRAM with single bit memory cells.

Any nonconstant Boolean function f satisfies
| f &1(0)|, | f &1(1)|�2n&deg2( f ) [9]. Thus, if 0<| f &1(0)|�
2n&d or 0<| f &1(1)|�2n&d, then deg2( f )�d, so the
ROBUST PRAM with 1-bit memory cells requires at least
.(d) steps to compute f.

The PARITY function of n variables has degree 1 over F2 .
However, over F3 , it has degree n. It follows from the bound
derived in the proof of Lemma 2.2 that a ROBUST PRAM
whose memory cells can hold at most three different values
requires at least 0.45 log2n steps to compute PARITY.

It is also possible to apply Lemma 2.2 to obtain lower
bounds on the ROBUST PRAM with memory cells that
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can hold arbitrarily large values. This involves showing
that, for each algorithm, a variant of the Fq-adversary
PRAM can be constructed which does not need to intro-
duce too many new values. Initially, each memory cell
contains a single bit. However, as a computation on the
Fq -adversary PRAM proceeds, the number of different
values that may appear in a memory cell can increase. Part
of this increase may be due to the program itself; part may
be due to the actions of the adversary. We show that, for
each algorithm, a variant of the Fq-adversary PRAM can be
constructed which does not introduce too many new values.

For the ROBUST PRAM, the actual values written to
and read from shared memory are not important. They can
be renamed essentially arbitrarily without affecting the
number of steps performed. Specifically, let A be any
ROBUST PRAM algorithm and let h: N � N be any bijec-
tion of the natural numbers that maps 0, each possible input
value, and each possible output value to itself. Then, con-
struct a new algorithm h(A) in which every processor
applies the function h to each value it attempts to write into
shared memory and applies the function h&1 to each value
it reads from shared memory. Because the input and output
values are not affected by the renaming, the algorithms A
and h(A) compute the same function. Furthermore, since
processors are allowed to perform an unlimited amount of
local computation at each step, h(A) uses no more steps
than A.

Lemma 2.3. Consider any ROBUST PRAM algorithm A
computing a Boolean function using p processors. There is a
renaming function h such that, during the first t steps of h(A)
on the Fq-adversary PRAM, all except the w2t logq(2pq)x

least significant components of every memory cell are 0 (when
integers are represented in q-ary notation) and, after step t,
every processor can be in at most (2pq)2t&1 different states.

Proof. The proof is by induction on t. Initially, the only
values in shared memory are 0 and 1 and every processor is
in its one initial state. Since 1�w20 logq(2pq)x and
1=(2pq)20&1, the claim is true for t=0 with h as the iden-
tity function.

Let t�0 and assume the claim is true for t with renaming
function h. Consider step t+1 of h(A) on the Fq-adversary
PRAM. At the beginning of this step, each processor is in at
most (2pq)2t&1 states and, in each state, it can read one of
at most qe different values, where e=w2t logq(2pq)x. There-
fore, at the end of step t+1, every processor is in at most
(2pq)2t&1 } qe�(2pq)2t&1 } (2pq)2t

=(2pq)2t+1&1 states.
Let V denote the set of those values greater than or equal

to qe that processors attempt to write to shared memory
during this step, over all possible inputs. Since each pro-
cessor can write at most (2pq)2t&1 } qe different values dur-
ing time step t+1, it follows that |V|� p } qe } (2pq)2t&1. Let
h$ be any bijection that maps the same element as h does to

each of 0, ..., qe&1 and maps each element in V to the range
[qe, ..., qe+|V|&1].

Note that every execution of h$(A) on the Fq-adversary
PRAM is identical to an execution of h(A) on the Fq-adver-
sary PRAM for the first t steps. Furthermore, each value a
processor attempts to write during step t+1 of h$(A) on the
Fq -adversary PRAM has value less than qe+|V| , so all
except its Wlogq(qe+|V| )X�e+1+wlogq( p(2pq)2t&1)x�
w2t+1 logq(2pq)x least significant q-ary digits are 0. It
follows from the definition of the Fq-adversary PRAM that
all except the w2t+1 logq(2pq)x least significant components
of every memory cell are 0 at the end of step t+1. Thus the
claim is true for t+1 with renaming function h$. K

Theorem 2.4. With p processors (and memory cells that
can contain arbitrarily large values), the ROBUST PRAM
requires 0(min[- log d, (log d )�(log q+log log p)]) steps
to compute any Boolean function of degree d over Fq .

Proof. Let f be a Boolean function of degree d over Fq

that can be computed by a ROBUST PRAM algorithm A
in T steps. By Lemma 2.3, there is a renaming function h
such that when h(A) is run on the Fq -adversary PRAM, all
except the w2T logq(2pq)x least significant components of
every memory cell are 0. Since h(A) computes f, it follows
from Lemma 2.2 that T # 0((log d )�log(q2T logq(2pq))) or,
equivalently, T 2+T(log q+log log p) # 0(log d). Hence
T # 0(min[- log d, (log d )�(log q+log log p)]). K

In particular, since deg2(OR)=n, the ROBUST PRAM
with 22O(- log n)

processors requires 0(- log n) steps to com-
pute the OR of n bits. To compute OR in constant time, the
ROBUST PRAM requires at least 2n0(1)

processors.
Moreover, from Theorem 2.1, its shared memory cells must
be capable of holding n0(1)-bit numbers.

3. CONSTANT TIME UPPER BOUNDS FOR FIXED
ADVERSARY PRAMS

It is not known whether the ROBUST PRAM can com-
pute the OR of n bits faster than the CREW PRAM, even
if it is allowed an unlimited number of processors and an
unlimited number of memory cells that can contain
arbitrarily large integers. In this section, we show that any
fixed adversary PRAM can even simulate the PRIORITY
PRAM with only a constant factor increase in time, given
sufficient resources. In particular, this indicates that new
proof techniques will be needed to prove that the ROBUST
PRAM is no more powerful than the CREW PRAM.

The important resources are the number of processors
and memory wordsize. The wordsize of a memory cell is the
number of bits needed to represent the values it may
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contain. Specifically, if a memory cell can hold w different
values, then its wordsize is at least Wlog2 wX.

An algorithm for computing OR is the key to the simu-
lation.

Theorem 3.1. The OR of n bits can be computed in 2
steps on any fired adversary PRAM with 2n&1 processors
and one memory cell of wordsize n.

Proof. Let p=2n&1. For any subset W�[1, 2, ..., p],
let v(W) denote the value that appears in the memory cell
after step 1 when each processor whose index is in W
attempts to write its index to the memory cell and the
remaining processors do not attempt to write. The memory
cell is assumed to be initialized to 0.

If no processors attempt to write, the contents of the
memory cell remain unchanged and if exactly one processor
attempts to write, the memory cell will contain the index of
that processor. Thus the range of the function v has size at
least p+1.

We will partition the processors into three sets, A, N, and
D, with |D|=n, and show that there exists a subset S�D
such that v(A _ S){v(A _ S$) for all subsets S$�D that
differ from S. Using these sets, the following algorithm com-
putes the OR of n Boolean variables. In the read phase of
the first step, each processor in D is assigned a different bit
of input to read. Processors in A will always attempt to write
their indices, processors in N will never write, and each pro-
cessor in D will write its index depending on the value of the
input bit it read. A processor in S attempts to write its index
if it reads the value 0 and a processor in D&S attempts to
write its index if it reads the value 1.

If the input bits are all 0, then the processors in A _ S are
exactly those that attempt to write and, as a result, the
memory cell will contain the value v(A _ S). Otherwise, the
set of processors attempting to write is A _ S$ for some sub-
set S$�D that differs from S. In this case the memory cell
will contain a value other than v(A _ S).

Therefore, in the next step, any predetermined processor
can complete the computation by reading the contents
of the memory cell and writing the value 0 if it saw the
value v(A _ S) and writing the value 1 if it saw anything
else.

Now we show how to construct sets A, N, and S satisfying
the desired properties. Since the function v has a range of
size at least p+1, there is at least one value r in the range
that is the image of at most 2 p�( p+1) different subsets in
the domain. Let C initially be the collection of subsets that
map to r (i.e., C=v&1(r)).

While there are at least two subsets remaining in C,
choosy a processor P that occurs in some but not all of the
subsets in C. If the majority of subsets in C contain P, add
P to N and remove any subset that contains P from C.
Otherwise, add P to A, and remove any subset that does not
contain P from C.

At each step, C is reduced in size by at least a factor of 2.
After no more than log(2 p�( p+1))= p&log( p+1)= p&n
iterations, only one subset remains and |A _ N|� p&n.
The subsets remaining in C are those that map to r, contain
A, and are disjoint from N.

Let L be the last subset of processors in C. Let S=L&A.
If S contains at most n processors, let D be any set of n
processors that contains S and is disjoint from
A _ N. Otherwise move processors from S to A until S
has size n and then let D=S. Since A _ S=L # C,
v(A _ S)=r.

Now suppose S$�D and v(A _ S$)=r. Then A _ S$ was
originally in C. But A _ S$ contains no processors in N and
every processor in A; therefore it was never removed from C.
Since L is the only subset in C at the end of the construction,
A _ S$=L and, hence, S$=S. Therefore v(A _ S$){r for
all S$�D such that S${S.

Corollary 3.2. The OR of n bits can be computed in
O(log n�log log( p�n)) steps on any fixed adversary PRAM
with p processors and wordsize log( p�n)+log log( p�n).

Proof. Divide the bits into groups of size s=log( p�n)+
log log( p�n) and assign 2s&1 processors to each group.
Since there are at most n�s groups and (2s&1) n�s<
n( p�n) log( p�n)�(log( p�n)+log log( p�n))<p, there is a
sufficient number of processors available. By Theorem 3.1,
the OR of each group can be computed in O(1) steps,
leaving a problem of size n�s.

If this process is repeated t=log(n)�log log, ( p�n) times, a
problem of size n�st=1 remains, which is the solution to the
original problem. K

In particular, the OR of n bits can be computed in
O(- log n) steps using 220(- log n)

processors.

Theorem 3.3. The PRIORITY PRAM with p pro-
cessors and m memory cells can be simulated for t steps by
any fixed adversary PRAM with 2 p&1 processors and
m( p+1) memory cells in O(t) steps.

Proof. Processor Pi is simulated by a team of 2i&1 pro-
cessors, one of which is designated P$i . Each memory cell Mj

is simulated using one memory cell M$j and p auxiliary
memory cells M$j, 1 , ..., M$j, p that are initialized to 0.

When processor Pi reads Mj , the i th team of processors
all read M$j and they all perform the same local computa-
tions. When processor Pi attempts to write to Mj , processor
P$i writes the value 1 in location M$j, i . Then the i th team
computes the OR of the values in locations M$j, 1 , ..., M$ji&1

(using the algorithm in Theorem 3.1) and writes the answer
in M$j, i . Processor P$i reads M$j, i and, if it contains the value
0, writes the value Pi attempted to write to location M$j .
Otherwise P$i does not write anything. Each M$j, i is then
reset to 0. K
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4. RANDOMIZED ALGORITHMS FOR COMPUTING OR
ON THE ROBUST PRAM

In this section, we describe a randomized algorithm for
computing OR in O(log* n) time on the ROBUST PRAM
with single bit shared memory cells. The algorithm has one-
sided error: when the value 1 is output it is always correct;
when 0 is output, it errs with probability o(1). Virtually the
same algorithm may be used to simulate a step of the
ARBITRARY PRAM with the same error and time bounds,
provided memory cells can contain at least p different
values.

Hagerup and Radzik [15] describe a randomized
algorithm to simulate a step of the ARBITRARY PRAM
in time O(log log n) with error at most 1�n, using
O(n log n�log log n) processors. Our algorithm uses a
routine REDUCE which is similar to theirs, but replaces
their randomized ``scattering'' technique with a simple
deterministic method. To achieve the better time bounds,
our algorithm involves the repeated application of
REDUCE, which compounds the error.

The idea of our algorithm is to sample varying amounts
of the input in parallel, in such a way that, when the input
contains a 1, we find a sample in which a small number of
input bits are 1.

Let X=[x1 , x2 , ..., xn] be the set of input bits. Using at
most n(1+log2 n)4 processors and a constant number of
parallel steps, REDUCE(X) reduces the input set to a set Y
containing at most 4(1+log2 n)4 bits, so that if OR(X)=0
then OR(Y)=0, and if OR(X)=1 then, with probability
less than 1�n, OR(Y)=0.

REDUCE (X). Perform the following Wlog2 nX times,
independently and in parallel:

1. For each of the n input bits xi , associate a group of
(wlog2 nx+1)3 processors [Pi, j, k, l |0�j, k, l�wlog2 nx],
all of which read xi .

2. Consider a matrix A with n rows and wlog2 nx+1
columns. For each input bit xi , one processor in its group,
say Pi, j, 1, 1 , writes the value 1 to A(i, j) with probability
1�2 j, provided xi=1; otherwise, it writes the value 0. Note
that if xi=0, then the entire ith row of A is 0.

3. For each column j, initialize a (wlog2 nx+1)_
2_(wlog2 nx+1)_2 array Bj to 0. This can be accom-
plished by having processor P1, j, k, l write the value 0 to
Bj (k, 0, l, 0), Bj (k, 0, l, 1), Bj (k, 1, l, 0), and Bj (k, 1, l, 1).

4. Each processor Pi, j, k, l reads A(i, j) and, if A(i, j)=1,
writes the value 1 to Bj (k, ik , l, il), where iw log2 nx +1 } } } i0 is
the binary representation of i.

The 4(wlog2 nx+1)3 Wlog2 nX element output array Y is
created by concatenating the entries in all the B arrays
created during all of the parallel executions.

If OR(X)=0, then the value 1 is never written and the
output Y is entirely 0. If OR(X)=1, the output Y should
contain at least one 1. We show that this happens with prob-
ability at least 1&1�n.

Lemma 4.1. If OR(X)=1, then Y fails to contain a 1
with probability at most 1�n.

Proof. Assume OR(X)=1. Let r be the number of ones
contained in X. Consider any one of the parallel executions
and let z be the number of ones in the wlog2 rx th column
of A.

The probability that z=0 is (1&1�2w log2 r x)r�1�e.
The expected value of z is r(1�2w log2 r x)<2. Chernoff
bounds show that the probability of z being at least three
times its expected value is less than 1�e4. Hence
Pr[1�z�5]>1&1�e&1�e4>1�2.

Suppose that 1�z�5. In this case, some cell of Bw log2 r x

will have the value 1 written to it by exactly one processor.
To see this, consider the indices i such that
A(i, wlog2 rx)=1. Then there exist two bits which dis-
tinguish one of these indices from the others.

The output Y fails to contain a 1 only when all the
Wlog2 nX parallel executions fail to produce z within the
required range. If OR(X)=1, the probability of these
Wlog2 nX independent events all occurring is less than 1�n. K

Independently, Hagerup [13] developed a similar techni-
que, graduated conditional scattering, that can be used to
reduce the problem of computing the OR from n bits to
O((log n)2) bits with n processors and error probability
O(1�log n).

After a sufficient number of applications of REDUCE,
the original problem is reduced to computing the OR of a
very small number of bits, which may be done deterministi-
cally. The resulting algorithm is always correct when it
outputs 1, although it may err when it outputs 0.

Lemma 4.2. The OR of n bits can be computed by a
ROBUST PRAM with O(n(log n)4) processors and 1-bit
shared memory cells in O(log* n) steps using a randomized
algorithm that errs with probability O(1�24(log* n)).

Proof. Let h(n) denote the minimum integer h such that
log(h) n�2log* n. Then h(n)�log* n. Iterate REDUCE h(n)
times. The size of the remaining problem is in
3((log(h(n)) n)4)�O(24 log* n). Solve this problem using a
deterministic CREW PRAM algorithm in O(log* n) steps
[2]. The failure probability of this algorithm is at most
1 � n + �h(n) & 1

h = 1 1 �0((log(h) n)4) = O(1 � (log(h(n) & 1) n)4) �
O(1�24 log* n). K

Using the standard technique of partitioning a problem
into successively larger subproblems, the number of pro-
cessors can be reduced to n and the error probability can be
improved.
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Lemma 4.3. The OR of n bits can be computed by a
ROBUST PRAM with n processors and 1-bit shared memory
cells in O(log* n) steps using a randomized algorithm that
errs with probability O(1�22(log* n)�4

).

Proof. First partition the bits into n�2log* n sets of size
2log* n and use a deterministic CREW PRAM algorithm to
compute the OR of each set in O(log* n) steps. This leaves
a subproblem of size n�2log* n.

Let z0=2log* n, and for i�0, let zi+1=2zi
1�4&3. In the

(i+1)th iteration, divide the remaining n�zi bits into n�zisi

subproblems each of size si=2zi
1�4&1 and allocate

si (1+log2 si)
4=sizi processors to each. Apply REDUCE

to each subproblem in parallel. This reduces each sub-
problem from size si to size 4(1+log2 si)

4=4zi . Therefore,
at the end of the i th iteration, 4n�si=n�zi+1 bits remain.
After t=min[i |zi�n] iterations, the algorithm terminates.

Provided n is sufficiently large, zi+2�2zi for all i�0.
Therefore t # O(log* n). Each iteration takes constant time.
Hence, the time complexity of this algorithm is in O(log* n).

The probability of error is the probability that some 1 in
the input fails to appear in any of the reductions. From the
Lemma 4.1, it follows that the total probability of error is at
most �k

i=1 1�si&1 # O(1�2z0
1�4

)=O(1�22(log* n)�4
). K

There is another way to obtain an algorithm for comput-
ing OR that runs in O(log* n) time and uses n processors:
repeatedly apply graduated conditional scattering until the
problem size is 23(log* n) and then solve the remaining
problem deterministically, as in the proof of Lemma 4.2
[14]. The resulting algorithm has error probability
2&O(log* n).

By first partitioning the bits into groups of size 3(log* n)
and computing the OR of each group sequentially, the num-
ber of processors can be reduced from n to O(n�log* n)
without increasing the time by more than a constant factor.
The two resulting algorithms are efficient in the sense that
their time-processor products are 3(n), the sequential com-
plexity of computing OR.

Theorem 4.4. The OR of n bits can be computed by a
ROBUST PRAM with O(n�log*n) processors and 1-bit
shared memory cells in O(log*n) steps using a randomized
algorithm that errs with probability 2&O(2(log* n)�4).
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