MATHEMATICS

INTEGRALS INVOLVING APPELL’S FUNCTION F,

BY

P. N. RATHIE

(Communicated by Prof. H. D. KLOOSTERMAN at the meeting of September 26, 1964)

1. In this note we have evaluated a number of infinite integrals
involving Appell’s function F4 with the help of a theorem recently given
by SHARMA [2].

Throughout this note we use the following notations:

(1) k{f(); p)= T (p2)t K, (pa) f(z) da
2) H{{(@); y}= j"° (xy)t J,(ey) f(@) da.

2. The following results will be required.

If f(x) and H,{f(x); y} both belong to L(0, co), and if R(A4 p+v+0)>0,
R(}+9)>0, R(p+a)>0, then [(2), p. 112]

k{22 K (ax) f(x); p}= 2 4;?—0&]1:(13)

(3) x I'(A+o+v+ p)} J" v+ H{f(x); y} x

2 2
xF4|: (A+o+v—p), A+o+v+u); 149, L+a;— %,%]dy.

If RA4 v+ 0—20)>0,t=1,...,m; R(p+¢)>0, 2(m+n)>Il+q, then
[(3), p. 73]

[t (o) K fcx) G | 5|55 | o
0 2 B1s -5 Be
00 22. 3 npy+2,.
(4) _v.gy rgo r Sin (—’Vn) F(’V—l— 1 +r) CZ+9+2T X
Kly ooy K]
X Gm+2.n c2 l 2 _ .
l,g+2 '|-‘;+0 +r, +’; Q 7, B, --~,,3q
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Also [(3), p. 74]

2 at cosec (— 2vm)

X1, s Kp
_____—Gm+2.n
vzu TZO I_TF 2‘V+l+'r) ot [z a+v+r,b+v+7,ﬂl,---,ﬂq:|

(5) N o @b atbtl
=21-a-b Qmidn | 4| "D P T T .

a+v,btv, pi, ..., B

3. The main result to be proved is

¥ a?
oc1,. ,ocl]F4|: B14v, 1405 — b2’Z2:|dy

bv+o+1 '(1+v) (a/b 2r
ST I 2 Fory -

(6) . .
—g—'p’ K1y ooy K, —g‘l"l’
X GUREALY| b2p? 1 1
_vto+t vt+o+
g +r ﬁl Q +r ﬂl: ey ﬂ

for R(b)>0,0<n<l, 0<m<yq, 2(m+n)>1l+gq, larg p|<(m+n—H—1q)n/2,
—2min bj—1<p+v<(20+1—2max a;) or (26+1—2 max a;),t=1, ..., 7,
j=1, ..., m.

Proof. If we start with

l—o—v 1—o+v

2  —

f( ) 2Qx e— %Gm_'_g-zl [4::2 9 s K1y «eny K, 2 ,
B1s oo Ba

then [(1), p. 91, eq. 20]

H,{f(=); y}=y"t G, [d2y2

K1y «oey ‘xl]
B, ..,

Therefore the result (3) gives us

22-e=3 g0 [(— o) I'{3(A+o+v+ u)} + mn[ 2
pz+v+a I'(1+v) 8 j'ye ¢ >

Kly eoey 06[]
B -es Ba

2 g2
x Fy l:%(/l+a+v—,“), $(A+o+v+u); 149, 1+0; _%’ ;%:ldy -

0,~0

l1—p—v» l—o+v
00 2| —_—
= [a*~e2 K (ax) K ,(px) G334t I:% g MMy dz.
0 x
131: LEE) ﬂq
Evaluating the integral on the right by (4), replacing d by p, p by b,

and on substituting « for 3(A+o+v—u), g for }(A+o+v+u) we arrive
at the result (6).
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4. Particular cases: Many interesting particular cases of the
result (6) are given below. These particular cases thus gives us the various
integral transforms of the Appell’s function Fj.

(i) Taking m=1, ¢g=2, n=1=0, f1= %ﬁ, fo= %, we obtain

[ 2 a?
0“‘ yetr o J (py) Fa I:oc,,B; 14, 1+0; — b2’ 52 dy =

Pt brtetl [(149) $ (a/b)Zr
20 (w) I'(B) /S [z (o+1),
l—o—v 1—p+v»
b2p? 2 2
4 vhe+l v+@+1 S+u 6—pl
e Ty T

x G4

for p>0, R(b)>0, R»+1)>0, Rlo+v+u+35+1)>0, Rlo+v+6—26—3)<
<0, Rlo+v+06—28—1%)<0.

Taking o=1, 6=0, u=» in (7), we get

oo 2 az
6[ Y1 J,(py) Fa l:zx, B; 1+v», 140; bz’ bz] dy =

b8 petBr=o=2 [(y4 1) [(o+1)
- Qatp—v—o—2 a° ]1(0‘) P(ﬂ) Ko:—ﬁ (bp)Ia(ap)'

(8)

for p>0, R(b)>0, R(»+1)>0, R(}+v—2x)<0, R(}+»—28)<0.
(8) is a well-known result due to W. N. BaiLey [(2), p. 110, eq. 15].

O+u _O0—pu
3 , Po= 3 , we get

(ii) Taking m=¢=2, n=101=0, p1=

[ee] 2 az
6“yg+v+6 Kﬂ(py) Fy l:‘x» ﬂ; 14+, 140; — %s b_z':l dy=
_ RN 2 @
2870 p? I'() I'(B) /S5 |r(0+1)r

l—o—v 1—p+v
b2 p2 2 2

4 1 1 6 S—ul
x— 1’+Q+ +7 ﬂ +0+ +7, '*2'/‘, 2‘“

x G5}

for R(p)>0, R(b)>0, R(6+o+v+ u+1)>0.
When pu= + %, (9) yields the following result:
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0

Jp e F(l +v> L

X
6 4}]" 1
(10) () =0 |7 (c+1)
1——Q~v 1—po+v

2 m2 9’
x G} bf . 21 5 15 1l
_vtet _v+9+ 6. 16
* 5 — 7 B +r5+ 377

for R(p)>0, R(b)>0, R(6+0+v+3)>0.

0—u—1 6— é
a :‘31 Iu,;ﬂZ: +lu,

(iii) Taking m=2,n=0,l1=1,¢=3, x1= 5 =

B3 = 5_#1, then

fye+v+6 Y, (py) Fa [ot,ﬂ; 1+, 1+40; b: Z’::] dy =
2071 prretl (1 4y) 2 S (a/b)2r
P’ (o) I'B) /S | (o+ 1),
l—p—» d—u—1 1—p+v»
b2 p2 2 > T 2 T 2

4 1 1 é6—pu b 6—u—1
v+g+ +r, f— v—l—g-l- +r, z,u’ 42—,u, g

(11)

X G4

b

for p>0, R()>0, R(o+v+8+ u+1)>0, Rlo+v+06—2x—1%)<0,
R(o+»+6—28—1)<0.

(iv) Taking m=n=1I=1,¢=3, c1= 1+§+”, pr= l+g+:“’ o= 6;ﬂ,

Bs= 6%‘, we get

x® 2 g2
§¢+”+”Hy(py) F4[a,ﬁ; 149, 140; — %—2 m]@:
—26—1 pr+e+1 ]"(1_*_,‘,) 3 (a/b)Zr o
P L) I'(B) /S |r (o+ 1),
l—o—v 14+64+pu l—p+v
b2 p2 2 2 2
4 r+o+1 v+o+1 14+6+u 6—p 6+pul
T2 g thT3 T3 T3

(12)

x G3:3

+r, B~

for p>0, R(b)>0, Rlo+v+6+u+2)>0, Rlo+v+6—2x—13)<0,
Rle+v+6—-28—%)<0, Rlo+v+6+u—20)<0, Rlo+v+6+u—28)<0.
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(v) Takingm=¢=2,n=0,l=1,00a=1—k+1, pr=l+m+1, fo=1—m+1,
then

@ +r—1 a?
Oj‘ yl+ 9_2_ e~ @02 Wy . (py) Fyu l:oc,ﬂ;l+v, l14+0; — gyz" ﬁ]d?/:
_ brretl ['(14v) E (a/b)?r
13) P T TP 4 @t
l—g—_v’ 1+, l—g—l—v
x 41| b2p 1 1 :
ST b= i lmt g omt

for R(p)>0, R(6)>0, R(»+1)>0, R(o+»+2l+ 2m+2)>0.

(vi) TFinally taking m=1,n=I1=9¢=2, f1=0 we get

(;"yew aF1[1-0a, 1-a; 1-f2; - p2y?] F4|:""/3; L+, 1+0;_%’ ﬁ]dyz

prett (1+49) I(1—B2) & (a/b)?r

19) T2 T(B) I(1—on) T —o2) /2 [r(o+ 1)y
1-— S Y o, o, l—g—l—v

x GL3| b2p? . ! ;

v+92+ +r ﬁ—v+02+ +7,0, B2

for R(})>0, R(o+v+1)>0, R(e+v+2x1—20—1)<0, R(o+v+ 20 —
—26—1)<0, Rlp+v+2x2—20—1)<0, R(o+»v+202—26—1)<0.

The above result is more general than the result recently given by
SHARMA [(2), p. 111].

Comparing (14) with [(2), p. 111], we get

2 (=1)y(a/b)r ., &1, 02 B
gomr—%_z[szﬂ a—v—14r, ﬁ—v—H—r:I B
(15) = 3 (bp)*2 I(oq— o) I(o—o1—) (B—01—7)

oy, Ky

az 1
X F4|:oc—oc1—v,ﬂ—zx1—v; l4+o0,00—x1+1; —E,W] .

Replacing » by —v», putting b=1a, o =2», multiplying both sides by
cosec (—2vx) and summing for », —y, we have



(16)

by (5).
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. cosec (— 2vn) 2'2[2 5 o1, K2 :l_
2 2T iin PP o 1t potae ] T

cosec (— 2vx) I'(o1 —oxg) T'(ox —oa +v) I'(f — 1 +v)
(bp)~2: I'(2v+1)

v,—v7r=0

=22

V,—V Gy, 0

X

1
% F4|:“_0¢1+v,‘3—<x1+v; 142y, dg—ox1+1; l’p—zbz] =

x+—-2 a+6—1
X1, &2, g ) g

a—14+9», f—1+4»

=gt 98-a-F Gi:i 4b2p2
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