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Let T be a free ergodic measure-preserving action of an abelian group G on (X, w).
The crossed product algebra Ry = L™(X,u)>< G has two distinguished masas, the
image Cr of L™*(X,u) and the algebra Sy generated by the image of G. We
conjecture that conjugacy of the singular masas Sy and Spe for weakly mixing
actions 7" and T® of different groups implies that the groups are isomorphic and
the actions are conjugate with respect to this isomorphism. Our main result
supporting this conjecture is that the conclusion is true under the additional
assumption that the isomorphism y: Ryay = Rpe such that p(Sy0) = Sye has the
property that the Cartan subalgebras y(Cra) and Cre) of Rpe are inner conjugate.
We discuss a stronger conjecture about the structure of the automorphism
group Aut(Rr,St), and a weaker one about entropy as a conjugacy invariant.
We study also the Pukanszky and some related invariants of S7, and show that
they have a simple interpretation in terms of the spectral theory of the action 7. It
follows that essentially all values of the Pukanszky invariant are realized by the
masas S7, and there exist non-conjugate singular masas with the same Pukanszky
invariant.  © 2002 Elsevier Science (USA)

1. INTRODUCTION

It is well known that if one has a Lebesgue space (X, ) with a free ergodic
measure-preserving action 7 of an abelian group G, then the crossed
product algebra Ry = L*(X,u)><G is the hyperfinite factor with two
distinguished maximal abelian subalgebras (masas), the image Cr of
L>®(X,u) and the masa S; generated by the canonical unitaries in Ry
implementing the action. It is the purpose of the present work to investigate
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how much information about the system (X, u, T) can be extracted from
properties of the masas Cr and Sr.

In Section 2, we formulate our main conjecture that for weakly mixing
actions the masas S7; determine the actions up to an isomorphism of the
groups. Here, we also give a short proof of the singularity of S, a result due
to Nielsen [Ni], and more generally describe the normalizer of Sy for
arbitrary actions, which is a result of Packer [P1].

Apparently, the only conjugacy invariant of singular masas which has
been effectively used over the years is the invariant of Pukanszky [P]. It
arises as a spectral invariant of two commuting representations of a masa
A = M on B(L*(M)) coming from the left and right actions of 4 on M. It is
not surprising that for the masas Sy this invariant is closely related to
spectral properties of the action 7. This fact has two consequences. On the
one hand, we have a lot of actions with different Pukanszky invariants. On
the other hand, for most interesting systems such as Bernoullian systems, the
invariant gives us nothing. This is described in Section 3.

In Section 4, we prove the main result supporting our conjecture. Namely,
for weakly mixing actions the pair consisting of the masa S7 and the inner
conjugacy class of Cr is an invariant of the action. In fact, if Aut(Rr, St)
denotes the subgroup of y € Aut(R7) such that y(Sy) = Sy, we prove a
stronger result describing the subgroup of Aut(Ry7,S7y) consisting of
automorphisms y such that y(Cy) and C; are inner conjugate. We
conjecture that this subgroup is actually the whole group Aut(Rr,S7).
One test for our conjecture is to prove that this subgroup is closed, and we
are able to do this under slightly stronger assumptions than weak mixing.

The group of inner automorphisms defined by unitaries in Sy is not
always closed, and this gives us the possibility of constructing non-conjugate
singular masas with the same Pukanszky invariant.

Finally in Section 5, which is independent of the others, we consider a
weaker conjecture stating that the entropy of the action is a conjugacy
invariant for S7. We prove that if Sy and S are conjugate and under this
conjugacy the canonical generators of these algebras coincide on a small
projection, then the entropies of the actions coincide. The proof is an
application of the theory of non-commutative entropy.

2. PRELIMINARIES ON CROSSED PRODUCTS

Let G be a countable abelian group, g — T, € Aut(X, u) a free ergodic
measure-preserving action of G on a Lebesgue space (X, u). Consider the
corresponding action g — o, on L*(X, u), o4(f) =f T4, and the crossed
product algebra L*°(X, u)><,G, which will be denoted by Ry throughout
the paper. Let g — v, be the canonical homomorphism of G into the unitary
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group of Ry. We denote by Sy the abelian subalgebra of Ry generated by
vy, g € G. The algebra L*(X, ) considered as a subalgebra of Ry will be
denoted by Cr.

To fix notations, the unitary on L?(Y,v) associated with an invertible
non-singular transformation S of a measure space (Y, v) will be denoted by
us, usf = (dS*v/dv)l/2fo S~!, and the corresponding automorphism of
L>*(Y,v) will be denoted by as, as(f)=f°S~'. For a given action T, we
shall usually suppress T in such notations, so we write #, and o, instead of
uT{/ and OCT‘].

We shall usually consider Ry in its standard representation on L2(X, 1) ®
L2(G, 2), where G is the dual group and 4 is its Haar measure. The elements
of the group G considered as functions on G define two types of operators
on L*(G), the operator m, of multiplication by g, (myf)(x) = <{x,9>f(x), and
the projection e, onto the one-dimensional space Cg. Then the representa-
tion 7 of Ry on LA(X) ® L*(G) is given by

o) =1@my, ()= a(f)®e, forfeL™X).

9

Then R7 is in its standard form with the tracial vector & = 1. The modular
involution J is given by

T=J> u,®e,= (Z ug®e_g>f, (2.1)
g g

where J is the usual complex conjugation on L*(X x @ Indeed, since
(1 ®ey)¢ =0 for g#0,

Tn(vy )E = Tn()(f ® eo)é = J(f ® myeo)é = J(f @ egmy)é = Jugf @ egmy)é
=J(og(/) ® egmy)é = (y(f) ® e-ym_y)é = m(f)C.
In particular,
(N =f®1,  Jn(v)] =uy @ n. (2.2)

Hence Ry is the fixed point subalgebra of L*(X) ® B(L*(G)) for the action
g oy ® Admy of G (see [S, Corollary 19.13]).

Recall [D] that a maximal abelian subalgebra A4, or masa, of a von
Neumann algebra M is called regular if its normalizer N(A4) consisting of
unitaries u € M such that udu® = A generates M as a von Neumann
algebra, and singular if the normalizer consists only of unitaries in 4. If 4 is
regular and there exists a faithful normal conditional expectation of M onto
A then A is called Cartan [FM].
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Since the action T is free and ergodic, the algebras Cr and Sy are
maximal abelian in Ry. The algebra Cr is Cartan. Nielsen [Ni] was the first
who noticed that if the action is weakly mixing (i.e. the only eigenfunctions
are constants), then Sy is singular (see [P2, SS] for different proofs). More
generally, the normalizer N(S7) always depends only on the discrete part of
the spectrum [P1] (see also [H]). We shall first give a short proof of this
result.

THEOREM 2.1.  Let Ly°(X) be the subalgebra of L™(X) generated by the
eigenfunctions of the action o. Then the von Neumann algebra N (ST)
generated by N(St) is Ly'(X)><,G.

Proof. If ue Cr is an eigenfunction, o,(u) = {y,g)u for some y e G,
then since the action is ergodic, u is a unitary. It is in the normalizer of
St, uvgu* = {y,—gyvy. Thus L°(X)><,G < N(ST).

Conversely, let u € N(S7). Then Adu defines an automorphism of Sy
which corresponds to a measurable transformation ¢ of G. Consider Ry in
the Hilbert space L*(X) ® L2(G) as above. Then the operator v = u(l ® u*)
commutes with 1 ® L>(G), hence it belongs to

(L™(X) ® BL*(®))) n (1 ® L¥(G)) = L™(X) ® L™(G).

Thus v is given by a measurable family {v;},_s of unitaries in L*(X). Since
u € Rr and v commutes with 1 ® m,, we have

u= (g ® Adm)(w) = (2, ® Ad m})(v)(2y @ Ad m)(1 ® u,)
= (o ® D)1 @ miugsmy).

Hence v = (¢, ® D(v)(1 ® m* yUstglt u’k). The operator u;mgu’t is the _operator
of multiplication by the functlon goo'. Thus for almost all £ € G

ve = (L™ (0), gy (ve).

We see that for almost all £ the unitary v, lies in L;'(X), which means that
ve LF(X) ® L®(G). Thus,

u= l)(l ® u,r) € (LSO(X) ® B(Lz(é))) N Ry = (LSO(X) ® B(Lz(éj))“(aAd m*
=Ly (X)>,G. 1

Remark. The proof works without any modifications in the case when a
locally compact separable abelian group acts ergodically on a von Neumann
algebra with separable predual.
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All the Cartan algebras Cy are conjugate by a well-known result of Dye
[Dy], so the position of Cr inside Ry does not contain any information
about the original action. On the other hand, the relative position of Cy and
S7 defines the action. More precisely, we have

PROPOSITION 2.2, Let g +— T(’) € Aut(X;, u;) be a free measure-preserving
action of a countable abelian group G;, i =1,2. Suppose there exists an
isomorphism y: Rroy > Ryey such that y(Stm) = Sro and y(Cro) = Cro).
Then there exist an isomorphism S : (X1, u;) = (X2, W) of measure spaces and

a group isomorphism f: Gy — Gy such that T\ = ST, /52))S ' for g € G,.

Proof. The result follows easily from the fact that the only unitaries in
St which normalize Cr are the scalar multiples of v,, g € G. Indeed, if
ve St normalizes Cr and v =}/ ayv,, a4 € C, is its Fourier series then for
arbitrary x € Cr the equality vx = a(x)v for x € Cr, where « = Ad v, implies
ayog(x) = ayu(x) for all g € G. Thus o, = o if a,#0. Since the action is free,
this means that a,#0 for a unique g, and v = a,v,. Hence, if we have an
isomorphism 7 as in the formulation of the proposition, then there exist an
isomorphism § of G, onto G, and a character y € G, such that P(vp(g) =
{1, g>vy for ge Gy. Then for x e Croy and g € G, we have y(ug(x)) =
/(vﬂ(g)xvﬁ(g)) =y ,)(x)v = oy(y(x)). So for S we can take the transformation
implementing the 1som0rphlsm y of Cray onto Crey. 1

This observation leads to the following question. How much information
about the system is contained in the algebra S7? If the spectrum is purely
discrete, then Sy is a Cartan subalgebra, so in this case we get no
information.

Conjecture. For weakly mixing systems the algebra S7 determines the
system completely. In other words, the assumption y(Cra) = Cre in
Proposition 2.2 is redundant.

3. SPECTRAL INVARIANTS

One approach to the problem of conjugacy of masas in a II;-factor,
initiated in the work of Pukanszky [P] is to consider together with a masa
A < M its conjugate JAJ, where J is the modular involution associated
with a tracial vector £, and then to consider the conjugacy problem for such
pairs in B(L?(M)). We thus identify 4 with an algebra L>(Y,v) and consider
a direct integral decomposition of the representation a ® b +— aJb*J of the
C*-tensor product algebra 4 ® A. Thus, we obtain a measure class [;] on
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Y x Y and a measurable field of Hilbert spaces {H,} . ey« y such that [5]
is invariant with respect to the flip (x,y)— (y,x), its left (and right)

projection onto Y is [v], and
@
LZ(M) = Hx,y dn(x,y),
YxY

see [FM] for details. Let m(x,y) = dim HW be the multiplicity function.
Note that m(x, x) = 1 and the subspace f vy Hxx dn(x, x) is identified with
AE. Indeed, { € L*(M) lives on the diagonal A(Y) = Y x Y if and only if
al = Ja*J{ for all a € A. Since A is maximal abelian, this is equivalent to
{eAE. In particular, the projection ey =[A4&] corresponds to the
characteristic function of A(Y), so it belongs to A v JAJ (see [Pol]).

The triple (Y,[n],m) is a conjugacy invariant for the pair (4,J) in
the following sense. If A ¢ M and B < N are masas, then a unitary
U:L*(M) — L*(N) such that UAU* = B and UJ, U* = Jy exists if and
only if there exists an isomorphism F : (Y4, [v4]) = (Y3, [vp]) such that (F x
F).(n4D) = [np] and mpe (F X F) = my. Indeed, the fact that U defines F
follows by definition. Conversely, for given F we can suppose without loss
of generality that n, is invariant with respect to the ﬁip and (F x F )*(n NE
1. Then there exists a measurable ﬁeld of unitaries Uy, : HZ 4 - HE,, FOy
and we can define the unitary U = f V¥, Uy, dn(x,p). Tt has the property

UAU* = B. We want to modify U in a way such that the condition
UJy U* = Jy is also satisﬁed Note that Jy, is given by a measurable field
of anti-unitaries J{ : H{ — H;! such that J;\J/ =1, and analogoulsy
Jy defines a measurable field {JB }xy We can easily arrange U.. JA

JE, F(X)U” Outside of the d1agona1 we choose a measurable subset
Z < Y4 x Y4 which meets every two-point set {(x,),(y,x)} only once.

Then we define

U Uy, if (x,y)ed(Yy)u Z,
Y JE Fo), F(X)U J,  otherwise.

Then U, J{, = JZ ) gy Ury» 0 for U= fngA Uy, dn(x,y) we have U
Ju=JyU.

A rougher invariant is the set P(4) = N U {oo} of essential values of the
multiplicity function m on (Y x Y)\4(Y), which was introduced by
Pukanszky [P] (we rather use the definition of Popa [Pol]). In other words,
P(A) is the set of n such that the type I algebra (4 v J4J)' (1 —e4) has a
non-zero component of type I,,. This invariant solves a weaker conjugacy
problem: P(A4) = P(B) if and only if there exists a unitary U such that
U(A \ JMAJM)U* =Bv JNBJN and UeAU* = €pB.

Return to our masas Sy in Rp. As above, consider Ry acting on
L*(X x G) with the modular involution given by (2.1) and (2.2). For the
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construction of the triple (Y7, [n], mr) for the masa S7 it is natural to take
Yr = G. Let uy and ny be the spectral measure and the multiplicity function
of the representation g — u,, so that

@
LX(X) = /G Hy duz(0).

Following [H], we have a direct integral decomposition

i ®
LXX x G)= [ H, dity)dur(6),
GxG

with respect to which v, = 1 ® m, corresponds to the function (£, £2) —
g(£y), while Jv*J =U_ ®mg corresponds to (£y,£,) — g(£1>). Hence if
we define 7, as the image of the measure A4 x u; under the map
GxG— G x G, (61, 62) — (€1, €16>), then with respect to the decomposition

. @
LZ(X X G) :/ AHZIE di’]T(gl,fz),
GxG

the operator v, corresponds to the function (¢1,¢) — ¢g(¢1), while JU;J
corresponds to (£;,£>) — ¢g({>). This is the decomposition we are looking for.
Thus we have proved the following (see also [H]).

PROPOSITION 3.1. The triple (Yr,[nr],mr) associated with the masa St
in Ry is given by Yr = G, [[dny = [f(t1,06) d(ty) dur(Ca), mr(Ly, L)
= nr(i1a), where ur and ny are the spectral measure and the multiplicity
function for the representation g — uy of G.

COROLLARY 3.2.  The Pukanszky invariant P(St) is the set of essential
values of the multiplicity function ny on G\ {e}.

This corollary is also obvious from
St v ISt ={u,|lge G} ® L¥(G), es; =p1 @ 1,

where p; € B(L*(X)) is the projection onto the constants.

Pukanszky introduced his invariant to construct a countable family of
non-conjugate singular masas in the hyperfinite II;-factor. For each n e N
he constructed a singular masa 4 with P(4) = {n}. Thanks to advances in
the spectral theory of dynamical systems [KL] we now know much more.

COROLLARY 3.3. For any subset E of N containing 1 there exists a weakly
mixing automorphism T such that P(St) =
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If the spectrum of the representation g+ u, is Lebesgue, i.e. the
spectral measure pp is equivalent to the Haar measure 4 on G\ {e}, then
[mrl =14 x 4] on (G x G)\A(G). Hence, if we have two such systems
then any measurable isomorphism F : (Gy,[41]) — (G, [42]) has the property
(F x F)y([n70]) = [n7e]. Thus we have

COROLLARY 3.4. Let g— T, ) e Aut(X;, ;) be a free ergodic measure-
preserving action of a countable abelian group G;, i =1,2. Suppose these
actions have homogeneous Lebesgue spectra of the same multlplzaty. Then for
any *-isomorphism y: Sya) — Sre there exists a unitary U:L*(Rn) —
L*(Rro) such that UaU* = y(a) for a € Sy and UJro, U* = Jro.

It is clear, however, that in order to be extended to an isomorphism of
Ry on Ry, y has to be at least trace-preserving. But even this is not
always enough, see Section 5. Thus for such system as Bernoulli shifts,
which have countably multiple Lebesgue spectra, the invariant (Yr,[17],
my) does not contain any useful information.

4. THE ISOMORPHISM PROBLEM
As a partial result towards a proof of our conjecture we have

THEOREM 4.1. Let g+ T € Aut(X;, ;) be a weakly mixing free
measure-preserving action of a countable abelian group G;, i = 1,2. Suppose
there exists an isomorphism y : Ryay — Ry such that y(Sta)) = Ste) and such
that the Cartan algebras y(Crw) and Cre are inner conjugate in Ryey. Then
there exist an isomorphism S : (X1, 1)) = (X2, 1) of measure spaces and a
group isomorphism f: Gy — Gy such that Téz) = ST/;(g)S for g € Gs.

We shall also describe explicitly all possible isomorphisms y as in
the theorem. In other words, for a weakly mixing free measure-
preserving action 7' of a countable abelian group G on (X,u) we shall
compute the group Aut(Rr, Sy | Cr) consisting of all automorphisms y of
Ry with the properties y(S7) = S7, and the masas y(Cr) and Cr are inner
conjugate.

Recall (see [FM]) that any automorphism S of the orbit equivalence
relation defined by the action of G extends canonically to an automorphism
as of Ry. Such an automorphism leaves Sy invariant if and only if there
exists an automorphism f of G such that 7,S = STy,. Denote by I(T) the
group of all such transformations S. For S e I(T), ogs is defined by the
equalities ag(f) = f oS~ for f € Cr = L¥(X, p), os(vy) = Vg1 forg e G.
Consider also the dual action ¢ of G on Ry, o,(f)=fforfeCr, g,v)=
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{x,—g>vy. The group of automorphisms of the form o,cus (1€ G and
S € I(T)) is the intersection of the groups Aut(R7, Cr) and Aut(Rr, S7). It
turns out that up to inner automorphisms defined by unitaries in S7 such
automorphisms exhaust the whole group Aut(Rr, St | Cr).

THEOREM 4.2. The group Aut(Ry, St | Cr) of automorphisms y of Ry for
which y(St) = St, and (Cr) and Cr are inner conjugate, consists of elements
of the form Adwoa,oas, where we St, e G, Sel(T).

We conjecture that in fact this theorem gives the description of the group
Aut(Rr, S7).

It is well known that all Cartan subalgebras of the hyperfinite 1I;-factor
are conjugate [CFW], so they are approximately inner conjugate in an
appropriate sense. It is known also that if the L>-distance between the unit
balls of two Cartan subalgebras is less than one, then they are inner
conjugate [Po2, Po3]. However, there exists an uncountable family of Cartan
subalgebras, no two of which are inner conjugate [P1].

We shall first prove that Theorem 4.1 follows from Theorem 4.2. Consider
the group G = G| X G, and its action T on (X, u) = (X] X Xo, 4y X 1),
Tigrgn = T3P x T$). Then Ry can be identified with Rya) ® Rro in such a
Wdy that CT = CT ® Cro, Vy,.g0) = Vg, @ vg. Consider the automorph-
ism 7 of Rrp,

fa® b)=7"'(b) ® y(a).

By Theorem 4.2, y must be of the form Adwoo,oag with we Sy,
2= (1. 10) € G x Gy and S e I(T). Let B € Aut(G) be such that T,S =
STﬂ() Since 7 =id, we have /} =id. Define the homomorphism

p: Gy — Gy as the composition of the map g, — ﬁ(O g2) with the projection
Gy x G, = Gy,and ' : Gi - G, as the composition of~the map g; — ﬁ(gl,O)
with the projection G| x G, — G,. Fix g, € G;. Then (0, g2) = ((g2), h) for
some h € G>. We have

7 (0g) ® 1= 5(1 ® vg) = {1 —B(92)> <t =D 0pigs) ® v

It follows that h =0, that is [}(0 g2) = (p(g2),0). Analogously

B(91.0) = (0.F(g). Thus Blg1,g2) = (Bg2). B(g1).  Since F=id we
conclude that ' = . Then the identity T, S=S8T i) is rewritten in terms

of the actions on L™®(X; x X3) as

(o9, ® g,) o005 = g (op(g,) ® “ﬁ*'(g,))
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Letting g, = 0 we see that for f € L™(X7)
(g, @ Doagd(f @ 1) = (052 (1 ® “ﬁ*l(gl)))(f @D =05(f®1),

so that og (L™(X)) ® 1) = L¥(X; x X>)a®! = 1 ® L™(X,). Analogously
a5 (1 ® L™(X3)) = L™(X1) ® 1. It follows that

ag(L¥XD) @D =1® LX) and  og(l ® L7(X2) =L"(X) ® 1.

Hence there exist isomorphisms S: (Xi, u;) = (X2, 4,) and S : (X2, up) —
(X1, u;) such that for almost all (x;, x,) we have §(x1,xz) = (8'x2,8x1). The

identity (T x TS = S(Tj) ) x T<2> ') implies that TS = STgig)
Now we turn to the proof of Theorem 4.2. The proof w111 be given in a

series of lemmas. Let y € Aut(Ry, St | C7).

LemMA 4.3.  The automorphism y can be implemented by a unitary U on
L2(Ry) such that UICyJU* = JCpJ, where J is the modular involution.

Proof. Let U be the canonical implementation of 7 commuting
with J. From the assumption that C; and y(Cr) are inner conjugate
we can choose ue Ry such that uCru®* = 9(Cy). Then we can take
U=Ju*JU. 1

Representing Ry on L2(X) ® L*(G) as usual, so that JCrJ = L¥(X) ® 1
and S7 =1 ® L™(G) (see (2.2)), we conclude that Ad U defines measure-
preserving transformations S, of X and o of G. Then W = Uug, ® uf)
commutes with L*¥(X)® 1 and 1® L>(G), hence it is a unitary in
L¥(X x G). For €€ G denote by w, the function in L™(X) defined
by we(x) = W(x,?).

Since U defines an automorphism of Ry, for f € L™*(X) the element
Un(f)U* must by (2.2) commute with u;, ® mj.

LEMMA 4.4. With the above notations, for { € LAG, LA(X)) =~ [*(X) ®
L*(G) we have

(U(NHU*O) = (as, Ofxg)(f)/é<6"(5)671(51),g>W{rWZC(€1)di(&),

geG

((un @ M) Un( ) Uy @ mp)0)(0)

= (o o a5, o g)(f) | <Cbr, <o (O)a " (1), gyou(wewf )L(1) dAEy).
G

geG
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The above series are meaningless for fixed ¢ and should be considered as series
of functions in L>(X x G).

Proof. Note that (W{)(0) = well(0), (1 ® my){)(€) = {L,g>{(f). The
operator usequ’ is the projection onto the one-dimensional space spanned
by the function u,g € L*(G), so for f e L*(G),

(uze gz )(€) = s9)0) - (f,usg) = /é<0*'(f)0*1(51),g>f(51) dily).

Hence (1 ® useu¥))(€) = [z<o™ (O)a="(€1), g>{(6r) di(6r). Now we com-
pute:

(UR(NHUO(0) = (stl ® 1) <Z 2(f) ® ) W ® uﬁ)W*C> ©
g
=) (Wl(os, ° %)) ® uge_ Y W*O)(0)
g
=3 wilas, < 2)(f) /G (o (O 1), —g>(W*0)(€) i)
g9
= G e n)0) [ @0 @, gdwo e die
g
and
(0 ® m)UR(/) Uy ® mi)0)(C)
= ChyuUn())U*if ® mp)(0)

= &, Dy, Z (s, Odg)(f)/cﬂfl(f)ff?l(fl)a gOwewi (uy ® mp)O)(&r) di(y)
g

= &hyw Y (as, OOt_q)(f)/é<0*‘(5)0’1(f1),g>wwzMZ<€1,h>C(€1)d2(£’1)
g

=) (oo, °%)(f)/é<z’51,h><071(5)0_1(51)ag>0€/z(‘/VzWZ)C(51)d)v(fl)- 1
g

LEmMMA 4.5. Let g +— P, € Aut(X, u) be a free measure-preserving action
of G, Qe Aut(X,w), H a Hilbert space, a, and by maps from X to H such
that

(i) the vectors ay(x), g € G, are mutually orthogonal for almost all x € X
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(i1) Zg ||ag(x)||2 is finite and non-zero for almost all x; and the same
conditions hold for {by},. Suppose for all f € L>(X) and almost all x € X

> (g eap ) NX)agx) =D op, (f)(X)by(x).
g

[4

Then Q is in the full group generated by P,, g € G, and if g(x) € G is such that
O 'x = P_yx then, ay(x) = by yx(X) for all g € G and almost all x € X.

Proof. Let Xo= {xe X |Q 'x¢ Pgx, Pyjx#x for g#0}. There exists a
countable family {X;},.; of measurable subsets of X such that for arbitrary
finite subset F of G and almost all x € X; there exists i € I such that x € Xj,
the sets P,X;, g € F, are mutually disjoint and Q~'x¢ [J,op PyX:. Indeed,
first note that choosing an arbitrary Q- and P,-invariant norm-separable
weakly dense C*-subalgebra 4 of L*(X), we can identify the measure space
(X, u) with the spectrum of A. Thus without loss of generality, we can
suppose that X is a compact metric space and Q and P, are home-
omorphisms. Moreover, by regularity of the measure it is enough to prove
the assertion for arbitrary compact subset K of Xj. But then for fixed F we
can consider for each x € K a neighborhood U, such that P,U,, g € F, are
disjoint, Q"' U, n P,U, = 0 for g € F, and then choose a finite subcovering
from {U,} k.

Consider the countable set # < L®(X) consisting of characteristic
functions of the sets X;, i € I, and all their translations under the action of
G. For almost all x € X, and all f € # the assumptions of the lemma are
satisfied. Let x € X, be such a point. Fix & € G. For arbitrary finite subset F
of G, heF, there exists f € # such that op,(f)(x) =1, ap,(f)(x) =0 for
ge F\{h} and (g oap ) f)(x) =0, for g € F. Then,

1B = {| D (g o p, J()Xag(x) = D op, (1)), (x)

g¢ F g¢rF
1/2 1/2
<D lag@IF ]+ D] byl
g¢ F g¢ F

It follows that b;(x) = 0. But this contradicts the assumption ), 1bA(0)I)> >
0. Hence the set X, has zero measure. Thus Q is indeed in the full group
generated by P,,.

Let Q7 !'x = P_,x. In the same way as above (or by referring to the
Rokhlin lemma), we can find a countable collection # of characteristic
functions such that for almost all x € X and arbitrary finite F =« G, 0 € F,
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there exists /'€ # such that f(x) =1, ap, (f)(x) =0 forge F\{0}. Then

a_go®) — bo() = 3 o, (N0 = S (g ap )(N(Xay(),

gérF g¢ F—g(x)

and we conclude that a_,)(x) = bo(x). Replacing f by op,(f) in the
formulation of the lemma we see that its assumptions are also satisfied for
the collections {a,_;}, and {b,_p},, so that a_y_p(x) = b_s(x). 1

Fix # € G and apply Lemma 4.5 to P, = $;T,S;', Q= T), H = L*G),

a0 = /G Gl > G 100 (€1), gyonwew’ () i)

by(x)(0) = /G @D (0)), g5 00w ) dile).

To see that the assumptions of the lemma are satisfied, note that up to
the factor £ +— <€, h)a,(we)(x) the series Zg ay(x) is the Fourier series of
the function ¢+ <€, hya,(wi)(x) with respect to the orthonormal basis

{m}geG‘
Thus by Lemmas 4.4 and 4.5, we conclude that there exists g(h, x) such
that 7_,x = S T,g(;l,x)Sl’lx and ag(x) = bg+g(h,x)(x), that is

/G<<T"(51),g>(<z’51,h>ah(WcWZ)(X)— (a1 (O (1), glh, X)) (wew )(x)) d (1) = 0.

Since the functions u,g = ({1 — (o (6)),9)), g€ G, form an orthonormal
basis of L?(G), we conclude that for almost all (x, ¢, ¢;)

(v )(x) = 0, by 100 (€, gl 0Yvend) (). (4.1)

LEMMA 4.6.  There exists a continuous automorphism oy of G and y € G
such that o(€) = yoo(£) for almost all €.

Proof. Replace € by o(f) and ¢; by a(£;) in (4.1). Then we get
o (Wa(oy Wi )(X) = {a(O)a(Er), )<Ly, glh, X)) (Wa(yWihep, )(X).  (4.2)
Now substitute ¢, for £ and €,¢, for £;. We get

0 (Wa(eny Wi, )(X) = <o (L&) (€16), hy<{tey, g(h, X)>(Waiees) Wi, ) )(X)- - (4.3)

Multiplying (4.2) by the equation conjugate to (4.3) we see that for almost
all (¢,¢1,¢,), the element wg(g)wﬁ(ﬁ)wg({lgz)wj’;(m) is an eigenfunction with

eigenvalue o(£)a(f))a(€162)a(€L,). Since the action is weakly mixing, we
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conclude that
a(tl)o(0) = a(t12)a(lr)
(this is the only place where we use weak mixing instead of ergodicity).

Hence, there exists a measurable map 6y of G onto itself such that
6o(62) = a(€ty)a(€) for almost all (£;,¢;). Then for almost all (¢;, 5)

Go(L162) = a(€l16)a(0) = a(€l16:)a(C6r)a(Ll2)a(C) = Go(€1)Go(L2).

So 6y is essentially a homomorphism, and since it is measurable, it coincides
almost everywhere with a continuous homomorphism . Choose a
character £; such that the equality o¢(¢) = o(£;{)a(£;) holds for almost all
€. Set y = o({1)oo(£1). Then o(£) = yoo(£) for almost all £. Since ¢ is an
invertible measure-preserving transformation, ¢, must be an auto-
morphism. 1

Now we can rewrite (4.1) as

(Wt )(x) = T <oy @), g, x) Y (wew (). (4.4)

LemMA 4.7.  Let ¢, be such that (4.4) holds for almost all (x,{) € X x G.
Then there exist a unitary b in L*°(G) and a measurable map e : X — G such
that for almost all (x, ) we have

(wee, Wy )(x) = B(O)XL, e(x)).
For all h e G and almost all x € X we have
g(h, x) = Ble(x)) — ple(T-px)) + B(h),
where B is the automorphism of G dual 10 6, i.e. {ao(£),g> = <L, B(g)>.

Proof. Denote we, wj, by ve. Then by (4.4)
o (0r)(x) = <€ hy<{ay " (€), g(h, X) Y(vr)(x). (4.5)

Multiplying these identities for v, v, and v}, we see that the function
c(, ) = vgv,;zv}’}z is G-invariant, so it is a constant. Thus, we obtain a
measurable symmetric (i.e. ¢(¢,£;) = c(f2,€)) 2-cocycle on G with values in
T. Since G is abelian, any such a cocycle is a coboundary (see e.g. [M]),
(£, 62) = b(£)b(£,)b(LL5). Then € — b(£)v, is a measurable homomorphism
of G into the unitary group of L™®°(X). By [M, Theorem 1] there exists a
measurable map e¢: X — G such that b(0)v,(x) = {{, e(x)).
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Equation (4.5) implies that
L e(Tx)y = <& hy<ag (0, g(h, X))<E, e(x)),

equivalently,
e(Tpx) —h+ B (g(h, x) — e(x)) = 1,

from what the second assertion of the lemma follows. 1

Recall that Sy is the transformation of X defined by Ad Ul (x).

LEMMA 4.8. Define a measurable map Sy of X onto itself by letting
Shx =8 T_[;(e(x))Sflx.

Then S, is invertible and measure preserving. Its inverse is given by
S;lx = To(n)x.

Proof. Recall that g(h, x) was defined by the equality 7_;x = S17T_ 4.
Sy 'x. Since by Lemma 4.7, g(—e(x), x) = —B(e(Ty(x)X)), it follows that

$2T o)X = S1T— o700 ST Ter)X = S1T— pe(T0)—g(—e))ST X = X.

Hence S, is essentially surjective. Since it is also one-to-one and measure
preserving on the sets e !({g}), we conclude that S, is invertible, measure
preserving and its inverse is given by Sy 'x = Toox. 1

The final step is
LEMMA 4.9.  The mapping S = S5 'Sy has the property TyS = STy).
Proof. We compute
ST 4 x =SS, T jx

=Sy S1T- per_ oy ST Tp

=T p(r ) -ghSy X

=T piy-preenSy ' X

=T_pnS; ' Sax

= T,ﬁ(h)S_lx,

where in the fourth equality we used Lemma 4.7. |
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Summarizing the results of Lemmas 4.6-4.9, we can decompose U =
W(us, ® u,) as follows. First, by Lemma 4.7 for almost all (x,£), w(x) =
{Cly, e(x)>we, (x)b(£L1), so W is the product of / ® 1, v and 1 ® w, where
W e L¥(X), t/(x) = (b, e()dwe,(x), ve L¥(X x G),  v(x,€) = (L, e(x)),
and we LOO(CA?), w({) = b(€(y). By Lemmas 4.8 and 4.9, us, = us,us. Finally
by Lemma 4.6, Us; = XXuUO,A where 4, is the operator of the left regular
representation of G on L*(G). Thus with v/ = v(us, ® 1), we have

U=0u® Do(l ® wus,us ® (1 ® ,us,)
=W @ D1 @ w)(1 ® /) (us ® ug).

The unitaries ' ® 1 and ¢’ both lie in the commutant R’.. This is obvious for
' ® 1 and follows for v from the formula

V=Y (py @ Dk @ my),
g

where p, is the characteristic function of the set e !({g}). Indeed, if
xee '({g}) then Sy'x =Tyx by Lemma 4.8, and hence for arbitrary
{ e L*(X x G) we have

(pg ® Dty ® m)O)(x, ) = <, g>UTyx, ) = {L,e(x)){(S; ' x,0) = (WO, 0).

Thus the automorphism y is implemented by the unitary (1 ® w)(1 ®
A )us @ Ug,), so y=Adweo,cas, and the proof of Theorem 4.2 is
complete.

From the definition of the group Aut(Ry, St | Cr) it is unclear whether it
is a closed subgroup of Aut(Rz, S7) (in the topology of point-wise strong
convergence). But if our conjecture that this group coincides with Aut(Rr,
S7) (which is stronger than our main conjecture in Section 2) is true, then
this group must be closed. We shall prove that it is closed under slightly
stronger assumptions than weak mixing.

Recall that an action T is called rigid if there exists a sequence {¢,}, such
that g, — oo and u,, — 1 strongly.

ProposITION 4.10.  Suppose T is a weakly mixing action which is not
rigid. Then the group Aut(Ry, St | Cr) is closed in Aut(R7).

Proof. Suppose a sequence {o,}, < Aut(Rr, St |Cr) converges to an
automorphism «. By Theorem 4.2, «, =0, cAdw,oas,. Passing to a
subsequence we may suppose that the sequence {y,}, converges to a
character y. Then {Adw,-oag,}, converges to a;l oa, so to simplify the
notations we may suppose that all characters y, are trivial.
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Let f be a unitary generating C7. Set
6= inf I (/) ~
Since the action is not rigid, 6 > 0. Suppose for some n and m
(A wy © a5, )(f) — (Ad Wi o a5, )2 <.
We assert that if < 0> /4 then there exist g € G and ¢ € T such that
Wn — Wiyl < (22)"/2, (4.6)

where vy, g€ G are the canonical generators of Sr. Indeed, let v =
M./j,wn, v = Zg.agvg, a, e C. If .E :Rr — Cr is the trace-preserving conzdi—
tional expectation, then for arbitrary x € Cy we have E(vxv*) =Y g lagloy
(x), whence

& > |(Ad wy o 25,)(f) = (Ad Wy, 05, (N3

=2(1 — Re t(vas, (fv*es, (/7))

=2(1 — Re t(E(vas, (f)v¥)as, (/)

=2 " layP(1 — Rex((ay ° s, )()ats,, (15).

g

Set Y ={geG|l—-Ret((ogo0s)(fas,(f*)<e/2}. If geY then
[1(oty o ots, () — e, (Ol <¢&!/2. Thus if g, #¢> both lie in Y then [I(otg, © 0ts,)
(f) — (g, o o5, ) (N2 <2¢!/2. Since O © Os, = O, ° tp) for some automorph-

ism f3, we get a contradiction if 2¢!/2 <. Hence the set Y consists of at most
one point. On the other hand, we have

& >2 " lag (1 = Rew((oy 05, )(Nots, (SN = D layls
g

9¢ Y

so that ZW v |ag|2<s. If follows that Y is non-empty. Hence it consists
precisely of one point g, and |ag|2 > 1 — ¢ Then with ¢ = a,/|ay|, we have

W — ewmtgl3 = llo = evgll3 =D lanl” + lag — o = 2(1 — |ag]) <2e.
h#g

It follows that passing to a subsequence we may suppose that for each
n>=2 there exist g, € G and ¢, € T such that

1
||CanUg,, — Wp—1 ||2 <?'
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Then replacing w, by ¢, ... cowpvg, 4...4g, and S, by T, .., S, we still have
oy, = Adw,oag,, but now the sequence {w,}, converges strongly to a
unitary w € S7. Then a(C7r) = (Ad w)(Cr). |

Note that the group Aut(R7, Cr|S7) consisting of all automorphisms
y € Aut(Rr, Cr) such that y(S7) and S are inner conjugate is never closed.
Indeed, let c € Z'(%#7,T) be a T-valued 1-cocycle on the orbit equivalence
relation %7 defined by 7T, and o.€ Aut(Rp,Cr) the corresponding
automorphism [FM]. Then ¢.(S7) and S7 are inner conjugate if and only
if ¢ is cohomologous to the cocycle ¢,, ¢,(x, Tyx) = {y,g), for some y € G
[P1] (this result was proved in [P1] for actions with purely discrete spectrum,
but with minor changes the proof works for arbitrary ergodic actions; in our
weakly mixing case using Theorem 4.2 and the fact that if y € Aut(Ry, Cr
| S7) then Aducy € Aut(Ry, St | Cr) for some unitary wu, it is easy to obtain
a more precise result: the group Aut(Ry, Cr | S7) consists of automorphisms
of the form o © g, where ¢ is a cocycle cohomologous to ¢, and S € I(T)[T],
where [T7] is the full group generated by 7,, g € G). Since the equivalence
relation is hyperfinite, any cocycle can be approximated by coboundaries, so
all automorphisms o, are in the closure of Aut(Ry, Cy|S7). On the other
hand, there always exist cocycles which are not cohomologous to cocycles
¢,, because otherwise Z Y%+, T) would be a continuous isomorphic image of
the group GxI (X, T), where I(X,T) is the factor of the unitary group of
L*(X) by the scalars (note that since the action is weakly mixing, c, is not a
coboundary for ye G\{e}), hence Z'(%r,T) would be topologically
isomorphic to G x I(X,T), which would imply that the group of
coboundaries is closed.

If the action is rigid, it is still possible that Aut(Rz, Sy | Cr) is closed.
However, as the following result shows the group Int(S7) consisting of inner
automorphisms of Ry defined by unitaries in S7 is not closed in this case,
which may indicate that we should consider systems satisfying stronger
mixing properties than weak mixing. Note that if an action is mixing then it
is not rigid.

ProposSITION 4.11.  The following conditions are equivalent:

(1) the action T is rigid,
(1) there exist non-trivial central sequences in St;
(iii) the subgroup Int(S7) of Aut(Rr) is not closed.

Proof. The equivalence of (ii) and (iii) is well known [C]. The implication
(i) = (ii) is obvious. Suppose that the action is not rigid. Let {u,}, be a
central sequence of unitaries in S7. For fixed n apply (4.6) to w, = u,,, wy,, =
1, S, =S,, =id. Then we conclude that there exist ¢, € T and g, € G such
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that [|u, — cqvy,ll, = 0 as n — oo. The sequence {vy,}, is central, which is
equivalent to the strong convergence u,, — 1 in B(L*(x)). Since the action is
not rigid, this implies that eventually g, = 0, so the central sequence {u,}, is
trivial. Thus (i) implies (i). N

The following corollary is not surprising in view of Proposition 3.1 but is
worth mentioning.

COROLLARY 4.12.  There exist weakly mixing transformations T and
T such that the singular masas St and Ste are not conjugate but their
Pukanszky invariants coincide.

Proof. The class of weakly mixing measure-preserving transformations
with simple spectrum, i.e. of spectral multiplicity one, contains both rigid
and non-rigid transformations (e.g. certain Gauss systems are rigid and have
simple spectrum [CFS, Chap. 14], while Ornstein’s rank-one transforma-
tions are mixing [Na, Chap. 16]). Since rigidity is a conjugacy invariant by
Proposition 4.11, there exist transformations 7" and 7® such that Sy
and S;e are not conjugate, while P(Srn) = P(S70) = {1}. 1

5. ENTROPY

A weak form of our conjecture would be to say that conjugacy of masas
St for actions of an abelian group G implies coincidence of the entropies.
In this form, the conjecture may hold without any assumptions on the
spectrum, since systems with purely discrete spectrum have zero entropy.
The main result of this section is a step towards the solution of this weaker
problem. While in the previous section we proved that if the conjecture is
false, then the isomorphism y: R;a — Rype for non-isomorphic systems
sends Cyo) far from Cr), in this section we shall prove that if the entropies
are distinct, the images y(v,) of the canonical generators of Syu cannot
coincide with the generators of Sre even on small projections.

We shall consider only the case G = Z, since the theory of non-
commutative entropy is not well developed for actions of general
abelian (or amenable) groups, though in fact the result is true for arbitrary
abelian G.

THEOREM 5.1.  Let T € Aut(X;, ;) be a measure-preserving transforma-
tion, i = 1,2. Denote by v; the canonical generator of Stw. Suppose there
exists an isomorphism y: Rpoy = Rpo such that y(Sto) = Sro, and the
unitary y(v))v3 has an eigenvalue. Then WTO) = h(T?).

The result will follow from
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ProposSITION 5.2. Let T € Aut(X, p) be a measure-preserving transfor-
mation, v e St the canonical generator. Then for any non-zero projection
p € St we have H(Ad vl,g,,) = I(T), where H(Ad vl,g,,) is the entropy of
Connes and Stormer [CS] of the inner automorphism Ad vl,g,, computed with
respect to the normalized trace t, = r(p)_lrlp Rep-

Proof of Theorem 5.1. By assumption, there exists 0 € T such that the
spectral projection p of the unitary y(v;)v} corresponding to the set {6} is
non-zero. Then y(v;)p = Ovyp. By Proposition 5.2, we get

W(T1) = HAd il r o 10) = HAD 900 g )

= H(Ad v, |pRT(2)p) = h(T2) 1

To prove Proposition 5.2 consider the more general situation when we are
given a finite injective von Neumann algebra M with a fixed normal faithful
trace T and a t-preserving automorphism «. For each projection p in the
fixed point algebra M* we set

Ta(p) = T(l’)H(O‘ |pMp)'

ProOPOSITION 5.3. The mapping p — 1,(p) extends uniquely to a normal
(possibly infinite) trace t, on M®, which is invariant with respect to all
T-preserving automorphisms in Aut(M, M*) commuting with o.

Proof. To prove that the mapping extends to a normal trace it is enough
to check that the following three properties are satisfied: t,(upu*) = 7,(p) for
any unitary u in M*, if p, /" p then 1,(p,) /" 7.(p), the mapping p + 7,(p) is
finitely additive.

The first property is a particular case of the last statement of the
proposition. If f € Aut(M, M*) commutes with o and preserves the trace t,
then it defines an isomorphism of the systems (pMp, 7,,®) and (B(p)M p(p),
T8(p)> %), SO their entropies coincide.

The second property follows from the well-known continuity properties
of entropy:

To(Pn) = W) H (2, 01p,) = TV H (@, gy, +Cp—p,) /" TPV H @ 01p) = To(p).

To prove the third one consider a finite family {p;}}_; of mutually
orthogonal projections in M* and set p = 3, p;. Let

B=p Mpy + -+ p.Mp,.
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By affinity of entropy,

1Ol = 3 20 HGp ) =07 Y w0

So in order to prove finite additivity it is enough to prove that H(xl,),) =
H(o|p). The trace-preserving conditional expectation E:pMp — B has the
form

E(x) = p1xp1 + -+ - + puXpyp.

It commutes with o and is of finite index, E(x))%x for xe pMp, x=0.
Indeed, if we consider p Mp acting on some Hilbert space, then for a vector &
we set &; = p;& and get

2
(&8 = (M xPE <Y TN xR = (Z ||x1/2€,-||>
ij ij i
<n ) INPEIR =0y (pil pid) = n(E()E O).

By [NS, Corollary 2], we conclude that H(xl,y,) = H(lp). |

Proof of Proposition 5.2. Consider the weight 744, on St corresponding
to the automorphism Adv of Ry. Then we have to prove that taq, =
h(T)t|g,. By Proposition 5.3, the weight taq, is invariant under the dual
action. Since this action is ergodic on S7, Taq, is a scalar multiple of 1|g,,
Tady = € Tlg, for some ¢ €[0,+o00]. By definition of Thq, we have ¢ =
H(Ad v). But by [GN, V03], H(Ad v) = i(T), and the proof is complete. I

The definition of the weight above leads to the following interesting
problem in entropy theory. Let A be an abelian subalgebra of a finite
algebra M. For each unitary u € A consider the weight 7, on 4, which is the
restriction of the weight taq, to A.

Problem. Find the connection between 7, and 174, where ¢ is a Borel
mapping from T onto itself.

Voiculescu’s approach to entropy using norm of commutators [Vol, Vo2]
suggests that such a connection exists at least when ¢ is smooth. More
interesting is the case when u is a Haar unitary and ¢ is an invertible
transformation preserving Lebesgue measure, so that ¢(u) is again Haar and
generates the same algebra. Note also some resemblance of this problem to
the computation of entropy of Bogoliubov automorphisms [SV,N].
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However, the correspondence u+— 1, does not have nice continuity
properties which makes the problem more difficult.

Finally, note that the problems studied in the paper can also be
considered for topological dynamical systems and C*-crossed products. In
this setting, isomorphism of crossed products already implies that the
systems have a non-trivial relationship. For example, for minimal home-
omorphisms of Cantor sets the crossed products are isomorphic if and only
if the systems are strongly orbit equivalent [GPS]. Since rotations are the
only measure- and orientation-preserving homeomorphisms of the circle, if y
is an isomorphism of C(X;)>Z onto C(X,)>Z which maps C*(v) onto
C*(vp) then 7y(vy) = szil, so the homeomorphisms have the same
topological entropy.
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