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Let T be a free ergodic measure-preserving action of an abelian group G on ðX ;mÞ:
The crossed product algebra RT ¼ L1ðX ;mÞs G has two distinguished masas, the

image CT of L1ðX ; mÞ and the algebra ST generated by the image of G: We

conjecture that conjugacy of the singular masas ST ð1Þ and ST ð2Þ for weakly mixing

actions T ð1Þ and T ð2Þ of different groups implies that the groups are isomorphic and

the actions are conjugate with respect to this isomorphism. Our main result

supporting this conjecture is that the conclusion is true under the additional

assumption that the isomorphism g :RT ð1Þ ! RT ð2Þ such that gðST ð1Þ Þ ¼ ST ð2Þ has the

property that the Cartan subalgebras gðCT ð1Þ Þ and CT ð2Þ of RT ð2Þ are inner conjugate.

We discuss a stronger conjecture about the structure of the automorphism

group AutðRT ;ST Þ; and a weaker one about entropy as a conjugacy invariant.

We study also the Pukanszky and some related invariants of ST ; and show that

they have a simple interpretation in terms of the spectral theory of the action T : It
follows that essentially all values of the Pukanszky invariant are realized by the

masas ST ; and there exist non-conjugate singular masas with the same Pukanszky

invariant. # 2002 Elsevier Science (USA)
1. INTRODUCTION

It is well known that if one has a Lebesgue space ðX ;mÞ with a free ergodic
measure-preserving action T of an abelian group G; then the crossed
product algebra RT ¼ L1ðX ;mÞsG is the hyperfinite factor with two
distinguished maximal abelian subalgebras (masas), the image CT of
L1ðX ;mÞ and the masa ST generated by the canonical unitaries in RT

implementing the action. It is the purpose of the present work to investigate
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how much information about the system ðX ;m;TÞ can be extracted from
properties of the masas CT and ST :
In Section 2, we formulate our main conjecture that for weakly mixing

actions the masas ST determine the actions up to an isomorphism of the
groups. Here, we also give a short proof of the singularity of ST ; a result due
to Nielsen [Ni], and more generally describe the normalizer of ST for
arbitrary actions, which is a result of Packer [P1].
Apparently, the only conjugacy invariant of singular masas which has

been effectively used over the years is the invariant of Pukanszky [P]. It
arises as a spectral invariant of two commuting representations of a masa
A � M on BðL2ðMÞÞ coming from the left and right actions of A on M : It is
not surprising that for the masas ST this invariant is closely related to
spectral properties of the action T : This fact has two consequences. On the
one hand, we have a lot of actions with different Pukanszky invariants. On
the other hand, for most interesting systems such as Bernoullian systems, the
invariant gives us nothing. This is described in Section 3.
In Section 4, we prove the main result supporting our conjecture. Namely,

for weakly mixing actions the pair consisting of the masa ST and the inner
conjugacy class of CT is an invariant of the action. In fact, if AutðRT ;ST Þ
denotes the subgroup of g 2 AutðRT Þ such that gðST Þ ¼ ST ; we prove a
stronger result describing the subgroup of AutðRT ;ST Þ consisting of
automorphisms g such that gðCT Þ and CT are inner conjugate. We
conjecture that this subgroup is actually the whole group AutðRT ;ST Þ:
One test for our conjecture is to prove that this subgroup is closed, and we
are able to do this under slightly stronger assumptions than weak mixing.
The group of inner automorphisms defined by unitaries in ST is not

always closed, and this gives us the possibility of constructing non-conjugate
singular masas with the same Pukanszky invariant.
Finally in Section 5, which is independent of the others, we consider a

weaker conjecture stating that the entropy of the action is a conjugacy
invariant for ST :We prove that if ST ð1Þ and ST ð2Þ are conjugate and under this
conjugacy the canonical generators of these algebras coincide on a small
projection, then the entropies of the actions coincide. The proof is an
application of the theory of non-commutative entropy.

2. PRELIMINARIES ON CROSSED PRODUCTS

Let G be a countable abelian group, g/Tg 2 AutðX ; mÞ a free ergodic
measure-preserving action of G on a Lebesgue space ðX ; mÞ: Consider the
corresponding action g/ ag on L1ðX ; mÞ; agð f Þ ¼ f 8T�g; and the crossed
product algebra L1ðX ;mÞsaG; which will be denoted by RT throughout
the paper. Let g/ vg be the canonical homomorphism of G into the unitary
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group of RT : We denote by ST the abelian subalgebra of RT generated by
vg; g 2 G: The algebra L1ðX ; mÞ considered as a subalgebra of RT will be
denoted by CT :
To fix notations, the unitary on L2ðY ; nÞ associated with an invertible

non-singular transformation S of a measure space ðY ; nÞ will be denoted by
uS; uS f ¼ ðdSnn=dnÞl=2f 8S�1; and the corresponding automorphism of
L1ðY ; nÞ will be denoted by aS; aSð f Þ ¼ f 8S�1: For a given action T ; we
shall usually suppress T in such notations, so we write ug and ag instead of
uTg

and aTg
:

We shall usually consider RT in its standard representation on L2ðX ; mÞ 	
L2ðĜ; lÞ; where Ĝ is the dual group and l is its Haar measure. The elements
of the group G considered as functions on Ĝ define two types of operators
on L2ðĜÞ; the operator mg of multiplication by g; ðmgf ÞðwÞ ¼ hw; gif ðwÞ; and
the projection eg onto the one-dimensional space Cg: Then the representa-
tion p of RT on L2ðX Þ 	 L2ðĜÞ is given by

pðvgÞ ¼ 1	 mg; pð f Þ ¼
X

g

agð f Þ 	 e�g for f 2 L1ðX Þ:

Then RT is in its standard form with the tracial vector x � 1: The modular
involution J is given by

J ¼ J̃
X

g

ug 	 eg ¼
X

g

ug 	 e�g

 !
J̃; ð2:1Þ

where J̃ is the usual complex conjugation on L2ðX 
 ĜÞ: Indeed, since
ð1	 egÞx ¼ 0 for ga0;

Jpðvg f Þx ¼ JpðvgÞð f 	 e0Þx ¼ Jð f 	 mge0Þx ¼ Jð f 	 egmgÞx ¼ J̃ðugf 	 egmgÞx

¼ J̃ðagð f Þ 	 egmgÞx ¼ ðagð %ff Þ 	 e�gm�gÞx ¼ pð %ff vngÞx:

In particular,

Jpð f ÞJ ¼ %ff 	 1; JpðvgÞJ ¼ ug 	 mn

g : ð2:2Þ

Hence RT is the fixed point subalgebra of L1ðX Þ 	 BðL2ðĜÞÞ for the action
g/ ag 	Ad mn

g of G (see [S, Corollary 19.13]).
Recall [D] that a maximal abelian subalgebra A; or masa, of a von

Neumann algebra M is called regular if its normalizer NðAÞ consisting of
unitaries u 2 M such that uAun ¼ A generates M as a von Neumann
algebra, and singular if the normalizer consists only of unitaries in A: If A is
regular and there exists a faithful normal conditional expectation of M onto
A then A is called Cartan [FM].
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Since the action T is free and ergodic, the algebras CT and ST are
maximal abelian in RT : The algebra CT is Cartan. Nielsen [Ni] was the first
who noticed that if the action is weakly mixing (i.e. the only eigenfunctions
are constants), then ST is singular (see [P2, SS] for different proofs). More
generally, the normalizer NðST Þ always depends only on the discrete part of
the spectrum [P1] (see also [H]). We shall first give a short proof of this
result.

Theorem 2.1. Let L1
0 ðX Þ be the subalgebra of L1ðX Þ generated by the

eigenfunctions of the action a: Then the von Neumann algebra NðST Þ
generated by NðST Þ is L1

0 ðX ÞsaG:

Proof. If u 2 CT is an eigenfunction, agðuÞ ¼ hw; giu for some w 2 Ĝ;
then since the action is ergodic, u is a unitary. It is in the normalizer of
ST ; uvgun ¼ hw;�givg: Thus L1

0 ðX ÞsaG � NðST Þ:
Conversely, let u 2 NðST Þ: Then Ad u defines an automorphism of ST

which corresponds to a measurable transformation s of Ĝ: Consider RT in
the Hilbert space L2ðX Þ 	 L2ðĜÞ as above. Then the operator v ¼ uð1	 un

sÞ
commutes with 1	 L1ðĜÞ; hence it belongs to

ðL1ðX Þ 	 BðL2ðĜÞÞÞ \ ð1	 L1ðĜÞÞ0 ¼ L1ðX Þ 	 L1ðĜÞ:

Thus v is given by a measurable family fv‘g‘2Ĝ
of unitaries in L1ðX Þ: Since

u 2 RT and v commutes with 1	 mg; we have

u ¼ ðag 	Ad mn

gÞðuÞ ¼ ðag 	Ad mn

gÞðvÞðag 	Ad mn

gÞð1	 usÞ

¼ ðag 	 1ÞðvÞð1	 mn

gusmgÞ:

Hence v ¼ ðag 	 1ÞðvÞð1	 mn
gusmgun

sÞ: The operator usmgun
s is the operator

of multiplication by the function g 8 s
�1: Thus for almost all ‘ 2 Ĝ

v‘ ¼ h%‘‘s�1ð‘Þ; giagðv‘Þ:

We see that for almost all ‘ the unitary v‘ lies in L1
0 ðX Þ; which means that

v 2 L1
0 ðX Þ 	 L1ðĜÞ: Thus,

u ¼ vð1	 usÞ 2 ðL1
0 ðX Þ 	 BðL2ðĜÞÞÞ \ RT ¼ ðL1

0 ðX Þ 	 BðL2ðĜÞÞÞa	Ad mn

¼L1
0 ðX ÞsaG: ]

Remark. The proof works without any modifications in the case when a
locally compact separable abelian group acts ergodically on a von Neumann
algebra with separable predual.
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All the Cartan algebras CT are conjugate by a well-known result of Dye
[Dy], so the position of CT inside RT does not contain any information
about the original action. On the other hand, the relative position of CT and
ST defines the action. More precisely, we have

Proposition 2.2. Let g/T ðiÞ
g 2 AutðXi;miÞ be a free measure-preserving

action of a countable abelian group Gi; i ¼ 1; 2: Suppose there exists an

isomorphism g : RT ð1Þ ! RT ð2Þ such that gðST ð1Þ Þ ¼ ST ð2Þ and gðCT ð1Þ Þ ¼ CT ð2Þ :
Then there exist an isomorphism S : ðX1; m1Þ ! ðX2; m2Þ of measure spaces and

a group isomorphism b : G2 ! G1 such that T ð2Þ
g ¼ ST

ð1Þ
bðgÞS

�1 for g 2 G2:

Proof. The result follows easily from the fact that the only unitaries in
ST which normalize CT are the scalar multiples of vg; g 2 G: Indeed, if
v 2 ST normalizes CT and v ¼

P
g agvg; ag 2 C; is its Fourier series then for

arbitrary x 2 CT the equality vx ¼ aðxÞv for x 2 CT ; where a ¼ Ad v; implies
agagðxÞ ¼ agaðxÞ for all g 2 G: Thus ag ¼ a if aga0: Since the action is free,
this means that aga0 for a unique g; and v ¼ agvg: Hence, if we have an
isomorphism g as in the formulation of the proposition, then there exist an
isomorphism b of G2 onto G1 and a character w 2 Ĝ2 such that gðvbðgÞÞ ¼
hw; givg for g 2 G2: Then for x 2 CT ð1Þ and g 2 G2 we have gðabðgÞðxÞÞ ¼
gðvbðgÞxvnbðgÞÞ ¼ vggðxÞvng ¼ agðgðxÞÞ: So for S we can take the transformation
implementing the isomorphism g of CT ð1Þ onto CT ð2Þ : ]

This observation leads to the following question. How much information
about the system is contained in the algebra ST? If the spectrum is purely
discrete, then ST is a Cartan subalgebra, so in this case we get no
information.

Conjecture. For weakly mixing systems the algebra ST determines the
system completely. In other words, the assumption gðCT ð1Þ Þ ¼ CT ð2Þ in
Proposition 2.2 is redundant.

3. SPECTRAL INVARIANTS

One approach to the problem of conjugacy of masas in a II1-factor,
initiated in the work of Pukanszky [P] is to consider together with a masa
A � M its conjugate JAJ; where J is the modular involution associated
with a tracial vector x; and then to consider the conjugacy problem for such
pairs in BðL2ðMÞÞ:We thus identify A with an algebra L1ðY ; nÞ and consider
a direct integral decomposition of the representation a 	 b/ aJbnJ of the
Cn-tensor product algebra A 	 A: Thus, we obtain a measure class ½Z� on
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Y 
 Y and a measurable field of Hilbert spaces fHx;ygðx;yÞ2Y
Y such that ½Z�
is invariant with respect to the flip ðx; yÞ/ ðy;xÞ; its left (and right)
projection onto Y is ½n�; and

L2ðMÞ ¼
Z �

Y
Y

Hx;y dZðx; yÞ;

see [FM] for details. Let mðx; yÞ ¼ dim Hx;y be the multiplicity function.
Note that mðx;xÞ ¼ 1 and the subspace

R�
Y
Y

Hx;x dZðx; xÞ is identified with
Ax: Indeed, z 2 L2ðMÞ lives on the diagonal DðY Þ � Y 
 Y if and only if
az ¼ JanJz for all a 2 A: Since A is maximal abelian, this is equivalent to
z 2 Ax: In particular, the projection eA ¼ ½Ax� corresponds to the
characteristic function of DðY Þ; so it belongs to A _ JAJ (see [Po1]).
The triple ðY ; ½Z�;mÞ is a conjugacy invariant for the pair ðA; JÞ in

the following sense. If A � M and B � N are masas, then a unitary
U : L2ðMÞ ! L2ðNÞ such that UAUn ¼ B and UJMUn ¼ JN exists if and
only if there exists an isomorphism F : ðYA; ½nA�Þ ! ðYB; ½nB�Þ such that ðF 

F Þnð½ZA�Þ ¼ ½ZB� and mB 8 ðF 
 F Þ ¼ mA: Indeed, the fact that U defines F

follows by definition. Conversely, for given F we can suppose without loss
of generality that ZA is invariant with respect to the flip and ðF 
 F ÞnðZAÞ ¼
ZB: Then there exists a measurable field of unitaries Ũx;y : HA

x;y ! HB
F ðxÞ;F ðyÞ;

and we can define the unitary Ũ ¼
R�

YA
YA
Ũx;y dZAðx; yÞ: It has the property

ŨAŨn ¼ B: We want to modify Ũ in a way such that the condition
UJMUn ¼ JN is also satisfied. Note that JM is given by a measurable field
of anti-unitaries JA

x;y : HA
x;y ! HA

y;x such that JA
y;xJA

x;y ¼ 1; and analogoulsy
JN defines a measurable field fJB

x;ygx;y: We can easily arrange Ũx;xJA
x;x ¼

JB
F ðxÞ;F ðxÞŨx;x: Outside of the diagonal, we choose a measurable subset

Z � YA 
 YA which meets every two-point set fðx; yÞ; ðy;xÞg only once.
Then we define

Ux;y ¼
Ũx;y if ðx; yÞ 2 DðYAÞ [ Z;

JB
F ðyÞ;F ðxÞŨy;xJA

x;y otherwise:

(

Then Uy;xJA
x;y ¼ JB

F ðxÞ;F ðyÞUx;y; so for U ¼
R�

YA
YA
Ux;y dZAðx; yÞ we have U

JM ¼ JNU :
A rougher invariant is the set PðAÞ � N[ f1g of essential values of the

multiplicity function m on ðY 
 Y Þ=DðY Þ; which was introduced by
Pukanszky [P] (we rather use the definition of Popa [Po1]). In other words,
PðAÞ is the set of n such that the type I algebra ðA _ JAJÞ0ð1� eAÞ has a
non-zero component of type In: This invariant solves a weaker conjugacy
problem: PðAÞ ¼ PðBÞ if and only if there exists a unitary U such that
UðA _ JMAJM ÞUn ¼ B _ JNBJN and UeAUn ¼ eB:
Return to our masas ST in RT : As above, consider RT acting on

L2ðX 
 ĜÞ with the modular involution given by (2.1) and (2.2). For the
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construction of the triple ðYT ; ½ZT �;mT Þ for the masa ST it is natural to take
YT ¼ Ĝ: Let mT and nT be the spectral measure and the multiplicity function
of the representation g/ ug; so that

L2ðX Þ ¼
Z �

Ĝ

H‘ dmT ð‘Þ:

Following [H], we have a direct integral decomposition

L2ðX 
 ĜÞ ¼
Z �

Ĝ
Ĝ

H‘2 dlð‘1Þ dmT ð‘2Þ;

with respect to which vg ¼ 1	 mg corresponds to the function ð‘1; ‘2Þ/
gð‘1Þ; while JvngJ ¼ u�g 	 mg corresponds to ð‘1; ‘2Þ/ gð‘1‘2Þ: Hence if
we define ZT as the image of the measure l
 mT under the map
Ĝ
 Ĝ/Ĝ 
 Ĝ; ð‘1; ‘2Þ/ ð‘1; ‘1‘2Þ; then with respect to the decomposition

L2ðX 
 ĜÞ ¼
Z �

Ĝ
Ĝ

H‘1‘2
dZT ð‘1; ‘2Þ;

the operator vg corresponds to the function ð‘1; ‘2Þ/ gð‘1Þ; while JvngJ

corresponds to ð‘l ; ‘2Þ/ gð‘2Þ: This is the decomposition we are looking for.
Thus we have proved the following (see also [H]).

Proposition 3.1. The triple ðYT ; ½ZT �;mT Þ associated with the masa ST

in RT is given by YT ¼ G;
R

f dZT ¼
R

f ð‘1; ‘1‘2Þ dlð‘1Þ dmT ð‘2Þ; mT ð‘1; ‘2Þ
¼ nT ð‘1‘2Þ; where mT and nT are the spectral measure and the multiplicity

function for the representation g / ug of G.

Corollary 3.2. The Pukanszky invariant PðST Þ is the set of essential

values of the multiplicity function nT on Ĝ =feg:

This corollary is also obvious from

ST _ JST J ¼ fug j g 2 Gg00 	 L1ðĜÞ; eST
¼ p1 	 1;

where p1 2 BðL2ðX ÞÞ is the projection onto the constants.
Pukanszky introduced his invariant to construct a countable family of

non-conjugate singular masas in the hyperfinite II1-factor. For each n 2 N

he constructed a singular masa A with PðAÞ ¼ fng: Thanks to advances in
the spectral theory of dynamical systems [KL] we now know much more.

Corollary 3.3. For any subset E of N containing 1 there exists a weakly

mixing automorphism T such that PðST Þ ¼ E:
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If the spectrum of the representation g/ ug is Lebesgue, i.e. the
spectral measure mT is equivalent to the Haar measure l on Ĝ =feg; then
½ZT � ¼ ½l
 l� on ðĜ 
 ĜÞ=DðĜÞ: Hence, if we have two such systems
then any measurable isomorphism F : ðĜ1; ½l1�Þ ! ðĜ2; ½l2�Þ has the property
ðF 
 F Þnð½ZT ð1Þ �Þ ¼ ½ZT ð2Þ �: Thus we have

Corollary 3.4. Let g/T ðiÞ
g 2 AutðXi;miÞ be a free ergodic measure-

preserving action of a countable abelian group Gi; i ¼ 1; 2: Suppose these

actions have homogeneous Lebesgue spectra of the same multiplicity. Then for

any *-isomorphism g : ST ð1Þ ! ST ð2Þ there exists a unitary U :L2ðRT ð1Þ Þ !
L2ðRT ð2Þ Þ such that UaUn ¼ gðaÞ for a 2 ST ð1Þ and UJT ð1ÞUn ¼ JT ð2Þ :

It is clear, however, that in order to be extended to an isomorphism of
RT ð1Þ on RT ð2Þ ; g has to be at least trace-preserving. But even this is not
always enough, see Section 5. Thus for such system as Bernoulli shifts,
which have countably multiple Lebesgue spectra, the invariant ðYT ; ½ZT �;
mT Þ does not contain any useful information.

4. THE ISOMORPHISM PROBLEM

As a partial result towards a proof of our conjecture we have

Theorem 4.1. Let g/T ðiÞ
g 2 AutðXi;miÞ be a weakly mixing free

measure-preserving action of a countable abelian group Gi; i ¼ 1; 2: Suppose

there exists an isomorphism g : RT ð1Þ ! RT ð2Þ such that gðST ð1Þ Þ ¼ ST ð2Þ and such

that the Cartan algebras gðCT ð1Þ Þ and CT ð2Þ are inner conjugate in RT ð2Þ : Then

there exist an isomorphism S : ðX1; m1Þ ! ðX2;m2Þ of measure spaces and a

group isomorphism b : G2 ! G1 such that T ð2Þ
g ¼ ST

ð1Þ
bðgÞS

�1 for g 2 G2:

We shall also describe explicitly all possible isomorphisms g as in
the theorem. In other words, for a weakly mixing free measure-
preserving action T of a countable abelian group G on ðX ;mÞ we shall
compute the group AutðRT ;ST j CT Þ consisting of all automorphisms g of
RT with the properties gðST Þ ¼ ST ; and the masas gðCT Þ and CT are inner
conjugate.
Recall (see [FM]) that any automorphism S of the orbit equivalence

relation defined by the action of G extends canonically to an automorphism
aS of RT : Such an automorphism leaves ST invariant if and only if there
exists an automorphism b of G such that TgS ¼ STbðgÞ: Denote by IðTÞ the
group of all such transformations S: For S 2 IðTÞ; aS is defined by the
equalities aSð f Þ ¼ f 8S�1 for f 2 CT ¼ L1ðX ; mÞ; aSðvgÞ ¼ vb�1ðgÞ for g 2 G:

Consider also the dual action s of Ĝ on RT ; swð f Þ ¼ f for f 2 CT ; swðvgÞ ¼
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hw;�givg: The group of automorphisms of the form sw 8 aS ðw 2 Ĝ and

S 2 IðTÞ) is the intersection of the groups AutðRT ;CT Þ and AutðRT ;ST Þ: It
turns out that up to inner automorphisms defined by unitaries in ST such
automorphisms exhaust the whole group AutðRT ;ST j CT Þ:

Theorem 4.2. The group AutðRT ;ST j CT Þ of automorphisms g of RT for

which gðST Þ ¼ ST ; and gðCT Þ and CT are inner conjugate, consists of elements

of the form Ad w 8 sw 8 aS; where w 2 ST ; w 2 Ĝ; S 2 IðTÞ:

We conjecture that in fact this theorem gives the description of the group
AutðRT ;ST Þ:
It is well known that all Cartan subalgebras of the hyperfinite II1-factor

are conjugate [CFW], so they are approximately inner conjugate in an
appropriate sense. It is known also that if the L2-distance between the unit
balls of two Cartan subalgebras is less than one, then they are inner
conjugate [Po2, Po3]. However, there exists an uncountable family of Cartan
subalgebras, no two of which are inner conjugate [P1].
We shall first prove that Theorem 4.1 follows from Theorem 4.2. Consider

the group G ¼ G1 
 G2 and its action T on ðX ;mÞ ¼ ðX1 
 X2; m1 
 m2Þ;
Tðg1;g2Þ ¼ T ð1Þ

g1

 T ð2Þ

g2
: Then RT can be identified with RT ð1Þ 	 RT ð2Þ in such a

way that CT ¼ CT ð1Þ 	 CT ð2Þ ; vðg1;g2Þ ¼ vg1 	 vg2 : Consider the automorph-
ism *gg of RT ;

*ggða 	 bÞ ¼ g�1ðbÞ 	 gðaÞ:

By Theorem 4.2, *gg must be of the form Ad w 8 sw 8 aS̃ with w 2 ST ;

w ¼ ðw1; w2Þ 2 Ĝ1 
 Ĝ2 and S̃ 2 IðTÞ: Let *bb 2 AutðGÞ be such that TgS̃ ¼
S̃T *bbðgÞ: Since *gg2 ¼ id; we have *bb

2
¼ id: Define the homomorphism

b : G2 ! G1 as the composition of the map g2/ *bbð0; g2Þ with the projection
G1
G2 ! G1; and b0 : G1 ! G2 as the composition of the map g1/ *bbðg1; 0Þ
with the projection G1 
 G2 ! G2: Fix g2 2 G2: Then *bbð0; g2Þ ¼ ðbðg2Þ; hÞ for
some h 2 G2: We have

g�1ðvg2 Þ 	 1 ¼ *ggð1	 vg2Þ ¼ hw1;�bðg2Þihw2;�hivbðg2Þ 	 vh:

It follows that h ¼ 0; that is *bbð0; g2Þ ¼ ðbðg2Þ; 0Þ: Analogously
*bbðg1; 0Þ ¼ ð0; b0ðg1ÞÞ: Thus *bbðg1; g2Þ ¼ ðbðg2Þ;b

0ðg1ÞÞ: Since *bb
2
¼ id; we

conclude that b0 ¼ b�1: Then the identity TgS̃ ¼ S̃T *bbðgÞ is rewritten in terms
of the actions on L1ðX1 
 X2Þ as

ðag1 	 ag2 Þ 8 aS̃ ¼ aS̃ 8 ðabðg2Þ 	 ab�1ðg1ÞÞ:
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Letting g2 ¼ 0 we see that for f 2 L1ðX1Þ

ððag1 	 1Þ 8 aS̃Þð f 	 1Þ ¼ ðaS̃ 8 ð1	 ab�1ðg1ÞÞÞð f 	 1Þ ¼ aS̃ ð f 	 1Þ;

so that aS̃ ðL1ðX1Þ 	 1Þ � L1ðX1 
 X2Þ
aG1

	1 ¼ 1	 L1ðX2Þ: Analogously
aS̃ ð1	 L1ðX2ÞÞ � L1ðX1Þ 	 1: It follows that

aS̃ ðL1ðX1Þ 	 1Þ ¼ 1	 L1ðX2Þ and aS̃ ð1	 L1ðX2ÞÞ ¼ L1ðX1Þ 	 1:

Hence there exist isomorphisms S : ðX1;m1Þ ! ðX2;m2Þ and S0 : ðX2; m2Þ !
ðX1;m1Þ such that for almost all ðx1;x2Þ we have S̃ðx1;x2Þ ¼ ðS0x2;Sx1Þ: The
identity ðT ð1Þ

g1

 T ð2Þ

g2
ÞS̃ ¼ S̃ðT ð1Þ

bðg2Þ

 T

ð2Þ
b�1ðg1Þ

Þ implies that T ð2Þ
g2

S ¼ ST
ð1Þ
bðg2Þ

:
Now we turn to the proof of Theorem 4.2. The proof will be given in a

series of lemmas. Let g 2 AutðRT ;ST j CT Þ:

Lemma 4.3. The automorphism g can be implemented by a unitary U on

L2ðRT Þ such that UJCT JUn ¼ JCT J; where J is the modular involution.

Proof. Let Ũ be the canonical implementation of g commuting
with J: From the assumption that CT and gðCT Þ are inner conjugate
we can choose u 2 RT such that uCT un ¼ gðCT Þ: Then we can take
U ¼ JunJŨ: ]

Representing RT on L2ðX Þ 	 L2ðĜÞ as usual, so that JCT J ¼ L1ðX Þ 	 1
and ST ¼ 1	 L1ðĜÞ (see (2.2)), we conclude that Ad U defines measure-
preserving transformations S1 of X and s of Ĝ: Then W ¼ Uðun

S1
	 un

sÞ
commutes with L1ðX Þ 	 1 and 1	 L1ðĜÞ; hence it is a unitary in
L1ðX 
 ĜÞ: For ‘ 2 Ĝ denote by w‘ the function in L1ðX Þ defined
by w‘ðxÞ ¼ W ðx; ‘Þ:
Since U defines an automorphism of RT ; for f 2 L1ðX Þ the element

Upð f ÞUn must by (2.2) commute with uh 	 mn
h :

Lemma 4.4. With the above notations, for z 2 L2ðĜ;L2ðX ÞÞ ffi L2ðX Þ 	
L2ðĜÞ we have

ðUpð f ÞUnzÞð‘Þ ¼
X
g2G

ðaS1 8 agÞð f Þ
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ; giw‘w
n

‘1
zð‘1Þ dlð‘1Þ;

ððuh 	 mn

hÞUpð f ÞUnðun

h 	 mhÞzÞð‘Þ

¼
X
g2G

ðah 8 aS1 8 agÞð f Þ
Z

Ĝ

h%‘‘‘1; hihs�1ð‘Þs�1ð‘1Þ; giahðw‘w
n

‘1
Þzð‘1Þ dlð‘1Þ:
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The above series are meaningless for fixed ‘ and should be considered as series

of functions in L2ðX 
 ĜÞ:

Proof. Note that ðWzÞð‘Þ ¼ w‘zð‘Þ; ðð1	 mgÞzÞð‘Þ ¼ h‘; gizð‘Þ: The
operator usegun

s is the projection onto the one-dimensional space spanned
by the function usg 2 L2ðĜÞ; so for f 2 L2ðĜÞ;

ðusegun

sf Þð‘Þ ¼ ðusgÞð‘Þ � ð f ; usgÞ ¼
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ; gif ð‘1Þ dlð‘1Þ:

Hence ðð1	 usegun
sÞzÞð‘Þ ¼

R
Ĝ
hs�1ð‘Þs�1ð‘1Þ; gizð‘1Þ dlð‘1Þ: Now we com-

pute:

ðUpð f ÞUnzÞð‘Þ ¼ W ðuS1
	 usÞ

X
g

agð f Þ 	 e�g

 !
ðun

S1
	 un

sÞW
nz

 !
ð‘Þ

¼
X

g

ðW ððaS1 8 agÞð f Þ 	 use�gun

sÞW
nzÞð‘Þ

¼
X

g

w‘ðaS1 8 agÞð f Þ
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ;�giðW nzÞð‘1Þ dlð‘1Þ

¼
X

g

ðaS1 8 agÞð f Þ
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ; giw‘w
n

‘1
zð‘1Þ dlð‘1Þ

and

ððuh 	 mn

hÞUpð f ÞUnðun

h 	 mhÞzÞð‘Þ

¼ h%‘‘; hiuhðUpð f ÞUnðun

h 	 mhÞzÞð‘Þ

¼ h%‘‘; hiuh

X
g

ðaS1 8 agÞð f Þ
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ; giw‘w
n

‘1
ððun

h 	 mhÞzÞð‘1Þ dlð‘1Þ

¼ h%‘‘; hiuh

X
g

ðaS1 8 agÞð f Þ
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ; giw‘w
n

‘1
un

hh‘1; hizð‘1Þ dlð‘1Þ

¼
X

g

ðah 8 aS1 8 agÞð f Þ
Z

Ĝ

h%‘‘‘1; hihs�1ð‘Þs�1ð‘1Þ; giahðw‘w
n

‘1
Þzð‘1Þ dlð‘1Þ: ]

Lemma 4.5. Let g/Pg 2 AutðX ;mÞ be a free measure-preserving action

of G; Q 2 AutðX ; mÞ; H a Hilbert space, ag and bg maps from X to H such

that

ðiÞ the vectors agðxÞ; g 2 G; are mutually orthogonal for almost all x 2 X ;
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ðiiÞ
P

g jjagðxÞjj2 is finite and non-zero for almost all x; and the same

conditions hold for fbggg: Suppose for all f 2 L1ðX Þ and almost all x 2 XX
g

ðaQ 8 aPg
Þð f ÞðxÞagðxÞ ¼

X
g

aPg
ð f ÞðxÞbgðxÞ:

Then Q is in the full group generated by Pg; g 2 G; and if gðxÞ 2 G is such that

Q�1x ¼ P�gðxÞx then, agðxÞ ¼ bgþgðxÞðxÞ for all g 2 G and almost all x 2 X :

Proof. Let X0 ¼ fx 2 X j Q�1x =2 PGx;Pgxax for ga0g: There exists a
countable family fXigi2I of measurable subsets of X such that for arbitrary
finite subset F of G and almost all x 2 X0 there exists i 2 I such that x 2 Xi;
the sets PgXi; g 2 F ; are mutually disjoint and Q�1x =2

S
g2F PgXi: Indeed,

first note that choosing an arbitrary Q- and Pg-invariant norm-separable
weakly dense Cn-subalgebra A of L1ðX Þ; we can identify the measure space
ðX ;mÞ with the spectrum of A: Thus without loss of generality, we can
suppose that X is a compact metric space and Q and Pg are home-
omorphisms. Moreover, by regularity of the measure it is enough to prove
the assertion for arbitrary compact subset K of X0: But then for fixed F we
can consider for each x 2 K a neighborhood Ux such that PgUx; g 2 F ; are
disjoint, Q�1Ux \ PgUx ¼ | for g 2 F ; and then choose a finite subcovering
from fUxgx2K :
Consider the countable set F � L1ðX Þ consisting of characteristic

functions of the sets Xi; i 2 I ; and all their translations under the action of
G: For almost all x 2 X0 and all f 2 F the assumptions of the lemma are
satisfied. Let x 2 X0 be such a point. Fix h 2 G: For arbitrary finite subset F

of G; h 2 F ; there exists f 2 F such that aPh
ð f ÞðxÞ ¼ 1; aPg

ð f ÞðxÞ ¼ 0 for
g 2 F =fhg and ðaQ 8 aPg

Þð f ÞðxÞ ¼ 0; for g 2 F : Then,

jjbhðxÞjj ¼
X
g =2 F

ðaQ 8 aPg
Þð f ÞðxÞagðxÞ �

X
g =2 F

aPg
ð f ÞðxÞbgðxÞ

						
						

						
						

4
X
g =2 F

jjagðxÞjj
2

0
@

1
A

1=2

þ
X
g =2 F

jjbgðxÞjj
2

0
@

1
A

1=2

:

It follows that bhðxÞ ¼ 0: But this contradicts the assumption
P

h jjbhðxÞjj
2 >

0: Hence the set X0 has zero measure. Thus Q is indeed in the full group
generated by Pg:
Let Q�1x ¼ P�gðxÞx: In the same way as above (or by referring to the

Rokhlin lemma), we can find a countable collection F of characteristic
functions such that for almost all x 2 X and arbitrary finite F � G; 0 2 F ;
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there exists f 2 F such that f ðxÞ ¼ 1; aPg
ð f ÞðxÞ ¼ 0 for g 2 F =f0g: Then

a�gðxÞðxÞ � b0ðxÞ ¼
X
g =2 F

aPg
ð f ÞðxÞbgðxÞ �

X
g =2 F�gðxÞ

ðaQ 8 aPg
Þð f ÞðxÞagðxÞ;

and we conclude that a�gðxÞðxÞ ¼ b0ðxÞ: Replacing f by aPh
ð f Þ in the

formulation of the lemma we see that its assumptions are also satisfied for
the collections fag�hgg and fbg�hgg; so that a�gðxÞ�hðxÞ ¼ b�hðxÞ: ]

Fix h 2 G and apply Lemma 4.5 to Pg ¼ S1TgS�1
1 ; Q ¼ Th; H ¼ L2ðĜÞ;

agðxÞð‘Þ ¼
Z

Ĝ

h%‘‘‘1; hihs�1ð‘Þs�1ð‘1Þ; giahðw‘w
n

‘1
ÞðxÞ dlð‘1Þ

bgðxÞð‘Þ ¼
Z

Ĝ

hs�1ð‘Þs�1ð‘1Þ; giðw‘w
n

‘1
ÞðxÞ dlð‘1Þ:

To see that the assumptions of the lemma are satisfied, note that up to
the factor ‘/ h%‘‘; hiahðw‘ÞðxÞ the series

P
g agðxÞ is the Fourier series of

the function ‘/ h‘; hiahðwn
‘ ÞðxÞ with respect to the orthonormal basis

fusggg2G:
Thus by Lemmas 4.4 and 4.5, we conclude that there exists gðh;xÞ such

that T�hx ¼ S1T�gðh;xÞS
�1
1 x and agðxÞ ¼ bgþgðh;xÞðxÞ; that isZ

Ĝ

hs�1ð‘1Þ; giðh%‘‘‘1; hiahðw‘w
n

‘1
ÞðxÞ � hs�1ð‘Þs�1ð‘1Þ; gðh; xÞiðw‘w

n

‘1
ÞðxÞÞ dlð‘1Þ ¼ 0:

Since the functions usg ¼ ð‘1/ hs�1ð‘1Þ; giÞ; g 2 G; form an orthonormal
basis of L2ðĜÞ; we conclude that for almost all ðx; ‘; ‘1Þ

ahðw‘w
n

‘1
ÞðxÞ ¼ h‘‘1; hihs�1ð‘Þs�1ð‘1Þ; gðh; xÞiðw‘w

n

‘1
Þ ðxÞ: ð4:1Þ

Lemma 4.6. There exists a continuous automorphism s0 of Ĝ and w 2 Ĝ

such that sð‘Þ ¼ ws0ð‘Þ for almost all ‘:

Proof. Replace ‘ by sð‘Þ and ‘1 by sð‘1Þ in (4.1). Then we get

ahðwsð‘Þw
n

sð‘1ÞÞðxÞ ¼ hsð‘Þsð‘1Þ; hih%‘‘‘1; gðh; xÞiðwsð‘Þw
n

sð‘1ÞÞðxÞ: ð4:2Þ

Now substitute ‘‘2 for ‘ and ‘1‘2 for ‘1: We get

ahðwsð‘‘2Þw
n

sð‘1‘2ÞÞðxÞ ¼ hsð‘‘2Þsð‘1‘2Þ; hih%‘‘‘1; gðh;xÞiðwsð‘‘2Þw
n

sð‘1‘2ÞÞðxÞ: ð4:3Þ

Multiplying (4.2) by the equation conjugate to (4.3) we see that for almost

all ð‘; ‘1; ‘2Þ; the element wsð‘Þw
n
sð‘1Þwsð‘1‘2Þw

n
sð‘‘2Þ is an eigenfunction with

eigenvalue sð‘Þsð‘1Þsð‘1‘2Þsð‘‘2Þ: Since the action is weakly mixing, we
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conclude that

sð‘‘2Þsð‘Þ ¼ sð‘1‘2Þsð‘1Þ

(this is the only place where we use weak mixing instead of ergodicity).
Hence, there exists a measurable map *ss0 of Ĝ onto itself such that
*ss0ð‘2Þ ¼ sð‘‘2Þsð‘Þ for almost all ð‘1; ‘2Þ: Then for almost all ð‘1; ‘2Þ

*ss0ð‘1‘2Þ ¼ sð‘‘1‘2Þsð‘Þ ¼ sð‘‘1‘2Þsð‘‘2Þsð‘‘2Þsð‘Þ ¼ *ss0ð‘1Þ *ss0ð‘2Þ:

So *ss0 is essentially a homomorphism, and since it is measurable, it coincides
almost everywhere with a continuous homomorphism s0: Choose a
character ‘1 such that the equality s0ð‘Þ ¼ sð‘1‘Þsð‘1Þ holds for almost all
‘: Set w ¼ sð‘1Þs0ð‘1Þ: Then sð‘Þ ¼ ws0ð‘Þ for almost all ‘: Since s is an
invertible measure-preserving transformation, s0 must be an auto-
morphism. ]
Now we can rewrite (4.1) as

ahðw‘w
n

‘1
ÞðxÞ ¼ h‘1‘1; hihs�10 ð%‘‘‘1Þ; gðh;xÞiðw‘w

n

‘1
ÞðxÞ: ð4:4Þ

Lemma 4.7. Let ‘1 be such that (4.4) holds for almost all ðx; ‘Þ 2 X 
 Ĝ:
Then there exist a unitary b in L1ðĜÞ and a measurable map e : X ! G such

that for almost all ðx; ‘Þ we have

ðw‘‘1w
n

‘1
ÞðxÞ ¼ bð‘Þh‘; eðxÞi:

For all h 2 G and almost all x 2 X we have

gðh;xÞ ¼ bðeðxÞÞ � bðeðT�hxÞÞ þ bðhÞ;

where b is the automorphism of G dual to s0; i.e. hs0ð‘Þ; gi ¼ h‘; bðgÞi:

Proof. Denote w‘‘1w
n
‘1
by v‘: Then by (4.4)

ahðv‘ÞðxÞ ¼ h‘; hihs�10 ð%‘‘Þ; gðh;xÞiðv‘ÞðxÞ: ð4:5Þ

Multiplying these identities for v‘; v‘2 and vn‘‘2 we see that the function
cð‘; ‘2Þ ¼ v‘v‘2v

n
‘‘2

is G-invariant, so it is a constant. Thus, we obtain a
measurable symmetric (i.e. cð‘; ‘2Þ ¼ cð‘2; ‘ÞÞ 2-cocycle on G with values in
T: Since G is abelian, any such a cocycle is a coboundary (see e.g. [M]),
cð‘; ‘2Þ ¼ bð‘Þbð‘2Þbð‘‘2Þ: Then ‘/ bð‘Þv‘ is a measurable homomorphism
of Ĝ into the unitary group of L1ðX Þ: By [M, Theorem 1] there exists a
measurable map e : X ! G such that bð‘Þv‘ðxÞ ¼ h‘; eðxÞi:
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Equation (4.5) implies that

h‘; eðT�hxÞi ¼ h‘; hihs�10 ð%‘‘Þ; gðh; xÞih‘; eðxÞi;

equivalently,

h‘; eðT�hxÞ � h þ b�1ðgðh;xÞÞ � eðxÞi ¼ 1;

from what the second assertion of the lemma follows. ]

Recall that S1 is the transformation of X defined by Ad U jL1ðX Þ:

Lemma 4.8. Define a measurable map S2 of X onto itself by letting

S2x ¼ S1T�bðeðxÞÞS
�1
1 x:

Then S2 is invertible and measure preserving. Its inverse is given by

S�1
2 x ¼ TeðxÞx:

Proof. Recall that gðh;xÞ was defined by the equality T�hx ¼ S1T�gðh;xÞ

S�1
1 x: Since by Lemma 4.7, gð�eðxÞ; xÞ ¼ �bðeðTeðxÞxÞÞ; it follows that

S2TeðxÞx ¼ S1T�bðeðTeðxÞxÞÞS
�1
1 TeðxÞx ¼ S1T�bðeðTeðxÞxÞÞ�gð�eðxÞ;xÞS

�1
1 x ¼ x:

Hence S2 is essentially surjective. Since it is also one-to-one and measure
preserving on the sets e�1ðfggÞ; we conclude that S2 is invertible, measure
preserving and its inverse is given by S�1

2 x ¼ TeðxÞx: ]

The final step is

Lemma 4.9. The mapping S ¼ S�1
2 S1 has the property TgS ¼ STbðgÞ:

Proof. We compute

S�1T�hx ¼S�1
1 S2T�hx

¼S�1
1 S1T�bðeðT�hxÞÞS

�1
1 T�hx

¼T�bðeðT�hxÞÞ�gðh;xÞS
�1
1 x

¼T�bðhÞ�bðeðxÞÞS
�1
1 x

¼T�bðhÞS
�1
1 S2x

¼T�bðhÞS
�1x;

where in the fourth equality we used Lemma 4.7. ]
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Summarizing the results of Lemmas 4.6–4.9, we can decompose U ¼
W ðuS1

	 usÞ as follows. First, by Lemma 4.7 for almost all ðx; ‘Þ; w‘ðxÞ ¼
h‘‘1; eðxÞiw‘1ðxÞbð‘‘1Þ; so W is the product of u0 	 1; v and 1	 w; where
u0 2 L1ðX Þ; u0ðxÞ ¼ h‘1; eðxÞiw‘1ðxÞ; v 2 L1ðX 
 ĜÞ; vðx; ‘Þ ¼ h‘; eðxÞi;
and w 2 L1ðĜÞ; wð‘Þ ¼ bð‘‘1Þ: By Lemmas 4.8 and 4.9, uS1

¼ uS2
uS: Finally

by Lemma 4.6, us ¼ lwus0 ; where lw is the operator of the left regular
representation of Ĝ on L2ðĜÞ: Thus with v0 ¼ vðuS2

	 1Þ; we have

U ¼ ðu0 	 1Þvð1	 wÞðuS2
uS 	 1Þð1	 lwus0 Þ

¼ ðu0 	 1Þv0ð1	 wÞð1	 lwÞðuS 	 us0Þ:

The unitaries u0 	 1 and v0 both lie in the commutant R0
T : This is obvious for

u0 	 1 and follows for v0 from the formula

v0 ¼
X

g

ðpg 	 1Þðun

g 	 mgÞ;

where pg is the characteristic function of the set e�1ðfggÞ: Indeed, if
x 2 e�1ðfggÞ then S�1

2 x ¼ Tgx by Lemma 4.8, and hence for arbitrary
z 2 L2ðX 
 ĜÞ we have

ððpg 	 1Þðun

g 	 mgÞzÞðx; ‘Þ ¼ h‘; gizðTgx; ‘Þ ¼ h‘; eðxÞizðS�1
2 x; ‘Þ ¼ ðv0zÞðx; ‘Þ:

Thus the automorphism g is implemented by the unitary ð1	 wÞð1	
lwÞðuS 	 us0 Þ; so g ¼ Ad w 8 sw 8 aS; and the proof of Theorem 4.2 is
complete.
From the definition of the group AutðRT ;ST j CT Þ it is unclear whether it

is a closed subgroup of AutðRT ;ST Þ (in the topology of point-wise strong
convergence). But if our conjecture that this group coincides with AutðRT ;
ST Þ (which is stronger than our main conjecture in Section 2) is true, then
this group must be closed. We shall prove that it is closed under slightly
stronger assumptions than weak mixing.
Recall that an action T is called rigid if there exists a sequence fgngn such

that gn ! 1 and ugn
! 1 strongly.

Proposition 4.10. Suppose T is a weakly mixing action which is not

rigid. Then the group AutðRT ;ST j CT Þ is closed in AutðRT Þ:

Proof. Suppose a sequence fangn � AutðRT ;ST j CT Þ converges to an
automorphism a: By Theorem 4.2, an ¼ swn 8Ad wn 8 aSn

: Passing to a
subsequence we may suppose that the sequence fwngn converges to a
character w: Then fAd wn 8 aSn

gn converges to s�1w 8 a; so to simplify the
notations we may suppose that all characters wn are trivial.
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Let f be a unitary generating CT : Set

d ¼ inf
ga0

jjagð f Þ � f jj2:

Since the action is not rigid, d > 0: Suppose for some n and m

jjðAd wn 8 aSn
Þð f Þ � ðAd wm 8 aSm

Þð f Þjj2oe:

We assert that if eod2=4 then there exist g 2 G and c 2 T such that

jjwn � cwmvgjj2oð2eÞ1=2; ð4:6Þ

where vg; g 2 G are the canonical generators of ST : Indeed, let v ¼
wn

mwn; v ¼
P

g agvg; ag 2 C: If E : RT ! CT is the trace-preserving condi-
tional expectation, then for arbitrary x 2 CT we have EðvxvnÞ ¼

P
g jagj

2ag

ðxÞ; whence

e2 > jjðAd wn 8 aSn
Þð f Þ � ðAd wm 8 aSm

Þð f Þjj22

¼ 2ð1�Re tðvaSn
ð f ÞvnaSm

ð f nÞÞÞ

¼ 2ð1�Re tðEðvaSn
ð f ÞvnÞaSm

ð f nÞÞÞ

¼ 2
X

g

jagj2ð1�Re tððag 8 aSn
Þð f ÞaSm

ð f nÞÞÞ:

Set Y ¼ fg 2 G j 1�Re tððag 8 aSn
Þð f ÞaSm

ð f nÞÞoe=2g: If g 2 Y then
jjðag 8 aSn

Þð f Þ � aSm
ð f Þjj2oe1=2: Thus if g1ag2 both lie in Y then jjðag1 8 aSn

Þ
ð f Þ � ðag2 8 aSn

Þð f Þjj2o2e1=2: Since ag 8 aSn
¼ aSn 8 abðgÞ for some automorph-

ism b; we get a contradiction if 2e1=2od: Hence the set Y consists of at most
one point. On the other hand, we have

e2 > 2
X

g

jagj
2ð1�Re tððag 8 aSn

Þð f ÞaSm
ð f nÞÞÞ5e

X
g =2 Y

jagj
2;

so that
P

g =2 Y jagj
2oe: If follows that Y is non-empty. Hence it consists

precisely of one point g; and jagj2 > 1� e: Then with c ¼ ag=jagj; we have

jjwn � cwmvgjj
2
2 ¼ jjv � cvgjj

2
2 ¼

X
hag

jahj
2 þ jag � cj2 ¼ 2ð1� jagjÞo2e:

It follows that passing to a subsequence we may suppose that for each
n52 there exist gn 2 G and cn 2 T such that

jjcnwnvgn
� wn�1jj2o

1

2n
:
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Then replacing wn by cn . . . c2wnvgnþ���þg2 and Sn by T�g2�����gn
Sn we still have

an ¼ Ad wn 8 aSn
; but now the sequence fwngn converges strongly to a

unitary w 2 ST : Then aðCT Þ ¼ ðAd wÞðCT Þ: ]

Note that the group AutðRT ;CT j ST Þ consisting of all automorphisms
g 2 AutðRT ;CT Þ such that gðST Þ and ST are inner conjugate is never closed.
Indeed, let c 2 Z1ðRT ;TÞ be a T-valued 1-cocycle on the orbit equivalence
relation RT defined by T ; and sc 2 AutðRT ;CT Þ the corresponding
automorphism [FM]. Then scðST Þ and ST are inner conjugate if and only
if c is cohomologous to the cocycle cw; cwðx;TgxÞ ¼ hw; gi; for some w 2 Ĝ

[P1] (this result was proved in [P1] for actions with purely discrete spectrum,
but with minor changes the proof works for arbitrary ergodic actions; in our
weakly mixing case using Theorem 4.2 and the fact that if g 2 AutðRT ;CT

j ST Þ then Ad u 8 g 2 AutðRT ;ST j CT Þ for some unitary u; it is easy to obtain
a more precise result: the group AutðRT ;CT j ST Þ consists of automorphisms
of the form sc 8 aS; where c is a cocycle cohomologous to cw and S 2 IðTÞ½T �;
where ½T � is the full group generated by Tg; g 2 G). Since the equivalence
relation is hyperfinite, any cocycle can be approximated by coboundaries, so
all automorphisms sc are in the closure of AutðRT ;CT j ST Þ: On the other
hand, there always exist cocycles which are not cohomologous to cocycles
cw; because otherwise Z1ðRT ;TÞ would be a continuous isomorphic image of
the group Ĝ 
 IðX ;TÞ; where IðX ;TÞ is the factor of the unitary group of
L1ðX Þ by the scalars (note that since the action is weakly mixing, cw is not a
coboundary for w 2 Ĝ =fegÞ; hence Z1ðRT ;TÞ would be topologically
isomorphic to Ĝ 
 IðX ;TÞ; which would imply that the group of
coboundaries is closed.
If the action is rigid, it is still possible that AutðRT ;ST j CT Þ is closed.

However, as the following result shows the group IntðST Þ consisting of inner
automorphisms of RT defined by unitaries in ST is not closed in this case,
which may indicate that we should consider systems satisfying stronger
mixing properties than weak mixing. Note that if an action is mixing then it
is not rigid.

Proposition 4.11. The following conditions are equivalent:

ðiÞ the action T is rigid;
ðiiÞ there exist non-trivial central sequences in ST ;
ðiiiÞ the subgroup IntðST Þ of AutðRT Þ is not closed.

Proof. The equivalence of (ii) and (iii) is well known [C]. The implication
ðiÞ ) ðiiÞ is obvious. Suppose that the action is not rigid. Let fungn be a
central sequence of unitaries in ST : For fixed n apply (4.6) to wn ¼ un; wm ¼
1; Sn ¼ Sm ¼ id: Then we conclude that there exist cn 2 T and gn 2 G such
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that jjun � cnvgn
jj2 ! 0 as n ! 1: The sequence fvgn

gn is central, which is
equivalent to the strong convergence ugn

! 1 in BðL2ðxÞÞ. Since the action is
not rigid, this implies that eventually gn ¼ 0; so the central sequence fungn is
trivial. Thus (ii) implies (i). ]

The following corollary is not surprising in view of Proposition 3.1 but is
worth mentioning.

Corollary 4.12. There exist weakly mixing transformations T ð1Þ and

T ð2Þ such that the singular masas ST ð1Þ and ST ð2Þ are not conjugate but their

Pukanszky invariants coincide.

Proof. The class of weakly mixing measure-preserving transformations
with simple spectrum, i.e. of spectral multiplicity one, contains both rigid
and non-rigid transformations (e.g. certain Gauss systems are rigid and have
simple spectrum [CFS, Chap. 14], while Ornstein’s rank-one transforma-
tions are mixing [Na, Chap. 16]). Since rigidity is a conjugacy invariant by
Proposition 4.11, there exist transformations T ð1Þ and T ð2Þ such that ST ð1Þ

and ST ð2Þ are not conjugate, while PðST ð1Þ Þ ¼ PðST ð2Þ Þ ¼ f1g: ]

5. ENTROPY

A weak form of our conjecture would be to say that conjugacy of masas
ST for actions of an abelian group G implies coincidence of the entropies.
In this form, the conjecture may hold without any assumptions on the
spectrum, since systems with purely discrete spectrum have zero entropy.
The main result of this section is a step towards the solution of this weaker
problem. While in the previous section we proved that if the conjecture is
false, then the isomorphism g : RT ð1Þ ! RT ð2Þ for non-isomorphic systems
sends CT ð1Þ far from CT ð2Þ ; in this section we shall prove that if the entropies
are distinct, the images gðvgÞ of the canonical generators of ST ð1Þ cannot
coincide with the generators of ST ð2Þ even on small projections.
We shall consider only the case G ¼ Z; since the theory of non-

commutative entropy is not well developed for actions of general
abelian (or amenable) groups, though in fact the result is true for arbitrary
abelian G:

Theorem 5.1. Let T ðiÞ 2 AutðXi;miÞ be a measure-preserving transforma-

tion, i ¼ 1; 2: Denote by vi the canonical generator of ST ðiÞ : Suppose there

exists an isomorphism g : RT ð1Þ ! RT ð2Þ such that gðST ð1Þ Þ ¼ ST ð2Þ ; and the

unitary gðv1Þvn2 has an eigenvalue. Then hðT ð1ÞÞ ¼ hðT ð2ÞÞ:

The result will follow from
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Proposition 5.2. Let T 2 AutðX ;mÞ be a measure-preserving transfor-

mation, v 2 ST the canonical generator. Then for any non-zero projection

p 2 ST we have HðAd vjpRT pÞ ¼ hðTÞ; where HðAd vjpRT pÞ is the entropy of

Connes and St�rmer [CS] of the inner automorphism Ad vjpRT p computed with

respect to the normalized trace tp ¼ tðpÞ�1tjpRT p:

Proof of Theorem 5.1. By assumption, there exists y 2 T such that the
spectral projection p of the unitary gðv1Þvn2 corresponding to the set fyg is
non-zero. Then gðv1Þp ¼ yv2p: By Proposition 5.2, we get

hðT1Þ ¼HðAd v1jg�1ðpÞR
Tð1Þ g�1ðpÞÞ ¼ HðAd gðv1ÞjpR

Tð2Þp
Þ

¼HðAd v2jpR
Tð2Þp

Þ ¼ hðT2Þ: ]

To prove Proposition 5.2 consider the more general situation when we are
given a finite injective von Neumann algebra M with a fixed normal faithful
trace t and a t-preserving automorphism a: For each projection p in the
fixed point algebra Ma we set

taðpÞ ¼ tðpÞHða jpMpÞ:

Proposition 5.3. The mapping p/ taðpÞ extends uniquely to a normal

(possibly infinite) trace ta on Ma; which is invariant with respect to all

t-preserving automorphisms in AutðM;MaÞ commuting with a:

Proof. To prove that the mapping extends to a normal trace it is enough
to check that the following three properties are satisfied: taðupunÞ ¼ taðpÞ for
any unitary u in Ma; if pn % p then taðpnÞ % taðpÞ; the mapping p/ taðpÞ is
finitely additive.
The first property is a particular case of the last statement of the

proposition. If b 2 AutðM ;MaÞ commutes with a and preserves the trace t;
then it defines an isomorphism of the systems ðpMp; tp; aÞ and ðbðpÞMbðpÞ;
tbðpÞ; aÞ; so their entropies coincide.
The second property follows from the well-known continuity properties

of entropy:

taðpnÞ ¼ tðpnÞHðajpnMpn
Þ ¼ tðpÞHðajpnMpnþCðp�pnÞÞ % tðpÞHðajpMpÞ ¼ taðpÞ:

To prove the third one consider a finite family fpig
n
i¼1 of mutually

orthogonal projections in Ma and set p ¼
P

i pi: Let

B ¼ p1Mp1 þ � � � þ pnMpn:
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By affinity of entropy,

HðajBÞ ¼
X

i

tðpiÞ
tðpÞ

HðajpiMpi
Þ ¼ tðpÞ�1

X
i

taðpiÞ:

So in order to prove finite additivity it is enough to prove that HðajpMpÞ ¼
HðajBÞ: The trace-preserving conditional expectation E : pMp ! B has the
form

EðxÞ ¼ p1xp1 þ � � � þ pnxpn:

It commutes with a and is of finite index, EðxÞ51
n
x for x 2 pMp; x50:

Indeed, if we consider pMp acting on some Hilbert space, then for a vector x
we set xi ¼ pix and get

ðxx; xÞ ¼
X

i;j

ðx1=2xi; x
1=2xjÞ4

X
i;j

jjx1=2xijj � jjx
1=2xj jj ¼

X
i

jjx1=2xi jj

 !2

4 n
X

i

jjx1=2xi jj
2 ¼ n

X
i

ðxpix; pixÞ ¼ nðEðxÞx; xÞ:

By [NS, Corollary 2], we conclude that HðajpMpÞ ¼ HðajBÞ: ]

Proof of Proposition 5.2. Consider the weight tAd v on ST corresponding
to the automorphism Ad v of RT : Then we have to prove that tAd v ¼
hðTÞtjST

: By Proposition 5.3, the weight tAd v is invariant under the dual
action. Since this action is ergodic on ST ; tAd v is a scalar multiple of tjST

;
tAd v ¼ c � tjST

for some c 2 ½0;þ1�: By definition of TAd v we have c ¼
HðAd vÞ: But by [GN,Vo3], HðAd vÞ ¼ hðTÞ; and the proof is complete. ]

The definition of the weight above leads to the following interesting
problem in entropy theory. Let A be an abelian subalgebra of a finite
algebra M : For each unitary u 2 A consider the weight tu on A; which is the
restriction of the weight tAd u to A:

Problem. Find the connection between tu and tfðuÞ; where f is a Borel
mapping from T onto itself.
Voiculescu’s approach to entropy using norm of commutators [Vo1, Vo2]

suggests that such a connection exists at least when f is smooth. More
interesting is the case when u is a Haar unitary and f is an invertible
transformation preserving Lebesgue measure, so that fðuÞ is again Haar and
generates the same algebra. Note also some resemblance of this problem to
the computation of entropy of Bogoliubov automorphisms [SV,N].
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However, the correspondence u/ tu does not have nice continuity
properties which makes the problem more difficult.
Finally, note that the problems studied in the paper can also be

considered for topological dynamical systems and Cn-crossed products. In
this setting, isomorphism of crossed products already implies that the
systems have a non-trivial relationship. For example, for minimal home-
omorphisms of Cantor sets the crossed products are isomorphic if and only
if the systems are strongly orbit equivalent [GPS]. Since rotations are the
only measure- and orientation-preserving homeomorphisms of the circle, if g
is an isomorphism of CðX1ÞsZ onto CðX2ÞsZ which maps Cnðv1Þ onto
Cnðv2Þ then gðv1Þ ¼ yv�1

2 ; so the homeomorphisms have the same
topological entropy.
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