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Abstract

A model of a stage-structured population with fixed maturity time for the immature stage and interaction terms
that may be interpreted as cooperation or cannibalism is proposed. The existence and stability of the equilibrium set
are discussed. In the case of cannibalism, it is shown by a numerical example how a Hopf bifurcation could result in
a stable periodic solution.
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1. Introduction and model equations

We propose a model of a single-species population with stage structure consisting of
immature and mature stages as the following system of retarded functional differential

equations:
i(t)=—yx(t)—ay(t—7)e " +ay(t) +cx(t)y(t), (1.1a)
y(t)=ay(t —7)e " = By?(t) +dx(t)y(1), (1.1b)

where x and y denote the concentration of immature and mature populations, respectively.
The model is derived under the following assumptions.

(H1) The birth rate into the immature population is proportional to the existing mature
population with a proportionality constant « > 0 (cf. the term ay(¢) in (1.1a)).
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(H2) The death rate of the immature population is proportional to the existing immature
population with a proportionality constant y > 0 (cf. the term —yx(¢) in (1.1a)).

(H3) The death rate of the mature population is of a logistic nature, i.e., it is proportional to
the square of the population with a proportionality constant 8 > 0 (cf. the term —By*(¢) in
(1.1v)).

(H4) The length of time from birth to maturity is a constant 7> 0. Those immature
individuals born at time ¢ — 7+ and surviving to time ¢, namely ay(t — 7)e™ ", exit from the
immature population and enter into the mature population.

(H5) The immature and the mature populations interact with each other in a bilinear fashion
(cf. the term cx(¢)y(¢) in (1.1a) and the term dx(¢)y(¢) in (1.1b)).

The case when ¢ and d are both zero was studied in [1]. In that case, (1.1b) contains no x
terms and is a scalar retarded functional differential equation with a positive feedback delay
term. Hence it defines an eventually strongly monotone semiflow (cf. [15]). When ¢ =d =0,
there are two equilibria: y =0 and y =y* =ae ™" /8 for (1.1b), and, using the characteristic
equation, it is easily seen that y = 0 is unstable and y =y™* is asymptotically stable. Therefore,
by applying [11, Theorem 10.3], we conclude that y(¢) — y* as t — o, provided y(¢) > 0 is not
identically zero on [ — 7, 0]. Moreover, on solving (1.1a), one obtains

x(t) = e—w[x(o) - afiy(e)e*/ﬂ do

+ae_7’ft y(0)e® de,

t

from which it follows that x(¢) - a(l1 —e~?")y*/y as t — . Hence, solutions (x(z), y(¢t)) of
(1.1) converge to the (unique) positive equilibrium E* = (x*, y*) =(a(1 — e ") y* /vy, y*).

In the cases where ¢ # 0 and 4 # 0, the net effects of the two stages on each other are given
by the signs of ¢ and d. In the case ¢ > 0, d > 0, there is a net effect of cooperation between
immatures and adults in the population. Intrinsically, this is what one would expect in many
cases in nature, although this seems not be treated in the modelling literature.

The case where ¢ <0, d >0 may be thought of as a first approximation to modelling
cannibalism. Models of cannibalism (mostly egg cannibalism) have been considered in the
literature (see [4,6,9,10,14]). However, the above-mentioned papers mostly contain models more
simplistic than the one considered here.

The main purpose of this paper is to discuss the structure of the equilibrium point set, the
local stability of each equilibrium and the existence of Hopf bifurcation for system (1.1). In
Section 2, we consider the cannibalism case, i.e., ¢ <0, d > 0. It will be shown that infinitely
many nonconstant periodic solutions bifurcate from the unique positive equilibrium point when
a, B, ¢, v and 7 are kept fixed and d increases unboundedly, through a sequence of Hopf
bifurcations. Also a numerical example is presented which shows that the first Hopf bifurcation
is supercritical and a stable periodic solution is bifurcated from the positive equilibrium as the
latter loses its stability. The case of cooperation, i.e., ¢, d > 0, is considered in Section 3. We
will demonstrate how the number of positive equilibria undergoes a series of changes from 0 to
2 when three parameters (determined explicitly by the coefficients of (1.1)) vary. Stability
analysis in some typical cases are also carried out and it shows that a Hopf bifurcation is
unlikely. Proofs of the main results in Sections 2 and 3 are postponed to Appendices A and B,
respectively. Finally, a discussion of our results is given in Section 4.
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We emphasize that the models considered here are only first approximations to modelling
cooperation and cannibalism in populations with stage structure, i.e., time delays in the
cooperation or cannibalistic effects are ignored and the effects of cooperation and cannibalism
on survivability to maturity are not taken into account.

2. The case of cannibalism

In this section, we consider the case when ¢ <0 and 4> 0 in (1.1). For convenience of
notation, we will rewrite (1.1) as

x(t)=—yx(t)—ay(t—7)e " +ay(t) —cx(t)y(t),
y(t)y=ay(t—7)e” " = By?(t) +dx(t)y(t),

and keep ¢ > 0.
Let E = (X, y) denote a nonnegative equilibrium point of (2.1), i.e., ¥, # > 0. Then (%, ¥)
must satisfy the algebraic equations

—yx —aye " +ay—cxy =0, aye " —By?+dxy =0. (2.2)
Clearly, E,= (0, 0) is an equilibrium and there are no other equilibria lying on the x- nor on
the y-axis.

To find the other positive equilibria, i.e., X, § > 0, we factor out y from the second equation
of (2.2) and rewrite the equations in (2.2) as

(2.1)

d a yX )3
=—x+—e 7, = . .
Y ﬁx B Y a(l—e™ ") —cx (2:3)
Denote the graphs of these two functions by I'} and I,, respectively.
For 0 <x <a(l —e™"")/c, we have

YXx 0
>
a(l—e)—ex ™ 7
d VX ay(l—e™7)
L - )
dx|a(l—e ") ~cx (a(1—e ") —cx)
and
d? yx 2ayc(l —e™77) 0
= > 0.

dxz[a(l—e_‘”)—cx} (a(l—e‘”)—cx)z’

Thus, I, is a continuous, concave (upwards) curve and increases monotonically from 0 to +
as x increases from 0 to a{l —¢ ?")/c. On the other hand, I | is a horizontal (respectively
decreasing, respectively increasing) line, depending on whether d is zero (respectively negative,
respectively positive) (see Fig. 1). Hence, I'} and I', have one and only one intersection in the
positive quadrant of the x—y-plane. Consequently, (2.1) has a unique positive equilibrium
E* — (x*’ y*)'
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Fig.l.a=1,8=1,c=1,d=1,y=tand r=1.

In fact, from the second equation of (2.3), we have
a(l—e™"")y*

x*
vy +ey*

Substituting this into the first equation of (2.3), one obtains
Bey*? =yae " + [cae™V — By +da(l — e ")] y*.

By solving this quadratic equation in y*, it follows that the positive equilibrium E* can be
expressed explicitly in terms of the coefficients of (2.1) as follows:

. 1 o 0 4ay , . a(l—e™77) . 54
=—|6+ +——e7 |, =y .
y 2 Bc © * v +cy* Y (24)
where
1
6= Be [cae™" — By +da(l —e™77)]. (2.5)

For later purposes (see Lemma A.1), we also observe that 68 =a(l —e "")d/(Bc) + o(d),
y¥*=a(l—e ")d/(Bc) +0o(d) and x* =all —e™?")/c + o(1), as d tends to +co.
_To determine the local stability of the equilibria E, and E*, we linearized (2.1) about
E=(%, y) (E may be E, or E*):
X(t)= —(y+cF)X(t) —aY¥(t —1)e " +a¥(t) — kY (1),
Y(t) =diX(t) +aY(t —7)e " —2BFY(t) + diY(¢).
The corresponding characteristic equation (in the unknown A) is
Aty+cy —a+ae” AT 4 cx
—dy A+2BF —ae” AV — gk

det =0,

that is,
N +AX+B=De (A +F), (2.6)
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where
A=vy+cy+2By—dx, B=(y+cy)(2By —dx) +dy(ck — a), 2.7)
D=ae™, F=y+cy—dy. '

For (X, y) = E,, we have the following theorem.
Theorem 2.1. The equilibrium point E, = (0, 0) is unstable.

This result can be easily verified. In fact, for E = E,, (2.6) reduces to
M4+yr=ae ™A +7y) or (A+7vy)(A— ae” Py =0,
Obviously, A = —vy is a negative solution of (A.1). It is also easily seen that there exists a

positive real number A, such that A = A, satisfies A = ae ™ **?". Therefore E, is unstable.
To determine the local stability of the positive equilibrium E*, we let A =u +iv, u, v €R,
and rewrite (2.6) (with (x*, y*) replacing (%, 7)) in terms of its real and imaginary parts as
u? =02+ Au + B=De " [(u + F)cos(vr) + v sin(v7)],
2uv + Av = De " [v cos(vr) — (u + F)sin(v7)].
When u =0, (2.8) reduces to
—v?+ B =D|F cos(vr)+ v sin(v7)],
Av =D][v cos(vr) — F sin(vt)].

(2.8)

(2.9)

It follows by taking the sum of squares that
(B —0?)’ +A4%02 = D*[F? + 12
or
v*+ (A -2B—-D*)v?*+B*—D?*F*=0. (2.10)

Therefore, A =iv is a pure imaginary root of (2.6) if and only if v solves the system of
equations

v*+(A*—2B—-D?*)v*+B*—D*F*=0,  Av=D[v cos(vr) — F sin(v7)]. (2.11)

For the remainder of this section, it is useful to consider the parameters «, 8, ¢, v and T as
fixed and use d as a bifurcation parameter. It will be shown in Appendix A that when d =0, all
the roots A of the characteristic equation (2.6) have negative real parts; and that for d
sufficiently small, (2.10) has no real root v. Therefore, for sufficiently small d, (2.6) has no
solution with nonnegative real part. This implies the following.

Theorem 2.2. There exists a constant d,=da, B, vy, ¢, 7) >0 such that for 0 <d <d,, the
corresponding positive equilibrium E* is (locally) asymptotically stable.

We will also show in Appendix A that, provided r is small enough, for certain large (positive)
values of d, the characteristic equation (2.6) has a pair of purely imaginary roots. This then
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leads to a Hopf bifurcation of nonconstant positive periodic solutions of (2.1) bifurcating from
the positive equilibrium E*. The precise statement can be formulated as follows.

Theorem 2.3. Assume that 0 <7 <In(2)/y. Then there exists an unbounded sequence of positive
numbers d, <d,< --- <d;< --- such that the characteristic equation (2.6) at d=d,, j=
1, 2,..., has a pair of purely imaginary roots +iv(d;) such that (U(dj) - de)/dj -0 asj—o oo
Here & is a positive constant defined by

1/ «

2=l e

2 2 2 1,2
<{([(B+ ey —er) +2e2e 7 = 1]+ 4(Be)1 — e ) (3e - )

—[(B+ )1 - e 77) +2Be(2e 7 — 1)]}.
(2.12)

In addition, for each j, there exist two sequences of positive numbers {d}},_, and {v]'};_, and a
sequence of positive (2w /v]")-periodic solutions {(x[(¢), y/());_, of (2.1) with d =d} such that
d} —>d; and v/ > v(d;) as n - =

As a numerical example, we fix a=8=c=7=1, y=1 and use d >0 as a bifurcation
parameter. By solving the first equation in (2.11) for v in terms of d, we get v(d). Substituting
this v(d) into the second equation in (2.11) for v, we obtain one equation in the unknown d.
Using MAPLE (a symbolic/algebraic manipulation language), it is discovered that d* =
4.564 100754 is the first positive root of this equation. Hence d* is the parameter value at
which the first Hopf bifurcation from the equilibrium E* occurs. Moreover, it is also found
that E* =(0.192184 952, 1.655952267) at d =d*.

Feeding the above information into Hassard’s BIFDD program for Hopf bifurcation of delay
equations, we obtain u, = 1.380956 858, 7, =5.70141118, B, = —0.4485837677, Re(c(0)) =
—0.224291 838 and Im(c(0)) = —5.108486 717. (See [8] for the meaning of these values.) Thus,
we have a supercritical Hopf bifurcation at d =d* and the bifurcated periodic solutions are
stable. Also, BIFDD tells us that there are two eigenvalues crossing the imaginary axis and the
remaining eigenvalues have negative real parts.

As a further check, we use a delay equation solver supplied by Paul Waltman and solve (2.1)
with d = 4.6 and the initial conditions x(0) = 0.2 and y(8) = 2.0 for —1 <6 < 0. The result is
given in Fig. 2, which shows that there is a periodic solution.

3.0
o
é 20
1]
=
I
> 1.0}

00 1 i 1 |

0.0 0.1 0.2 0.3 0.4 0.5

X = Immature
Fig.2.a=1,B=1,c=1,d=4.6,y=5and r=1.
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3. The case of cooperation

In this section, we will consider the case when ¢ >0 in (1.1), i.e.,
()= —yx(t) —ay(t—7)e” " +ay(t) +cx(t)y(t), 3.1)
y(t) =ay(t—1)e™"" = By?(t) +dx(t)y(t), '

where ¢ >0 and d > 0.
Clearly, E, = (0, 0) is an equilibrium of (3.1) and there are no other nonnegative equilibria

on the x- nor y-axis other than E,. Let E* =(x*, y*) denote a positive equilibrium of (3.1).
Then,

—yx*—ay*e " +ay* +cx*y* =0, ae 7T —By* +dx*=0. (3.2)

First, we state a result on the number of positive equilibrium points of (3.1). Its proof is given
in Appendix B.

Theorem 3.1. Let

—ad
p=gl_a_+f_(c+d)e—7‘f_2 26—77’
Bc Bc V Bc

and if p > 0, define
ay ay
=p+2,/ —e 7 — +4,/ —e™ "
a,=p \/Bce \/pp \/Ece )
4 Y e 3.3
+ YT, .
Al (3:3)

ay
g, =p+2y/ —e 7 +[p
Bc

Then (cf. Figs. 3 and 4),

One equilibrium

)

No equilibrium

q,
Fig. 3. If p =0, then g, = g, = 2{{aye ™" /(B2
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q, ﬂ‘

Two positive
equilibria
One positive
equilibrium
L _ 2oy
No positive %=
equilibrium
2ay
q,= B

Fig. 4. If p > 0, then g, > g,.

(1) if p <0, then (3.1) has no positive equilibrium;
(i) if p = 0 and g, > 2ae~"" /B, (3.1) has one positive equilibrium; if p =0 and q, < 2ae™"" /B,
(3.1) has no positive equilibrium;
(i) if p > 0 and q, > 2ae """ /B, (3.1) has two positive equilibria; if p > 0 and q; <2ae”™"" /B
< q,, (3.1) has one positive equilibrium; and if p >0 and q, <2ae™""/B, (3.1) has no positive
equilibrium.

For 7 is sufficiently large, we have the following observation.

Remark 3.2. If By > ad, then for sufficiently large 7 we have p > 0 and, as 7 — ,

4 _ 4ay/(Bc)
€ p+2faye/(Bc) + yp(p +4faye™/(Be))
4ay/(Bc) 2a 2a

- = >—,
2By —ad)/(Bc) B-ad/y B
so that g, > 2ae~?"/B. Therefore, (3.1) has two positive equilibria.
Similarly, if By < ad and 7 is sufficiently large, then p <0 and hence (3.1) has no positive
equilibrium.

For 7> 0 sufficiently small, we have the following theorem.

Theorem 3.3. If By > ac, then for >0 sufficiently small, (3.1) has two positive equilibria. If
By <ac and 7> 0 is sufficiently small, (3.1) has no positive equilibrium.

We now consider the stability of the equilibria. The linearization of (3.1) at an equilibrium
point E = (X, y) is given by
X(t)=[cF —y]X(t) + [a +cX]|Y(t) —ae™"Y(t — 1),

. ] (3.4)
Y(t)=diX(t)+ [dE —2BF|Y(t) +ae™ 7Y (t — 7).
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The associated characteristic equation is

dot A= (c37~— Y) —(a~+ cx) tae_”(j_"j _o,
—dy A —(dX —2BF) —ae 7N

that is,

N —[cf =287 —y +di]r + [ — y][di — 2BF] — df[a + cF]

—ae A A +y—cf—dj| =0. (3.5)

If E =E,, then (3.5) becomes

N+yr—ae M7 [A+9] =0, (3.6)
that is,

(A+v)f(1) =0,

where f(A) =A —ae @Y7 Since f(0) <0 and f(e) = o, there exists A, > 0 such that f(A)) =
0; so the characteristic equation (3.6) has a positive root. Thus we proved the following
theorem.

Theorem 3.4. (0, 0) is unstable.

As we can see from Theorem 3.1, the case when system (3.1) has only one positive
equilibrium is not robust, since a small change in the parameters would lead to the case of no
positive equilibrium or the case of two equilibria. Therefore, we will only concentrate on the
case when system (3.1) has two positive equilibria Ef =(x}, y¥), i=1, 2, with y3 >y}
Concerning E,, we have the following theorem.

Theorem 3.5. E, is unstable.

Some information about the stability of E; can be obtained by taking 7> 0 either very large
or very small. In the case when 7 is large, we have the following theorem.

Theorem 3.6 If By > ad and ~ is sufficiently large, then E| is asymptotically stable.
In the case when 7 > 0 is small, we have the following theorem.
Theorem 3.7 If By >alc + 3d) and >0 is sufficiently small, then (3.1) has two positive
equilibria: E\(x¥, y¥), E,=(x3, y3). E, is asymptotically stable and E, is unstable.
4. Discussion
In this paper we have considered a model of species growth with stage structure incorporat-

ing terms which may be interpreted as net effects one stage upon the other. In particular, we
are able to interpret the net effects as cooperation in one case and cannibalism in another. We
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were able to carry out a stability analysis of the equilibria and to show by a numerical example
that in the case of cannibalism, a Hopf bifurcation could occur.

The models considered here should be viewed as a first attempt to portray net effects of
cooperation and cannibalism in continuous population models with stage structure. Clearly
more complicated net effect terms are called for in the next models. In particular, one should
incorporate the effects of cooperation and cannibalism into the survival of immatures to
maturity, and the effect of the time delays on the cooperation and cannibalism. These would
certainly lead to more complicated models and will be considered in a future paper.

The case of competitive net effects was not discussed in this paper, since certain complica-
tions arise, which suggest that this case should also be discussed in a separate paper.

Appendix A. Proofs of the main results in Section 2

Proof of Theorem 2.2. When d =0, by (2.2), E* = (a’e ™" (1 —e™ ") /(yB + ace™ "), ae ™" /B).
Therefore from (2.7) (replacing E by E*) we have

a o
A='y+cEe_”+2ae_”, B= ('y+c—ée"7’)2ae_”, D=ae™,

a
F=y+c—e™".

B
Eq. (2.6) (at d =0 and E = E*) then becomes

a a
M+ (y + cEe_” + 2ae_”)/\ + (A + cEe'"”)(Zae_”)

[44
= ae_”e_)"()\ +y+ c—e‘”),
B
which can be factorized as
ca
(A +vy+ —B—e‘”)()t +2ae " —ae e M) =0.
Thus,
ca N
At+y+ Fe_“/’ =0 or A+2ae " —ae e M =0.

In either case, we can easily show that Re(A) < 0.
Next, let Q,(d) = B> — D?F? and Q,d) =A?— 2B — D* Then (2.10) becomes

v* + Q,(d)v? + Qy(d) = 0. (A.1)

Moreover,
2

2
0,(0) = ('y + c%e"’) 4(aee“7’)2 - (ae_”)z(v + c%e‘”)

o 2
= 3(7 + cEe'”) (ae""”')2 >0
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and

Q(o)—*( +c— “7’)2+4a - ( +c—e” )
c—e e c—e 7"
2 Y 3 Y B
— 2 a — — 2
+4(ae™7) —4a(y+c—e 7’)6 "~ (ae™7)

a 2
= (y + cEe‘”) + 3(ae”7’)2 > 0.

Since Q,(d) and Q,(d) depend continuously on d, we can find a constant d, > 0, depending on
a, B, ¢, y and 1, such that Q,(d) > 0 and Q,(d) > 0 for 0 < d <d,,. This implies that (A.1) has
no real solution v. As a result, the characteristic equation (2.6) has no purely imaginary root
whenever 0 < d <d,. On the other hand, we have shown that if d = 0, then all solutions of (2.6)
have negative real parts. Hence, all solutions of (2.6) have negative real parts, provided
0<d<d, 0O

In order to prove Theorem 2.3, we need several technical lemmas.

Lemma A.l. Assume that v <1n(3)/y. If d > max{d,, d,)}, then (2.10) (at E = E*) has a unique
positive solution v = v(d), where

3ace ™" — By —-M+VM?+4PG

h=Ger D BT 2P

P=a’(1—e ")(3e" - 1),

M=a(ace™ - By)(Be ™" —1) —a(3ace™ —By)(1 —e™"7),
G =4aByce "+ 3(ozccf“”)2 + B2y2.

Proof. Using the second equation of (2.2), we get (at E = E*)
B=(y+cay™)2By* —By*+ae™") +y*(—ad +cBy* —ace™7)
=vyae "+ (By —ad)y* - 2Bcy*?.
Therefore, from (2.3), it follows that
B=vyae "+ (By—ad)y* +2yae " +2[cae " — By +da(l —e"")] y*
=3aye "+ [ad — By + 2ae " (c — d)] y**.
This implies that
B—DF=2aye "+ [ad(1—e ") +ace " — By|y*
and
B+ DF =4aye ™ + [ad(1 —3e77") + 3ace™ " — By]y*.
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Using the second equation in (2.4) and the second equation in (2.2), we get
B —DF =2aye ™ + (By* —ae ")y + cy*) + (ace ™" — By)y*
=Bcy** +aye "> 0.
Moreover, since 7 <In(3)/y, we have 3e ~?" > 1. Therefore, if d > d,, then
ad(1 —-3e™7") + 3ace™ — By < 0.
This shows that, provided d > d,, B + DF <0 if and only if
daye™ "
ad(3e 7" —1) + By — 3ace™ "’
That is, by (2.4), B + DF < 0 if and only if

4day 8aye ™"
8+1/0%2+ —e 77 > . (A2)
Bc ad(3e™"" — 1) + By — 3ace™ "

We note that if d >d,, then d, is real and positive. We now claim that if d > d,, then

*

yr>

Saye™”
<4,
ad(3e™"—1) + By —3ace™”

so that (A.2) is satisfied. In fact, by (2.5),

8aye 7" o
<
ad(3¢™"" = 1)+ By —3ace™”

if and only if

Saye L lace " By + ad(l— 7]
< — T —e 7 »
ad(3e™" — 1)+ By —3ace™ B¢ xee By tad(l=e™™)

which is equivalent to (under the assumption d > d,)
a*(l1—e ")(3e " — 1)d>
+[a(Be " = 1)(ace " = B7) —a(Bace " — By)(1 —e"")]d
—8aByce™” — (Bace™" — By} ace " - B1) =0,

that is, Pd, + Md — G > 0. Therefore, if d > d,, (A.2) holds.
Hence, we have shown that if d > max{d,, d,}, then B— DF >0 and B+ DF <0. Thus,
B? — D?F? <0 and (2.10) has a unique positive solution v = v(d). O

Lemma A.2. Assume that v <In(2) /. Then for sufficiently large k, there exists d, = 2kw /(87) +
o(k) such that the characteristic equation (2.6) has a pair of purely imaginary roots +i8d,, where
8 was defined in (2.12).
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Proof. First of all, we consider the asymptotic form of v=uv(d) as d - . By a direct
computation using (2.4), (2.5), (2.7) and (2.10), we have

* al Md d *—al T 1
=g me v o(d), = (1-e ) +o(),

A= %(3 +o)(1—e ") + o(d),

2
B= %(1 — e 7)1 = 2¢7)d? + o(d?),

— _ i A YT 2 2
F=- (1—e"")d?* + o(d?), (A.3)
C“4
B*-D¥?*= ———(1-e ") (B3e " = 1)d* + o(d*),
(Bc)
2
A*-2B-D?= (; % (1- e_”)[(B +e)(1—e ) +2Bc(2e 7" — 1)]d2 +0(d?),
C
vi=— %{(A2 -2B-D?%) - \/(AZ — 2B — D?)’ — 4(B*— D?F?) } = 8%d* + o(d?).
Therefore,
v=26d+o(d).

It follows that there exists k, >0 such that for all k> k,, we can pick d,, such that
v(dy) =2kmw /7. Clearly, dy;, = 2kw/(87) + o(k), sin(v(d,;,)7) =0 and cos(v(d,,)r) = 1. If we
define (cf. the second equation of (2.11))

Q(d) =Av(d) — D[v(d)cos(v(d)7) — F sin(v(d)r)],
then
Q(dy) =Av(d,,) — Duv(dy,)
- %(B +c)(1— e 7)8d? — ae7"8d,, + o(k) > 0,

for k sufficiently large. Similarly, there exists k, > 0 such that for all k > k,, we can find d,,
such that v(d,,)=2km/7+w/(27). Therefore, d,,=2kw/(78)+ o(k), sin(v(d,,)r)=1
cos(v(d,,7) = 0 and

Q(dy) =Av(d,,) + DF

b

44 o
= E(B +c)(1—e™")8d2, + ae_”[— E(l — e ")d3, | + o(k?)

—yT

ds, +o(k?) <0,

= B—C(,B+c)(1—e‘”)(8— Btc
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for k sufficiently large, since, by (2.12),
2

e (;c)z (1= )4(Be) (1 - )(3e ™~ 1)
X {\/[(B +c)’(1—e ") +2Bc(2e 7" - 1)]2 +4(Bc)’(1—e)(Be 7 = 1)
+ [(B + C)2(1 - C_YT) + 2ﬁc(2e“7‘r _ 1)] } -
o . 2Bef(l-eT)Be - 1)
< s(1—e™) - _ _
(Be) (B+c)(1—e™")+2Bc(2e™7 1)
< 2a? (1 _ )(3 B 1)< 2ale” 7T
<——(1-e"Be - 1) < —,
(B+c) (B+¢)
that is,
ae™ 7
o< .
B+c

Since Q(d) is continuous in d, there exists d, €(d,;, d,;) such that Q(d,) = 0. Thus, for
d=d,, +iv(d,) is a pair of purely imaginary roots of (2.6). O

Lemma AJ3. Let Md,)=u(d,)+iv(d,) be a solution of (2.6) such that u(d,)=0 and
v(d,) = 6d, + o(k), as given in Lemma A.2. Then w(d,)+0 for sufficiently large k. Here '
denotes differentiation with respect to d.

Proof. By way of contradiction, we suppose that u'(d,) = 0. By differentiating the first equation
of (2.8) with respect to d, we get
— 200’ + B' = D[F' cos(v7) — v'rF sin(vr) + v’ sin(v7) + vv'r cos(vr)]

Av
=D| F’ cos(vr) + v’ sin(vr) + 0’73

=D[F cos(vr) + v sin(v7)] +v'tAv
at d =d,. Similarly, by differentiating the second equation of (2.8), we obtain
Av+ AV =D[v cos(vr) —vv'r sin(vr) — F' sin(vr) — Fv'r cos(vT)]

B—1)2]

=D[u’ cos(vr) — F' sin(vr) —v'r D

=D[v' cos(vr) — F' sin(v7)] + (v*> -~ B)v's
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at d =d,. Therefore,
[2v + AvT + D sin(v7)]v' = B’ — DF’ cos(v7),
[A4 - D cos(vr) — (v2—B)7]v' = —DF' sin(vr) —A'v,
from which it follows that

A —D cos(vr) — (v2—B)r DF'sin(ur)+A'v
20+ Avr + D sin(vr)  DF’ cos(vr)—B'

On the other hand, from (2.9), we obtained

F(B —0v?) + Av? . v(B —v?)— FAv
T e A T T

cos(vT) =

Therefore, as d — «, we get

FAv Av
Sin(UT) = — W + 0(1) = — ﬁ + 0(1)
-« c)(l—e )6 C c)o
o @20
and
F(B—v?) B —v?
cos(vr) = —DFT +0o(1)= DF +0o(1)

_ a’(1—e )1 —2e777)/(Bc) — &
ae”"[—a(l—e™")/(Bc)]
_ 824+ (2e " = 1)(1 —e " )a?/(Bc)
a’e™"(1—e™")/(Bc)

+0o(1)

+o(1).
Noticing that

A = %(B +o)(1—e ) +0(1),

aZ
B = (1= (1=2e7")d +o(d),

2a
. (1—e"")d +o(d),

Fr=—"—
B

191

(A.4)
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we have that the right-hand side of (A.4) equals

2a 1(B+c¢)é
ae‘”l———ﬁ (1—e)d . )
c

+ %(B +e)(1 - e 77)8d + o(d)

ae” 7T

82+ (2e7" - 1)(1 —e ")a?/(Bc)
a’e”"(1-e77")/(Bc)

2a
X{—ae”""—(1 e "")d
Bc

2 -1

- 2'3%(1 —e )1 —2e7")d +o(d)

_(Bte)a(l—e™)

20pe +0(1)>0
and the left-hand side of (A.4) equals
(v —B)r B B2 B —(2e7" - 1)(1 —e " ")a?/(Bc) - 82
B S PR e s B vy B DA

This is contrary to (A.4). Therefore, u'(d,) #0. O

Proof of Theorem 2.3.. With the above technical lemmas, Theorem 2.3 is an immediate
consequence of the Hopf bifurcation theorem for retarded functional differential equations
developed by Nussbaum [12,13] (see also [2,5]). O

Appendix B. Proofs of the main results in Section 3

Proof of Theorem 3.1. Let (x*, y*) be a positive equilibrium of (3.1). Since y* > 0, from the
second equation of (3.2) we obtain
e Ey* 3 ae” "7
d d
Subtracting the product of the second equation of (3.2) with cy* from the product of the first
equation of (3.2) with d, we get

(B.1)

—ydx* — ade " y* + ady* —ace Vy* + Bey** = 0.
It follows that
Bc ad(l—e ") ae™”
x*= ﬁly*z + ( Be -3 y*l. (B.2)

Let I'; (respectively I',) denote the graphs of (B.2) (respectively (B.1)) on the y*—x*-plane.
Then I'; is a parabola and I, is a straight line. We are interested in the points of intersection
(there are at most two) of I'; and I, in the first quadrant.
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Clearly, I', intersects the y*-axis at (ae~""/f, 0). By equating the x* from (B.1) and (B.2),
we get

Ey* _ae” _ [3_6[})*2 N (ad(l —e7 ) _ae’ y*
d d vd Bc B ’
that is,
ay
y*2—ay* + i (B.3)
where

Y a o
a=—+—(c+d)e " — —.
c fBc Bc

We can solve (B.3) and obtain the two roots
y*=3la+ V4],

where A is the discriminant, given by
A=ag’— ——e ""=p

a
F; p+4 B—Ye_“’T
c V c

since p=a — 2Aaye™"" /(B2

Clearly a positive equilibrium for (3.1) corresponds to a root y* =k of (B.3) with k>
ae™ "7 /B.

If p<0and a >0, then A <0 and (B.3) has no real root. If p <0 and a <0, then any real
root of (B.3) must be nonpositive. Hence, in any case, (3.1) has no positive equilibrium,
provided p <0.

Next we consider the case when p > 0. In that case, 4 > 0 and (B.3) has two real solutions

4avy
=p

ay
a+2y/ —e 7|,
Bc

* 1 % 1
Y1 =24 Y2 =245,

where g, and g, were defined in (3.3). The corresponding x*’s are given by:

B 2a B 2a
* L — A TYT * AT
x3 2d(q1 Be ), X =57\ Be .

Clearly, g, > q,. Therefore, if g, >2ae™""/B, then x¥*, x% > 0. Consequently, (3.1) has two
positive equilibria (x¥, y¥) and (x%, y¥).

On the other hand, if g, <2ae™”"/B, then x¥ <0; so that (x¥, y¥) is not a positive
equilibrium for (3.1). Therefore, if in addition g, > 2ae 7" /B, then (3.1) has a unique positive
equilibrium, namely, (x¥, y¥). Similarly, if g, <2ae™""/8, (3.1) has no positive equilibrium.

Finally, in the case p =0, q, =g, = 2{aye " /(Bc)}'/2 Therefore, if g, >2aeY"/B, (3.1)
has a unique positive equilibrium. But if g, <2ae™ "/, (3.1) has no positive equilibrium. O
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Proof of Theorem 3.3. If By # ac and 7 =0, then

=,By+ac—2\/a'yﬂc _ (W—\/c;)2>0

Be Be (B.4)
_Bytac |By-ac| _Bv+ac+|Bv—aCI
KLy ge BT g Bc

Therefore, if By > ac, then g, =2a/B <q,=2y/c. By Theorem 3.1, (3.1) has one positive
equilibrium. Similarly, if By <ac, then ¢, =2vy/c <2a/B =q,. Again, by Theorem 3.1, (3.1)
has no positive equilibrium.

Next,
dT =0 =_B—C(C+d)+Y\,E?’
A | oy, [ET 2 +4piay/(Be) —2pyay/(Be)
d7 - pe 2/p(p + 4/ay/(Be))
ay (By +ac)p'/(Bc) —pyjay/(Bc)
=——(c+d)—
Bc | By —acl/(Bc)
Y era)- (By +ac)p’ —pyjayBe
Bc | By —ac|
ay Y ay o
= —E(C+d)—lﬁy—_ac—|[(ﬂv+a0) \/ Be _E(CHJ) —p ayBc}.
If By > ac, then
d
&0l = _B_(C+d)+3y — BC(C+d)(B'y+ac)
(374‘(10)‘/ — pyayBc
By —ac
2a 8% By +«ac
B,y_ac Bc +d) B')’_ac ﬁC 4 VaYBC
2a%y 2ay?
= —_— d _ ,
B(By — ac) (e+d) By —ac
so that
_d
e Y"’d_T(CY“'ql) . =‘yq1|_’_=0 + a:ql o
2 2ay? 2ayd
=2a'y+ 2acy (c+d)— ay a’y

B B(By-ac)
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Hence, if > 0 is sufficiently small, we have

. 2a
€q, >‘11|T=0= ?v
that is,
2a e
q, > ?e .

Therefore, by Theorem 3.1, (3.1) has two positive equilibria.
If By <ac, we can similarly show that

2ayd
=——7<(.
=0  B(By—ac)
Again, by Theorem 3.1, (3.1) has no positive equilibrium. 0O

—yT d yT
€ d’T (e qZ)

Proof of Theorem 3.5. Let f(A) denote the left-hand side of (3.5) evaluated at E = E,. Then
f() = 0 and

f(0) = (cy3 —v)(dx3 —2By3) —dy;(a +cx3) —ae™""(y —cy7 —dy).
Recall that

dx¥ =Bys —ae™"
by (3.2); therefore,
c

B %k ac —yT —yYT k *
a+7y2——d—e T —aeT [y —cyi —dy3]

—2Bcy*? +y*¥[By —ad + a(c +d)e "]
1 d c+d
L

—2[30)’3‘[)’3‘—5 B Be

—2Bcyi[yi — 3a].

Since y¥ is the larger root of (B.3), y* > ja and hence f(0) <0. Therefore, there exists
Ao > 0 such that f(A,) = 0. This implies that the characteristic equation (3.5) has a positive root
and therefore E, is unstable. O

f(0)={cyi —v][-By; —ae™ "] —dy3

Il

Proof of Theorem 3.6. The characteristic equation (3.5) evaluated at E = E, can be rewritten as
M +AX+B+ (CA+D)e 7" =0,

where
A=2By¥+y—cyf—dxf=(B—c)yf+y+aec™,
B=[cyf —y][dxf —2By¥] —dyila+exf] = (By —ad)yf —2Bcyf® +aye ™,
C=—ae ", D= —ae [y —(c+d)y¥].
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We also note that

1 4ay 2aye™"/(Bc)
yi=xzla—y/a*— ——e .

2 Bc a+ya*—4aye " /(Bc)
Thus, we have the following asymptotic expressions:

By —ad o By —ad
=——+—(c+d)e V= ———
Bc Bc
ay

T=———e " +o0(e "

a + O(e™7),

and
A=y+0(e™ "), B=2aye " +o(e "),
C=—ae™ ", D= —aye ™" +o0(e 7).
Therefore, if 7 is sufficiently large, we have
A>0, B>0,
B2 —D?=3(aye ")’ +o(e"2") > 0,
AB —CD =2ay?*e " +o0(e™ ") >0,
A2 —C?—2B=y+0(1)>0.
Therefore, by a result in [3], all roots of (3.5) have negative real parts. Consequently, E, is
asymptotically stable. O

Proof of Theorem 3.7. Since By > ac, by Theorem 3.3, (3.1) has two positive equilibria: E, and
E,. E, is always unstable by Theorem 3.5. It remains to show that E, is asymptotically stable.
As in the proof of Theorem 3.6, the characteristic equation (3.5) at E, can be written as

M +AX+B+ (CA+D)e " =0,

where
A=(B-c)yf+y+ae™, B=(By—ad)y}—2Bcy}’+aye ",
C= —ae—“/ﬂ" D= _ae—'yr[,y_ (C+d)y>1k].

Note that by (B.4), as 1 —> 07,
* 1 @
Y1 =24, = E +o(1),
so that

- 2
A=2a+¥+o(1)>0, B=§a—[ﬂy—a(c+%d)] +0(1) >0,

C=—a+o0(1), D=—%[B7—a(c+d)]+o(1).
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Consequently,

2
B?-D?= %[ZBy—Za(c-i- %d)+B'y—a(c+d)]

X[2By — 2a(c + 3d) — By + a(c + d)] + o(1)

3a? 5
= ?[By—a(c + gd)][BY_ac] +0(1) > 0,
- 2 2
AB—CD = |2a+ M—Bcff)?a[ﬁy—a(ﬁ 3d)] - %[ﬁy—a(c-&-d)] +0(1)

2
> %[4[3;: —da(c+ %d) — By +a(c +d)] +o(1)

3a? .
= T[ﬁ’y—a(C'F gd)] +0(1)>0
and
2
— 4
A*—C?*-2B=|2a+ B_)LB_ac] —a’— ?a[ﬁ)’—ac—%ad] +o(1)
da

> F[B'y—ac—B'y+ac+%ad] +0(1) > 0.

Therefore, again by a result in [3], all roots of (3.5) have negative real parts and E, is
asymptotically stable. O
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