MATHEMATICS

MAXIMUM LIKELIHOOD ESTIMATION OF PARTIALLY OR
COMPLETELY ORDERED PARAMETERS. II

BY

CONSTANCE VAN EEDEN

(Communicated by Prof. D. vaAN DANTzIG at the meeting of November 24, 1956)

6. The consistency of the estimates

In this section the consistency of the estimates will be investigated.
The method used stems from a paper by A. WaLp [3], but is modified
by condition (4.3), which does not occur in his paper.

Let, for f;(z;]0;)>0,

(6.1) ooy 0) EIn KL 1,5, ,

then

ng ng
(6.2) Li(y) = Zlgi (i, |93 05) + leﬂ fiiy]6:) (E=1,2,..,k)
r= Y=
and the maximum likelihood estimates of 6, 0,, ..., 6, are the values of

k™
Y1 Yo -+ Y Which maximize > > gi(=; ,|y:0;) in the domain D, the
i=1 y=1
last term in (6.2) being constant.
Further
(6.3) gi(x; | 0;, 6,)=0 for each z; (1=1,2,...,k)
and from condition (4.3) it follows that g;(z; | ¥, 0;) is, for each z;, a
strictly unimodal function of y; in the interval I,(:=1, 2, ..., k).
Let I, (i=1,2, ..., k) be the interval ¢;<y,<d; (with ¢;<d;) and let
N> Ny ---> M be k numbers satisfying

(6.4) {O<m§ min (6; —c;, d; —0,) if 6, is an innerpoint of I,
0<n;£d, —¢,; if 0, is a borderpoint of I,.
Let further I,(»;) denote the set of all values y; € I; satisfying
(6.5) ly; —0;| <7, (t=1,2, ..., k).
In the following it will be supposed that the following condition is
satisfied.
(6.6) Condition : There exist k values ny, 1y, ..., n;, Satisfying (6.4) such that

gl- E{g:(%; |9, 0)10:} <0, §o1 each g, (n;) with y, 6,
o2{gi (x:|ys, 0:) 163} .
[ 191 (xal 95,69 16T ~ 0=1,2..k).
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Some of the conditions mentioned in Warp’s paper [3] are in our
case sufficient for (6.6.1) and may therefore be useful for the application
of our theorems. These conditions may be stated as follows.
Lemma III: If condition (4.3) is satisfied, if n,; satisfies (6.4) and if
S L. &{Inf;(x;|y;)|6;} < oo for each y,el,(n;) with y, +# 6,

(6.7) (2. —oco<&{Infi(x]6,)]6;} < oo
then
(6.8) E{gi(x;|ys, 0,) |0 <0 for each y; € I, () with y;+0,.

Proof: Consider any y; € I(n;), then &{In f;(x;|y;)|0}<oo. Clearly
E{g:(x:lys, 0,)[633 <0 if &{In fi(x;[y;)|0;} = —oo.
Now consider the case that &{In f;(x]y;)|0;} > —oco; then

(6.9) —oo < E{gi(x;ly;, 0,)|0.} <o
and from (6.9) it follows that
( E{9:(x;1%:,0) |0} =In & {egi(xily,-,e,-) 16:} =

6.10 _ filwi] ys) _
(6.10) =m el dF,(@]6) SIn1=0.
,{(E‘lot)>0
Further
(8.11) & {9:(x: |9, 6) 6.} = In & {e9i(il#.80) |67y
if and only if a value ¢ exists such that
(6.12) P [g:(x;|y;, 6;)=c|0;]=1.

Thus lemma III is proved if we show that such a value ¢ does not exist.
This may be proved as follows. Suppose there exists a value ¢ satis-
fying (6.12), then it follows from (6.9) that [¢| <co and further we have

(6.13) P [fix;|y:) =e° f(x:]0,)[6;]1=1.
From

(6.14) JaF (=;|y;) = [AF (;]6;) =1
it then follows that c¢=0.

Further if

(6.15) P [g:(x;|y, 0,)=06,1=1,

then it follows from (6.3) and the fact that g,(x;|y;, 6;) is, for each z,, a
strictly unimodal function of y, in the interval I, that

(6.16) P [gi(x;|y;, 6;)>0]0;,]=1 for each y; between y; and 0,
ie.
(6.17) P [fi(x;|y:) > fi(x;|0,)|0;]=1 for each y; between y, and 6,
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and this is in contradiction with
(6.18) dei(xilyé) =dei(xi|6¢) =1.

Thus there does not exist a value ¢ satisfying (6.12).
Now let (cf. section 4) M, (»v=1, 2, ..., N) be N subsets of the numbers
1,2, ...,k with

N
1. UM, ={1,2,..,k,

p=1
2. M, NM, +# 0 for each pair (vy,7,) with », # »,,
3. 0,=0; for each pair ¢,j€ M,, for any value of »

and let I, be defined by (4.5); then I #0 (v=1,2, ..., N).

The value of 6; for ¢ € M, will be denoted by 0, (»=1, 2, ..., N).
From theorem I it then follows that

(6.19)

N g
(6.20) L'(2,2,..,2y) =L (05,0, ....05) = 3 3 3 g:(%04]2,0,)

y=1 €M, y=1

possesses a unique maximum in (cf. (4.6))

N
(6.21) GN = H IM,,’

p=]
say in the point (2}, 2, ..., z%). Let further
(6.22) nmEmingy (»=1,2,..,N)
and

def i

(6.23) n= 3w,

i=1

Then the following lemma holds

Lemma IV: If
(6.24) limn, =oco for each i=1,2,...,k,

then
(6.25) HBOP [|zF—6;] <& for each »|0{,0;,...,04] =1 for each ¢> 0
for each set My, M,, ..., My satisfying (6.19) and each N.
Proof: Let
Bi(@) = & {9, (x: |2, 6) | 67}
2. 0 (s) Eo?{g:(x:|2,6) 6}

and let further & be a positive number satisfying

(6.26) ieM,w=1,2,...,N)

(6.27) & < min 7.
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Then

1. 6,+&ely and 6,—e ely if 0, is an innerpoint of Iy,
6.28
(6.28) 2. 0,+ee€ly, or 6;—&ely if 6, is a borderpoint of I, .

Now let S be a subset of the numbers 1, 2, ..., N such that

1. 6,+&ely, for ves,
(6.29)

2. O,+e¢ly for v¢s,
then
(6.30) 2, =0, for v¢8.

Further it follows from (6.6.1), for » €8, that

(631) {3 3gi(xy|0iten 0016} = 3 n fi0-+e) <O

i1eMy y=1 i€M,

and from (6.31) and Bienaymé’s inequality then follows
3 n;6; (0:+51)

g
P iy |O+e,0) 20]0] sor -
[isgf, Elgd(xmfl ta ) | ] [‘Zmﬂi(orf‘el)]z
(6.32) ieM,
_ ;6; (6,4 ¢,) < 7 6; (0, 1) _ 9, (6,4 e;)
sen, ['211:4 B (0, +e) P T &1, w8 (0, +e) P &Gr, LB (6, +e)
jeM,
Thus
PLS S g, |6i+¢,0) <0 for each »e8|6.,0,...,05] =
(6.33) { ‘M

8, (6,4 &)
veSieM, n[B; (6,+ &) )

Further it follows from (6.3), (6.30) and the fact that

=1-—

7
z z gi (xi.v Izn 0;)

ieM, y=1

is a strictly unimodal function of z, in the interval I, (v=1,2,...,N)
(cf. condition (4.3)) that
2t <0+ (v=1,2,...,N) if
(6.34) " :
> Y g, |0,+e,0;) <0 for each »€e8.
i€M, y=1
Thus (cf. 6.33))

* ’ ’ ’ ’ _ 6@(0;'*'51)
(6.35) P[zy—0, <¢ for each »|6,0;,...,605] =1 'Ezs Py TNy
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From (6.6.2), (6.24) and (6.35) then follows
(6.36) lim P [z}—0, < ¢ for each »|0{,0,,...,05] =1 for each ¢> 0.

n—>00

In an analogous way it may be proved that

(6.37) lim P [z}—0, = —¢ for each »|0;,0,,...,05] =1 for each &> 0.

n—>00

If we take N=Fk in lemma IV then (6.25) reduces to (cf. remark 2
section 4)

(6.38) lim P [|v;—0;| <& for each ¢ |6,,0,,...,6,] =1 for each £> 0.

Theorem VIII: If t s the maximum likelihood estimate of 0;
(t=1,2, ..., k) under the restrictions R,, R,, ..., R, and if

(6.39) lim n;, = oo for each +=1,2,...,k,

then
(6.40) lim P [|t;—0;| < ¢ for each ¢]6,,0,,...,6,] =1 for each £>0.
n—>00

Proof: This theorem will be proved by induction.

Consider the funection L'(z, 2, ..., 2y) —L'(04, 0,5, ..., 0%) (cf. (6.20)).
From theorem I it follows that this function possesses a unique maximum
in Dy, (cf. (4.9)), say in the point (w9, w9, ..., w®).

From lemma IV then follows (for s=0)

(6.41) lim P [|w”—0;| < ¢ for each »|0;,6;,...,05] =1 for each ¢>0

for each set M, M,, ..., M, satisfying (6.19) and each N.
Now suppose that it has been proved that

(6.42) lim P[|w{—0;| < ¢ for each »|6;,0;,...,05] =1 for each ¢>0

for each s<s, each set M,, M,, ..., M, satisfying (6.19) and each N.
Then it will be proved that

(6.43) lim P [jw®*V—0;| <& for each » |6},0;,...,04] =1 for each £¢> 0

for each set M,, M,, ..., My, satisfying (6.19) and each N.

Consider, for a given set M,, M,, ..., My satisfying (6.19), a domain
Dy ,,+, and the domain Dy, which is obtained by omitting one of the
essential restrictions defining Dy , .. Let this be the restriction: 6, <6,,.
Then the following two cases may be distinguished.

1. 6;<0;,; then a positive value ¢, exists satisfying

N
(6.44) Dy,oy V11 I, (21) C Dy g1
v=1

Further we have, for each ¢ satisfying (6.44),
(6.45) wetV=w@ (y=1,2,...,N) if |w® —0;| <¢, for each y=1,2,...,N.
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From (6.42) and (6.45) then follows
g Lm P [|wis+V—0;| < ¢, for each »]6;,0;,...,05]=1

! n—»00

(6.46)
for each e, satisfying (6.44)

and from (6.46) follows
(6.47) lim P [|w&+V—6;| <¢ for each »|6},0;,...,05]=1 for each &> 0.
n—>00

2. 0;,=0;,; then we have for each ¢>0

! P [|wetD—0)] <e for each »|0,0;,...,05]=
=P[wi <wj»|0,06;,...,04]-
(6.48) P [|jwy?—0;] < & for each »|wi <wf;01,0;,...,04]
7
+P [wit = wii |01, 0;,...,0%] -

P [|lwietV —6;| < ¢ for each v |whtD=we*tD; 6], 6;, ...,64],
because if wi <wf then the maximum under s, restrictions coincides
with the maximum under s,+1 restrictions and if w{®=w{® then
(according to theorem II) witD =i+ D,

Further wi+?, wis+D . w+D are, under the condition w;;"“’ =wptD,
the values of z,, 2,, ..., 2y Which maximize L’(2, 2, ..., 2y)—L'(6, 03, ..., 03)
in a domain Dy, ,, where N'=N —1 and s;<sy—1. Thus from (6.42)
it follows that

(lim P [|wie*tY—6]| < ¢ for each v |wit=we*1;0],6;,...,05] =1

6.49 n->00
( ) 2 for each > 0.

Thus if
(6.50) P,EP[|lwetD_9)| < for each »|6],0;,...,05]
and if 4,, B, and B, respectively denote the events
|w® — 0, <& for each »
wi) < wi
and
wi = wit
respectively then it follows from (6.42)
(6.51) lim P[4,]6,0,,...,0%] =1

n—>00

and from (6.48) and (6.49)
1 zlim P, = lim {P[B,|6,0;,...,05]

‘P [A4,|B,; 6,65 ...,05]+P [B,|0],65...,04]}=
(6-52) § _1im {P [4, and B, |6},6;,...,05]+P [B,]0],6;...,05]} =

n—00

= lim P [4,, 61,05, ...,05] =1.

n—-»00
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Thus
(6.53) lim P,=1.
7. Ezxamples

In this section some examples will be given where the conditions (4.3)
and (6.6) are satisfied.

Example 1
Let x; possess a normal distribution with mean 6, and known variance
o? (t=1,2, ..., k). Then

T

2 (@i,y—wi)?
(7.1) Li(yi)=—%n¢1n2ﬂ0'?—%y—=l——0§_ (7:=1, 2,...,k).
i

From (7.1) it follows that L,(y,) is a strictly unimodal function of y; in
the interval (—oo, +o0) and attains its maximum in this interval for

™
1 .
(7.2) yi=m,-2_e—fn—i le,-',, (=1,2,...,k).
-

Thus L,(y,) is a strictly unimodal function of y; in each closed subinterval
I, of the interval (—oo, +o0) and if I; is the interval (c;, d;) then L(y;)
attains its maximum in I; for

my; if Ci §mi gd“
(7.3) y=1 & if m <e, (i=1,2,...,k)
d; if m; > d,.
Further if M is a subset of the numbers 1, 2, ..., & then (cf. (4.2))

4
2 (@i,y—2)?
(7.4) Ly)=-31> gniln27w§+ﬂ—2———
ieM o3;
and from (7.4) it follows easily that L,(2) is a strictly unimodal function
of z in the interval ( —oo, +00). Thus L satisfies condition (4.3).
Further L,(z) attains its maximum in the interval ( —oo, +o0) for

(7.5) 2=my ( > n—;)_l > n’;ni
ieM i ieM Y

Now let M consist of the numbers hy, ks, ..., h,, then if =02 for each
1eM

ny

2 (wa1,y—2)*
(7.6) LM(z)=—-§nM1n2n0'2-—%’—'fl—;—,
where
(7.7) ny = 3
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and where z, , (y=1, 2, ..., ny) denote the pooled samples of x;_, X, .
Thus if I attains its maximum for yu, =yn,=... =, then the samples of
Xp s Xnys - X, ATE O be pooled if o?=02 for each ¢ € M.

Further

i —6;) (20 —yi —6; .
(7.8) g: (@ |y, ) = & “2?; u=0)  ;_1,2,..,%).

Thus

y;—0;
é’a{g'l,(x |yu ,)IB}— 202)

(7.9) . (=L2,..k
o2 {g; (x; | s, 0;) | 0;}= (gi—0s)'

of

and

[€{g:(x:]y:,0:) | 6:31% — (ys—0:)?

From (7.9) and (7.10) it follows that condition (6.6) is satisfied if

2
(7.10) Meixly0 103 _ 40 g0 p).

(7.11) of<oo (¢=1, 2, ..., k).

Remark 4: From (7.4) and (7.5) it follows that the estimates of
6, 0s, ..., 6, may also be found by means of the method described above

if the o} are unknown and o%/o? is known for each pair of values
1,7=1,2, ..., k. Then if

(7.12) K¥%  (i=1,2,..,k
the maximum likelihood estimate of o? is

(7.13) guli s s ‘“’” G=1,2,.... k).
j=1 y=1

The procedure will now be illustrated by means of the following example.

Two preparations 4 and B, known to stimulate the growth of hogs,
are added in two concentrations each to the food of four groups of hogs.
Let these four additions be denoted by A4,, 4,, B, and B,. It is known
that B, is at least as good as 4; (notation 4,< B,) and that in the same
sense 4,< 4, and B,< B,. No decisive knowledge however is available
concerning the ordering of 4, and B,. The growths of the hogs during
a certain period are then the four samples.

The fictitious numerical example given below concerns this partial
ordering, but has been made a little more complicated by the introduction
of unequal variances and of restrictions on the possible values of each
0, separately:
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Let
Al Aa Bl Bz
% 1 2 3 4
— 0,40 1,43 — 0,70 0,29
2,56 1,86 2,61 0
0,26 0,06 0,79 1,31
2,87 0,07 0,86 0,15
Ty 1,14 0,14 2,63
0,29 1,86
2,57
0,85
(7.14) 1,21
&
S =, 5,28 9,48 3,70 6,14
y =1
m 4 9 5 6
m; 1,32 1,05 0,74 1,02
o2 2 4 5 1
I, (—00,1) |(— o0, + )| (3 + ) |(— oo, + o)
v; 1 1,05 0,74 1,02

and (cf.(2.8))

(7.15)

1. ry=2, r=4,

2. Ky,0=0q,3=Kg 4= 1.

From (7.14) and (7.15) it follows that the pairs 1=3, j=2 and 1=4, j=2
satisfy (5.7) and (5.8). Thus according to theorem VI L attains its maximum

in D for
(7.16)

(7.17)

N=Ys=Ys=Yp.
From (7.14), (7.16) and theorem V then follows

t,=1g,

i.e. L attains its maximum in D for

N=Y3=Ys=Ys.
From (7.14), (7.18) and (7.5) then follows

(7.18)

%

1 3 4 2
K
> %, 5,28 3,70 6,14 9,48
y=1
. 4 5 6 9
(7.19) "
My, 1,13 1,13 1,02 1,05
o? 2 5 1 4
Iy, 1) &1 |(— 00, + 00) | (= 00, 4 o)
Vy 1 1 1,02 1,05
v
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From (7.19) and theorem III then follows
(7.20) t=ty=1, t,=1,05, ¢,=1,02.

Example 2. Let x; possess a Poisson distribution with parameter
6,,', (0<0.,,<O°; 'i=1, 2, ceey k).
Then

ny ng
(7.21)  Li(y)=—my+ 2 Z;, In Yi— Shha,! (i=1,2,..,k);
y=1 y=1
thus

7y
def 1
dL,(y >0 for 0 gyi<m,.="‘a S 2,

1,) y=1
(7.22) dy; =0 for y,=m,,

<0 for y; > m,.

From (7.22) it follows that L,(y;) is a strictly unimodal function of y;
in the interval (0, c0) (¢=1,2, ..., k).
Further if M consists of the numbers Ay, Ay, ..., b, then

ny ny
(7.23) Ly(2)=—ny2+ Y 2y, Inz— Y Inmy,l,
y=1 y=1

where 7, is defined by (7.7) and where ) , (y=1, 2, ..., 7n,) denote
the pooled samples of x;, x;,, ces X Thus L satisfies condition (4.3)

and if L attains its maximum for y, =y, =... =Y, then the samples
-of x,, x,, ver X, ATE to be pooled.
Further
(7.24) 0@ |y 0) =Oi—yi—mIn Y (i=1,2,...k),
thus
0;
&{9:(x;19:, 0) 10;}=0;—y;—6;In %
(7.25) 0;\2 (t=1,2,...,k)
o2{g; (x; | 4:, 0;) [6:}=6; (ln E)
and
0;\2
. 0;,(In=
(7.26) 0% {g; (x; ] ys, 0:) |03} ( yi) (=1,2,....k).

[6{9: (x:]yi 0:)[ 031 [ez_yz_a” In & 2
Yi
From (7.25) and (7.26) it may easily be proved that condition (6.6)
is satisfied.
A practical situation of ordered parameters of Poisson distributions
‘might occur if several toxicants are to be investigated as to their killing
power for certain kinds of bacteria. If the toxicants are added in different
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concentrations to cultures of bacteria, knowledge may be available
leading to a partial or complete ordering of the expected values of the
number of survivors in the different experiments.

It may easily be verified that the conditions (4.3) and (6.6) are e.g.

also satisfied if x; possesses

1. a normal distribution with known mean g and variance 0,
(t=1,2, ..., k),

2. an exponential distribution with parameter 0, (=1, 2, ..., k),

a rectangular distribution between 0 and 6; (1=1, 2, ..., k),

4. a normal distribution with mean 6, and known  variance for
t=1l,1,...,1, and a Poisson distribution with parameter 0, for
VECY N A
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