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Abstract

The Ginzburg-Landau equation has been used as a simplified mathematical model for various pattern
formation systems in mechanics, physics and chemistry. In this paper, we study a generalized complex
Ginzburg-Landau equation in two spatial dimension with a fifth order nonlinear term and cubic terms
containing spatial derivatives. We prove a global existence and uniqueness theorem.
© 2006 Elsevier Inc. All rights reserved.
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1. Introduction

There has been a large amount of literature regarding complex Ginzburg-Landau equations
(GLE) and their generalized versions (GGLE). For example, Ghidaglia and Heron [1] and Doer-
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ing et al. [2] studied the finite-dimensional global attractor and related dynamical issues for the
following GLE in one or two spatial dimensions:

u,=(1+iv)Au—(1+iu)|u|2u+au, (1.1)

where a > 0, and v, u are given real numbers. Levermore and Oliver [3] studied GLE as a model
problem. Bu [4] obtained the global existence of the Cauchy problem of the following 2D GLE

u,:(v—l—ia)Au—(u+iﬁ)|u|zqu+yu (1.2)

with ¢ = 1 and ¢ = 2 under the conditions a8 > 0 or | 8| < +/5/2. Bartuccelli [5], Doering [6],
Bartuccelli [7] and others have investigated turbulence, weak or strong solutions and length scales
for Eq. (1.2) in higher dimensions. A. Mielke and G. Schneider [8-10] obtained sharper results
for (1.2) on bounded and unbounded domains.

The following 1D generalized Ginzburg-Landau equation was originally derived by Doel-
man [11]:

Uy = 0u + Uy + oo lulu + ozlul*uy + oqu’it, — aslultu, (1.3)

where a9 > 0, j =a; +ibj, j=1,...,5, a1 >0, as > 0. Duan, Gao et al. [12-17] inves-
tigated a wide range of issues such as global existence of solutions, finite-dimensional global
attractor, Gevery regularity of solutions, exponential attractor, number of determining nodes and
inertial forms. Duan and Holmes [18] have also obtained global existence for Cauchy problem of
Eq. (1.3) under the condition of 4ajas > (b3 — b4)%. Guo and Wang [19] considered the following
2D GGLE

up=pu+(1+iv)Au— (1 +ip)ul* u+ari - V(jul*u) + B2 - Vi) |ul?, (1.4)

where p > 0, «, 8, v, u are real numbers, and A;, A, are real constant vectors. Existence of
finite-dimensional global attractor of Eq. (1.4) with periodic boundary conditions was proved
assuming that there exists a positive number 6 > 0 so that

1
= >0 =3. (1.5)
Jre e

In many papers mentioned above, appropriate boundary conditions are assumed for the exis-
tence of finite-dimensional global attractors, determining nodes and inertial forms.
Since the following 2D generalized Ginzburg—Landau equation

Uy = ool + o Au +012|1,t|2u)C +013|u|2uy + ouu’iiy +ot5u2ﬁy — a6|u|20u (1.6)

is more closely related to the equation derived by Doelman [11] (o = 2), it can also be regarded
as the perturbation of nonlinear derivative Schrodinger equation. When g > 0, aj = a; +ibj,
j=1,...,6,a; >0,a¢ >0, 0 >0, Gao and Duan [20] considered the initial value problem for
the GLE in a more generalized version with the suitable initial condition u(x, y, 0) = uo(x, y),
(x,y) € R?. For periodic boundary value problem of (1.6) with o = 2, global existence was
obtained by Gao and Kwek [21].

Nonetheless, there are very few results related to inhomogeneous boundary conditions.
For (1.3) with Dirichlet or Neumann boundary conditions, Gao and Bu [22-24] proved a unique
weak solution that exists for all time in one dimension. They also obtained global existence theo-
rem and its inviscid limit for a Dirichlet inhomogeneous boundary value problem for the classical
GLE in n > 1 dimensions under certain conditions [25].
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In this paper, we investigate a generalized GLE (1.6) in two spatial dimensions under ap-
propriate initial condition and inhomogeneous Dirichlet boundary condition and prove sufficient
conditions for global existence.

2. A priori estimates and global existence

Let || - || denote the norm of L2($2). For any T > 0, let C and C; be some constants depending
on T and initial/boundary data, the parameters in equation, 7" and initial value and boundary
value. We study the following initial-boundary value problem in £2 € R?:

up = aou + (1+iv)Au+ |u*q - Vu +uhs - Vii — (14 i) u)*u,

u(x,0)=hx), xef2,

ulx,t)=Q(x,t), x€ds2, 2.1)
where Xl = a27 + ozg]' and Xz = a47 + ozsf are complex vectors.

We write P = Vul|yo, n= Zj 0jé; =V -£&, and i = (n1,n2) as standard unit outer normal

vector. Since 92 is smooth, there exists a smooth function & = (&1, &) independent of ¢ from R?
to R? such that

Elag = (n1,np) =n.

Let u be a smooth solution to the inhomogeneous boundary problem for the Ginzburg—Landau
equation (2.1). The following identities are available.

First,
8,/|u|2dx=2Re/ﬁutdx
2 2
=2Re/ﬁ[a0u+(1+ivmu+|u|27\1 -Vu
2
27 _ . 4
+uhy - Vi — (1 +iw)|ul*u]dx
=2ap||u|? —2||u||g+2Re/(1 +iv)Aui dx
2
+2Re/|u|2ﬁ7\1 -de+2Re/|u|2u7\2-Vﬁdx
2 2
= 2ap]|ul|® — 2[|u)|¢ + 2Re(1 +iv) /(ﬁ -P)Qds —2||Vu|?
952
+2Re/|u|2ﬁ7\1 .dex+2Re/|u|2uX2-vadx. (2.2)
2 2
Second,

8,/|Vu|2dx=2Re/VuVﬁtdx=2Re/(ﬁ-P)Qtds—ZRe/Auﬁtdx
2 2 982 2



702 H. Gao et al. /J. Math. Anal. Appl. 330 (2007) 699-714
=2Re/(ﬁ -P)Q,ds
982

- 2Re/ Auleii + (1 = iv)Adi + [ul*A - Vit + 2% - Vi
2
— (1 —iwlul*a]dx

=2Re/(ﬁ-P)Q,ds—ZaoRe/Auﬁdx
952 2
—2Re(l—iv)/|Au|2dx—2Re/|u|2AuX—1-Vﬁdx
2 22
—2Re/.AuIZ2X_2~Vudx+2Re(l —i,u)/|u|4L_¢Audx
2 2
=2Re/(ﬁ-P)Q,ds+2ao||w||2
952

—2a0Re/(ﬁ-P)st—2||Au||2+2Re(l—iu)/|u|4ﬁAudx
2

a2

—2Re/|u|2Au7\_1-Vﬁdx—2Re/Au7\_2-ﬁ2de.
2

2
Third,
8,/|u|6dx:6Re/|u|4ﬁu,dx
2 2
=6Re/ |u|412[ozou + (14+iv)Au+ |u|25;1 -Vu +u2X2 - Vi
2
— (I +iplul*u]dx
:6a0||u||g+6Re(1+iv)f|u|4ﬁAudx
2
+6Re/|u|6ﬁil -dex+6Re/|u|6u7\2-vadx—6||u||}8.
2 2
Fourth,

3,/u(§~Vﬁ)dx—[QQ,ds+/u12,ndx

2 982 2

(2.3)

2.4)

zzaoilm/(g-v;z)udx+2i1m/(g.Vﬁ)Audx+2iIm/(g-W)|u|2il-vudx
2 2 2
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+2i Im/@ VM)MZ)\Q Viudx —2i Im/|u| u(€ - Vi) dx

—|—21v/|n P| ds—ZLVZRe/(EJ)mumujdx—w/|P| ds

1
+iv/n|Vu|2dx— giu/ 101°ds + giu/n|u|6dx. (2.5)
2 982 2

To prove the above identities, we first differentiate |u 12 in ¢ and substitute u; by Eq. (2.1). An
integration by parts over §2 yields (2.2). Similarly, (2.3) and (2.4) can be obtained fairly easily.
To prove (2.5), we write

éj(u,ﬁj — lztuj) = 8;(145]'12]') - 81'(1/“2,5]') + uﬁ;ajéj. (2.6)

Integrating (2.6) over £2 we obtain

féj(u,u] u,u])dx—a,/uéju]dx—/n] QQ,ds—I—/uuta &jdx. 2.7
2 082 2
On the other hand,

Ej(upnj —uyu;) =2i&; Imuu
=2i&; Imi j[oou + (1 +iv)Au + |ul*hy - Vi +u>Viz -t
— (i) ul*u]
=200i&j Imuju +2i&; Im Auuj + 2ivé; Re Auu;
+2ig; Im |ul iy - Vit + 2i€; Imu®Xy - Viidj — 2i&; Tm |u*uit
— 2ipé; Re |ul*uii;. (2.8)

Terms in (2.8) are evaluated separately as follows:

2ivE; Re Auitj =2i€VRe Y (it ) — Ui jm]
m

= 2ivRe[(&jumit ) — Emttmit; ] — vi Y (3;(&jlum|?) — @€ |um|?)

m

. — ]'
— 2§ Re|u|4uuj = —glﬂ%j3j|u|6

1
= —5in(9;(&1ul°) = ;) 1ul’)

1 1
= =31 (&;1ul®) + giu(a,»snw. (2.9)

Substituting (2.8) and (2.9) in (2.7) we get
Ej(uenj —upuj) =20t Imu ju + 2i&; Im Auu j + 2i§; Im|u|25»1 -Vuu
+2i€; Imu’%y - Viidj — 2i&; Im |u|*ui
+ 2ivRe[(Ejumit j)m — E)mtmit |
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1
—sz (&5 luml?) = @ uml?) = 3ind; (&1ul%)

1
+ 3@l (2.10)

Integrating (2.10) over §2 and adding j = 1, 2 we obtain

/gj(u,ﬁj — i) dx =2a0iIm/(§ - Vit)u dx

2 2
+ 42i Im/(g - Vit) Audx2i Im/(f;‘ Vi) |ul®A1 - Vudx
~|—2iIm/(§ Viyu®iy - Viidx — 2i Im/ lu|*u(€ - Vi) dx

+21v/|n P ds—zzuZRe/(gl)mumu,dx

a2 m.J
—iv/|P|2ds+iv/n|Vu|2dx—§iu/|Q|6ds
052 2 a2
1
+§iu/n|u|6dx. 2.11)
2

Now we combine (2.7) and (2.11) for j =1, 2 to get
8,/u(E-VzZ)dx—/QQ,ds—i—/mZ,ndx
Q 882 Q

= 2wl Im/(é -Viu)udx + 2i Im/("g‘ -Vi)Audx + 2i Im/(é . Vﬁ)|u|2X1 -Vudx
+2i Imf(é . Vﬁ)uZXZ -Vudx —2i Im/ lu|*u(€ - Vi) dx

+2iv/|ﬁ~P|2ds—2inRe/(§j)mumﬁjdx—iv/ |P|ds
FYe) mj 0 Y]

1 1
+iv/n|Vu|2dx—§iu/ |Q|6ds+§iu/n|u|6dx. (2.12)
2 082 2

This completes the proof of (2.5).
To establish a bound for u in H' space, we multiply (2.1) by ni and integrate over £2 to
obtain

0=/nﬁ[ut —oaou — (1 +iv)Au — |u|2X1 -Vu —u25\2~Vﬁ—|—(1 —G—i,u)|u|4u]dx

2
=/nfmtdx—a0n||u||2—(1+iv)/nﬁAudx—/n|u|2L-vuﬁdx
2 2
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—/n|u|2u7\2-Vﬁdx+(1+m)/n|u|6dx. (2.13)
2 2

Therefore,

/nuﬁ,dx:oe()/mmzdx—(l—iu)/n|u|6dx+(l—iv)/n(ﬁf_’)st
2

2 2 82

—(1- iv)/((Vr; -Vit)u +n|Vul*) dx
2

+/n|u|27ﬂ.vaudx+/n|u|2ﬁ7\_2-wczx. (2.14)
Q Q
Substituting (2.14) in (2.13) and using (2.5) we find

8,/u(§~Vﬁ)dx—/QQ,ds+ao/n|u|2dx—(l—i,u)/nlu|6dx
052 2 2

2

+ —iv)/n(ﬁ-ﬁ)st—(l —iu)/((Vn~Vﬁ)u+77|Vu|2)dx
082 22

+/nlulzu)i-Vﬁdx+/n|u|2ﬁ5\_2~Vudx
2 Q

=2a0i1m/(g:-vu)udx+2i1m/(g-W)Audx+2i1mf(g-va)|u|211 - Vudx
2 2 2

+2i1m22-/u2v12(5-w)dx—2i Imf|u|4u(g.w)dx
2 2
+2iuf|ﬁ-P|2ds—2inRef(gj)mumﬁjdx—iv/|P|2ds
082 2 982

+iv | n|Vu| dx—gzu | 0| ds+§lu nul®dx. (2.15)
2 082 22

The above identity can be rearranged as follows:

i/(u|P|2—2v|ﬁ-P|2+§H|Q|ﬁ+iQQ,—(v+i>n<ﬁ-13>Q)ds
082
=—a,/u(g-Vﬁ)dx—aofn|u|2dx+(1—m)/n|u|6dx
2 2 2
+(1 —iv)/((Vn : Vﬁ)u+n|Vu|2)dx+2a0iIm/($~V12)udx
2 2

+2i1m/(g-Vﬁ)Audx+2i1m/(g-Vﬁ)|u|27\1 -Vudx
2 2
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+2i Im/ u?iy - Vi (& - Vi) dx — 2i Im/ lu|*u(E - Vi) dx
22 2

|
—2inRe/(§j)mumﬁjdx+iv/n|Vu|2dx+giu/n|u|6dx
mj 0 Q Q
—/n|u|2ui_1-vadx—/n|u|zﬁi_2-wdx. (2.16)
2 2

Our next goal is to obtain a bound on the integral of |7 - P|*. Let Q be any C* function on
£2 x [0, co) with compact support in x such that (see [26])

(1+iNAQ =0 —aQ — (a1 +ib)|QIVQ
— (@ +ib)Q°VO+ (1 +iw|Q*Q ondg, (2.17)
and
0=0 ondsf. (2.18)
In fact, any finite number of derivatives can be specified on d52. At each point we can write
|P?=lii- PP+ |A-P*=li-P*+|A-VQ| (2.19)
where A - P denotes the tangential component of P and
V[Pl =2vii- P|>=—v|ii- P>+ v|A- VO (2.20)
By substituting the above identities in (2.16) we obtain

v/ lii - P|*ds = /[v|A~VQ|2+ §M|Q|6+iQQ, — (v +i)nGi - P)Q} ds
082

982

—ia,/u(g-Vﬁ)dx—iaO/n|u|2dx+(u+i)/n|u|6dx
2

2 2

—}—(v—}—i)/[(Vn-Vﬁ)u+n|Vu|2]dx—2aolm/(.§-Vﬁ)udx
2 2
—21m/(§~Vﬁ)Audx —2Im/(g-va)|u|27\1 -Vudx
2 22

—2Imfu2X2-Vﬁ(g : Vﬁ)dx+21m/ lu|*u(E - Vi) dx
2 2

1
+2vZRe/($j)mumﬁjdx—v/n|Vu|2dx— g,u/n|u|6dx
Q

2 2
—i/n|u|2u5»_1-Vﬁdx—i/n|u|2ﬁ7»_2~Vudx. 2.21)
2 2

Assume that v # 0. Integrating (2.21) in 7, we have
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t
//|ﬁ-P|2dsdT

0 082

N“” 1 //|( . P)|lQldsdT

t
<C+//|A.VQ|2dsdT+
0 082 0 082
t

+N1/|u||Vu|dx+C1/(||u||2+||u||g)dT+C2//(|uVu|+|Vu|2)dxdT
0

+— dxdT
0
2
+|—/ (2.22)
0
where
M= Al rall, N = [ , max|V } 223
max{|21], 221} 1 = max{ max max|V&(x)| (2.23)
By Cauchy inequality, we have
/f|ﬁ~P|2dsdT<cg+c4(||u||2+||wu +csf el + ul$)
0 082 0
t
+ G |Vl dxdT+ﬁ |Vul|Au|dxdT
V
0 0
SMN
+ //I | |Vu| dxdT+ /|u| |VuldxdT
0
2MN
+ //|u| |Vu|dxdT. (2.24)
0

Now we are in position to prove the following global existence theorem.

Global Existence Theorem. Let h € H> = H*(2), Q € C' ([0, 00) x 3£2), 0(0, ) = h(-)
on 052. Assume that u is a solution for (2.1) and any one of the following criteria is true (M is
given by (2.23)):

@) 0<|v|< /Larbttmry, M2<3 241412

(i) |v|= 2 . w arbitrary, || < X2, M2 <3 —2JT+a2;
>iii) pv >0, M2<1

(iv) uv <0, [u| <% |v|>fM2<3 21+ u?;
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V) uv <0, |,u|> |v|> |a|<— —(1+,uv)<|a||u—v|andM2<(3 241 +a?).

Then u is a global solution in H?. In the other words, for any T > O there exist constants
K1, K7 > 0 depending on parameters in (2.1), T and initial-boundary data such that

lull i < K1, 0<t<T,

lull g2 < Kz, 0<r<T.
Proof. Let
1 )
Es(u(t)) = Enwn2 + gnung. (2.25)

Then by (2.3) and (2.4), we have

dEs 2 2
d——Re (- P)Qrds —agRe | (i - P)Qds + aol|Vull* — || Aull
92 082

+Re(1+iu)/|u|4um7dx—Re/|u|2AuX_1.Vﬁdx

—Re/ﬁ2Au7\_2.de+aoa||u||g+5Re(1+iv)/|u|4ﬁAudx
2
+5Re/|u|6ﬁil-Vudx+5Re/|u|6uX2-szdx—anun}g
2 2
— (Il Aull® + 8llullig) + C7Es (1)

1 .
+§Re/(|u|4u,Au)N0(|u|4ﬁ,Aﬁ)de—i-max{l,ozo}/ lii - P1(1Q4] +1QI) ds
2 982
+2M/|u|2|Au||Vu|dx+2M8/|u|7|Vu|dx, (2.26)
2

where (Ju|*ii, Ait)T denotes the transpose of (|u|*u, Au) and

No — 0 1+8—i(vs —p)

=\ 14+8+iws—p) 0 '
Furthermore,

d

1 1
E(Es + Enunz) < Cg+ C9<Ea + Enunz) — (Il + 1Vull?) = (1A17 + Sllull}))

+§f|ﬁ-P|2ds+2M/|u|3|Vu|dx+2Mf|u|2|Au||Vu|dx

1
~|—2M8/|u|7|Vu|dx—|—5Re/(|u|4u,Au)No(|u|412,Aﬁ)de.

2 2
(2.27)

If o] < *43 then 3 — 2¢/T + o2 > 0 and
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Re(l+ia)/|u|4ﬁAudx
2
=Re(l +ia)/u2ﬁ3Audx
22
=Re(1+ia)/(ﬁ.P)|Q|4st—2Re(1+ia)/(W)2|u|2ﬁ2dx—3/|W|2|u|4dx
082 2 2

<R6(1+ia)/(ﬁ-P)|Q|4st—(3—2\/1+a2)/|Vu|2|u|4dx. (2.28)
082 2

This implies that

d 1 1 N
E( 5+5||u||2) <C10+C11(E6+§||M||2>—(||M||g+||vu||2)+€/ lii - P|*ds
082
—(1—k)(||Au||2+5||u||}g)—ﬁ(3—2\/1+a2)f|u|4|vbt|2dx
2

+2M/|u|2|Au||Vu|dx+2M8/|u|7|Vu|dx
2 2

+ %Re'/(|u|4u, Au)N (Jul*i, Aﬁ)de (2.29)
2
where
N:( —28k 1+8—ﬁ—i(v8—u—otﬁ)>
1+5—n4+i(wé—u—an) —2k

and 7 is a positive constant to be chosen. In addition, & is a constant between 0 and 1 and Cjg is
a constant depending on Q and Cg. Now we integrate (2.29) in ¢ and substitute (2.24) to get

t

t
1 1
E5+§||M||2<C11/<Ea+Ellbtllz) dT+cu—/(||u||2+||Vu||2)dT
0
t
— = [(1aul? + ohul}f) ar
0

t
—ﬁ(3—2\/1+a2)//|u|4|Vu|2dxdT
0 2

t

t
+2M//|u|2|Au||Vu|dxdT+2M8//|u|7|Vu|dxdT
0 2 0 2

t
+ %Re[/(|u|4u,Au)N(|u|4ﬁ,Aﬁ)dedT
0 £
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+ Cae(llull* + ||Vu||2)+cse/(||u||2+ lull§)dT
0

t t
+ Coe |Vu| dxdT+ﬁe |Vul|Au|dxdT
%
0 2

0

&M

1—0//

By choosing € such that C4e < % and using some elementary inequalities, we have

L cae (B + L
AL

1 t

L 6 2
SCi+Cu [ | Es+ Sl )dT + Cis (lullg + 1Vull?) dT
0

0

lu)P|VuldxdT.  (2.30)

t t
—(1—k—e)/(||Au||2+8||u||}8)dT—[ﬁ(3—2\/1+a2)—e]//|u|4|Vu|2dx
0 0 2

t

t
+2M//|u|2|Au||Vu|dxdT+2M8f/|u|7|Vu|dxdT
0 2 0 2
1 t
+ 5Re//(|u|4u,Au)N(|u|4IZ,AL?)dedT
0 2
t 1 t
<c13+c14/<E5+5nuu2) dT+cls/(||u||2+ IVull?)dT
0 0

t
—<1—k—e)/(nAunz+a||u||%8)dT
0

_[ﬁ(3_zm)_e]//mr‘wmzdxdT

+17//|u| |Vu| dxdT + (1 —k —e)/||Au|| dT
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t

t
10 M3 4 2
+ (1 —-k—e€)d ||u||10dT+ﬁ lu|"|Vu|“dxdT
—k—¢€
0 0 2

t
+ %Re//(|u|4u,Au)N(|u|4ﬁ, Aid)" dxdT
0 2

t t
1 1
<Ciz+ C16/(E5 + 5||u||2) dT + 3 Re/ /(|u|4u, Au)N (Jul*i, Aﬁ)de dT
0 2

t

2
+[w +e—ﬁ(3—2m)]//lul4|VuI2dxdT- @31
0 2

1—k—¢

Assumptions on p, v and « in the global existence theorem imply that N is negative semidef-
inite [9,10,24]. Similar to discussions in [21,24], we write = 1 4+ § and see that

M*(1+3$
%H—ﬁ(s—z\/uoﬂ)go, (2.32)
—k—¢€
M*(148) <7(3 -2V 1+0a?), (2.33)
for any 0 < € < 1 — k. Therefore,
1 t t 1
Es + 5 lull” + 61/ lAu|?dT < My + M2/(E5 + Enunz) dr, (2.34)
0 0

where €] =1 —k — €. By Gronwall’s lemma, u € H'N LS for anyt >0,and u € L2([O, T1, H2)
forany T > 0.

To study the local existence, we first homogenize the boundary condition by setting up
v(x,t) =u(x,t) — Q(x,t), where Q(x,1) is defined in (2.17) and (2.18). This procedure leads
to

vi=(1+iv)Av+ F(O,v). (2.35)

Since f(-):H?> — H! is locally Lipschitz continuous, (2.1) has a unique solution u €
cl(0,T), HHn (0, T), H?) for some T > 0 [27,28].
In order to show that || Au||; is bounded, we rewrite (2.35) as

v =aov + (1 +iv)Av + [v]*A1 - Vo + 020 - Vi — (1 + i) |v*v
+ f1(Q) + f2(0,v) (2.36)

and

vlpe =0 (2.37)
where

AD) = +iAQ = 0 +10P% - VO + 0%h2- V0 — (1 +iw)| 01D,

f2(0,v) =41 - [2Re(QD)Vv + |Q*Vv + [v’V 0 +2Re(Q) VO]

+72 [PVO+200Vi+ 200V 0 + 0?Vi]
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— (1 +i)[v[*Q + 4Re(Q)*v + 4Re(Q1)* O + 4|v|*vRe(01)

+4[v*ORe(QD)]

— L+ i [210Pv| QP +2[v* Q10 +2|0F v +101*].
Since |[u]l ;1 is bounded, O € C3(2 x (0, T)), by (2.36) we see that |Av|| — C < [|Aul| <
|Av|| + C and Cp7(Jlve]l — 1) < ||Av]| < Cig(Jlve|| + 1) for positive constants C, Cy7 and Cig
are positive.

Therefore, the only remaining term to be estimated is ||v; ||. Differentiating (2.36) with respect
to t, we have

v = vy + (1L +iv) Ay, + (|02 - Vo), + (V222 - V), — (L +iw)(jvl*),
+ (f1(D), + (/2(0. ), (2.38)

We now take the real part of the L2-inner product of (2.38) with v,. After an integration by parts,
we note that Q € C*(£22 x (0, T)) and |[u|| ;1 is bounded so we can apply Cauchy inequality to
obtain

Ld llog |I*
2dr

< apllvll* — Vo I* + C[/ [V ||ve ] dx +/ |U||VU||U1|2dx:|
2 2

+C /IvlletIIvtlder/IvlleIIvzlder/IVvllvt|2dX+/IszllvzldX}
2 2 2 Q

+C /|v|4|vt|2dx+/|v|3|vt|2dx+f|v|2|vt|2dx+/|v||vt|2dx}
R 2 2 2

+C f|v|4|vz|dx+/|v|3|vt|dx+/|v|2|v,|dx+/|v,|2dx+1} (2.39)
Q 2 2 2

and

/|U|2|VU1||Ut|dx <€1||Vvt||2+c(fl)/|U|4|Ut|2dx~
2 2

Using Gagliardo—Nirenberg inequality in two dimension, we get

4 2 4 2 2 2 2 4
/Ivl |ve | dox < vl oo llveI” < ClUIP AVl 17 < C (1 A+ uell™).
2

Therefore we obtain

/|v|2|wz||vf|dx <el||Vvt||2+C/ PIMEAREES
2 2

<ellVu 2 +Cc(1+ [vll*), (2.40)

/ ]|Vl lv | < [lv]l o f IVollv | < erlIVo I + C(1+ [lv 1Y) (2.41)
22 2
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and

thVwHwa<6MVWW41/WVMde<6NVWV+4X1+HwW) (2.42)
22 2

The remaining terms in (2.39) could be estimated easily. Since €; is small enough, by (2.40)—
(2.42) we get

d
Eﬂmﬂ<aﬂmﬁ+qwmﬁ+@L

Or equivalently,

d
Ul + 1) < (lul® + 1)°. (2.43)

By (2.43), the term fé | Au||?dz is bounded, so is fé |Av||>dt. This implies that the term
fot v I?dz is bounded. By uniform Gronwall inequality [29] we get v I < C(T), hence

|Aul|> < C(T). Therefore, the solution obtained in the above exists in H?> globally and the
proof of the Global Existence Theorem is now complete. O
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