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Abstract—The distribution of zeros of solutions of the neutral advanced differential equations
[z(t) + POzt + 7)) - Q)z(t+0) =0,  t2>to,

is investigated, where P(2), Q(t) € C([to, o), BR*), 7,0 € Rt. The estimate for the distance between
adjacent zeros of the oscillatory solution of the above equation is obtained. (© 2004 Elsevier Ltd.
All rights reserved.
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1. INTRODUCTION

Recently, there are a lot of activities concerning the distribution of zeros of solutions of delay or
neutral delay differential equations; for example, see {1-7]. But, for the distribution of zeros of
solutions of advanced differential equations, compared with those of delay differential equations,
less is known up to now. This paper is devoted to the study of the distribution of zeros of
solutions of the following neutral advanced differential equations:

[2(t) + PQ)z(t + 7)) — Q)z(t+0) =0,  t>to, 1)
where
P(t),Q(t) € C ([to,0),RT), 7,0 € R™. (2)

In this paper, we first give several lemmas which will enable us to prove our main results. Next, we
study the distribution of zeros of solutions of equation (1). The estimate for the distance between
adjacent zeros of the oscillatory solution of equation (1) is obtained. Finally, two examples are
given to illustrate our results.

2. LEMMAS
First, we define a sequence {fn(p)}, 0 < p < 1, by [5]
folp) =1, fasi(p) =€) n=0,1,2,.... (3)
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It is easily seen, that for p > 0,

fn+1(P)>fn(P), n=12....

Observe by [5], that when 0 < p < 1/e, then there exists a function f(p) such that
Jlim fo(p) =f(p), 1< f(p) <e,
and
7(p) = e#70), @)

However, when p > 1/e, then

lim fn.(p) = +oo.

=00

Next, we also define a sequence {g..(p)}, 0 < p < 1, by [5]

2(1 — 2(1 -
91(p) = ( 02 p), Im+1(p) = p_z——lf—2/__g§:)(p—)’

=1,2,.... (8)
It is easily seen that for 0 < p < 1,

gm+1(p) <g’m(p)a m=12,....

Observe by [5], that when 0 < p < 1/e, then there exists a function g(p) such that

A gm(p) = 9(p)

and 9 1
= , for0<p< -~ 6
9(p) PPy y P (6)
To prove our main results, we need the following lemmas.
Consider the advanced differential inequality
z'(t) — Q)z(t + o) > 0. (7)

LEMMA 1. Suppose that Q(t) € C([to, <), RY), 0 € RT and let z(t) be a solution of inequality (7)
on [tg,00). Further, assume that there exist t; >ty and 0 < p < 1 such that
t+o
Q(s)ds > p, fort > t1, (8)
t
and that there exist Tp > t; and T > Tp + 30 such that z(t) is positive on [Tp, T). Then, for any
n > 1 such that T — (2 + n)o > T,

z(t+ o)

2 ), rte (T = (4, ©
where fr(p) is defined by (3).
Proor. From (7), we obtain

z'(t) > Q(t)z(t + o) >0, for t € [T, T — o], (10)

which implies that z(t) is nondecreasing on [Ty, T — o]. It follows that

2t +9)

o > 1= folp), for t € [Tp, T — 20]. (11)
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When Tp <t < T — 30, by dividing (7) by z(f) and integrating from ¢ to ¢ + o, we get

z(t + o) o z(s + a)

In @ ) Q(s)————= =09) ds > 0. (12)
By using (8), (11), and (12), we have
z(t+0) fite z(s+0) .
R e ft Q)2 ds 2 pfolp)

It follows that
z{t+0)

pfolp) _ -
o) >e fi(p), for t € [Ty, T — 30].

Repeating the above procedure, we get

23(;?;)‘7) > erfr-1(0) = £ (p), for t € [Tp, T — (2 +n)o].

The proof of Lemma 1 is complete.

LEMMA 2. Suppose that Q(t) € C([to, ), Rt), 0 € RT and let z(t) be a solution of inequality (7)
on [tg,00). Assume that there exist t; >ty and a positive constant p < 1 such that
t+o
Q(s)ds > p, for t > tq, (13)
t

and

540 s
/ Qu)du > Q(u) du, forti <t<s+o<t+o. (14)
t t—o

Further, assume that there exist To > t1 + ¢ and a positive integer N > 4 such that z(t) is
positive on [Ty, Ty + No|. Then, for any m < N —3,

x(i(*t')") <gmlp),  fort e [To+mao,To+ (N - 3)a], (15)

where g, (p) is defined by (5).
Proor. From (13), we know that

t
/ Q(s)ds > p, fort >t +o.
t—o

Note that F'(A) = ft _, Q(s)ds is a continuous function. F(t — o) =0 and F(¢) > p. Thus, there
exists a A; such that ft_a (s)ds = p, where t —o < Ay <t. When Tp + o0 <t < Ty + (N — 3)0,
integrating both sides of (7) for t — o to A, we obtain

A
(M) —z(t—0) > Q(s)x(s + o) ds. (16)

t—o

Sincet —o < s <t, we easily see that t < s+ 0 <t+0 < Ty + (N — 2)o. Integrating both sides
of (7) from ¢ to s + o, we get

8+o0
z(s+0) —z(t) > /t Qu)z(u + o) du.
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From (10), it is clear that 2(u + ) is nondecreasing on To < u < To+ (N —2)o. By (14), we get
s+0o 8
z(s+ o) > z(t) + z(t +0) / Qu) du > z(t) + z(t + o) / Q(u) du. (17)
t t—-o
From (16) and (17), we have
At
z(A) 2 z(t—0) + Q(s)z(s+o)ds
t—o
At s
>z(t—o0)+ Q(s) [m(t) +z(t +0) / Q(u) du] ds
t—o t—o
)\t g
= z(t — o) + pz(t) + z(t + o) Q(s)ds Q(u) du
t—o t—o
P2
=x(t — o) + pz(t) + 3:::(15 +0).
Noting that z()\;) < z(t), we get
2
z(t) > z(t — o) + pz(t) + -2—a:(t +0). (18)
Again since z(t — o) > 0 for t € [Ty +0,To + (N — 3)o], by (18), we obtain

When Ty + 20 <t < Tp + (N —3)o, we easily see that Tp +0 <t —0 < To + (N — 4)o. Thus,
by (19), we have

z(t) _ z(t+o0)

alp) ~ gl

z(t —o) >
Substituting this into (18), we have

z(t + o)
g3 (p)

2
z(t) > + pz(t) + %x(t +o), forte[To+20,To+ (N —3)ol.

Therefore,

g(t+0) __2(1—p)
x(t) p®+2/g3(p

] = g2(p), for t € [To + 20,To + (N — 3)a].

Repeating the above procedure, we obtain

z(t+o) ___ 20-p)
z(t) p? +2/g%_1(p)

= gm(p), for t € [To + ma,To + (N — 3)a]. (20)

The proof of Lemma 2 is complete.

3. MAIN RESULTS
THEOREM 1. Suppose that (2) holds and that R(t) € C([to, 00), RT), where

R(t) = ——————Q(g(f ¢ j)"). (21)
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Further, assume that

R'(t) >0, o>71>0, (22)
and that there exists t; > tg such that
t4+o— Q(S)
ds>1 fort > ty.
/t 1+R(s+o—1) =5 ert=th (23)

Then, for any T > ty, every solution of equation (1) has at least a zero on [T, T + 30 — 7].

Proor. Otherwise, without loss of generality, we may assume that z(t) is a solution of equa-
tion (1) satisfying =(t) > 0 for ¢ € [T,T + 30 — 7]. For the convenience, in the sequel, we
denote

z(t) = z(t) + P(t)z(t + 7). (24)
Clearly, we have
z(t) >0, fort € [T,T + 30 — 27|, (25)
and
Z(t) = Q)z(t+0) >0, fort e [T,T + 20 — 7}, {26)

which implies that z(t) is nondecreasing on [T, T + 20 — 7]. By (26) and (24), we obtain
2'(t) = Q) z(t + o)
=Q)z(t+0)— Pt +0o)z(t+ 0 +71)]
Q)P +o0) ,

=Q(t)z{t+ o) — —Wz (t+71).
That is,
2+ R(t)Z(t+7) - Q)z(t +0) =0, for ¢t > T, (27)
where R(t) = Q(t)P(t +0)/Q(t +7) > 0. We set
w(t) = z(t) + R()z(t + 1), fort > T. (28)
Thus, we have by (25) and (28)
w(t) > 0, fort e [T,T + 3(c — 7)), (29)
and by (22), (25), and (27),
w'(t) = R'(t)2(t +7) + Q(t)z(t + ) > 0, fort e [T,T+2(c —7)]. (30)

Since z(t) is nondecreasing on [T, T + 20 — 7], we have by (28)
w(t) < [14 R{t)]z(t +7), forte [T,T +2(c — 7)].

Thus,
w(t)
> — T

z(t+7’)_1+R(t), fort e [I,T+2(0 —1)]

It follows by (22) and (30), that
ey Q) :
w'(¢) T¥ Rt +oo T)w(t—i—a—'r) >w'(t) - Q(t)z(t+0) >0, fort € [T,T+o—r7]. (31)
Integrating both sides of (31) from T to T + o — 7, we obtain by (23),(30)
T+o—T1 Q(S)
— > —
w(T +o T)_w(T)-i—jé 1+R(s+o——7')w(s+a T)ds

>w(T)+w(T+o—71).

That is, w(T) < 0, which contradicts (29) and completes the proof.



1002 H. YE AND G. GAOQ

COROLLARY 1. Assume that the conditions in Theorem 1 hold. Then, the distances between
adjacent zeros of every solution of equation (1) on [t1,00) are less than 30 — .

THEOREM 2. Assume that (2), (21), and (22) hold and that there exist t; > tg and a positive
constant p, 1/e < p < 1, such that

t+o—1 Q(S)
> p.
/t 1+R(s+a—'r)ds*p (32)
Further, assume that
J O QW
¢ 1+Ru+o—~7) = Jiopr L+ Ru+o—71) "’ (33)

t1 £tL<s+o0—-7<Lt+0~1T.

k(o '—, T w. s ’ futi 1 tion (1) has at least a zero on [ s | o
( )]; here ] +2
n>1}n>1{ b ‘ ]n(ﬂ) Z gm(P)}. (3 )

Proor. Otherwise, without loss of generality, we assume that xz(t) is a solution of equation (1)
satisfying z(t) > 0 for ¢ € [T, T + 20 + k(o — 7)]. By the proof of Theorem 1, we obtain

w'(t) ~ T +R(?$)a _T)w(t—}-a—T) >0, fort € [T,T + k(o — 7)),

and
w(t) >0, fort e [T,T + (k+2)(oc —7)].

Let k = n* + m* satisfy
fo(p) 2 g~ (p)- (35)

By Lemma 1, we have

.“’-(-t—%%'—l) > farlp),  fort€[T,T + (k —n*)(o — 7). (36)
On the other hand, by Lemma 2, we obtain

w(t+o~7)
w(t)

Setting t* =T + (k —n*)(¢ —7) =T + m*(c — 1) in (36) and (37), we have

< gm=(p), forte[T+m*(c—7),T+(k—1)oc—T)]. (37)

fn* (P) S

which contradicts (35) and completes the proof.

COROLLARY 2. Assume that the conditions in Theorem 2 hold. Then, the distances between the
adjacent zeros of every solution of equation (1) on [ty + 0 — T,00) are less than 20 + k(o — 7),
where k is defined by (34).
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THEOREM 3. Assume that (2), (21), (22), and (33) hold and that there exist t; > %, and a
constant p, 0 < p < 1/e, such that (32) holds. Further, assume that there exists a sequence
{T:} : T; — o0 as i — oo such that

Tito—1 2
Q(s) l1+Inf(p) 1-—p—+/1-2p—p
/T,, [T Rsto-n 21 770 2 ’

(38)
where f(p) satisfies equation (4) on [1,e]. Then, every solution of equation (1) has at least a zero
on [T; —m*(o — 7),T; + 20 + n*(0 — 7)], where m* and n* satisfy T; > t; + (m* +1)(o ~ 7) and

1+1nfn—l(p) - 1 }
Frn—1(p) gm(p) .

(39)

n* +m* = _min {n—i—m | L>
n>1,m>1

Proor. Otherwise, without loss of generality, we assume that z(t) is a solution of equation (1)

satisfying z(t) > 0 for ¢ € [T; — m*(c — 7),T; + 20 + n*(o — 7)]. By the proof of Theorem 1, we

have

, Q)
v - ¥ Reto=7

w(t+o—71)>0, forte[l;—m*(c—7),T;+n*(c—7)], (40)

and w(t) > 0, for t € [T; — m*(0 — 7),Ti + (n* +2)(¢ — 7)]. By Lemmas 1 and 2, we have

ﬂ;:((;fnﬂ > fur(p), for t € [T; — m*(o — 1), T3, (41)
e Z‘f‘t‘)'_—” > faeoi(p),  forte(T;—m'(o—7),Ti+o —7l, (42)
and
w(t) 1

wiro-n) gy rreleLir =D =) (43)

Clearly, from (30) we have
w'(t) >0, forte [T, —m*(c —71),T; + (n* + 1){o — 7)].

That is, w(t) is nondecreasing on t € [T; —m*(o —7),T; + (n* +1)(o —7)]. From (39), n* and m*
satisfy
T > 1+1nfn*—l(p) 1

L — . (44
fn*—l(p) gm* (,0) ' )
Since {fn(p)} is increasing, by (41) we have
w(T;+0—7)
——— L > * .
Since w(t) is nondecreasing, there exists a t} € (T3, T; + 0 — 7) such that
w(T;+o0~71)
—w_(t_;!‘_)__ = fne—1(p). (46)

Integrating (40) from T; to ¢} and noting that w(t) is nondecreasing, we obtain

w(ty) —w(l3) > /T: : +R(C§(j)a_~7)w(s+a —7)ds
Q) ds

1+R(s+o—71)

t
Zw(Ti+a—7')/
T;
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which implies

K Q(s) w(t;) w(T)
/T,- 1+R(s+a—7‘)dssw(T¢+cr—'r)—w(T,-—I—a-—'r)' (47)
From (43), (46), and (47), we obtain
Kl Q(s) 1 1
/Ti 1+R(s+0o—7) ds < Frr—1(p) - gm=(p)’ )

Dividing (40) by w(t) and integrating from t} to T} + o — 7 and noting (42), we have

Lito-r w'(s) Tito-r Q(s) w(s+o—7)
/t; w(s) B2 /t [TRsto-r)  wE) ©

Tito—T1
Q(s)
Z far-1(p) ¢ 1+ R(s+o0—17)

ds,

which implies

Tit+o—7 Tito—1 4
Q) 1 (), Infas(p)
/t; T+ Rs+o-7) " = 7o) / ws) © = T

From (44), (48), and (49), we have

T;+o—1
/ Q(S) ds S 1 +1n.fn*—l(P) _ 1 < L,

T 14+ R(s+o0—7) far-1(p) gm=(p)
which contradicts (38) and completes the proof.

COROLLARY 3. Assume that (2), (21), (22), and (33) hold and that there exist t; > ty and a
constant p, 0 < p < 1/e, such that (32) holds. Further, assume that

lim sup
t—oo

/-t+G—T Q(S) dS>L>1+lnf(p)—1——p_v1—2p_p2
5 .
t

1+ R(s+o—1)  — (o)

Then, every solution of equation (1) oscillates.
Finally, we give two examples.

ExampLE 1. Consider the neutral advanced differential equation
[z(t) + z(t + 1)) - 4z(t + 1.5) = 0, t>0, (50)

where P(t) =1, Q(t) =4, 7 =1, 0 = 1.5. We have R(t) =1 and

t4o—~1 Q(S)
= > 0.
/t 1+R(s+a—7')ds L, £20

Applying Theorem 1, we obtain for any T > 0 every solution of equation (50) has at least a zero
on [T, T+ 3.5]. Therefore, the distances between adjacent zeros of every solution of equation (50)
on [0, 0) are less than 3.5.

ExXAMPLE 2. Consider the advanced differential equation

2/(t) - %(1 +oos2mi)a(t+1) =0, 20, (51)
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where P(t) =0, Q(t) = (2/5)(1 + cos2nt), 7 =0, o = 1. We have R(t) =0,

tto~—7 Q(S) 9 1
ds=—-= - t>0
/{ 1+R * P>

(sto-m) " 5 T "=
and
/S+U_T Q(u) duZ/s o) du 0<t<s+o<i+o
. TFRuto-n T ) Ti Ruto—n) ™ 0Sisstostio

It is easy to see that

fn(p) <5<gm(p>v 1<n< 10, le,
f11(0) > gm(p), m > 3;
fi2(p) > gm(p), m>1.

Hence, we have k = 12+ 1 =13 and 20 + k(o — 7) = 15. By Corollary 2, the distances between
adjacent zeros of every solution of equation (51) on [1, c0) are less than 15.
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