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Abstract

We show that in the Snyder space the area of the disc and of the sphere can be quantized. It is also shown that the area spectrum of the sphere
can be related to the Bekenstein conjecture for the area spectrum of a black hole horizon.
© 2008 Elsevier B.V.
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1. Introduction

One of the fundamental problems in physics is the quan-
tization of gravity. A satisfactory solution to it has not been
given yet. Nevertheless, there are signs that the theory must im-
ply discretization of some geometric quantities. For instance,
it can be shown from heuristic arguments that the area of the
event horizon of a black hole must have a discrete spectrum.
The proof follows from Ehrenfest principle [1], which states
that to every classical adiabatic-invariant there corresponds a
discrete spectrum in its quantum version. Thus, as this area is
proportional to the entropy of the black hole, which is a classi-
cal adiabatic-invariant, Bekenstein proposed that it must have a
discrete spectrum in the quantum level of the form [2,3]

(1)An = 4πr2 ≈ γ l2
pn, n = 1,2, . . .

with γ being a proportionality constant and lp = √
h̄G/c3 the

Planck length. It can be seen that (1) is essentially the area of a
sphere of radius r .

It is expected that the correct version of quantum gravity be
consistent with proposal (1). That implies a space–time con-
sistent with discretization of some geometric quantities in the
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level of quantum gravity. In this sense, G. ’t Hooft showed that
in quantum gravity in (2 + 1) dimensions a discrete space–time
is obtained in an effective fashion [4]. This result suggests that
in other dimensions quantum gravity implies discrete spaces.
It is worth pointing out that the discrete space obtained by
G. ’t Hooft is the so-called Snyder space, which is interest-
ing because it is discrete, noncommutative and compatible with
the Lorentz symmetry [5]. In fact, based on it other Lorentz-
invariant discrete spaces can be constructed [6–8]. A proposal
to quantize gravity based on discrete spaces can be seen in [9].

In this Letter we show that, starting from the Snyder space,
the area of the disc and of the sphere can be quantized. We also
show that the area spectrum of the sphere can be related to the
Bekenstein conjecture (1).

The manuscript is organized as follows: in Section 2 we
study some properties of the Snyder space. We then use these
properties to calculate the area quantum: of the disc in Section 3
and of the sphere in Section 4. Finally, in Section 5 we summa-
rize our results.

2. The Snyder space

We shall express the Snyder space in terms of the ζA =
(ζ 0, ζ 1, . . . , ζD, ζD+1) variables which are considered in a flat
metric with signature sig(ηAB) = (1,−1, . . . ,−1,−1). In this
fashion, the actual coordinates of the Snyder space [5] and their
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commutation rules are given by

(2)x̂μ = −ia

(
ζD+1 ∂

∂ζμ

− ζμ ∂

∂ζD+1

)
,

(3)
[
x̂μ, x̂ν

] = ial̂μν,

(4)l̂μν = −ia

(
ζ ν ∂

∂ζμ

− ζμ ∂

∂ζν

)
,

(5)μ,ν = 0,1, . . . ,D.

where a is a constant with units of length and ζD+1 is a para-
meter invariant under the SO(D,1) group [5]. In particular, for
the D = 3 case, the commutation rules of the spatial variables
can be represented by the matrix

(6)Cij =
⎛
⎝−ŷ x̂ l̂ 12

−ẑ ŷ l̂ 23

−x̂ ẑ l̂ 31

⎞
⎠ , x̂ = x̂1, ŷ = x̂2, ẑ = x̂3.

Notice that the rows of this matrix satisfy the commutation rules

(7)[Cli,Clj ] = iaεijkClk.

That is, for every pair of spatial variables and their commutator
the SO(3) algebra holds, i.e. a noncommutative space of the
type of the fuzzy sphere [10].

It can be shown that l̂μν is the generator of Lorentz transfor-
mations in the Snyder space [8]. In fact, for the spatial part of
the commutation rules, (3) can be written as

(8)[x̂i , x̂j ] = iaεijk l̂k, l̂i = −iaεijkζ
j ∂

∂ζ k
,

where l̂i is the generator of rotations which satisfies

(9)[l̂i , l̂j ] = iaεijk l̂k,

(10)[x̂i , l̂j ] = iaεijkx̂k.

By using l̂i and x̂j , one may define the operators

(11)M̂i = 1

2
(l̂i + x̂j ),

(12)N̂i = 1

2
(l̂i − x̂j ),

which satisfy

(13)[M̂i, M̂j ] = iaεijkM̂k,

(14)[N̂i , N̂j ] = iaεijkN̂k,

(15)[N̂i , M̂j ] = 0.

That is, the algebra of SO(3) × SO(3). In this sense the spatial
sector of the Snyder space can be regarded as a combination of
two fuzzy spheres.

3. Area quantum of the disc

To obtain this quantum we use the spatial part of the com-
mutation rules (3), which are equivalent to (6). In particular, for
the x–y plane we define the operators

(16)L̂2 = x̂2 + ŷ2 + (
l̂12)2

,

(17)Â = π
(
L̂2 − (

l̂12)2) = π
(
x̂2 + ŷ2),

where Â can be identified with the area operator of a disc. By
using the fact that the rows of matrix (6) satisfy the SO(3) alge-
bra, Eq. (7), one finds the spectra

(18)L̂2|nm〉 = L2
nm|nm〉 = a2n(n + 1)|nm〉,

(19)Â|nm〉 = Anm|nm〉 = πa2[n(n + 1) − m2]|nm〉,
(20)for n = 0,1,2, . . . and − n � m � n,

so that the area of the disc, Anm, is discrete.
It can be shown that the uncertainty principle

(21)	x	y � 1

2

∣∣[x̂, ŷ]∣∣,
for this case becomes

(22)
a2

2

[
n(n + 1) − m2] � a2

2
|m|.

Notice that the equality holds when m = ±n, which is the case
of the coherent states. Thus, for the coherent states the area of
the disc has spectrum

(23)Ann = πa2n.

We remark that, for a given n, the uniformly spaced spectrum
holds when |m| reaches its largest value, which occurs when the
area is a minimum.

All the previous results hold equally for the x–z and y–z

planes. Another noncommutative space that allows to quantize
the area of the disc can be seen in [11].

4. Area quantum of the sphere

To get this quantum let us recall that in Minkowski space

(24)ds2 = c2(dt)2 − (dr)2 − r2 d2Ω,

whereas in Schwarzschild space

ds2 =
(

1 − 2MG

c2r

)
c2(dt)2 −

(
1 − 2MG

c2r

)−1

(dr)2

(25)− r2 d2Ω,

so that the area of the sphere in each case is

(26)A = 4πr2.

Therefore, in principle, the spectrum of A must be the same in
either the Minkowski or Schwarzschild space. Then, as quan-
tizing A is equivalent to quantizing r2 = x2 + y2 + z2, we use
Eqs. (11)–(12) to find

(27)r̂2 = x̂2 + ŷ2 + ẑ2 = (M̂ − N̂)2 = M̂2 + N̂2 − 2N̂ · M̂,

(28)l̂ 2 = (M̂ + N̂)2 = M̂2 + N̂2 + 2N̂ · M̂,

which can be combined to get

(29)Â = 4πr̂2 = 4π
(
2
(
M̂2 + N̂2) − l̂ 2).

By using the addition rule of two angular momenta one gets to
the spectrum [12]

(30)Al l = 4πa2(2
(
l1(l1 + 1) + l2(l2 + 1)

) − l(l + 1)
)
,
1 2



J.M. Romero, A. Zamora / Physics Letters B 661 (2008) 11–13 13
where l1, l2 = 0,1,2,3, . . . and |l1 − l2| � l � l1 + l2. Notice
that in the case l1 = l2 = n and l = 2l1 = 2n, one finds the spec-
trum

(31)An = 8πa2n,

which coincides with Bekenstein conjecture (1). Comparison
between spectra (31) and (1) suggests that the constant a must
be of the order of the Planck length.

Analogously to the disc, for l1 = l2 the uniformly spaced
spectrum is obtained when l is maximum; that is when the area
is a minimum.

It should be pointed out that, starting from the Snyder space,
Yang constructed a discrete space–time which, apart from be-
ing compatible with the Lorentz symmetry, is also compatible
with the Poincaré symmetry [6]. The commutation rules in the
spatial coordinates of the Yang space coincide with those of the
Snyder space and so the results here presented are also valid for
the Yang space.

The fact that the Snyder space is compatible with Bekenstein
conjecture (1) reinforces the idea that in some limit quantum
gravity in (3 + 1) dimensions implies the Snyder space. Other
works relating quantum gravity and noncommutative spaces
can be seen in [13].

5. Summary

It was shown that the spatial sector of the Snyder space can
be regarded as an array of fuzzy spheres. In addition, the area
quantum of the disc and of the sphere were obtained. It was also
shown that a uniformly spaced spectrum may be obtained for
the sphere which coincides with the Bekenstein conjecture for
the area of a black hole horizon. This last result reinforces the
idea that in some limit quantum gravity in (3 + 1) dimensions
may imply the Snyder space.

Acknowledgements

J.M.R. wishes to thank the Instituto de Ciencias Nucleares
for kind hospitality.

References

[1] P. Ehrenfest, in: M.J. Klein (Ed.), Collected Scientific Papers, North-
Holland, Amsterdam, 1959.

[2] J.D. Bekenstein, Phys. Rev. D 7 (1973) 2333.
[3] J.D. Bekenstein, in: T. Piran, R. Ruffini (Eds.), Proceedings of the Eight

Marcel Grossmann Meeting, World Scientific, Singapore, 1999, p. 92, gr-
qc/9710076.

[4] G. ’t Hooft, Class. Quantum Grav. 13 (1996) 1023, gr-qc/9601014.
[5] H.S. Snyder, Phys. Rev. 71 (1947) 38.
[6] C.N. Yang, Phys. Rev. 72 (1947) 874.
[7] S. Tanaka, hep-th/0303105.
[8] J.M. Romero, J.D. Vergara, J.A. Santiago, Phys. Rev. D 75 (2007) 065008,

hep-th/0702113.
[9] F. Dowker, J. Henson, R.D. Sorkin, Mod. Phys. Lett. A 19 (2004) 1829,

gr-qc/0311055.
[10] J. Madore, Class. Quantum Grav. 9 (1992) 69.
[11] J.M. Romero, J.A. Santiago, J.D. Vergara, Phys. Rev. D 68 (2003) 067503,

hep-th/0305080.
[12] L.D. Landau, E.M. Lifshitz, Quantum Mechanics: Non-relativistic The-

ory, Pergamon Press, UK, 1989.
[13] L. Freidel, E.R. Livine, Phys. Rev. Lett. 96 (2006) 221301, hep-th/

0512113;
B.P. Dolan, JHEP 0502 (2005) 008, hep-th/0409299.


	The area quantum and Snyder space
	Introduction
	The Snyder space
	Area quantum of the disc
	Area quantum of the sphere
	Summary
	Acknowledgements
	References


