=

P
brought to you by i CORE

View metadata, citation and similar papers at core.ac.uk

provided by Elsevier - Publisher Connector

Journal of Algebra 324 (2010) 2543-2563

Contents lists available at ScienceDirect

JOURNAL OF

Journal of Algebra

www.elsevier.com/locate/jalgebra

On representations of general linear groups over principal
ideal local rings of length two

Pooja Singla

Institute of Mathematical Sciences, C.I.T. Campus, Tharamani, Chennai, India, 600113

ARTICLE INFO ABSTRACT

Article history: We study the irreducible complex representations of general linear

Received 22 January 2010
Available online 12 June 2010
Communicated by Michel Broué

MSC:
primary 20G25
secondary 20C15

Keywords:

Representations of general linear groups
Principal ideal local rings
Representation zeta polynomial

groups over principal ideal local rings of length two with a fixed
finite residue field. We construct a canonical correspondence be-
tween the irreducible representations of all such groups that pre-
serves dimensions. For general linear groups of order three and
four over these rings, we construct all the irreducible representa-
tions. We show that the problem of constructing all the irreducible
representations of all general linear groups over these rings is not
easier than the problem of constructing all the irreducible repre-
sentations of all general linear groups over principal ideal local
rings of arbitrary length in the function field case.

© 2010 Elsevier Inc. All rights reserved.

Clifford theory

Contents
T IntrodUCtion . . . ... e 2544
1.1.  Organization of the article . ... .. ... ... . .. .. i i 2546
2. Notations and Clifford theory ... .. ... .. . . .. e e 2546
3. Primary decomposition and Jordan canonical form . ........ ... ... ... ... .. 2547
4, CentraliZerS . . v v vttt e e 2548
5. Proof of the Main TheoTem . . . . . ..o vttt ittt et et e e e e e e e e e e e e e e e et ettt 2551
6. Complexity of the problem . . . ... ... ... .. . e 2555
7. APDLCAtIONS . . . . e 2555
7.1.  Representation zeta polynomial of GL,(O2) . . ..o vttt e 2556
7.2.  Representations of GLy((D2) .. ..o i vttt e 2557
7.3.  Representations of GL3((2) .. ..o i vttt 2557
74. Representations of GL4((2) . ..o ittt e 2559

E-mail address: pooja@imsc.res.in.

0021-8693/$ - see front matter © 2010 Elsevier Inc. All rights reserved.
doi:10.1016/j.jalgebra.2010.05.024


https://core.ac.uk/display/81924832?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://dx.doi.org/10.1016/j.jalgebra.2010.05.024
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/jalgebra
mailto:pooja@imsc.res.in
http://dx.doi.org/10.1016/j.jalgebra.2010.05.024

2544 P. Singla / Journal of Algebra 324 (2010) 2543-2563

ACKNOWIEdgMENtS . . . .ottt e e e e 2563
R OIENICES . . . ottt e e 2563

1. Introduction

Let F be a non-Archimedean local field with ring of integers O. Let g be the unique maximal ideal
of O and 7w be a fixed uniformizer of g. Assume that the residue field O/g is finite. The typical
examples of such rings of integers are Z, (the ring of p-adic integers) and Fy[[t]] (the ring of formal
power series with coefficients over a finite field). We denote by O, the reduction of @ modulo ¢, i.e.,
Op =0/’ Let Ay denote the set of partitions with k parts, namely, non-increasing finite sequences
(£1,482, ..., L) of positive integers, and let A =[J Ay. Since O is a principal ideal domain with a
unique maximal ideal g, every finite O-module is of the form EBf:l Oy;, where ¢;’s can be arranged

so that A = (£1, £, ..., &) € Ay. Let My, = @@, Oy, and

G, r = Autp(M,).

We write G, instead of G; r whenever field F is clear from the context. If M, = O} for some natural
number n, then the group G, consists of invertible matrices of order n with entries in the ring Oy, so
we use the notation GL,(Oy) for G, in this case.

The representation theory of the finite groups G, has attracted the attention of many math-
ematicians. We give a brief history of this problem. Green [9] calculated the characters of the
irreducible representations of GL,(O;). Several authors, for instance, Frobenius [6], Rohrbach [23],
Kloosterman [15,16], Tanaka [30], Nobs and Wolfart [21], Nobs [20], Kutzko [17], Nagornyi [18], and
Stasinski [27] studied the representations of the groups SL,(O;) and GL,(O;). Nagornyi [19] obtained
partial results regarding the representations of GL3(O;) and Onn [22] constructed all the irreducible
representations of the groups G, ¢,). Recently, Avni, Klopsch, Onn, and Voll [2] have announced re-
sults about the representation theory of the groups SL3(Z;).

In another direction, it was observed that, being maximal compact subgroups, GL,(O) play an
important role in the representation theory of the groups GL,(F). Further, every continuous repre-
sentation of GL,(O) factors through one of the natural homomorphisms GL,(O) — GL,(Oy). This
brings the study of irreducible representations of groups GL,(O;) to the forefront. Various questions
regarding the complexity of the problem of determining irreducible representations of these groups
have been asked. For example, Nagornyi [19] proved that this problem contains the matrix pair prob-
lem. Aubert, Onn, Prasad, and Stasinski [1] proved that, for F = Fg((t)), constructing all irreducible
representations of GL,(O3) for all n is equivalent to constructing all irreducible representations of
GFyn () for all 2 and m (see also Section 6).

Motivated by Lusztig’s work for finite groups of Lie type, Hill [10] partitioned all the irreducible
representations of groups GL,(O,) into geometric conjugacy classes and reduced the study of ir-
reducible representations of GL,(O;) to the study of its nilpotent characters. In later publications
[11-13], he succeeded in constructing many irreducible representations (namely strongly-semisimple,
semisimple, regular, etc.) for these groups. Following the techniques used in the representation the-
ory of groups GL;(O1) and GLj(F), various notions such as cuspidality and supercuspidality were
introduced for representations of GL,(Q) (for more on this see [1] and [26]), but the complete set of
irreducible representations of groups GL,(Oy) for £ > 2 is still unknown. From the available results,
it was observed that methods of constructing irreducible representations of groups G, do not depend
on the particular ring of integers O, but only on the residue field. This led Onn to conjecture [22,
Conjecture 1.2] that:

Conjecture 1.1. The isomorphism type of the group algebra C[G, ] depends only on A and q = |O/g|.
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We discuss the method of constructing complex irreducible representations of the groups GL,(O;)
with the help of Clifford theory and reduce this problem to constructing irreducible representations of
certain subgroups of GL,(O1). This enables us to give an affirmative answer to the above conjecture
for GL,(O3). The groups GL,(O,), for distinct rings of integers O, are not necessarily isomorphic,
even when the residue fields are isomorphic. For example, for a natural number n and a prime p, the
group GLn(Fp[[t]]/tz) is a semi-direct product of the groups M,(F,) and GL,(F), but on the other
hand GLn(Zp/pZZp) is not unless n=1 or (n, p) = (2, 2), (2,3) or (3,2) (Sah [24, p. 22], Ginosar [8]).
Our main emphasis is on proving that all of their irreducible representations can be constructed in
a uniform way. We also succeed in showing that representation theory of groups G)h]:qm((t)) plays
a vital role in representation theory of groups GL,(O3) for any O, in the sense that if we know
irreducible representations of the groups G)L,]:pm(([)) for all positive integers m, we can determine all
the representations of GL;(O2).

More precisely, let F and F' be local fields with rings of integers © and (0, respectively, such
that their residue fields are finite and isomorphic (with a fixed isomorphism). Let o and g’ be the
maximal ideals of O and O’ respectively. As described earlier, O, and ) denote the rings O/p?* and
O’ /"%, respectively. We prove:

Theorem 1.2 (Main Theorem). There exists a canonical bijection between the irreducible representations of
GLn(O3) and those of GL, (0%), which preserves dimensions.

Definition 1.3 (Representation zeta polynomial). Let G be a finite group. The representation zeta poly-
nomial of G is the polynomial

Rc(D) = Z piime ¢ 71D].
pelrrG

In view of the above definition, Theorem 1.2 implies that:
Corollary 1.4. The representation zeta polynomials of GL, (O2) and GL,(O)) are equal.

In other words, the representation zeta polynomial depends on the ring only through the order of
its residue field.

Concerning the complexity of the problem of constructing irreducible representations of groups
GL,(O7), we obtain the following generalization of [1, Theorem 6.1].

Theorem 1.5. Let O be the ring of integers of a non-Archimedean local field F, such that its residue field
has cardinality q. Then the problem of constructing irreducible representations of the following groups are
equivalent:

(1) GLy(Oy) foralln e N.
(2) G, g for all partitions A and all unramified extensions E of Fg((t)).

We construct all the irreducible representations of GL,(02), GL3(O3), and GL4(O;). As mentioned
earlier, the representation theory of GL,(O;) is already known. Partial results regarding the represen-
tations of GL3(O,) have been obtained by Nagornyi [19], but the representation theory of GL4(O3)
seems completely novel. We find that:

Theorem 1.6. The number and dimensions of irreducible representations of groups GL3(O3) and GL4(O,) are
polynomials in Q[q].

This theorem proves the strong version of Onn’s conjecture [22, Conjecture 1.3] for the groups
GL3(02) and GL4(02).
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1.1. Organization of the article

In Section 2, we set up the basic notation that we use throughout the article and discuss the
action of the group GL;(O;) on the characters of its normal subgroup K = Ker(GL,(O2) — GL,(O1)).
We also state the results of Clifford theory, which we use later to prove Theorem 1.2.

In Section 3, we briefly review the similarity classes of M,(Fy), and in Section 4, we discuss the
centralizer algebras of matrices, namely the set of matrices that commute with a given matrix. For
any matrix A € M;(Fy) in Jordan canonical form, we describe its centralizer explicitly in My (F;) and
in GL, (Fy).

In Section 5, we present the proof of Theorem 1.2. For this, we prove that all the characters of the
subgroup K can be extended to its stabilizer in GL,(O>).

Section 6 is devoted to applications of Theorem 1.2. We express a relation between the repre-
sentation zeta polynomial of GL,(0,) and that of centralizers in GL,(O1). Then we describe the
representation zeta polynomials of GLy(O,), GL3(0>), G(2,1,1), and GL4(O). In particular, we prove
Theorem 1.6.

2. Notations and Clifford theory

In this section, we set up the basic notation that we use throughout the article. We state and apply
the main results of Clifford theory to our case and state Proposition 2.2, which is an important step
toward the proof of Theorem 1.2.

In this article, by “character”, we mean a one dimensional representation, unless stated otherwise.
For any group G, we denote by Irr(G) the set of its irreducible representations, and for any abelian
group A, we denote by A the set of its characters.

Let k : GL,(O3) — GL;(Oq) be the natural quotient map and K = Ker(x). Then A +— I+ A induces
an isomorphism M, (01) = K. Fix a non-trivial additive character ¢ : O7 — C* and for any A €
M, (O1) define ¥4 : K — C* by

Yal +7X) =y (Tr(AX)).

Then A — 4 gives an isomorphism M, (O1) —> K. The group GL,(O-) acts on My(O1) by conjuga-
tion via its quotient GL,(O1), and therefore on K: fora e GL,(O;) and ¥4 € K, we have
YU +7X)=ya(l+waXa™)
= (Tr(Ak (@) Xk (@)™ "))
=¥ (Tr(k (@) ' Ak (@)X))
= Vi) Ak I+ X). (21)

Thus the action of GL,(O3) on the characters of K transforms to its conjugation (inverse) action on
elements of M,,(O1).
We shall use the following results of Clifford theory.

Theorem 2.1. Let G be a finite group and N be a normal subgroup. For any irreducible representation o of N,
let T(p) = {g € G | p& = p} denote the stabilizer of p. Then the following hold:

(1) If r is an irreducible representation of G such that (i |y, p) # 0, then |y = e(EBp,EQ p’) where 2 is

an orbit of irreducible representations of N under the action of G, and e is a positive integer.
(2) Suppose that p is an irreducible representation of N. Let

A={0lrr(T(p)) | (Resy” 0, p) # 0}
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and

B={m elrrG | (Res§ , p) #0}.

Then

0 — Indg ) (©)

is a bijection of A onto B.

(3) Let H be a subgroup of G containing N, and suppose that p is an irreducible representation of N, which
has an extension p to H (i.e., p|y = p). Then the representations x ® p for x € Irr(H/N) are irreducible,
distinct for distinct y, and

mdjp)= @ xep
X €lrr(H/N)

For proofs of the above, see, for example, 6.2, 6.11, and 6.17, respectively, in Isaacs [14]. Applying

the above results to the group G = GL,(O,) and normal subgroup N = K, we see that the following
proposition plays an important role in the proof of Theorem 1.2.

Proposition 2.2. For a given A € My (O1), there exists a character x of T(¥a) such that x|x = ¥4 (such a
character x is called an extension of ¥ 4).

Its proof will be given in Section 5.
3. Primary decomposition and Jordan canonical form

In this section, we describe the primary decomposition of matrices under the action of conjugation.
We also discuss the Jordan canonical form for those matrices whose characteristic polynomials split

over Fg.
Let f be an irreducible polynomial with coefficients in Fy.

Definition 3.1 ( f-Primary matrix). A matrix with entries in Fy is f-primary if its characteristic poly-
nomial is a power of f.

Notation. If A;’s for 1 <i < are matrices, then we denote by @i A; the block diagonal matrix

A1 0 .. 0
0 A, --- 0
0 0 - A
In the same spirit, if A1, A, ..., A, are the sets of matrices then @5:1 A; denotes the set of matrices

{EBﬁ»:] Ai | Aj € A;}. The next two theorems are easy consequences of structure theorems for Fg[t]-
modules. For proofs of these see Bourbaki [4, A.VIL31].

Theorem 3.2 (Primary decomposition). Every matrix A € My, (Fy) is similar to a matrix of the form

DAr.
f
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where Ay is an f-primary matrix, and the sum is over the irreducible factors of the characteristic polynomial
of A. Moreover, for every f, the similarity class of Ay is uniquely determined by the similarity class of A.

Definition 3.3 (Split matrix). A matrix over O is called split if its characteristic polynomial splits
over Fg.

Definition 3.4 (Elementary Jordan blocks). For a natural number n and an element a € Fq, an elementary
Jordan block J,(a) is the matrix

al 0 O 0
0a 1 O 0
00 a 1

a 1
00 - 0 alyun

Theorem 3.5 (Jordan canonical form for split matrices). Every split matrix A € My (Fq), up to the rearrange-
ment of the a;’s, is similar to a unique matrix of the form

P Jran @)

where L(a) = (A1(a), A2(a), ..., Ak(a)) is a partition and

])\.‘1 (a,-)(ai) 0 e 0

0 .’ 2(a; (ai) t 0

Jrap (@) = . ’ (.) . .
0 0 o Jagan (@)

and each Jij@) (@) is an elementary Jordan block with eigenvalue a;.
4. Centralizers

Let R be a commutative ring with unity. In this section, we determine centralizers (see Def-
inition 4.1) of certain matrices in My(R) and GL,(R). We also relate the groups GA,qu((t)) with
centralizers in GL, (Fy).

Definition 4.1 (Centralizer of an element). Let L be a semi-group under multiplication and | be an
element of L. Assume that T is a subset of L. Then centralizer of | in T, Z7 (1), is the set of elements
of T that commute with [, i.e.,

Zr(h={teT|tl=It}.
Remark 4.2. If T is a group, then Zr(l) is a subgroup of T.

Definition 4.3 (Principal nilpotent matrix). A square matrix is called principal nilpotent if it is of the
form
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o1 0 ---0
0 0 1 0 O
Np =
o ... 0 1
0 --- 0 0pun

In the following section, we use the notation N, for the principal nilpotent matrix of order n.

Let ny,ny,...,n be a sequence of natural numbers, such that n=n; +ny +---+n;. Let A=
eai.:l Np;. In Lemmas 4.4-4.9 we describe the centralizer algebras Zy,r)(A). The proofs of these
lemmas involve only simple matrix multiplications, so we leave these for the reader.

Lemma 4.4. Let a and b be two elements of R such that a — b is a unit in R. Assume that A and B are two
upper triangular matrices such that all the diagonal entries of A are equal to a and those of B are equal to b.
Then there does not exist any non-zero matrix X over R such that XA = BX.

Lemma4.5. Letay,ay, ..., a be elements of R such that for alli # j, a; —aj isinvertiblein R. Let A = @i»:l A
be a square matrix of order n, where A;’s are upper triangular matrices of order n;. Assume that all diagonal
entries of A;j are equal to a;. Then,

I

ZoL,R)(A) = EB ZaLy, () (Ai)-
i=1

Definition 4.6 (Upper Toeplitz matrix). A square matrix of order n is called Upper Toeplitz if it is of the
form

a a --- 4p-1  Gp
0 o1 a Gn-1
cen aj a
o --- 0 0 a1 dnxn

Lemma 4.7. Assume that N, and Ny, are principal nilpotent matrices of order n and m, respectively. Then
consider the matrices X over R such that XNy, = Ny X are of the form

[Onxm—n Tnxn] ifn<m,

X= [ Tmxm ] ifn>m,

Onfm xm
where Ty, for a natural number s, is an upper Toeplitz matrix of order s over the ring R.
This lemma motivates the following definition of rectangular upper Toeplitz matrix.
Definition 4.8 (Rectangular upper Toeplitz matrix). A matrix of order n x m over a ring R is called a

rectangular upper Toeplitz if it is of the form

. T .
[Onx(mfn) Tnxn] ifn<m or [O(nT,;n;m] ifn>m,

where Ty, for a natural number s, is the upper Toeplitz matrix of order s.
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Lemma 4.9. Let nq, ny, ..., n; be a sequence of natural numbers such thatn=nq +ny +---+n;. Let A =
EBi-:l Np,. Then the centralizer, Zw,(r)(A) of A in M (R) consists of matrices of the form

Tn1 XNy Tﬂ] XNy 7 Tn1 XM
Trlz XNy Tﬂz X1y e Tl‘lz XN

5
Tﬂ[XTl] Tn1><n2 o Tnlxnl

where Tp,xn; for all i, j are rectangular upper Toeplitz matrices.

Definition 4.10 (Block upper Toeplitz matrix). Let Tp,xn; be a rectangular upper Toeplitz matrix of order
n; x nj over the ring R. A matrix of the form

Tl’l] XNy Tﬂ] Xng Tﬂ] xny
Tl‘lz XMNq Tle Xny Tﬂz xXny
Tnl X1 Tnl XNy e Tnl XM
is called a block upper Toeplitz matrix of order (nq,ny,...,n;) over the ring R.

In the following lemma, we relate the groups of automorphisms G; g, () with the centralizers in
GL, (Fy).

Lemma 4.11. Let A = @?‘:1 N, and A = (A1, A2, ..., A) be a partition. Then the following groups are iso-
morphic:

(1) The group of automorphisms, Gy g, (t)) = Auto (Ox, @ Ox, @ -+ ® Oz).
(2) The centralizer Zgy, (F,)(A).
(3) The set of invertible block upper Toeplitz matrices of order (A1, A2, ..., k) over Fq.

Proof. Lemma 4.9 implies that groups (2) and (3) are actually equal. We prove isomorphism between
(1) and (3). Every f € G; can be thought as an invertible matrix of the form

fir fiz o fu
for f22 - fau
fa fo o fu

with each fjj € Endp(Oy;, Oy;)- Hence it is sufficient to find an isomorphism between Endp (Oy,;, OAJ.)
and rectangular Toeplitz matrices of order A; x A; over Fg, which takes composition to matrix mul-
tiplication. We prove it only for A; = A1 and A; = A, with A > A3, but the rest of the parts can be
proved similarly.

Let 7;, , be the set of rectangular upper Toeplitz matrices of order A; x A, over the field F;.
Define a map Endp(Oy,, Oy,) = Ti, 2, by

fr [O(M*lz)x)»z ’ A]Alxkz’

where
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ai ax -+ Gy aj,
0 a4 a ayy—1
A = .
a az
0 e 0 0 al )\ZX}\Z
and elements aq,ay, ..., a,, are determined by the expression f(1) =ay +axmw +--- +ak2n*2‘1. It is

straightforward to see that this map gives the required isomorphism. O
5. Proof of the Main Theorem
In this section, we present proofs of Proposition 2.2 and Theorem 1.2.

Recall that for any characterAp S k, T(p) = {g € GLy(O3) | p& = p} is the stabilizer of p in
GL,(O>). By (2.1), for each ¥4 € K,

T(Ya) =k (Zer,01)(A)). (5.1)

Fix a section s : @1 — O, of the natural quotient map O, — (1, such that s(0) =0 and s(1) = 1. By
extending s entry-wise, we obtain a map s : M, (O1) — M,(O,). Observe that the restriction of s to
GL,(O1) defines a section of «. For every matrix A in My(O1), Zg,(0,)(s(A)) is the centralizer of
s(A) in GL,(O3).

Lemma 5.1. Assume that A is a split matrix and is in its Jordan canonical form, then

ZoL,01)(A) = K (ZoL,0,) (s(A))).

Proof. Let @ =« (t) for some t € Zg1,(©,)(s(A)). Then by definition, t satisfies ts(A) = s(A)t, which
along with the fact that « is a homomorphism, implies « (t)A = Ak (t). Hence o =k (t) € Zgr,(0;)(A).
This proves « (ZgL,(©,)(8(A))) € Zgr,(o,)(A). For the reverse inclusion, because A is a split matrix, by
Theorems 3.2 and 3.5,

l
A= @Ai,
i=1

where each A; is a split primary matrix and is of the form

li
Aj= @ ])\.ij (ai)
j=1

with a;’s being distinct elements of the field ;. By using s(0) =0 and s(1) = 1, we obtain s(A;), for
all i is an upper triangular matrix with all diagonal entries equal to s(a;) and s(A) = Ll (s(Ap)).
Further for all i # j, a; # aj implies that s(a;) —s(a;) are invertible elements of the ring O,. Therefore,
by Lemma 4.5,

l
Za1,02) (5(A) = €D Zaw,, (0,) (s(AD). (52)

i=1
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Because we also have

I

ZgL,01)(A) = @ ZaLy, 0, (A,
i=1

it is sufficient to prove Zgy,(0,)(A) €k (ZgL,(0,)(5(A))) when A is a split primary.
Split primary case: Now we assume that A is split primary and is in its Jordan canonical form. Theo-
rems 3.2 and 3.5 give that A =al, + (@,?:1 Np,) for some a € Oy. Let o € Zgp,(0,)(A). By Lemma 4.11,

o is an invertible block Toeplitz matrix of order (ni,ny,...,n;) over the ring ;. Our choice of
section ensures that s(A) = s(a)l, + (EB,Ll Np;), and s(c) is an invertible block Toeplitz matrix of
order (nq,ny,...,n¢) over the ring O,. However, then by Lemma 4.9, s(«) € Zgp,(0,)(s(A)). Hence

a =k (s(a)) € K(ZcL,(0,)(8(A). O
From the proof of the above lemma we obtain:

Corollary 5.2. If A is a split matrix and is in its Jordan canonical form, then o € Zgy,(0,)(A) if and only if
5(0) € ZgL,(0,) (5(A)).

Corollary 5.3. If A is a split matrix and is in its Jordan canonical form, then T (Y¥a) = K Zg1,,(0,) (s(A)).
Proof. The inclusion T(¥4) € KZg1,(0,)(s(A)) follows from (5.1) and Lemma 5.1. O

Lemma 5.4. Let G be a finite group with two subgroups N and M, such that N is normal in G and G = N.M. If
Y1 and v, are one dimensional representations of N and M, respectively, such that y1 (mnm~—1) = v (n) for

allm e M, n € N and Y¥1|nav = ¥2|Nnm, then Y .o defined by 1.y (n.m) := 1 (n) Y2 (m) is the unique
one dimensional representation of G extending both v and v,

Proof. We simply prove that y1.y, is well defined; the rest of the proof is straightforward. Suppose
nm=n'm’, where n,n’ € N and m,m’ € M. Then "’ ~"'"n=m'm~' e MN N:

V1.2 (nm) = Y1 (M) Y2 (M)
=y (n'n' " 'n). g (mm' " 'm’)
=y (n').y1 ('~ Tnmm’ 7).y (m')
=1 (). p2(m)
=y1y2(n'm’). O

Proof of Proposition 2.2. It follows from (2.1) that orbits of the action of GL,(O;) on K are the same
as orbits of M, (1) under the action of GL,((), namely the similarity classes. It is easy to see that,
if we can extend the character ¥4 from K to T(y4), then we can extend any 4 in the orbit of 4
under the action of GL,(O3) on T(y4). Therefore to prove the proposition, it is enough to choose
a representative A of each similarity class of M;(01) and to extend the corresponding character ¥4
from K to T(¥4). We prove existence of this extension in three steps:

Step 1 (A is split primary). Let A be a split primary matrix with unique eigenvalue a € O1. Replace
A with a matrix in its similarity class of the form EBf-Zl J; (@), where each Jj,(a) is an elementary
Jordan block.

We define a character ¥4 : O1 — C* by ¥q(x) = ¥ (ax). The map x — 1+ x gives an isomorphism
from O; onto the subgroup 1+ 7O of the multiplicative group O3. Choose x € O3 such that x (1+
7X) = Yq(x) for all x € O1. Define a character X : Zg,(0,)(s(A)) = C* by x(x) = x (det(x)).
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Lemma 5.5. The character X of Zgy,(0,)(s(A)) satisfies

XK Zg1y 0 (s(A) = VAIKNZ1, (0, (5(A) -

Proof. By Lemma 4.11, K N Zg,(0,)(5(A) =1 + 7 Zm,0)(A). If X = (xij) € Zm,o,)(A), then by
Lemma 4.9, X is a block upper Toeplitz matrix. Therefore, Tr(AX) = a(x11 + X22 + - - - + Xnn). We have

Yvall +7X) =y (Tr(AX))
=y (a(x11 + X2 + - + Xm))
=x(detd+7X))=xI+nX). O

Applying Lemma 5.4 to the group T (y4) with its subgroups K and Zgr,(0,)(s(A)), and characters
Y1 =¥ and ¥, = x, we obtain that the character 4.x is an extension of ¥4 from K to T(y4).

Step 2 (A is split). Let A be a split matrix with distinct eigenvalues a1, ay, ..., a;. Then by Theorem 3.2,
A can be written as @i»:l Aj, where each A; is a split primary matrix, say of order n;, and has a
unique eigenvalue a;. We may assume each A; in its Jordan canonical form. Then by (5.2),

1
K N ZcL,(0,)((A) = @D (K N Zaw, (0, (5(AD)).
i=1

As in Step 1, define the characters j; of ZGL,.i(Oz)(5(Ai)) such that

XilKNZaty (0 (s(A0) = VA KN Zay, 0, (s(A)-

Then the character ¥ = X1 X X2 X --- x X is a character of Zgp,(0,)(s(A)), such that

XK Zg1 0y (s(A) = VAIKNZ1, 0, (5(A)-
Again by Lemma 5.4, ¥/4.x is an extension of 4 from K to T(¥4).

Step 3 (General case). Let O be a splitting field for the characteristic polynomial of A, and let O, be
the corresponding unramified extension of ©,. Let K = Ker(GLn((’)z) — GLn((’)1)) under the natural
quotient map, and let ¥ : @; — C* be a character such that 1//|@1 ¥. Then 4 : K — C*, defined
by

Yall +7X) =y (Tr(AX))

is a character of K. Let T(4) be the stabilizer of 4 in GL,(O,). Because A splits over O, by Step 2,
there exists a character x : T(¥4) — C*, such that

Xz =Va.

=t

Define a character x : T(¥a) — C* by x = Xl|r(y,). Then x is an extension of ¥4 to T(i4). This
completes the proof of Proposition 2.2. O
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Fix an extension xa of ¢4 from K to T(¥4), and let S denote the set of similarity classes
of Mp(O1). By (5.1), the groups T(y¥4)/K and Zgi,(o,)(A) are isomorphic. Therefore, by Clifford
theory, there exists a bijection between the sets

[ [{imr(Zew, 00 (A)} < 1 (GLa(02)), (5.3)
AeS
given by,
¢ > g 0P (xa ® ). (5.4)

As [GLy(O3) : T(Yra)] = [GLy(O1) : Zgr,o,)(A)], this already proves that there exists a dimension
preserving bijection between the sets Irr(GL,(0)) and Irr(GL;(05)). To prove that this bijection is
canonical we need to do little more work.

Let O be an another ring of integers of local non-Archimedean field F’, such that residue fields
of both © and O’ are isomorphic. We fix an isomorphism ¢ between their residue fields. From now
onwards we shall assume that section s : 01 — O, satisfies s(0) =0 and slof is multiplicative. The
existence and uniqueness of this section is proved in, for example, Serre [25, Proposition 8]. In the
sequel, this unique section will be called the multiplicative section of O1 (or of O7) (depending on the
domain). Given above isomorphism ¢:

Lemma 5.6. There exists a canonical isomorphism between groups (’5’2* and (’A)é*

Proof. Let s: O] — O3 and 5" : O7* — O}* be the multiplicative sections of O and O}*, respectively.
Then the following exact sequences split,

The uniqueness of the sections s and s’ implies the existence of a unique isomorphism f : O — O

such that fos=5s"o0¢ and f oi=1i"o¢. This gives a canonical isomorphism between @3‘ and (’A)é*
Let K’ = Ker(GLn(O)) — GLn(O})). Then

K =K' = My(O),

hence the set {4 | A € M,(O1)} can also be thought of as the set of characters of K’. Let T'(y4)
denote the stabilizer of character /4 in GL,(O5). By (5.1), groups T’(¥/4)/K’ and T(y4)/K are canon-
ically isomorphic. Further, to prove that there exists a canonical bijection between Irr(GL,(0>)) and
Irr(GL, (O)), it is sufficient to prove that for a given A € M;(O1), and an extension x4 : T(¥4) — C*
of 4, there exists a canonical extension xj : T'(a) — C* of ¥4 from K’ to T’(34). For that, in
Steps 1 and 2 of the proof of Proposition 2.2, choose the character of O5* by using the given charac-
ter of O and canonical isomorphism between (5’2* and (5’2* the rest of the argument follows easily
from this. For Step 3, any isomorphism between O and (5/ that extends ¢ : O1 — O] is defined
uniquely up to an element of the Galois group. To complete the proof for this step, we observe that,
if ¥ is an extension of ¥ from O; to O and y is an element of Galois group Gal(O1/01) then by
definition (w oy)aA= 1/fA oy where on the right side element y is thought as scalar matrix with all
its diagonal entries equal to y. Choose ¥4 an extension of Vs from K to T(ya) and let y be a lift
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of y from Gal(@1/01) to Gal(f-'/F), which takes the maximal ideal of @ to itself (for existence of
this see [7, p. 26]), then x o ¥ (again y is thought as scalar matrix with diagonal entries equal to y)
extends ¥4 o y. The restrictions of x4 and xa oy to T(¥4) coincide. This completes the proof of
Theorem 1.2. O

Corollary 5.7. The isomorphism type of group algebra C[GL,(O3)] depends only on the cardinality of the
residue field of O.

This can be restated as:

Corollary 5.8. The number and dimensions of irreducible representations of groups GL,(O3) depends only on
the residue field.

The equivalence between number of conjugacy classes and irreducible representations further
gives:

Corollary 5.9. The number of conjugacy classes of groups GL,(O,) depends only on the cardinality of the
residue fields.

Remark 5.10. In a forthcoming paper, we will sharpen this result by showing that the class equation
of GL,(O,) depends only on the cardinality of the residue field.

6. Complexity of the problem

In this section we comment on the complexity of the problem of constructing all the irreducible
representations of GL,(O>).
In this context, Aubert, Onn, Prasad, and Stasinski have proved the following (see [1, Theorem 6.1]):

Theorem 6.1. Let F = Fy((t)) be a local function field. Then the problems of constructing all the irreducible
representations of the following are equivalent:

(1) Gon p foralln eN.
(2) Gyn p forallk,n e N.
(3) Gy g for all partitions A and all unramified extensions E of F.

The above, combined with Theorem 1.2, proves the following:

Theorem 6.2. Let O be ring of integers of a non-Archimedean local field F, such that the residue field has
cardinality q. Then the problems of constructing irreducible representations of the following groups are equiv-
alent:

(1) GL,(Oy) foralln € N.
(2) G, g for all partitions A and all unramified extensions E of Fy((t)).

7. Applications

In this section, we discuss a few applications of the theory developed so far. In particular, we dis-
cuss the relation between the representation zeta polynomial of GL,(O,) and those of centralizers in
GL,(O1). We also construct all the irreducible representations of groups GL;(O3), GL3(O3), GL4(O>)
and obtain their representation zeta polynomials.
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Recall the following definition from Section 1:

Definition 7.1 (Representation zeta polynomial). Let G be a finite group. The representation zeta poly-
nomial of G is the polynomial:

Re(D)= > D™ ez[D].
pelirG

7.1. Representation zeta polynomial of GL,(O3)

Let S be the set of similarity classes of M,(O1). From (5.3), it is clear that representations of
centralizers play an important role in determining irreducible representations of GL,(O;). Moreover,
we obtain the following relation between their representation zeta polynomials,

GL, Z A
Rer, (0 (D) = Z RZMn(O])(A)(D[ n(O01):Zg1y (07 ( )])’ (7.1)
AeS

where [GL;(O1) : ZgL,(0;)(A)] = [GLy(O2) : T(¥4)] is the index of Zg,(o,)(A) in GLy(O1). Following
Green [9], a similarity class ¢ of M,(O1) can be denoted by the symbol

c=(.., fD ),

where f is an irreducible polynomial appearing in the characteristic polynomial of ¢, and v.(f) is the
partition associated with f in the canonical form of c.

Let c = (..., f¥<) ..)). Let d be a positive integer, and let v be a partition other than zero.
Let rc(d, v) be the number of f appearing in the characteristic polynomial of ¢ with degree d and
Vve(f) =v. Let pc(v) be the partition

[V (n — =1V

Then two classes b and c are of the same type if and only if py(v) = p.(v) for each non-zero parti-
tion v. By abusing notation, we shall also say that matrices of class ¢ and d have the same type.

Let p, be a partition-valued function on the non-zero partitions v (0, may take value zero). The
condition for p, to describe a type of Mp(O1) is

> lovlivl=n.
Vv

The total number t(n) of functions p, satisfying the above expression is independent of g, and so is
the number of types of M;(O;) (for large enough q). The following lemma (which is easy) under-
lines the importance of types in the calculation of the representation zeta polynomials of the groups
GLn (O2):

Lemma 7.2. If matrices A and B in M;,(O1) are of the same type, then their centralizers are isomorphic.

Let 7 denote the set of representatives of types of M, (01), and for each A € 7, let n4 be the total
number of similarity classes of type A. The expression (7.1) simplifies to

GLn(01):Z, A
RGLn(Oz)(D):ZnARZMn(ol)(A)(D[ n(OD a0 W, (7.2)
AeT
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Table 1
Group GL(O5).
Type A Number of similarity Isomorphism type of Index
classes of given type (na) centralizer Zgr,(0,)(A) [GL2(O1) : ZgL,(04) (A)]
a0
( % P ) q RaL,(01)(D) 1
a0
(% p,,) Jaq—1) @-1°D 9@+1)
a1
(% pa> q 9@ - DD -1
g? 0
( 0 Uuq) 79@-1) @-1D 7 -q

The elements p and o are primitive elements of F; and Fp respectively, such that p = o9*1,

Summarizing the discussion so far, to determine the irreducible representations of groups GL,(0,), it
is sufficient to determine the representations of the centralizers Zg,(o,)(A), where A varies over the
set of types of M;(O1). However, determining representations of groups Zgp,(o,)(A) for general n is
still an open problem. We discuss representations of these groups forn=2,n=3, and n=4.

We shall use the following theorems. For proofs of these results, see, for example, [29, Chapter 1].

Theorem 7.3. Let A € M, (Fy). Then the centralizer of A in My, (Fy) is the algebra F[A] if and only if the mini-
mal polynomial of A coincides with its characteristic polynomial. Moreover, in this case, dimg, Zw, ¥,)(A) = n.

Theorem 7.4. Let A € My, (Fy). Then its centralizer in My, (Fy) is a field if and only if its characteristic polynomial
is irreducible over Fy.

7.2. Representations of GLy (O3)

The irreducible representations of groups GL,(O;) have already been described by Nagornyi [18]
and Onn [22]. Because they fall out of our discussion very easily and are used in representation theory
of groups GL4(O3), we add a brief description of them as well. For representation theory of groups
GL,(O1), we refer to Green [9] and Steinberg [28]. In Table 1, we describe types of M3(Oq) (set of
2 x 2 matrices over (O1) with their centralizers. To determine centralizers, wherever required, we have

used Theorems 7.3 and 7.4.
The representation zeta polynomial of the group GL,(O1) (see Steinberg [28]) is

a )l g1 1 g1
Re,0nM)=@-DP+@-DD"+ 5@ -D@=2D™" + 5q(g - DD

Feeding all these data into 7.2, we easily obtain the representation zeta polynomial of GL;(O;):

1 2_
Rety(02)(P) = dR100) (D) + 54(q — 1)*p1@t) 4 g%(g — 1)DT !
1 2_
+54@+ 1@ - 1)?D7 1, (7.3)

7.3. Representations of GL3(O3)

Partial results regarding representations of groups GL3((;) have already been given by Nagornyl
[19]. We complete his results for these groups.
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Number of similarity
classes of given type (na)

Isomorphism type of
centralizer Zgr,(0,)(A)

Index
[GL3(O1) : ZgLy(04)(A)]

2558

Table 2

Group GL3(O3).

Type A

p* 0 0
0 p* 0
0o 0 p®
Pt 0 O
0 p* 0
0 0 pb
p* 0 O
0 pb o
0 0 p
Pt 1 0
0 p* 0
0 0 pb
Pt 1 0
0 p* 0
0o 0 p®
Pt 1 0
0 p* 1
0o 0 p®
Pt 0 0
0 ¢ O
0 0 o%
T 0 0
0 1 o
0 o0 b7

qq—-1

ta@-1)(q-2)

qq—-1

12@q-1

19@® - 1)

Raiz(01)(D)

G- DRar,0) (D)

@-1°D

q(q—1)*D

R (D)

*(q— 1D

@-1D@-1D

@-1)D

(@ +q+1)

A@+D@+q+1)

(@ -1D@+1)

@ -D@+1)

9@ -D@* -1

3@ -1

@q-1%@q+1)

The elements p, o, and T are primitive elements of Fg, Fg2, and Fg3, respectively, such that p = g+l = @ Ha+1,

In Table 2, we describe types and their corresponding centralizers for the group M3(O;). The
representation zeta polynomial of GL3(O;) (Steinberg [28]) is

2 3
Rat01)(P) =@ = DD+ (g = DDT 1+ (g = DD
+(@= 1@ =-2D" T 4 (g = 1)(g - DI

1
=+ g(q —1(@-2)(q- 3)D(Q+1)(q2+q4r1)

1 2
+ 5q(q _ 1)2D(q (@ +q+1)

1
+3a(g - D@+ 1DV,

3

(7.4)

The irreducible representations of all the centralizers appearing in Table 2 except G,1 are either very
easy or well known. Onn [22, Theorem 4.1] has described all the irreducible representations of groups
G,1y for £ > 1. As a consequence, we have

Lemma 7.5. The representation zeta polynomial of the group Gz 1) is

Rco, (D) =(q—1)?D+(¢* —1)DT ! + (g — 1)*DO.

Collecting all the pieces together, we obtain the expression for the representation zeta polynomial

of GL3(0»):
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2042
RaL5(0,)(D) = qRGL;01) (D) +4(q — 1*Rery 0 (DT @ D)

+ L a@ = 2)(q — 1ApP @@+

6

203 3_

+q%(qg—1)>DT @ -DatDh 4 qRG(z,n(D(q 1)(q+1))
+¢3(q - 1)DI@-D@-D

1
+5a° @D e - 1)pr' @D

+ %q(qz —1)(g® — 1)pr @ V@D, (7.5)

7.4. Representations of GL4(O3)

In this section we discuss representation theory of groups GL4(O3).

In Table 3, we give all the data required for the representations of GL4((;). The expression
for the representation zeta polynomial of GL4((1) is rather long, so we omit the details here (see
Steinberg [28]). Among the other centralizers appearing in this table, only the results regarding the
representations of group G(,1,1y are not clear from our discussion so far. We follow a method of Uri
Onn to discuss the representations of these groups.

For the proof of next Proposition (which follows from the theory of finite Heisenberg groups) we
refer to Bushnell and Frohlich [5, Proposition 8.3.3].

Proposition 7.6. Let 1 - N — G —% G/N — 1 be an extension, where V = G/N is an elementary finite
abelian p-group so also viewed as a finite dimensional vector space over F. Further, let x : N — C* be a
non-trivial character such that G stabilizes x. Assume furthermore that hy (g1N, g2N) = (g1N, g2N)y =
x ([g1, g2]) is an alternating non-degenerate bilinear form on V. Then there exists a unique irreducible repre-
sentation py of G such that py |y is x -isotypic. Moreover, dim(,ox)2 =[G :N].

Lemma 7.7. The representation zeta polynomial of the group G(2,1,1) is

2
RG(Z.].]) (D) = (q - 1)2RGL2(O])(DQ ) + (q - l)R(O%XO%)NG(L])(D)’
where
R o0 (D) =Ra.1)(D) +2(q — DT " + (g — 1)*D(q* — 1)q
(leol)XG(L]) 1.1
+(@+2)D@-Da-D, (7.6)

Proof. Using the notation in the proof of Lemma 4.11, let H be the kernel of map G,1,1) = G1 X
Ga, 1,

822 823
= mod ), .
g <g11( ) <g32 g33>)
Then

P P &

01
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Table 3
Group GL4(O3).
Type A Number of similarity Isomorphism type of Index
classes of given type (na) centralizer Zgr,(0,)(A) [GL4(O1) : ZgLy(04)(A)]
p° 0 0 O
AR g CLu(OY) i
0 0 0 p°
p° 0 0 O
(]) %ﬂ ;?a g q Ga1 @+D@-D@+1)
0 0 0 p°
p° 0 0 O
(1) %ﬂ ;?ﬂ g q Gao a@* - -1
0 0 1 p°
p° 0 0 O
(1> pla ,?a g q Ga @ -1D(@-D@+1
0 0 0 p°
PP 0 0 O
(1> ’;a ;?ﬂ 3 q 03 @ -0 -D@@-1)
0 0 1 pt
P 0 0 O
g '(()]ﬂ /?a 8 q@q-1 GL3(01) x OF B+ +1)
0 0 0 pb
p° 0 0 O
(]> %ﬂ ;?ﬂ 8 a@-n G x Of F@+ D@+ 1% -1
0 0 0 pb
p° 0 0 O
(1> [;a ,? g a@-1n 03 x OF a*@* - D@ -Dg+1)
0 0 0 pb
p" 0 0 0
g %ﬂ /?” 8 29@-1) GL2(O1) x GLa(O1) @+ D@ +qg+1)
0 0 0 pb
p" 0 0 0
(1> %a ,?b 8 a@=D O3 x GL2(O1) @ +a+D@* -1
0 0 0 pb
pt 0 0 O
(1) %a pob 8 2001 03 x 03 ¢*@+ D@ = D@ -1
0 0 1 pb
p" 0 0 O
Uoge 00 1 * * 5 2 2
0 0 pb 0 29@-1@-2 GLy(O1) x OF x O P@+DE@ + D@ +q+1)
0 0 0 p°
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Number of similarity
classes of given type (na)

Isomorphism type of
centralizer Zgi,(o,)(A)

Index
[GL4(O1) : Zgry(04)(A)]

Type A

PP 0 0 0

1 p* 0 O

0 0 pb o0

0 0 0 p°
" 0 0 O

0 p®> 0 o0

0 0 p° O

0 0 o0 pt
P 0 0 0

0 p2 0 O

0 0 ot 0

0 0 0 ob
PP 0 0 0

1 p* 0 O

0 0 ot 0

0 0 0 ob
PP 0 0 0

0 p* 0 o0

0 0 o 0

0 0 0 o9
c® 0 0 O
0 @9 0 O
0 0 o O
0 0 0 ou
o 0 0 O
0 @ 0 O
1 0 o 0
0 1 0 o%
g 0 0 O
0 ¢@ 0 O
0 0 b o
0 0 0 oh
PP 0 0 0
0o 0o o
0 0 T o
0o o o b
o 0 0 0
0 w'q O , 0
0 0 w9 0
0 0 0 o7

19(@—1)(q—2)

L0 —1)(q—2)(q—3)

1@-1)

12 —1)

102(q—1)?2

34@—1)

19@—1)

ta(q— 1@ —q-2)

1@ -1

30@® —q

05 x 07 x OF

O] x O x OF x O

GL(O1) x FZZ

05 xF

O] x OF x FZZ

GLa(F)

F. XFZZ

F;‘z X F;‘z

% ok
O x l-‘q3

@ +D@+13%@ -1

@+ +q+D@+1) x
@ +q+1)

(@ + 1)@ - 1)

@ - D@* - 1)

®@+ D@+ 1@ -1

*q-D@ -1

@ -D@-D@g-1

@ +1@-D@-1

a®@* - D@ - 1)

®@q-D@?-1@ -1

The elements p, o, T, and w are primitive elements of Fg,

3 2 2
T T+ apd 0 = @7 1,

The center of H, ie., Z(H) =

q

Fp, F3, and Fg, respectively, such that p = o9t = @t =

1. Firstly we claim that H has g — 1 irreducible representations of di-

mension g2 that lie above the non-trivial characters of Z(H). We identify Z(H) with its dual by z +>
¥(.) =¥ (Tr(z.)). H stabilizes these characters of Z(H), and furthermore, each of the non-trivial char-

acters gives rise to an alternating non-degenerate bilinear form (h1Z(H), hyZ(H))y,

= ¥ (Tr(z[h1, h2]))

on H/Z(H). Proposition 7.6 gives ¢ — 1 pairwise inequivalent irreducible representations of dimension
|H/Z(H)|'/? = q2. This proves the claim. Furthermore, the group G; 1,1 stabilizes each of these > rep-

resentations of H. Let o, € i be such a representation lying over a non-trivial character y € Z(H)
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We claim that the representation p, can be extended to G 1,1). Let Hi = Z(H) x ©1 x O be the
pre-image in H of the maximal isotropic subgroup 01 x O1 for the above bilinear form. Let x! be any
extension of x to H!. Indeed, the subgroup G» x G1,1) stabilizes both H' and x'. Let ¥ be an exten-
sion of x to G2 x G(1,1). Then by Lemma 5.4, x'.x(a.b) = x (a)x(b) for all a € H!, and b € G, x Ga,n
is a well-defined linear character of H!.(G, x G(,1y)- By the proof of Proposition 7.6, p, does not de-
pend on the choice of isotropy group and the extension x'. Therefore, for the induced representation

H.GzXG(LD (Xl)

Pxi = def(szG“,]))

Px < pyi, and as dim p, = dimp,i = q?, we conclude that Pyi is an extension of py to Ge,1,1).
By the Clifford theory, it follows that all the representations of G(2,1,1) that lie above p, are of the
form {pyi-¢ ¢ €Ge1,1)/H} Hence the contribution to the representation zeta polynomial of G(2,1,1)

from these representations is (q — 1)RO{xGLz(O|_) (qu). The remaining representations correspond
to representations of H whose central character is trivial, that is, representations pulled back from
(03 x 02) x G1,1)) x OF. The action of G1,1y on O? x O% is given by

1 1 7wv) (1 (1 mvD!
DJ\w I p~')~ \ Dw I '
After a choice of identification of (9% X O% with its dual: ((V, W), (v, w)) =¥ (vV + ww), we get

15 Ay (D-13 n (1
g (v, w)=(D""V, WD), whereg_< D)’

and the orbits and stabilizers of this action are given by

Orbits Stabilizers

(-]

] O1><IOT

(2)

] (91><1(91k

¥
()] e
|

u* O1>}.u*e(’);‘ (@}

4)

(5)

v
[¢
3) [of
[
[

Collecting all the pieces, we get the desired result. O

From the above discussion, one easily obtains the representation zeta polynomial for the group
GL4(O3).

Remark 7.8. The representation zeta polynomial Rg(D) for D =1 gives the number of conjugacy
classes of G. From above, we can easily obtain the number of conjugacy classes of groups GLy(O>),
GL3(03), and GL4(O3). The number of conjugacy classes of GL,(O,) and GL3(O,) is already known;
see Avni, Onn, Prasad, and Vaserstein [3].
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