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Abstract

In this note, we study the integrability of geodesic flow in the background of a very general class of spacetimes with NUT-charge(s) in higher
dimensions. This broad set encompasses multiply NUT-charged solutions, electrically and magnetically charged solutions, solutions with a cos-
mological constant, and time-dependant bubble-like solutions. We also derive first-order equations of motion for particles in these backgrounds.
Separability turns out to be possible due to the existence of non-trivial irreducible Killing tensors. Finally, we also examine the Klein–Gordon
equation for a scalar field in these spacetimes and demonstrate complete separability.
© 2005 Elsevier B.V.
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1. Introduction

Taub–NUT solutions arise in a very wide variety of situa-
tions in both string theory and general relativity. NUT-charged
spacetimes, in general, are studied for their unusual properties
which typically provide rather unique counterexamples to many
notions in Einstein gravity. They are also widely studied in the
context of issues of chronology protection in the AdS/CFT cor-
respondence. Understanding the nature of geodesics in these
backgrounds, as well as scalar field propagation, could prove to
be very interesting in further exploration of these spacetimes.

There is a strong need to understand explicitly the structure
of geodesics in the background of black holes in anti-de Sitter
space in the context of string theory and the AdS/CFT corre-
spondence. This is due to the recent work in exploring black
hole singularity structure using geodesics and correlators in
the dual CFT on the boundary [1–6]. Black holes with charge
are particularly interesting for this type of analysis since the
charges are reinterpreted as the R-charges of the dual theory.
The class of solutions dealt with in this Letter also include
black holes that carry both NUT and electric charges in vari-
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ous dimensions, and could prove very interesting in this sort of
analysis.

In this Letter we explore a very general metric describing
a wide variety of spacetimes with NUT-charge(s). In addition
further metrics can also be obtained from these through vari-
ous analytic continuations (which does not affect separability
as demonstrated for these class of metrics). As such, the study
of separability in this set of spacetimes encompasses the cases
of both singly and multiply NUT-charged solutions, electrically
and magnetically charged solutions with NUT parameter(s), so-
lutions with a cosmological constant and NUT parameters(s),
and time-dependant bubble-like NUT-charged solutions. Many
of these describe very interesting gravitational instantons. Some
of these solutions include static backgrounds, while others are
time-dependant and provide very interesting backgrounds for
studying both string theory and general relativity. Some of these
solutions, especially the bubble-like ones, are particularly inter-
esting in the context of string theory as they arise in the context
of topology changing processes, e.g. they show up as possible
end states for Hawking evaporation, and they show up in tran-
sitions of black strings in closed string tachyon condensation.

We study the separability of the Hamilton–Jacobi equation
in these spacetimes, which can be used to describe the motion
of classical massive and massless particles (including photons).
We use this explicit separation to obtain first-order equations of
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motion for both massive and massless particles in these back-
grounds. The equations are obtained in a form that could be
used for numerical study, and also in the study of black hole
singularity structure using geodesic probes and the AdS/CFT
correspondence. We also study the Klein–Gordon equation de-
scribing the propagation of a massive scalar field in these space-
times. Separation again turns out to be possible with the usual
multiplicative ansatz.

Separation is possible for both equations in these metrics due
to the existence of non-trivial second-order Killing tensors. The
Killing tensors, in each case, provides an additional integral of
motion necessary for complete integrability.

There has been a lot of work recently dealing with geodesics
and integrability in black hole backgrounds in higher dimen-
sions both with and without the presence of a cosmological
constant [7–16]. Of particular note in the context of this Letter
are [12,14] which deal with black holes with NUT parameters
in some special cases. This work extends, and generalizes, some
of the results obtained in these papers.

2. Overview of the metrics

The class of metrics dealt with in this Letter, and their gen-
eralizations obtained via analytic continuations, have been con-
structed and analyzed in [17–22], as well as some references
contained therein. We will very briefly describe the metrics,
and some of the various types of spacetimes that can be ob-
tained from them. As mentioned earlier, separability for all the
metrics is addressed by dealing with the class we do here, since
analytic continuations do not affect separability of either the
Hamilton–Jacobi or Klein–Gordon equation (though they do
affect the physical interpretations of the various variables and
their associated conserved quantities).

The general spacetimes we study are described by the met-
rics

ds2 = −F(r)

[
dt +

p∑
i=1

2Nifi(θi) dφi

]2

+ dr2

F(r)

(2.1)+
p∑

i=1

(
r2 + N2

i

)(
dθ2

i + g2
i (θi) dφ2

i

)
.

A very general class of metrics in even dimensions where the
(φi, θj ) sector has the form M1 ×M2 ×· · ·×Mp , with each Mi

a two-dimensional space of constant curvature δi . In this case
the functions are given by

δi = 1: fi(θi) = − cos θi, g2
i (θi) = sin2 θi,

δi = 0: fi(θi) = −θi, g2
i (θi) = 1,

(2.2)δi = −1: fi(θi) = − cosh θi, g2
i (θi) = sinh2 θi,

and an expression for F(r) can be found in [21] along with a
detailed description. Generalizations to include electric charge
are obtained by suitably modifying F(r), and can be found in
[20,22]. Metrics describing “bubbles of nothing” also fall under
this class and can be found in [19]. Examples of NUT-charged
spacetimes in cosmological backgrounds also fall in this frame-
work and can be found in [19].
For the purposes of analyzing separability, some odd-
dimensional NUT-charged spacetimes also fall under this cat-
egory. For instance in five dimensions (i.e. p = 2) a NUT-
charged spacetime is obtained by taking g2(θ2) = 0 and N2 = 0,
i.e. a metric of the form

ds2 = −F(r)(dt − 2N1 cosh θ1 dφ1)
2 + dr2

F(r)

(2.3)+ (
r2 + N2

1

)(
dθ2

1 + sinh2 θ1 dφ2
1

) + r2 dθ2
2 .

This describes a spacetime in an AdS background; similar dS
and flat background spacetimes can be obtained by following
the prescriptions in (2.2) while maintaining g2(θ2) = 0 and
N2 = 0. Generalizations to higher odd-dimensional spacetimes
are obvious.

Various twists of these spacetimes can also be obtained
through analytic continuations. For instance, using the prescrip-
tions t → iθ , θ → it , we can obtain time-dependant bubbles.
In five dimensions in an AdS background, some examples ob-
tained via this prescription, and a few other suitable obvious
variable redefinitions are

ds2 = F(r)(dθ1 + 2N1 cos t dφ)2 + dr2

F(r)

+ (
r2 + N2

1

)(−dt2 + sin2 t dφ2) + r2 dθ2
2 ,

ds2 = F(r)(dθ1 + 2N1 sinhφ dt)2 + dr2

F(r)

+ (
r2 + N2

1

)(
dφ2 − cosh2 φ dt2) + r2 dθ2

2 ,

ds2 = F(r)(dθ1 + 2N1 coshφ dt)2 + dr2

F(r)

+ (
r2 + N2

1

)(
dφ2 − sinh2 φ dt2) + r2 dθ2

2 ,

ds2 = F(r)(dθ1 + 2N1e
φ dt)2 + dr2

F(r)

(2.4)+ (
r2 + N2

1

)(
dφ2 − e2φ dt2) + r2 dθ2

2 .

For future use, we give the determinant of the metric (2.1)

(2.5)g = −
p∏

i=1

(
r2 + N2

i

)2
g2

i (θi).

The components of the inverse metric are

gtt =
p∑

i=1

4N2
i f 2

i (θi)

(r2 + N2
i )g2

i (θi)
− 1

F(r)
,

gtφi = − 2Nifi(θi)

g2
i (θi)(r2 + N2

i )
,

gφiφj = δij

(r2 + N2
i )g2

i (θi)
,

grr = F(r),

(2.6)gθiθj = δij

r2 + N2
i

.

These formulae are somewhat tedious to derive, but can be
proved using a few Maple calculations, and then using math-
ematical induction [23].
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3. The Hamilton–Jacobi equation and separability

The Hamilton–Jacobi equation in a curved background is
given by

(3.1)−∂S

∂λ
= H = 1

2
gμν ∂S

∂xμ

∂S

∂xν
,

where S is the action associated with the particle and λ is some
affine parameter along the worldline of the particle. Note that
this treatment also accommodates the case of massless parti-
cles, where the trajectory cannot be parametrized by proper
time.

3.1. Separability

We can attempt a separation of coordinates as follows. Let

(3.2)S = 1

2
m2λ − Et +

p∑
i=1

Lφi
φi +

p∑
i=1

Sθi
(θi) + Sr(r).

t and φi are cyclic coordinates, so their conjugate momenta are
conserved. The conserved quantity associated with time trans-
lation is the energy E, and those with rotation in the φi are the
corresponding angular momenta Lφi

. Then, using the compo-
nents of the inverse metric (2.6), the Hamilton–Jacobi equation
(3.1) is written to be

−m2 =
p∑

i=1

4N2
i f 2

i (θi)

(r2 + N2
i )g2

i (θi)
E2 − E2

F(r)

−
p∑

i=1

4Nifi(θi)

(r2 + N2
i )g2

i (θi)
(Lφi

)(−E)

+
p∑

i=1

1

(r2 + N2
i )g2

i (θi)
L2

φi

(3.3)+ F(r)

[
dSr(r)

dr

]2

+
p∑

i=1

1

r2 + N2
i

[
dSθi

(θi)

dθi

]2

.

After some manipulation, we can recursively separate out
the equation into

−m2 = − E2

F(r)
+ F(r)

[
dSr(r)

dr

]2

+
p∑

i=1

Ki

r2 + N2
i

,

(3.4)Ki =
[
dSθi

(θi)

dθi

]2

+
[
Lφi

+ 2Nifi(θi)E

gi(θi)

]2

.

For future reference we will use the notation K = ∑p

i=1 Ki .
Also note that for the metrics obtained through analytic con-
tinuations discussed earlier, the issue of separability is clearly
not affected. However, for an analytic continuation of the form
t → iθ , θ → it , we need to replace E → −iLθ , and the energy
is no longer conserved as we have a time dependant back-
ground. However, now the angular momentum Lθ associated
to θ is conserved. Similar substitutions need to be made for any
other analytic continuations or variable redefinitions used to de-
fine the new metrics.
3.2. The equations of motion

To derive the equations of motion, we will write the sepa-
rated action S from the Hamilton–Jacobi equation in the fol-
lowing form:

S = 1

2
m2λ − Et +

p∑
i=1

Lφi
φi +

r∫ √
R(r ′) dr ′

(3.5)+
p∑

i=1

θi∫ √
Θi(θ

′
i ) dθ ′

i ,

where

F(r)R(r) = −
p∑

i=1

Ki

r2 + N2
i

+ E2

F(r)
− m2,

(3.6)Θi(θi) = Ki −
[
Lφi

+ 2Nifi(θi)E

gi(θi)

]2

.

To obtain the equations of motion, we differentiate S with
respect to the parameters m2, Ki , E, Lφi

and set these deriva-
tives to equal other constants of motion. However, we can set
all these new constants of motion to zero (following from free-
dom in choice of origin for the corresponding coordinates, or
alternatively by changing the constants of integration). Follow-
ing this procedure, we get the following equations of motion:

∂S

∂m2
= 0 ⇒ λ =

∫
dr

F (r)
√
R(r)

,

∂S

∂Ki

= 0 ⇒
∫

dθi√
Θi

=
∫

1

(r2 + N2
i )

dr

F (r)
√
R(r)

,

∂S

∂Lφi

= 0 ⇒ φi =
∫

Lφi
+ 2Nifi(θi)E

g2
i (θi)

dθi√
Θi(θi)

,

∂S

∂E
= 0

⇒ t =
∫

E

F 2(r)

dr√
R(r)

(3.7)

−
p∑

i=1

∫
2NiLφi

fi(θi) + 4N2
i f 2

i (θi)E

g2
i (θi)

dθi√
Θi(θi)

.

It is often more convenient to rewrite these in the form of first-
order differential equations obtained from (3.7) by direct differ-
entiation with respect to the affine parameter:

dr

dλ
= F(r)

√
R(r),

dθi

dλ
=

√
Θi(θi)

r2 + N2
i

,

dφi

dλ
= Lφi

+ 2Nifi(θi)E

g2
i (θi)(r2 + N2

i )
,

(3.8)
dt

dλ
= E

F(r)
−

p∑
i=1

2NiLφi
fi(θi) + 4N2

i f 2
i (θi)E

g2
i (θi)(r2 + N2

i )
.
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4. Dynamical symmetry

The general class of metrics discussed here are stationary
and “axisymmetric”; i.e., ∂/∂t and ∂/∂φi are Killing vectors
and have associated conserved quantities, −E and Lφi

. In gen-
eral, if ξ is a Killing vector, then ξμpμ is a conserved quantity,
where p is the momentum of the particle. Note that this quan-
tity is first order in the momenta.

The additional constants of motion Ki which allowed for
complete integrability of the equations of motion is not re-
lated to a Killing vector from a cyclic coordinate. These con-
stants are, rather, derived from irreducible second-order Killing
tensors in which permit the complete separation of equations.
Killing tensors are not symmetries on configuration space, and
cannot be derived from a Noether procedure, and are rather,
symmetries on phase space. They obey a generalization of the
Killing equation for Killing vectors (which do generate symme-
tries in configuration space by the Noether procedure) given by

(4.1)K(μν;ρ) = 0,

where K is any second-order Killing tensor, and the parentheses
indicate complete symmetrization of all indices.

The Killing tensors can be obtained from the expressions for
the separation constants Ki in each case. If the particle has mo-
mentum p, then the Killing tensor Kμν is related to the constant
K via

(4.2)K =Kμνpμpν =Kμν ∂S

∂xμ

∂S

∂xν
.

We can use the expression for the Ki in terms of the θi equa-
tions.

For the Taub–NUT metrics analyzed above, the expression
for Ki from (3.4) is

(4.3)Ki =
[

dSθi
(θi)

dθi

]2

+
[
Lφi

+ 2Nifi(θi)E

gi(θi)

]2

.

Thus, from (4.2) we can easily read

Ki = ∂θi
⊗ ∂θi

+ 1

gi(θi)2

[
∂φi

⊗ ∂φi
+ 4N2

i f 2
i (θi)∂t ⊗ ∂t

(4.4)− 2Nifi(θi) sym(∂φi
⊗ ∂t )

]
.

We can easily check using Maple [23], that the Killings tensors
do satisfy the Killing equation.

Note that if any of the NUT parameters Nk were zero, then
the corresponding Killing tensor Kk would simply be the usual
Killing tensor of the underlying two-dimensional space Mk

(which is a reducible one in the case of a homogenous constant
curvature space Mk as is the case for many situations here).
In general, however, a non-zero NUT parameter Nk provides a
non-trivial coupling between the (r,φi, θi) sectors, and the ex-
istence of the Killing vectors ∂φi

and ∂t along is not enough to
ensure complete separability. It is the existence of these non-
trivial irreducible Killing tensors Ki that provides the addition
separation constants Ki necessary for complete separation of
each space Mi from another space Mj , as well as separation
of the angular sectors completely from the radial sector. These
tensors are irreducible since they are not simply linear combi-
nations of tensor products of Killing vectors of the spacetime.
5. The scalar field equation

Consider a scalar field Ψ in a gravitational background with
the action

(5.1)S[Ψ ] = −1

2

∫
dDx

√−g
(
(∇Ψ )2 + αRΨ 2 + m2Ψ 2),

where we have included a curvature dependent coupling. How-
ever, in these (anti)-de Sitter and flat backgrounds with charges,
R is constant (proportional to the cosmological constant Λ). As
a result we can trade off the curvature coupling for a different
mass term. So it is sufficient to study the massive Klein–Gordon
equation in this background. We will simply set α = 0 in the
following. Variation of the action leads to the Klein–Gordon
equation

(5.2)
1√−g

∂μ

(√−ggμν∂νΨ
) = m2Ψ.

Using the explicit expressions for the components of the in-
verse metric (2.6) and the determinant (2.5), the Klein–Gordon
equation for a massive scalar field in this spacetime can be writ-
ten as

m2Ψ =
[

p∑
i=1

4N2
i f 2

i (θi)

(r2 + N2
i )g2

i (θi)
− 1

F(r)

]
∂2
t Ψ

−
p∑

i=1

4Nifi(θi)

g2
i (θi)(r2 + N2

i )
∂2
tφi

Ψ

+
p∑

i=1

1

(r2 + N2
i )g2

i (θi)
∂2
φi

Ψ

+ 1∏p

i=1(r
2 + N2

i )

∂

∂r

[
p∏

i=1

(
r2 + N2

i

)
F(r)

∂Ψ

∂r

]

(5.3)+
p∑

i=1

1

(r2 + N2
i )gi(θi)

∂

∂θi

[
gi(θi)

∂Ψ

∂θi

]
.

We assume the usual multiplicative ansatz for the separation of
the Klein–Gordon equation

(5.4)Ψ = Φr(r)e
−iEt ei

∑p
i=1 Lφi

φi

p∏
i=1

Φθi
(θi).

Then we can easily completely separate the Klein–Gordon
equation as

Ki = 1

gi(θi)Φθi
(θi)

d

dθi

[
gi(θi)

dΦθi
(θi)

dθi

]

−
[
Lφi

+ 2Nifi(θi)E

gi(θi)

]2

,
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−m2 = 1∏p

i=1(r
2 + N2

i )

d

dr

[
p∏

i=1

(
r2 + N2

i

)
F(r)

dΦr(r)

dr

]

(5.5)+ E2

F(r)
+

p∑
i=1

Ki

r2 + N2
i

,

where the Ki are again separation constants. At this point we
have completely separated out the Klein–Gordon equation for a
massive scalar field in these spacetimes.

We note the role of the Killing tensors in the separation terms
of the Klein–Gordon equations in these spacetimes. In fact, the
complete integrability of geodesic flow of the metrics via the
Hamilton–Jacobi equation can be viewed as the classical limit
of the statement that the Klein–Gordon equation in these met-
rics also completely separates.

6. Conclusions

We studied the complete integrability properties of the
Hamilton–Jacobi and the Klein–Gordon equations in the back-
ground of a very general class of Taub–NUT metrics in higher
dimensions, which include the cases of both singly and multiply
NUT-charged solutions, electrically and magnetically charged
solutions with NUT parameter(s), solutions with a cosmo-
logical constant and NUT parameters(s), and time-dependant
bubble-like NUT-charged solutions, and other very interest-
ing gravitational instantons. Complete separation of both the
Hamilton–Jacobi and Klein–Gordon equations in these back-
grounds is demonstrated. This is due to the enlarged dynamical
symmetry of the spacetime. We construct the Killing tensors in
these spacetimes which explicitly permit complete separation.
We also derive first-order equations of motion for classical par-
ticles in these backgrounds. It should be emphasized that these
complete integrability properties are a fairly non-trivial con-
sequence of the specific form of the metrics, and generalize
several such remarkable properties for other previously known
metrics.

Further work in this direction could include the study of
higher-spin field equations in these backgrounds, which is of
great interest, particularly in the context of string theory. Ex-
plicit numerical study of the equations of motion for specific
values of the black hole parameters could lead to interesting re-
sults. The geodesic equations presented can also readily be used
in the study of black hole singularity structure in an AdS back-
ground using the AdS/CFT correspondence.
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