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‘There are many optimal control problems in which it is necessary or desirable
to constrain the range of values of state variables. When stochastic inputs are
involved, these inequality constraint problems are particularly difficult. Some-
times the constraints must be modeled as hard constraints which can never be
violated, and other times it is more natural to prescribe a probability that the
constraints will not be violated. This paper treats general problems of the latter
type, in which probabilistic inequality constraints are imposed on the state
variables or on combinations of state and control variables. A related class of
problems in which the state is required to reach a target set with a prescribed
probability is handled by the same methods. It is shown that the solutions to
these problems can be obtained by solving a comparatively simple bilinear
deterministic control problem.

1. INTRODUCTION

It is often necessary to constrain the range of values of state variables in
optimal control problems when stochastic inputs are present. When the con-
straints are imposed by nature, they often must be modeled as hard constraints
which can never be violated. If instead, the constraints are ones which the control
system designer wishes to impose, it can be more natural to posc the control
problem so that the desired inequalities on the state are satisfied with some
prescribed probability.
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This paper presents a method of handling stochastic optimal control problems
with linear systems and quadratic costs when subject to data-unconditional
probabilistic inequality constraints on combinations of the state variables, the
control variables, or both. Optimal control problems in which it is desired to
reach a target set with a prescribed probability are treated as a special case, and
an example is given. It is shown that the optimal feedback control laws for these
stochastic problems can be found in terms of a comparatively simple bilinear
deterministic control problem. Extension of these results to data-conditional
probabilistic inequality constraints is discussed.

The problem of maximizing the likelihood of reaching a specified terminal
point treated in [1] can be compared to a special case of our target set problem,
where the target set approaches a point by a suitable choice of probabilistic
inequality constraints. In both cases, the a priori probability of reaching the
terminal state is to be maximized. In [2] a specified a posteriori state mean and
covariance are obtained at a terminal time. Deterministic control problems with
inequality constraints have been considered by others (for example, see [3-5]).

The method presented here is immensely more tractable than solving stochastic
optimal control problems subject to hard constraints, which can involve repeated
solution of the Fokker-Planck equation. Not only does this method apply to
probabilistic inequality constraint problems, but it can also be used for the
approximate treatment of problems with hard constraints. With this viewpoint,
the method can be considered as a stochastic analogue to the penalty function
approach used for deterministic optimal control problems with inequality
constraints [4].

2. StocHasTIC CONTROL PROBLEMS WITH PROBABILISTIC STATE INEQUALITY
CONSTRAINTS OR PROBABILISTIC TARGET SETS

In this section two classes of stochastic optimal control problems will be
defined. The first constrains the state of the system to remain in certain regions
of the state space with prescribed probabilities. The second requires that the
final value of the state be in a prescribed target set with given probability.

PROBABILISTIC STATE INEQUALITY CONSTRAINT PROBLEM. Given the linear
time-varying stochastic system

dx(t) = A(t) 2() dt + B(¢) u(t) dt + f(t) dt + do(2),

dy(t) = C(t) x(t) dt + du(?), ()
E[(0)] = %,  E[(x(0) — %) (x(0) — %] = Py,
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where x(t) € A, u(t)e A", y(t) e R*; m < n; and tc[0, T). The o(tye #™
and w(t) € B* are scaled Weiner processes with rates

Elo(t) v'(s)] = 7V(r),
E[w(t) w'(s)] = W (1), (2)
E[2(t) w'(s)] = H(z),

for all t, s€[0, T}, and where 7 = min(t, s). W(t) is positive definite on [0, T].
The matrices A(t), B(t), and C(t) are continuous on [0, T]. The system (A, B)
is totally state controllable on [0, T). The vector f(t) is an endogenous driving term
continuous on [0, T, and u(t) is the control which is unconstrained.

Let the terminal time T be fixed, and the terminal state be free. Then find a control
u which minimizes the functional

J=E g% [0 " [ (0)0() 3(2) + /(1) R@) u(t)] dt + %x’(T)Fx(T)§ )

where Q(t) and R(t) are continuous symmetric matrices, and Q(t) = 0, F = 0,
R(t) > 0 for all t € [0, T'). The minimization is subject to the following probabilistic
inequality constraints

Pr{Ki(t) x(t) = «()} = v:(t), €Yy,
PrK(D) x(t) = «(t)} <vi{t).  ieYy,

Pr{o;(t) < K{(0) (1) < Bit)} = vit), i€ Yy,

B(1)} =
Pric(f) < Ki(t) x(t) < B,(1)} < vilt), 1€y,

where the K (t) e A™. K1), at), Bi(t), and y,(t) are continuously differentiable
on [0, T, and must be chosen so that the constraints are self-consistent. The
Ki(t) # 0 and y(t)e(0,1) for all t[Q, T]. The Y; are either the null set or
mutually exclusive finite sets of integers. The initial value x(0) must be such that
the inequality constraints (4) are satisfied at t = 0.

The probabilistic inequality constraints cannot be overspecified in the sense
that it becomes impossible to satisfy all constraints simultaneously. This
meaning of the term ‘“‘self-consistent” is made more precise in the sequel, and
a test for self-consistency is given in Section 5. Note that constraints of the forms
Pr(Kix < o} > yF and Pr{Kix < o;} <y} are equivalent to constraints of
the forms associated with Y, and Y, , respectively, with y} = 1 — y, . Note also
that observability is not required.

PrOBABILISTIC 'TARGET SET PROBLEM. Given the time-varying stochastic
system of Egs. (1), find a control u which minimizes (3) and which transfers the
state from x(0) to an x(T) satisfying the following probabilistic target set
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Pe{RA(T) > a} > v, i€ty
Pr{Kx(T) = «;} < y;, ieY,,
Pria; < Kix(T) < Bif 2 vi» ieYy,
Prie, < KM(T) < B <yi,  icYy,

where the K, € Z". K, , «; , B; , and v, are bounded and must be chosen so that the
inequalities are self-consistent; and the y; € (0, 1). The sets Y; are either the null set
or mutually exclusive finite sets of integers.

In certain circumstances, the specification of a probabilistic target set is quite
natural. It may be very difficult to require that every attempt reach the desired
target set; and an alternative is to specify a probabilistic target set upon which
some reasonable fraction of attempts are required to impinge.

3. DetermiNisTIC CONTROL PROBLEMS

Two bilinear deterministic control problems with matrix-valued state variables
are defined and are later related to the stochastic problems of Section 2. The
rather interesting cost functional for these problems is necessarily nonnegative
in spite of the linear terms in state = (see Section 5).

BiLINEAR DETERMINISTIC CONSTRAINT PROBLEM. Given the matrix-valued
differential equations

E(t) = [A() + B(t) Y] 3¢) + ZOA) + B@ PQ) + I,
#(t) = A1) a(t) + B(1) wlt) + £(1), (5)
B0) = &, 2(0) = 3, te[0, T,

where = and z are symmetric n X n and n X 1 state matrices, respectively. Also,

I'(t) is symmetric, positive semidefinite, and continuous on [0, T]; and E is sym-
metric and positive semidefinite.

Let the terminal time T be fixed, and the terminal state be free. Then find an
m X n control matrix ¥ and an m % 1 control matrix w which minimizes the
Sfunctional

I= g% J‘OT [2'(£) Q(t) 2(t) + w'(t) R(t) w(t) + tr O(t) E(t)

+ tr R(t) P(t) E(t) W'(H)] dt + L' (T)F(T) + 5 tr FE(T); .

(6)
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The minimization is subject to the following deterministic inequality constraints
which must be self-consistent:

Ki(t) 2(t) — gdt, E(t)) = 0, ieZ,
Ki(t) 2(t) — hy(t, E(1)} <0, i€,

Kit)a(t) —g:t, @) 20 or  Ki(t)s(t) — hi(2, 3(1)) <0,  2€2i.

(M
The initial conditions 5, and z, must satisfy these constraints at t = 0, and 2 ,
X, , 2y are finite integer sets. Let each constraint be defined on a prescribed subset S, C
[0, T). For all ie 2, U 2, U 2y, K, is continuously differentiable on 7, . For these
same I, g; and h; are continuously differentiable on 7, with respect to their first
argument 1, and twice continuously differentiable on the class of positive semidefinite
matrices with respect to each element of the second argument E. The matrices -, B,
O, F, R, and f satisfy the same requirements as in the Probabilistic State Inequality
Constraint Problem.

BILINEAR DETERMINISTIC TARGET SET PROBLEM. Given the system equations
(5), find control matrices ¥ and «w which minimize (6) and which transfer the system
from Zy, z, to a terminal state 5(T), 2(T) satisfying the deterministic target set
defined by the following inequalities which must be self-consistent.

Kix(T) — g7 (5(T) = 0, iely,

Kix(T) — k(E(T)) <0, ieZ,,

Kix(T) - &/(&(T) 20, o KaT)—KET)<O0, iel;.
The Ty, X, , X5 are finite integer sets, and for ic X, U X, U X, the g¥ and k¥ are

continuously differentiable on the class of positive semidefinite matrices with respect
to each element of the argument =Z(T).

4. CoNvERSION OF StocHasTIC CoNTROL PROBLEMS TO
DEeteErMINISTIC CONTROL PROBLEMS

The relationships between the stochastic problems of Section 2 and the
deterministic problems of Section 3 will be established. The following lemma
will be used to convert the probabilistic constraints to a deterministic form.

CoNVERSION LEMMA. Let r be a Gaussianly distributed random variable with
cariance o. Let o and B be finite numbers, and let y € (0, 1). Then:
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(i) The probabilistic inequality
Prir 2o} >y
is satisfied if and only If the expected value ¥ = E(r) satisfies
F 2o+ 22 erf=1(2y — 1),
where erf is the error function.
(i) The inequality Pr{r > o} < y is satisfied if and only if 7 satisfies
7 < a4 2% erf 2y — 1).
(i)  Define
B(s) = 1 exf[(B — )/21%0] — } erf[(x — )/2'/%],
= Yt )
Concerning the probabilistic inequality
Pria <7 < B} = &) = v, (@)
three cases apply:

(a) If ®(r*) > v, then (8) is satisfied if and only if o* {7 < B%,
where B* > o* are the two roots of P(s) — y = 0.

(b)Y If ©(r*)y = vy, then (8) is equivalent to the equality 7 = r*.

(c) If O(r*) < v, then the probabilistic inequality (8) cannot be satisfied.

(iv) Concerning the probabilistic inequality
Pria <7 < B} <, ®)
two cases apply:

(a) If O(r*) > vy, then (9) is satisfied if and only if 7 satisfies one of the

two inequalities
F<a*, 7 =B%
(b) If D(r*) < v, then (9) is satisfied for all values of 7.
Proof. For (i) write

Prir > o} — (ﬂﬁ f " exp(—(r — 7)2/20%] dr

= {1 — erff(« — 7)[2"/2%]}

=,
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or

erf[(« — 7)[2126} < | — 2y.
Since the error function is a monotonically increasing function of its argument,
and since 1 — 2y is in the interval (—1, 1), the inverse error function of both
sides can be taken while preserving the direction of the inequality. This gives

the desired result. The proof of (ii) is analogous.
To prove (iii), note that

Prio <r < B} = (2_”)1/2 af exp[—(r — 7)?/20%] dr
— §erf[(B — 7)]21/%] — } erf[(a — 7)/2"/%]
= O(F).

Consider the continuously differentiable function @(r* -+ {) as a function of {.
Then

oP 1

3—C - (2m) 2 g

?

on[(57  o] - e [(52 o o]

which is positive for —o0 < { < 0, zero for { = 0, and negative for 0 < { <
+ 0. Hence, @(r* + () is a monotonically increasing function of { for —c0 <
{ << 0 and a monotonically decreasing function for 0 << { < o0, and it
takes on a global maximum at { = 0. Since limy;|,, §(r* -+ {) = 0, the function
®(r* + ) assumes each value in the interval (0, @(r*)) exactly once for { > 0,
and once for { < 0. Furthermore, using erf(§) = —erf(—¢) it is seen that
D(r* + ) = D(r* — {), so that the two values of { are identical in absolute
value. Then Pr{a <C 7 < B} = y implies @(7) — y = 0. If @(r*) > y there are
two values of 7, «* and 8%, for which $(7) — y = 0 and all values of 7 in [a*, 8%]
satisfy the inequality. If @(r*) = y only 7 = r* satisfies the inequality, and if
@(r*) < y there is no expected value of r for which the probabilistic inequality
is satisfied. Since each of the steps can be reversed, (iii) is proved. Similarly
Pria < r < B} < y implies @(F) — y < 0, and the inequality is satisfied for
7 < o* and for B* < 7, provided @(r*) > y. If D(r*) < y, then there are no
real roots of P(F) — y =0, and all 7 satisfy the inequality.

The following theorem shows that for a restricted class of admissible controls,
the solution to the stochastic control problem with probabilistic state inequality
constraints can be obtained by solving a deterministic problem.

CoNvERsION THEOREM. Let the set of admissible controls in the Probabilistic
State Inequality Constraint Problem be restricted to the class of affine functions
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w(t, &) = M(@)€ + N(t), where p: [0, T] < #" — #», M(t) and N(t) are
Dprecewise continuous on [0, T'). Define

£(t) = E[x(t) | ¥,),

where ¥, is the o-field generated by { ¥(r), 0 < 7 < t}. Then any optimal control
u(t) satisfying the Probabilities State Inequality Constraint Problem can be ex-
pressed as

w(t) = w(t) + PO)[E(t) — 2(2)],

where w(t) and Y(t) are optimal controls for a Bilinear Deterministic Constraint
Problem, and 2(t) is the corresponding optimal solution.

Proof. Let the following quantities be defined:

x(1) = E[x(t) | ¥},
&(t) = x(t) — %(2),

&) = E[En1 9],
&) = &) — &),

u(t) = Efu(t) | ¥,
#(t) = u(t) — u(t),
II(z) = E[&@) €(1),
P(t) = E[&1) £(1)).

One can then obtain

a{ty = M{@) @)+ N@),

. (10)
a(t) = M(@) £@).

(1) Conversion of the Cost Functional

After the order of the expectation and the integration in (3) are interchanged,
the cost functional can be written as

J= 2; [ " [FO% + WRa + tr QB(4€') + tr RE(Y] dt
¢ (1n
+ Y F(T)FR(T) + b FEIE(T) (T} -

-~y

The remaining expectations can be expressed as E(£€") = II 4 P and E(@d’) =
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MIIM' after noting that E(££) =0. Then the desired form of the cost
functional is

T
J= ;%f [%'Q% + @' Rit + trQUI -+ P) + tr RMIIM'} dt
0

(12)
+ 3%(TYFE(T) + s w FIII(T) + P(T)]{

which is to be minimized with respect to the control variables # and .

(i) The Augmented State Equations

Since the cost functional (12) contains #, /7, and P, differential equations for
these quantities will now be generated. Taking the expectation of the state
equations (1) gives the immediate result

#(t) = A(t) £(t) + B() a() + £,

13
#(0) = %, . (1)

To calculate IT and P it is necessary to obtain equations for £ and £
Standard results can be used to show that the best estimate £ satisfies

di(t) = [A(1) — G(t) C(1)] £(2) dt + B(t) u(t) dt + f(2) dt + G(t) dy(2), (14)

G(t) =[P(t) C'(t) + HH)] W), (15)
#0)=%,.
Then

dé(t) = A(t) &(t) dt + G(t) C(t) &(t) dt + B(z) i(t) dt + G(z) du(t),
£0) =0,

. R 16
d(t) = [A(t) — G(t) C(2)] £@t) dt + de(t) — G(t) du(?), 1o
5(0) =X — Xy
Letl = [f" | €], and use & = MéE to express { in integral form as
10 = 20,040 + [ 2.9)dg an

where Z is the state transition matrix corresponding to the system matrix

&{___[A—}—B]II GC ]

0 4 —-GC
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and ¢ = [(Gw)' | (v — Gw)']. Observe that the covariance of {(t) can be
partitioned as

R COT O N (18)
and can be written as
L(t) = Z(t, 0)L(0) Z'(t,0) + | " 202, 5) Q) 2, 5) ds. (19)

The scaled Weiner process ¢(t) has the rate E[g(t;)q'(t;)] = w(r) for all
t,,t,€]0, T) where 7 = min(¢, , £,), and
GWG' GH' — GWG’ ]

Q paay
[HG’ —GWG GWG — HG' — GH' +V

Differentiating (19) and using (18) and(15) gives the desired differential equations
for IT and P.

II(t) = |A(t) + B() M(t)] I1(t) + TI(t)[A(t) + B() M)

+ [P(2) C'(2) + H(5)] WH()[P(2) C'(t) + H@)]' (20)
) = o,
P{t) = A() P(t) + P(t) A'(t) — [P(t) C'(t) + H(®)] W(z)

X [P@) C'(t) + H®)] + V(D) (21)
P(0) = P,.

Since P(t) is independent of the control variables # and A7, and can be calculated
a priori, the state variables associated with the cost functional (12) are ¥ and I1.
These variables are related to the control variables by state equations (13) and (20)
of the augmented system.

(iii) Conversion of the Inequality Constraints

Equations (1) and (16), after using (10), form a coupled set of linear equations
driven by Gaussian processes. Hence x(t) is Gaussianly distributed, and the
conditions of the Conversion Lemma are satisfied at each time ¢ The r of the
lemma is K}(¢) x(¢), whose variance is

o(t, 11(2)) = Ki(t) E[£(t) £ ()] Ki(2)

—K@PO+ IOKG,  icUY. @)
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Application of parts (i) and (ii) of the lemma gives

&t o) = ai(t) + 2ot TI(W) exfN2y,(r) — 1], ieYy,

(23)
hi(t, o)) = o, (t) + 2V20(2, I1(2)) erf[2y,(2) — 1], ieY,.
Define
_ 1 Bi(t) — s b at) — s
Dy(s, t,0;) = TCrf[ 21/20',-(1, H(t)) ] 3 erf[ 21"20'1-(1‘., H(t)) ] ’ (24)
1eY,UY,,
ri(t) = Hou(t) + BiD)], ieY,uY,.
The intervals for which the converted constraints exist are
3
F=110<e LT, ie) Y,
j=1

S = {10 <t < T, ,(r7(t), 8, 0(t, IR)) > 7)), i€ Y.
Those inequalities indexed by Y, which are not always satisfied are identified by
YulI()) = {i|ie Yy, ®(rf(2), t, oi(t, II(t))) > y,(t) for some ¢ € [0, T}.

Application of parts (iii) and (iv) of the lemma gives g,(¢, o;) and A, ;) for
1€ Y, U Y, as the roots s(¢) of

(Di(sv t: Uz‘) = Yi(t)v (25)

with 7; < k; . If for any ie Y,, @{r}(£), t, 6,) < y(t) for any t [0, T], then
the constraints (4) are inconsistent. Since by assumption the constraints are self-
consistent, the 7€ ¥Y; can be expressed as two constraints, one of the form
associated with 2, and one associated with %, . These sets then become

2 =Y uY,; 2, =Y, VY, 2, =Y,.

It remains to make the following identification of the variables in the Bilinear
Deterministic Constraint Problem:

ERy=1II(@); E,=0; =2(t)==x@); P& =M@E); @) =a),
I'(@t) = [P(8) C'()) + HOI W) [P(1) C'(1) + H@)',

gi(tv E(t)) == gi(tv D'i(t: E(t)))’
hi(t' E(t)) = h—i(t’ Ui(tr E(t)))1 iE YI U Y2 U Ya U Y41 »

(26)

and the proof of the theorem is complete. J

409/66/1-17
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Application of the above Conversion Theorem to a one-dimensional stochastic
system reduces the problem to that of finding the optimal control for a two-
dimensional deterministic system. In general, an n-dimensional stochastic
optimization problem is converted to a }n(n + 3)-dimensional deterministic
problem. This is the dimensionality penalty one must pav for the comparative
ease of solution of deterministic problems.

By limiting the inequality constraint conversion to time ¢t = T in part (iii)
of the proof of the Conversion Theorem, the following corollary is established.

CoOROLLARY |. Let the set of admissible controls be as specified in the Conversion
Theorem. Then any optimal control u(t) satisfving the Probabilistic Target Set
Problem can be expressed as

u(t) = w(t) + POE(1) — (1),

where w(t) and ¥(t) are optimal controls for a Bilinear Deterministic Target Set
Problem, and 2(t) is the corresponding optimal solution.

It is instructive to view the state inequality constraint problem and the target
set problem in 2, t space, instead of in 2, Z, t space. The target set as viewed in
z space can be considered control dependent through the choice of the feedback
gain ¥ which determines the value of =. Hence the optimal control law must pick
not only an optimal control which causes the system to reach the target set, but
it must choose the target set as well. For the probabilistic inequality constraint
problem in 2, £ space, the «; and 8, values produce a control dependent inequality
constraint which might be termed the fiducial boundary. For properly chosen y; ,
increasing the feedback gain ¥ will decrease the covariance of ¥ and cause the
fiducial boundary to expand, approaching the limits «; and 8; as ¥ grows un-
bounded. Hence, the optimal control not only minimizes the cost functional
subject to inequality constraints (in x, ¢ space) but it simultaneously chooses the
constraints themselves (as seen in 2, ¢ space). The controller decides how much
cost it is willing to incur to expand the fiducial boundary. The example in
Section 7 illustrates some of these concepts.

5. SELF-CONSISTENCY TEST FOR PROBABILISTIC CONSTRAINTS

In the statement of the Probabilistic State Inequality Constraint Problem, it is
required that the set of constraints be self-consistent. This concept is defined as
follows.

DerFINITION. The probabilistic inequality constraints (4) are said to be self-
consistent on [0, T] for system (1) if for all £ € [0, T] there exist a state vector
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2(t) and a symmetric state matrix Z(f), which are within the respective sets of
reachable states and for which all constraints are simultaneously satisfied.

A test for self-consistency will be developed which can be applied a priori
without solving the optimization problem. The following Controllability Lemma
will be needed in the development.

CONTROLLABILITY LEMMA. The covariance state equation

E(2) = [A() + B(t) ()] E(t) + E@)[AQ) + BO) P(®)] + 1),

5(0) =0,
with I'(t) positive definite, is totally state controllable on (0, T| relative to the
covariance control V() for E(t) restricted to the class of positive definite n X n
symmetric matrices on (0, T). That is, for every interval [t, , t,] with 0 < ¢, <
t, < T, there exists a bounded P(t) which transfers the system from any positive
definite 5(t)) to any prescribed positive definite Z(t,). Furthermore, no W(t) exists
for which v'E(t)y = 0, v £ 0, for any te (0, T).

Proof. The matrix E can be written as the sum of two matrices 5, and Z,

which satisfy

E(t) = A(t) By(r) + Ey(t) A(2) + T(1),
Ey(t) = A(t) Ext) + Et) A'(2) -+ B(t) Ut) + U'(t) B'(2), @n
5,(0) — E,(0) =0,
U(t) = ¥(2) E(t) = POIE() + Eo)- (28)
As stated earlier, the system (4, B) is assumed to be totally state controllable

on [0, T]; i.e., it is completely state controllable on every interval [t, , f,] with
0 < 4, < t, < T. Therefore, the Gram matrix

Glty 1) = | " X(t,, ) B B'(0) X'ty 1) dt

ty

is nonsingular, where X{z, t,) is the state transition matrix for system matrix
Al2) [6].

Without loss of generality, assume the final state Z,(2,) = 0. The definition
of B, can always be modified to transform any Z,(t,) to zero. Consider the control

Uty = — §B'(t) X'(2,, 1) G7U(t,, 1,) (1)) X (2, 1)
Fy(t,) can be written in integral form as
Ey(ty) = X(ty, 1) By(t) X'(t , 1)

+ ] * X(ty, 1) [B) UG + Ut BO) X'y, 0 dr.
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Substituting U(t), using symmetry of Z,(t,) and G(t, , t,), using properties of
the state transition matrix, and using the definition of G(t, , t,) shows that the
control U(t) produces Zy(t,) = 0. Therefore, relative to control matrix [7#),
system (27) is totally state controllable on [0, 7] for Z, in the class of symmetric
n X n matrices. Then for every interval [t , t,] with 0 < t, < £, < T, there
exists a control U(t) which transfers the state 5(#,) to any prescrlbed E(t,)-

Provided £-Y(¢) exists for all £ €[t , 1,], there exists a covariance control ¥(t)
which generates this U(¢), and it is given by

Y = Ur) Z-Y(1).

By definition, E(¢) is at least positive semidefinite. It is easily shown that Z(¢) is
necessarily positive definite on (0, T']. In integral form

2t) = Jot O, 5) I'(s) O'(1, s) ds,

where 6(t, 5) is the state transition matrix associated with system matrix .4(¢) +
B(t) ¥(t). Consider

t
VE([)y = [ v, s) I'(s) @'t s) v ds.
Yo

By assumption I is positive definite. Also, @(¢, s) is necessarily nonsingular so
that the integrand is positive for all v £ 0. Therefore v'E(t)y > 0 forall v £ 0
and £ € (0, T), and E(¢) is positive definite on this interval. Hence, Z-1(¢) exists.
Then for every interval [t, , £,] with 0 < #; < t, < T, there exists a bounded
covariance control ¥(¢) which transfers the system from any positive definite
E(t,) to any prescribed positive definite 5(z,). Furthermore, no ¥(#) exists for
which Z(#) can have a zero or negative eigenvalue for any 1€ (0, T']. ||

SELF-CONSISTENCY 'THEOREM, Let Y, be the null set, and let I'(t) be positive
definite on [0, T']. For all t € [0, T, let the y(t) satisfy

yit) > 4, tel,,
y?(t) < %! te Yg »

Bilr) — (t)]

yilt) > —erf[ i, ) ieY,.

2 )
Define

Yy ={ilieY,, ®,(rf(t), t, o:(t, 0)) >y, () Vt (0, T},
and for t € [0, T] define

S(#) = {2(t) | 2(t) satisfies inequalities (29) at t},
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where (29) is

Ki)) o) > g8, 0, ie¥,U Yy, )

Ki(t) 2(t) < h(1,0), {€Y,UYy.

Then for system (1) the probabilistic inequality constraints (4) are self-consistent
if and only if Y, = Y, and S(t) is nonempty for all t € (0, T].

Proof. 'The converted forms of the probabilistic constraints are relationships
between 2(t) and Z(t). From the Controllability Lemma the positive definite Z(t)
is totally state controllable on (0, T']. In particular a covariance control ¥(t)
exists which keeps Z(¢) arbitrarily close (in the sense of the Euclidean norm) to
the zero matrix for all ¢t € [0, 7], although there exists no control function ¥
for which Z(¢) has a zero eigenvalue for some t € (0, T']. It will be shown that,
under the conditions of the theorem, the probabilistic inequality constraints are
least restrictive on the set of values that 2(2) can assume when 5(t) approaches
zero.

Equation (22) with IT = = gives ¢, as the sum of two quadratic forms. Since
the Ki{t) 5 0, the second quadratic form is positive for all ¢ € (0, T, and there-~
fore

oilt, B(t)) > oy(t,0),  te(0, T]. (30)

Furthermore, by proper choice of ¥(t), o(t, &(f)) can be made to assume any
value satisfying this inequality.

Constraints associated with 7 € Y; transform to Kj(2) 2(f) = g{t, o;), where
the Z; are given by (23). By assumption y,(t) > } fori € Y, , so that (8g;/6c;) > 0.
Combining this and (30) shows that g,(¢, Z(2)) > g.(t, 0) for & 5~ 0. Since Z(¢)
can be maintained arbitrarily close to the zero matrix, but & 5% 0 for € (0, T,
the least restrictive form of the constraints is Kj(f) 2(¢) > g(t, 0) for £ & (0, T].
Since E(0) = 0, equality is allowed at t = 0. For constraints associated with
i€ Y,, analogous arguments give the least restrictive form of these constraints
as Kj(t) 2(t) < h(t, 0) for ¢ € (0, T] with equality allowed at ¢ == 0.

Consider constraints associated with i € Y5 , and define

yi(t o)) = —; erf [M)—] .

22g,(t, E(1))
Then (8y;"/és;) << 0 for o; 2> 0. This together with (30) establishes that the

stated assumption y,() > yf(t, o,(2, 0)) implies y,(t) > vF(t, o,(t, £)) for all E.
Note that

Py, 1, 04(t, B)) = DB, 1, 0i(t, E)) = v (¢, o1, E)),

and hence «; and B; are roots of D (s, 1, a,(t, B)) = y¥(¢, o,(t, £)). It was shown
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in the proof of the Conversion Lemma that @(rf + {, t, ;) is 2 monotonically
increasing function of { for —oo << { < 0, and a monotonically decreasing
function of  for 0 <¢ { << + oo. Therefore the roots g, and #; of

Pi(s, t, oi(t, &) = v{t) (31)
must satisfy

o < g < < h <Py,

provided these roots exist. If the roots fail to exist for any ¢ € [0, T], then part
(iti, c) of the Conversion Lemma applies, and the constraint cannot be satisfied.
By direct calculation (6®,/d0;) < 0 for o, <<s < B8;. Therefore the roots
exist for all e (0, T] for some reachable =(¢), provided ie Yy, . If i Yy, , by
continuity arguments it is necessary that at t = 0, @{r¥(0), 0, 0,(0, 0)) = ¥,(0).
Since H(0) = 0, equality is allowed at ¢ = 0, and the roots g; and 4; will therefore
exist for all £€[0, 7. If there is an 7 such that 7€ Y, and ¢ Y, , then there is
some ¢ for which the associated probabilistic constraint cannot be satisfied. The
condition Y;, = Y, is therefore a necessary condition for self-consistency.

Write s = r}(t) + £ in (31) and differentiate with respect to o; for i€ Yy,
to obtain

oL oD, 20,

ta;  oPlel -

The numerator has been shown above to be negative; and the denominator is
positive for —oo << ¢ <C 0 and negative for 0 << { < 4 oo0. Therefore

% hy
do; >0, do; <0

and using (30) shows that g,(¢, Z(¢)) > g,(t, 0) and that Az, 5(t)) < A2, 0)
for t e (0, T']. Since Z(¢) can be maintained arbitrarily close to the zero matrix,
but & 5= 0 for t € (0, T}, the least restrictive form of the constraints for i€ Yy, is

£:(t, 0) < Ki(2) 3(t) < hi(t, 0)

for te (0, T']. If this inequality is satisfied, then by continuity g,(0,0) <
K;(0) 2(0) < A,(0, 0). Equality is allowed at ¢t = 0 since Z(0) = 0.

It has now been shown that if Y, = ¥, the constraints associated with
i€ Y; can individually be satisfied. If simultaneously S(¢) is nonempty for all
te (0, T, then there exist a covariance control ¥(t) and associated covariance 5(2)
whose norm is sufficiently small that all probabilistic constraints (4) (with Y, the
null set) are simultaneously satisfied by some z(¢). Therefore the constraints
are self-consistent. Furthermore, if Y, %= Y, there exists no 2(¢) which satisfies
the probabilistic constraints; and similarly if S{#) is the empty set for some
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t€(0, T, there exists no 2(t) which can satisfy the constraints (4) (with Y,
the null set) no matter what the value of Z(¢). Hence the proof is complete. |

The driving term I'(#) is necessarily at least positive semidefinite. The require-
ment in the theorem that I'(#) must be positive definite might be relaxed, but the
determination of the set of reachable states for Z(¢) becomes difhicult; it may be
possible to maintain some or all eigenvalues of 5 at zero. This introduces the
possibility of equality in (29), and whether or not equality is allowed depends
on the detailed structure of I'(t), A(z), and the K,(¢).

The limitations on the values of the y; are necessary in order that the smallest
variance g; corresponds to the fiducial boundary which is least restrictive on 2(t).
If the y; for an i€ Y, is less than 1, then the fiducial boundary is outside the
Kix > o; region, and an increase in the variance o; will cause the fiducial
boundary to recede from «; making the constraint less restrictive. This gives
rise to the peculiar situation where increasing the uncertainty in x(¢) makes it
easier to satisfy the constraint. Since one would normally require a high proba-
bility for constraints with ie Y, U ¥, , and a low probability for constraints
with 7 € ¥, , the given limits on the y; are natural.

Constraints associated with Y, were not considered in the Self-Consistency
Theorem. If y, is sufficiently small for 7 € Y, then decreasing ¢; will make the
constraints less restrictive. However, another possibility exists, that by making
o, sufficiently large case (iv, b) of the Conversion Lemma applies and the constraint
then disappears. Hence, a sufficient increase in the uncertainty in x can eliminate
these constraints while making other constraints more restrictive. Both possi-
bilities must be considered to determine whether a probabilistic constraint set
including constraints in Y) is self-consistent.

6. StocHAsTIC CONTROL PROBLEMS WITH PROBABILISTICALLY
CoNSTRAINED CONTROLS AND STATES

In stochastic control problems it is sometimes natural to impose probabilistic
constraints on the control #(t) or on combinations of «(t) and x(#). The following
general problem of this type can be treated by the techniques developed in
previous sections.

PROBABILISTIC STATE AND CONTROL INEQUALITY CONSTRAINT PROBLEM. In the
Probabilistic State Inequality Constraint Problem let constraints (4) be replaced by

Pr{L(t) u(t) + Ki(t) x(t) = o,(0)} = v:{t), i€V,
Pr{Li(t) u(t) + Ki(t) 2(t) = (1)} <7:lt), i€y,
Prio(t) <Lit) ult) + Kilt) %(t) <P = vilt), iy,
Pr{a,(t) <Li(t) ut) + Ki(t) x(t) < B:(0)} < vit), i€V,

(32)
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where L; and K ; are not simultaneously zero. Then find a control u(t) which minimizes
(3) subject to constraints (32).

A second corollary to the Conversion Theorem expresses the optimal control for

this problem in terms of the control functions of a deterministic problem.

COROLLARY 2. Let the set of admissible controls be as specified in the Conversion
Theorem. Let the inequality constraints (7) of the Bilinear Deterministic Constraint
Problem be replaced by

L) () + Ki(1) 2(1) = gilt o), i€y,
Lit) wlt) + Kit) () < bty o), i€ Ty,
L) lt) + Ki1) 2(t) > giltr o) o
Lift) w(t) + Ki(1) 2(0) < hi(t, o), i€y,
where
o X(t, 5(t), P(t))
= [LI) () + Ki(1)] 5(1) [Li(2) ¥(1) + Ki(1)]" 4 Ki(t) P(2) Ki(2)-

Then any optimal control u(t) satisfying the Probabilistic State and Control
Inequality Constraint Problem can be expressed as

u(t) = w(t) + POIE(E) — ()],

where w(t) and ¥(i) are optimal controls for a Bilinear Deterministic Constraint
Problem, and 2(t) is the corresponding optimal solution.

Proof. Parts (i) and (ii) of the Conversion Theorem apply without change.
Since both u(¢) and x(2) are Gaussian stochastic processes the Conversion Lemma
applies to the constraints (32). After proceeding as in (12), the required variance

a(t, E(t), ¥(1)) = E{[Li(u — u) + Ki(x — #)] [Li{u— #) + Ki(x — %)]'}

is as stated above. With the substitution of this ¢;, the definitions of g, , &;,
and @, remain as in Eqgs. (23)(25), and the proof is complete. ||

Note that the o, are not only dependent on the covariance control ¥(z) through
the covariance Z(¢) but now have explicit dependence on ¥(f) as well. As a
result, the Self-Consistency Theorem does not apply to this problem.

An important special case of (32) is the probabilistic form of the constraint
lu;] < 1 which can be generated from the third type of constraint or as a
combination of the first and second constraint types.
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7. EXAMPLE

Consider the following scalar probabilistic target set problem,
dx(t) = u(t) dt + do(t), x(0) = x,,
¥(t) = (),
E[2(t) o(s)] = V min(z, s),
pt) = Elx(t) — ()%, p(0) = V]2f,  =(t) = E[x(1)].

The set of admissible controls % is restricted to affine functions of the form
u(t, x) = —yx + N(t) with ¢ a constant parameter, and N(f) piecewise con-
tinuous. The optimal cost functional is

J* =i B 4 [l + 0] de + LT

Let f = ¢1/2, and let the target set be
Pr{x(T) = o} = y.

Note that this problem does not lie precisely within the purview of the
Probabilistic Target Set Problem since the observations are perfect and ¢ is a
constant parameter. Nevertheless, with slight modifications, the same methods
apply to problems of this form. Use of the Conversion Lemma produces the
deterministic target set

(t) = a+p[ (T2 p = 212 erf(2y — 1)

A procedure analogous to that in the proof of the Conversion Theorem results
in the converted cost functional

T
7<= Min f1 [ 20 + w50 + ap(0) + $3p(0] i -+ 122(T) + YT
where w(t) = E[u(t)]. Direct calculations show the system equations analogous
to (5) are
() = w(t), 3(0) = 2,
o) = —2p(t) + V, p(0) = V]2f.
Figure 1 gives the solution to this deterministic problem wheng = f = a =
p =T =1and IV = 2. In region I the trajectories are free trajectories in the

sense that they are unaffected by the target set constraint. Free trajectories can
be calculated directly without consideration of the above converted cost func-
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Fic. 1. Example of a probabilistic target set problem.
tional. Hence, the control is u(t) = —fx(t), where f is the constant solution of

the Riccati equation
b=¢-—q HD) =7

Thus, w(t) = —f2(t), $ = f, and the optimal trajectories are given by 2(f) =
2y exp(—ft). The boundary of the free trajectory region is

(1) = [ + p(V[2f /2] T = z¥e 7,

which is that trajectory reaching 2(T) = a + p[ p(T)]'/*> where p(T) = p(t) =
V/2f is the constant solution for p(f) when ¢ = f. It is indicated by a bold line
in Fig. 1.

For 2, < 27 the covariance control i is adjusted to alter the size of the target
set as seen in 2z space. Throughout region IT strict equality will apply in the
deterministic target set inequality, although within region I strict inequality
holds. The dashed curve starting from 2z, = 0 in the figure is an example of an
optimal trajectory in region II and can be determined as follows, Let ¢y = f + Ay,



PROBABILISTIC INEQUALITY CONSTRAINTS 257

and write p(t; 4¢) for p(t) in order to show the dependence on the control
parameter 4. Then

. N o V f+ Al/le‘2(‘f+'4d‘”
s 40) = 3 [

The solutions for z(f) and w(f) from the state and costate equations for this
problem are

2(t) = k(4y) sinh ft,
w(t) = fk(4y) cosh ft,
k() = {o + p[ p(T; A)]*/?}/sinh fT,

where the boundary conditions are 2(0) = 0, 2(T) = « + p[ p(T; 4]}/
Direct substitution of p, 2, and w into the converted cost functional gives

el f2+ (f + A9)*] — 44°p(T; 4Y)
Af + 4¢) ’

J* = Min % e R(AY) +
where
g jffz sinh 2f T + fsinh? fT + ;— (fi—q) T,

¢ = VOf T + 1))2f.

6 =

The minimizing value of 4y} is approximately 1.5, and the optimal trajectory (%)
is thus determined.

The increase in the covariance control from = f = 1 in the free region
decreases the covarince p(t; Ay) at ¢+ = T from unity to 0.4. As a result, the
target set boundary decreases from « -+ p[ p(T’; 0)]/2 = 2 in the free region,
to o+ p[ p(T; 4¢)]/2 = 1.63 for this trajectory in the control dependent
target set region.

8. EXTENSIONS

Generalization of the data-unconditional probabilistic inequality constraints
considered so far can include data conditioning of the constraints and proba-
bilistic polygonal constraints. Extension of our results under these generaliza-
tions will now be discussed.

Consider data-conditional probabilistic inequality constraints such as

Pr{K(t) x(2) Z a,(t) | ¥} = 1)

This constraint will necessarily destroy the Gaussian property. To show this,
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assume that x(¢) is Gaussianly distributed. Then £(¢), which is a linear combina-
tion of the data, is also Gaussian. Application of the Conversion Lemma gives
the inequality

Ki(#) £(¢) = o (t) + 21'(201- crf_l[z'yi(t) — 1]

But if this inequality is satisfied, £(¢) cannot be Gaussian, which is a contradiction.

It would appear that to handle such constraints, one would first have to
determine the distribution functions for the state variables, and determine how
these are related to the applied control. However, it is possible to generate con-
trols for problems with data conditional constraints by repeated application of
the results of this paper. Pick a finite number of times #, and let u(z,) be the
initial value of the optimal control obtained using the Conversion Theorem with
constraints such as

Pr{Ki(7) x(7) = a,(7) | ¥} = vd7)

for 7 ranging from ¢, to T. The control sequence u(#,) obtained in this manner
might be described as an open loop optimal feedback control as defined in [7].

It is possible to pose probabilistic polygonal constraint problems and proba-
bilistic polygonal target set problems analogous to the problems of Section 2.
If S*(¢) is a closed polygonal set, then the probabilistic state inequality constraint
can be written

Pr{x(t) € S*(1)} = ().

For a polygonal constraint in two dimensions this constraint can be written in
terms of the tabulated T'(%, a) function which gives the volume of an uncorrelated
bivariate normal distribution with zero means and unit variances over the area

0 < x, < ax;, a; > h. Then the probabilistic constraint can be written in the
form

1= 35 T(h(9), af®) > v(1)

where the %; and a, are expressible as nonlinear functions of the coordinates of
adjacent vertices of the polygon transformed to uncorrelated, zero mean, and
unit variance coordinates [8, 9].
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