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An algebra is called Abelian if all its term operations satisfy the so-called “term 
condition.” By a recent result of M. Valeriote (Proc. Amer. Math. Sot. 108, 1990, 
4%57), a finite simple Abelian algebra has no nontrivial proper subalgebra. Using 
this fact we prove that every finite simple Abelian algebra whose fundamental 
operations are surjective is either polynomially equivalent to a simple unitary 
module, or term equivalent to a matrix power of a unary permutational algebra. 
0 1992 Academic Press, Inc. 

The term condition (see Section 1) defining Abelian algebras has played 
an important role in studying the representation problem for congruence 
lattices, and in commutator theory for congruence modular varieties (see 
[9, 51 for the history and references). It features also in tame congruence 
theory [7], a new structure theory for finite algebras. The name “Abelian” 
is justified by the fact that a group has this property if and only if it is 
commutative. Typical examples of Abelian algebras are unitary modules 
and unary algebras. Commutator theory and tame congruence theory yield 
two suficient conditions for an Abelian algebra A to be almost a unitary 
module: if A belongs to a congruence modular variety, or if A is finite and 
belongs to a variety satisfying a nontrivial congruence identity, then A is 
a so-called alline algebra, i.e., A is polynomially equivalent to a unitary 
module [6; 7, 9.20 (2), 9.8, 9.181. 

The main results of this paper concern finite simple Abelian algebras. By 
a recent theorem of M. Valeriote [22], these algebras have no nontrivial 
proper subalgebras. We make no assumption on the congruence properties 
of the varieties the algebras generate; however, we assume that all their 
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fundamental operations are surjective (briefly we say that the algebras are 
surjective). Thus, this family includes every finite simple Abelian algebra 
with a single nonconstant fundamental operation. 

We present a complete description for finite, simple, surjective Abelian 
algebras: if A is a finite, simple, surjective Abelian algebra, then either A is 
affine, or A is isomorphic to an algebra term equivalent to a matrix power 
(N; G)r”] of an algebra (N; G) where G is a permutation group acting 
primitively on N provided INI > 2 (Corollary 4.2). Most considerations are 
devoted to the case when A has a trivial subalgebra (Theorems 2.1, 4.1), as 
the opposite case was settled in [ 181. 

Simple algebras having no nontrivial proper subalgebras (briefly called 
strictly simple algebras) are closely related to minimal varieties. It is well 
known and easy to see that every locally finite minimal variety is generated 
by a finite strictly simple algebra. However, it is an open problem 
(Problem 10 in [7]), which finite strictly simple algebras generate minimal 
varieties. In [ 181 we described, up to term equivalence, all finite, strictly 
simple, surjective algebras without trivial subalgebras. It turned out that 
such an algebra generates a minimal variety if and only if it is quasiprimal. 
In contrast, every finite strictly simple algebra which is idempotent (that is, 
every singleton is a trivial subalgebra), generates a minimal variety [17]. 
The structure of finite strictly simple algebras having several trivial 
subalgebras seems to be more complicated even if we assume that they are 
surjective; in fact, no complete description (up to term equivalence) can be 
expected for them, except in the Abelian case discussed here (cf. [20]). 
From the theorem above it follows that a finite, simple, surjective Abelian 
algebra generates a minimal variety if and only if it has a trivial subalgebra 
(Corollary 4.3). 

1. PRELIMINARIES 

If not stated otherwise, algebras are denoted by boldface capitals and 
their universes by the corresponding letters in italics. Two algebras are 
called term equivalent [polynomially equivalent], if they have the same 
clone of term [polynomial] operations. The clone of term operations 
[the set of n-ary term operations] of an algebra A is denoted by Clo A 
[resp., Clo, A]. Similarly, the clone of polynomial operations [the set of 
n-ary polynomial operations] of A is denoted by Pol A [resp., Pol, A]. 

For a set N, let T,,,, SN, and C, denote the full transformation monoid 
on N, the full symmetric group on N, and the set of (unary) constant 
operations on N, respectively. It will cause no confusion if we denote the 
unary constant operation on N with value a simply by a. The identity 
mapping on N is denoted by id,,, (or id if N is clear from the context). 
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For convenience we identify every natural number n with the set 
n= (0, 1, . ..) n- l}. 

Recall that an algebra A is said to be strictly simple if IAl 2 2, A is 
simple, and A has no nontrivial proper subalgebra. By a trivial algebra we 
always mean a one-element algebra. For an algebra A, the set of all 
elements u E A such that {u} is a subalgebra of A will be denoted by U,. 
An algebra A is called idempotent if U, = A, or equivalently, Clo, A = {id}. 

For a set A and for k 2 1, the nonvoid subsets of Ak will also be called 
k-at-y relations (on A), and for an algebra A the universes of subalgebras of 
Ak will be called compatible relations of A. 

For k > 1 and for a subset Z= {i,, . . . . i,- ,} of k with i, < ... < i,- 1, 
we denote the projection mapping Ak + A’, (x,, . . . . xk- 1) H (xi,, . . . . x~,-~) 
by rn. 

A finite algebra A is called quasiprimal [ 12, 131 if every operation on A 
preserving the internal isomorphisms (i.e., isomorphisms between 
subalgebras) of A is a term operation of A. An algebra A is said to be affine 
with respect to an Abelian group a if A and A^ have the same universe, 

QA=((a,b,c,d)EA4:a-b+c=d} 

is a compatible relation of A (or equivalently, the operations of A commute 
with x - y + z), and x - y + z is a term operation of A. It is well known 
that an algebra A is affine with respect to an Abelian group A^ on its 
universe if and only if A is polynomially equivalent to a module Ra f for 
some subring R of End a. For simple afline algebras, and explicit 
description, up to term equivalence, can be found in [4] (cf. also [ 151). 

Let C = (C; F) be a unary algebra and let m 2 1. For arbitrary mappings 
~m-+m, p: m-n, and go, . . . . g, _ 1 E Clo, C let us define an opera- 
tion h;[g, ,..., g,,-,] on C” as follows: for xi=(xp ,..., xyP1)~Crn 
(OdiQn-1), 

h;Cgo, . . . . g,- ll(xo, . . . . x,- 1 I= ko(4$)5 .**9 gm- l(x;mmI:;;)). 

The m th matrix power of C, denoted Cc”‘, is the algebra with universe 
C” and with all hE[g,, . . . . g, _ i ] as fundamental operations. It is easy to 
see that Cc”] has no other term operations than its fundamental opera- 
tions; that is to say, Clo Cc”’ consists of all operations of the form 
h; [go, . . . . g,-l] as above. Clearly, every term operation of Cc”’ depends 
on at most m variables. 

Following D. Hobby and R. McKenzie [7] we call an algebra A Abelian 
if it satisfies the so-called term condition (or TC): for all n > 1, for every 
n-ary term operation f of A, and for arbitrary elements U, u, ai, biE A 
(1 <i<n- l), 

f(4 a, 3 *.., a,-,)=f(u,b,,...,b,-,)of(u,a,,...,a,-,)=f(u,b,,...,b,~,). 
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Furthermore, A is strongly Abelian if it satisfies the strong term condition 
(or TC*): for all n > 1, for every n-ary term operation f of A, and for 
arbitrary elements U, u, ai, bi, ci E A (1 6 i < n - l), 

f(4 aI, . . . . a,-,)=f(u,b,,...,b,-,)~f(u,c,,...,c,-,)=f(~,c,,...,c,-,). 

It is not hard to see that every strongly Abelian algebra is Abelian. By 
the basics of tame congruence theory [7], a finite simple algebra is of type 
1 if and only if it is strongly Abelian, and it is of type 2 if and only if it 
is Abelian but not strongly Abelian. A remarkable result in tame 
congruence theory is that every finite simple algebra of type 2 is 
representable as a subalgebra of a reduct of a finite simple affine 
algebra [7, Theorem 13.53, and, analogously, every finite simple algebra 
of type 1 is representable as a subalgebra of a reduct of a matrix power of 
a finite unary algebra [7, Theorem 13.31. 

We will use also the following result, which was proved using the 
techniques of tame congruence theory: 

THEOREM 1.1 (Valeriote [22]). Every finite simple Abelian algebra is 
strictly simple. 

A k-ary relation B on A is called totally rejlexive if it contains each 
k-tuple from Ak whose components are not pairwise distinct. Further, B is 
called totally symmetric if it is closed under permuting the components. (As 
a rule, “totally” is omitted if k = 2.) A totally reflexive, totally symmetric 
relation B c Ak is called central if B # Ak and there exists a c E A such that 
Cc, a i, . . . . ak ~ ,) E B for all a,, . . . . a& 1 E A. The set of all such elements c is 
called the center of B. Observe that every unary relation is totally reflexive 
and symmetric, hence the unary central relations are exactly the nonvoid 
proper subsets of A. For a fixed subset U of A, a central relation will be 
called U-central if U is contained in its center. 

For an element a E A we set 

X”=(Ax{a})u({a}xA). 

AS usual, a binary relation on A is called irrefexioe, if none of the pairs 
(a, a), a E A, belongs to it. For a fixed subset U of A, the binary relations 
of the form 

X”u Y with UE Uand Y an irreflexive binary relation on A - U 

will be called U-crosses on A. 
In [19] we proved a theorem, which essentially determines the maximal 

possible clones for finite strictly simple algebras with trivial subalgebras not 
generating congruence permutable varieties: 
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THEOREM 1.2 [19]. For every finite strictly simple algebra A with at 
least one trivial subalgebra, one of the following conditions holds: 

(a) A is quasiprimal; 

(b) A is affine; 

(c) A has a k-ary compatible U,-central relation for some k 3 2; 

(d) A has a compatible bounded partial order such that every element 
of U, is a bound (consequently 1 U,I < 2); 

(e) A has a compatible symmetric U,-cross. 

2. A CLASSIFICATION OF SIMPLE ABELIAN ALGEBRAS 

Our aim in this section is to specialize Theorem 1.2 to Abelian algebras. 
In Lemmas 2.3 and 2.9 below we show that if A is a finite simple Abelian 
algebra such that (d) or (e) holds, then A is strongly Abelian. Since a 
quasiprimal algebra is never Abelian, this will prove the main result of the 
section: 

THEOREM 2.1. For every finite simple Abelian algebra A with at least one 
trivial subalgebra, one of the following conditions holds: 

(a) A is affine; 

(b) A has a k-ary compatible U,-central relation for some k > 2; 

(c) A is strongly Abelian. 

We present examples satisfying the assumptions of Theorem 2.1 and 
exactly one of conditions (a)-(c). 

EXAMPLES 2.2. (1) The afIine algebras A satisfying the assumptions of 
Theorem 2.1 are “almost” simple modules; a precise description, up to term 
equivalence, is given in [4] (cf. also [lS]). It is easy to see that none of 
(b) or (c) holds for them. 

(2) Let ka = (A; +, K) be a finite vector space of dimension d > 2, 
and let A be the algebra with base set A whose operations are all nonsur- 
jective term operations of the module CEnd x~$. Then A is a simple Abelian 
algebra which is neither affine, nor strongly Abelian. The unique trivial 
subalgebra of A is {0}, and for k = IKId- ‘, a compatible k-ary {0}-central 
relation is 

((0 O ,.., ak-,)~Ak:a, ,..., ak _ i are not pairwise distinct, 

or one of them is O}. 
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Another algebra with similar properties is (A; 9$,), where A is an 
arbitrary finite set containing 0, and .G&, is the clone consisting of all opera- 
tions in Burle’s clone [2] that preserve the singleton (0). 

(3) The matrix power A = (2; id)r”l is a simple strongly Abelian 
algebra with exactly two trivial subalgebras, and none of conditions (a) or 
(b) in Theorem 2.1 holds. To see the failure of(b), make use of the fact that 
A is term equivalent to an algebra with surjective fundamental operations 
[21], and apply Lemma 4.4. 

For the proof of Theorem 2.1 we recall some basic notions and facts 
from tame congruence theory. Let A be an algebra, and B a subset of A of 
the form B = e(A) for some e E Pol, A with e2 = e. Since e acts identically 
on B, for every polynomial operation g E Pol A, if g can be restricted to B 
(that is, if g(B, . . . . B) c B), then its restriction g 1 B to B coincides with the 
restriction egl, of the polynomial operation eg to B. The induced algebra 
of A on B is defined as 

AI.=(B; {eg(.:gEPolA)). 

ForB E A and for a k-ary relation p on A we set p 1 B = p n Bk. 
Now assume A is a finite simple algebra. A set NE A is called a minimal 

sef for A if N is the form N =f(A) for some nonconstant unary polynomial 
operation f e Pol, A, and it is minimal (with respect to inclusion) among 
the sets of this form. It is shown in the theory (cf. [7,2.10]) that for a mini- 
mal set N, there always exists a unary polynomial e E Pol, A with e2 = e 
such that N = e(A). Furthermore, A is strongly Abelian (or of type 1) if and 
only if A 1 N is essentially unary, and A is Abelian but not strongly Abelian 
(or of type 2) if and only if A 1 N is polynomially equivalent to a vector space. 

LEMMA 2.3. Let A be a finite simple Abelian algebra. If A has a 
compatible bounded partial order, then A is strongly Abelian. 

Proof: Let < be a compatible partial order of A with least element 0 
and greatest element 1, and let N be a minimal set of A with N= e(A), 
e E Pol, A, e2 = e. Since e is monotone with respect to < and acts identi- 
cally on N, therefore e( < ) = G IN. Further, this relation is a compatible 
partial order of A IN with least element e(0) and greatest element e( 1). Since 
an algebra polynomially equivalent to a vector space cannot have a 
compatible bounded partial order (e.g., because the Mal’tsev polynomial 
x - y + z does not preserve any bounded partial order), A must be strongly 
Abelian. 

As the induced minimal algebra is formed by using all polynomial 
operations, it is crucial in the argument in the proof of Lemma 2.3 that 
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partial orders are reflexive. For handling crosses we use a similar construc- 
tion with term operations instead of polynomial operations. This idea was 
applied earlier by C. Bergman and R. McKenzie [ 11. 

For an algebra A and a subset B of A of the form B = e(A) for some 
e E Clo, A with e2 = e, we introduce the induced term algebra of A on B as 

AIl.=(B; {egl.:gECloA}). 

LEMMA 2.4. Let A be an algebra, and let e2 = e E Clo, A, B = e(A), 
IBI > 1. 

(i) rf A is Abelian, then so is A Ije. 
(ii) If p is a compatible relation of A, then e(p) = p ) B is a compatible 

relation of A 1) B. 
(iii) If A is generated by B, then A jl B is polynomially equivalent to 

Al,. 
(iv) If A is strictly simple, then so is A II B. 

Proof: (i) This is trivial. 
(ii) The equality in the claim follows from the facts that p is 

preserved by e, and that e acts identically on B. Obviously, p IB is a 
compatible relation of A lie. 

(iii) The proof of this claim is implicit in [ 11. Clearly, Pol A JIB G 
Pol A I B. To prove the reverse inclusion, let eg I B (g E Pol, A, k 2 1) be an 
operation of A I B, say 

dxo, . . . . x,-,)=fb,,..., xk--l, ao,..., a,-,) 

for some 120, fe Clok+, A, and a,, . . . . a,-, E A. Since B generates A, 
there exist an integer t, some elements b,, . . . . b,- I E B, and operations 
ho, . . . . h,-, E Clo, A such that ai = hi(bo, . . . . b,- 1) for 0 <i < l- 1. Thus, for 
the term operation 

f(x 03 -,X&-l, YO? ...3 Y,-1) 

=f(xo,...,~k-l,ho(yo,...,~,-I),...,hr-l(yo,..., y,-1)) 

of A, 

g(xo, . . . . xk-,)=JI(xo,...,xk-l,bo,...,b,-l). 

Hence egl, is a polynomial operation of A llB. 

(iv) Assume A is strictly simple. Let C be a nontrivial subalgebra of 
A (IB. Since C generates A, therefore every element a E A is contained in 
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f(C, . . . . C) for some f~ Clo A. Thus B= e(A) is in the subalgebra of A IIB 
generated by C, implying C= B. Thus A l/B has no nontrivial proper 
subalgebra. 

In view of (iii), to show that A 11 B is simple, we can consider A 1 B instead 
of A Ilm By an observation of P. P. Palfy and P. Pudlak [ 111 (see also 
[7,2.3]), for B = e(A) with e2 = e E Pol, A and I BI > 1, “restriction to B” is 
a surjective homomorphism of the congruence lattice of A onto the 
congruence lattice of A ) *. This completes the proof. 

LEMMA 2.5. Let A be a finite algebra, and let e2 = e E Clo, A, B = e(A), 
JBI > 1. Zf B is minimal (with respect to inclusion) among all subsets of A of 
this form, then the monoid T = Clo, A (I B satisfies the following condition: 

(2.5) every element h E T with h2 = h is either the identity or constant. 

Proof Let h E T be such that h2 = h. By the definition of A lie, h =gl, 
for some g E Clo, A with eg = g. Let C = h(B) (E B). Since h2 = h, therefore 
hl,=id,, implying gk I c = id, for all k Z 1. However, g2(A) c g(B) = 
h(B) = C, hence the range of each power gk (k 3 2) of g is C. By the 
finiteness some power gk (k 3 2) satisfies (gk)’ = gk, so the minimality of B 
yields that C = B or ICI = 1. Accordingly, h = id, or h is constant. 

LEMMA 2.6. Let A be a finite algebra such that every proper subalgebra 
of A is trivial, and let e2 = e E Clo, A, B = e(A), I BI > 1. Then U, E B, and 
the following conditions hold for U = U, and the monoid T = Clo, A II B: 

(2.6) f(u) = u for all f E T and u E U, and 
(2.6)’ {f(b):feT}=BforallbEB-U. 

Consequently, U, ,,B = U,. 

Proof We write U for U,. Since g(u) = u for all g E Clo, A and 
u E U, therefore U E B and (2.6) is obvious, For b E B- U, we have 
{g(b):gKlo,A}=A, as b generates A. Hence (2.6)’ follows, 

LEMMA 2.7. Let B be a finite set, I BI > 1, let U be a subset of B, and let 
T be a transformation monoid on B satisfying conditions (2.5), (2.6), and 
(2.6)'. 

(i) Zf IUl > 1, then U=B and T= {id}. 
(ii) rf I UI = 1, say U= {0}, then (0) c Tc S,u (0). 

Proof: (i) Let IUI > 1. By (2.5) and (2.6) every element eE T with 
e2 = e is the identity. However, by the finiteness of B, each f E T has some 
power e = fk with e2 = e, implying that f is a permutation. Now by (2.6), 

481/151/2-11 
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f(b) E B - U for all b E B- U, whence (2.6)’ yields that U= B. Thus by 
(2.6), T= {id). 

(ii) Letting U= (0) we havef(0) = 0 for all f E T. Thus T contains at 
most one constant, namely 0. Suppose T contains a transformation f which 
is neither a permutation nor the constant 0. Let b E B be such that f(b) # 0. 
In view of (2.6)’ there exists an h E T such that hf(b) = b. Thus hfe T is not 
a permutation, however, hf(0) = 0 and hf(b) = b (b # 0). Some power (hf)’ 
of hf satisfies ((hf)‘)* = (hf)‘, h owever, (hf)’ is neither constant nor the 
identity. This contradiction to (2.5) shows that TE S, u (0). The inclusion 
T s S, cannot hold, since then we would get U = B, T = {id} as in case (i), 
contradicting 1 BI > 1 = 1171. Thus 0 E T. 

LEMMA 2.8. Let B be a finite Abelian algebra with an element OE B such 
that the constant 0 is a unary term operation of B and (Clo, B) - (0) is a 
permutation group. Then B is either essentially unary or term equivalent to 
a vector space. 

Proof We denote the permutation group (Clo, B) - (0) by G. First we 
show that for k B 1, 

(2.8) for every f E Clo, B depending on its first variable and for 
arbitrary elements b, , . . . . b,- 1 E B, 

f(x,b,,...,b,-,)ES,. 

By TC, for any elements a, a’ E B and b,, . . . . bk- 1 E B, 

f(a,O ,..., O)=f(a’,O, . . . . O)of(a, bl, . . . . bkpI)=f(a’, b,, . . . . bk-,). 

Since f depends on its first variable, we conclude that f (x, 0, . . . . 0) is not 
constant, whence f(x, 0, . . . . 0) E G. By a repeated application of this 
equivalence we get that f (x, 6, , . . . . bk ~ 1) E S,. 

Now by symmetry it follows that every unary polynomial operation of B 
is either constant or a permutation. If 1 BI > 2, then P. P. Palfy’s theorem 
[lo] yields that B is essentially unary or polynomially equivalent to a vec- 
tor space. If 1 BI = 2, then we can get the same conclusion from E. L. Post’s 
description [ 141 of the two-element algebras (up to term equivalence) and 
the assumption that B is Abelian. Finally, if B is polynomially equivalent 
to a vector space, then using that (0) is a subalgebra of B, we can get that 
B is in fact term equivalent to a vector space. (For a direct proof of the 
conclusion from (2.8), cf. [15].) 

LEMMA 2.9. Let A be a finite simple Abelian algebra having at least one 
trivial subalgebra. If A has a compatible symmetric U,-cross, then A is 
strongly Abelian. 
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Proof. For convenience, we write U instead of U,. Let e be a unary 
term operation of A such that e2 = e, le(A )I > 1, and e(A) is minimal 
among the subsets of A of this form. Set B = e(A), and form the induced 
term algebra B = A II B. By Theorem 1.1 and Lemma 2.4, B is (strictly) 
simple and Abelian. Let 0 E U and let p be a compatible symmetric U-cross 
of A with X0 c p. Since e(0) = 0, we have 0 E B, implying by Lemma 2.4(ii) 
that p 1 B is a compatible symmetric U-cross of B. (Note that by Lemma 2.6, 
UB = U.) Applying Lemmas 2.5, 2.6, and 2.7 for the monoid T= Clo, B of 
all unary term operations of B, we see that the following two cases are to 
be considered: 

Case I. U= B and T= {id}. 
Case II. U = { 0} and (0) c Tc S,u (0). 

In Case I, B is an idempotent algebra. Taking into account the 
description [16] of finite, idempotent, strictly simple algebras (up to term 
equivalence), and the fact that B is Abelian, we see that there are only two 
possibilities: 

(a) B is affine, or 
(b) B is a two-element essentially unary algebra. 

It is easy to verify that an alline algebra cannot have a compatible U-cross 
(again, the Mal’tsev operation x-y +z does not preserve any U-crosses). 
Therefore (a) is impossible. Hence by (b) and Lemma 2.4(iii) the induced 
algebra Ale is essentially unary. Clearly, B is a minimal set, so A is 
strongly Abelian. 

In Case II, Clo, B = G u (0) for some permutation group G s S, such 
that g(0) = 0 for all g E G. By Lemma 2.8 and by the simplicity of B, 

(a)’ B is term equivalent to a one-dimensional vector space (and 
hence is afine), or 

(b) B is a two-element essentially unary algebra. 

Hence we can conclude the proof as in Case I. 

3. SIMPLE, SURJECTIVE, STRONGLY ABELIAN ALGEBRAS 

An algebra A will be called surjectiue if all its fundamental operations are 
surjective. A permutation group G acting on a set N is said to be primitive, 
if the unary algebra (A; G) is simple and IG( > 1 (if INI = 2). The main 
result of this section is a strong version of the representation theorem for 
finite simple algebras of type 1 for the case when the algebra is surjective. 
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THEOREM 3.1. Every finite simple surjective algebra of type 1 is 
isomorphic to an algebra term equivalent to (N, G)[“’ for some finite set N 
(1 NI 2 2), some integer m 2 1, and for some permutation group G on N such 
that either G is primtive or INI = 2 and IGI = 1. 

The special case of Theorem 3.1 when the algebra has a single 
nonconstant fundamental operation is a consequence of a result of 
R. McKenzie [9]. 

In [ 18, Theorem 2.21, Theorem 3.1 was proved for simple surjective 
algebras of type 1 that are reducts of (N; S,)[“] for some finite set N 
(INI 2 2). In the sequel we will need a slightly stronger version of this 
result, which is implicit in the proof given in [lS]. For a reduct U of 
(N; SN)Cml, set 

T,=(a~T,:h;[g, ,..., g,+,]~CloUforsome~andg, ,..., g,,-,}. 

It is easy to check that T, is a submonoid of T,. Recall that a submonoid 
T of T,,, is called transitive if the unary algebra (m; T) has no proper 
subalgebras. 

THEOREM 3.2 (cf. [ 18, Theorem 2.23). Let A be a surjective algebra that 
is isomorphic to a reduct U of (N; S,)c”l for somefinite set N (I NI > 2) and 
for some m 2 1 such that T, is a transitive submonoid of T,,,. If m is chosen 
minimal with respect to the existence of such an isomorphism, then U (E A) 
is term equivalent to (N; G) Cm1 for some subgroup G of S,. 

In [18], A was assumed to be simple; however, one can check that the 
proof works also if simplicity is replaced by the weaker condition (see [ 18, 
Lemma 2.61) that T,, is a transitive submonoid of T,. Of course, in this 
case (N; G)r”’ is not necessarily simple, so we cannot conclude that G is 
primitive unless ) NI = 2, ICI = 1. 

We start the proof of Theorem 3.1 with a variant of the representation 
theorem for finite simple algebras of type 1 [7, 13.31. 

LEMMA 3.3. For arbitrary finite simple surjective algebra A of type 1, 
there exist an integer m > 1 and a finite set N such that A is isomorphic to 
a subalgebra W of a surjective reduct U = (N”; hi [ g,, . . . . g,- 1], . ..) of 
(N; S,)[“‘I with W satisfying the following conditions: 

(i) pr(,) W=NforallO<i<m-1, 

(ii) Iprii,i) WI > INI for all O<i<j<m- 1. 

Proof The proof is a modification of the proof of [7, 13.31. Let N be 
a minimal set in A, and e a unary polynomial of A with e* = e and 
e(A) = N. Let F= ( f0 = e, fi, . . . . fk _, } be the family of all unary polyno- 
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mial operations of A with range N. Let us define a relation z on F as 
follows: fi xfi if and only if there exists an h E S, such that fi = /rA.. Clearly, 
E is an equivalence relation. We can assume without loss of generality that 
{fO, . . . . f,,- 1 } contains exactly one element from each block of x. By the 
basics of tame congruence theory [7,2.8.4], for any distinct elements 
x, y E A there exists an fiE F such that fi(x) #fi(y). Clearly, such an i with 
0 d i < m - 1 also exists. Thus the assignment 

x- (fdx), ...3 fm- 1 (x)) (XEA) 

defines a bijective mapping of A onto a subset W of N” having properties 
(i) and (ii). Let us denote this mapping by cp. 

Consider now any, say n-ary, fundamental operation g of A. Since A is 
strongly Abelian, by tame congruence theory [7, Claim (3) in 5.63, the 
polynomial operations fig (0 6 i6 m - 1) of A depend on at most one 
variable. Since g is surjective, each fig maps onto N. Thus there exist 
mappings (T: m + m, p: m + n, and permutations g,, . . . . g,,- , E S, such that 

fig(x03 ...? xn-I)=gi(fifib(xiu)) forall O<i<m- 1. 

Hence for arbitrary elements (fo(xj), . . . . f, ~ 1(xj)) E W (x, E A, 0 <j < n - 1) 
we have 

This shows that if we make correspond to every fundamental operation g 
of A the operation hz[g,, . . . . g,,- 1] with 0, p, and g,, . . . . g,- I as 
described above, then cp is an isomorphism between A = (A; g, . ..) 
and the subalgebra W = ( W, h;[g,, . . . . g,- r], . ..) of the reduct U = 
W”; h; [go, . . . . g,- 1], . ..) of (N; S,)[“‘. 

It remains to show that U is surjective. Consider a fundamental 
operation h; [g,, . . . . g,_ 1] of U. Its range is 

R= {(g,(x”,;), . . . . g,-l(x;;:;));)): xi= (xp, . . . . x7-‘)EN”, 

OGi<n-1). 

Thus h; [ g,, . . . . g, _ I ] is surjective unless there exist indices 0 < i c 
j< m - 1 such that ip =jp and ia =ja. In the latter case pr{, j1 R is a 



420 kNES SZENDREI 

permutation of N (considered as a binary relation), hence by (ii), 
R n W c W, contradicting the surjectivity of the fundamental operations of 
W (=A). 

LEMMA 3.4. Let A be a finite simple surjective algebra which is isomor- 
phic to a subalgebra W of a surjective reduct U = (N”; hi [go, . . . . g,- 1], . ..) 
of (N, S,)c”l for some finite set N (1 N1> 2) and some integer m > 2. If m 
is chosen minimal with respect to the existence of such an isomorphism, then 
Tu is a transitive submonoid of T,,,. 

Proof Let I be a nonvoid subset of m closed under all transformations 
in T,. Consider an arbitrary fundamental operation hi [g,, . . . . g, _ ,] of U, 
say it is n-ary. Clearly, 0 and p can be restricted to I to yield mappings 
c II: I+ I and p 1 I: I+ n. We show that the projection mapping 
pr,: N” + N’ is a homomorphism of U = (N”; hE [ g,, . . . . g, _, 1, . ..) onto a 
reduct U’ = (N’; hE!i [ gi : i E I], . ..) of (N; S,v)c1’13. For convenience, we 
carry out the computation for I= k (0 < k < m - 1): for arbitrary elements 
x~=(x~,...,x~~~)GN”’ (O<i<n-1), 

prk(h;Cgoy . . . . gm-ll(~O~ ...,x,-~)) 
= prk(ko(4;), . . . . g,- I(x~Z:i),;))) 
=kdx:;h ...> Sk-,b$::;;,, 

= h;;“k [so, . . . . gk-,l(prkXg,...rprkX,-I). 

Clearly, pr, is onto N’, hence U’ is surjective. Composing prr with the fixed 
embedding of A into U, we get a homomorphism A + U’. 

Suppose the image of A under this homomorphism is a one-element 
algebra. Then prti) W is a one-element set for all iE I. Since W is a surjec- 
tive subalgebra of U, every fundamental operation hE[g,, . . . . g,- ,] of U 
maps onto W when restricted to W, implying that m - I is closed under G. 
Now it is easy to check that m-I is also closed under all transformations 
in Tu. Replacing I with m-I in the previous paragraph and noting 
that in this case pr,_ I is one-to-one, we get that A is isomorphic to a 
subalgebra of a surjective reduct of (N; Slv)[” -1’11, contradicting the 
minimality of m. 

Hence the image of A under the homomorphism A + U’ has at least two 
elements. By the simplicity of A it follows that A is isomorphic to a 
subalgebra of U’. Thus the minimality of m yields I=m, proving that T, 
is transitive. 

Proof of Theorem 3.1. Let A be a finite simple surjective algebra of type 
1, and using Lemma 3.3 fix a representation of A as an isomorphic copy of 
a subalgebra W of a surjective reduct U = (N”; h; [g,, . . . . g,,- 1], . ..) of 
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(N S,)r”I for some finite set N ( INI > 2) and some integer m B 1. Assume 
thii representation is chosen so that m be minimal. By Lemma 3.4, TU is 
a transitive submonoid of T,,,, so the assumptions of Theorem 3.2 
(including the minimality of m) hold for U. Hence U is term equivalent to 
(N, G)r”] for some subgroup G of S,. It is well known (cf. [21]) and easy 
to check that every subalgebra of (N, G)r”] is of the form (N’; G’)‘“’ with 
G’= GIN, for some subset N’ of N. Thus A is isomorphic to an algebra 
term equivalent to (N’; G’)r”’ for some finite set N’ and some permutation 
group G’ on N’. Since A is simple, (N’; G’) must be simple, yielding that 
G’ acts primitively on N’ unless IN’1 = 2, IG’l = 1. 

4. SIMPLE, SURJECTIVE, ABELIAN ALGEBRAS 

In this section we study how Theorem 2.1 specializes to surjective 
algebras. Our aim is to prove the following theorem. 

THEOREM 4.1. For every finite, simple, surjective Abelian algebra A 
having a trivial subalgebra, one of the following conditions holds: 

(a) A is affine; 

(c)’ A is isomorphic to an algebra term equivalent to (2; id)r”” for 
some integer m > 1. 

From [ 18, Theorem 3.41 and from Theorem 1.1 an analogous result 
follows for finite, simple, surjective Abelian algebras with no trivial 
subalgebras. Thus we have 

COROLLARY 4.2. Every finite, simple, surjective Abelian algebra is either 
affine or isomorphic to an algebra term equivalent to (N, G)[“‘] for some 
finite set N (I Nl > 2), some integer m 2 1, and for some permutation group 
G on N such that either G is primitive or I NI = 2 and IGI = 1. 

Combining this with some well-known results on simple afline algebras 
[8, 31 and the matrix powers of finite unary algebras [21], we get 

COROLLARY 4.3. Let A be a finite, simple, surjective Abelian algebra. 
The variety V(A) generated by A is minimal if and only tf A has a trivial 
subalgebra; V(A) is finitely based provided it is of finite type. 

For the proof of Theorem 4.1 we have to eliminate case (b) in 
Theorem 2.1 provided A is surjective. 
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LEMMA 4.4. Let A be a finite surjective algebra. If B is an n-ary 
compatible relation of A (n > l), then for arbitrary k (1 <k < n - l), 

(B)k={(~O ,..., x,~~)EA~:(x~ ,..., x,~,)~BforaNx, ,..., x,~~EA} 

is a k-ary compatible relation of A provided it is not empty. 
In particular, tf B is a compatible central relation of A, then the center 

(B), of B is a proper subalgebra of A. 

The proof is straightforward. 
We show that the center of a compatible U,-central relation of an 

algebra A of type 2 satisfying the assumptions of Theorem 4.1 has more 
than one element even if 1 U,I = 1. The following claim is a slight moditica- 
tion of the representation theorem for finite simple algebras of type 2 for 
the case when the algebra has a trivial subalgebra. It follows immediately 
from the proof given in [7, 13.51. 

LEMMA 4.5. Zf A is a finite simple algebra of type 2 with a trivial 
subalgebra {0}, then there exist a finite field K and a finite vector space 
kP= (V, +, 0, K) such that A is a subalgebra of a reduct V of the module 
CEnd K~, p, and k P is spanned by A (as a vector space). 

The essential arity of an operation f is the number of variables off on 
which f depends. 

LEMMA 4.6. If A is a finite, simple, surjective algebra of type 2 having a 
trivial subalgebra, then there is no bound on the essential arities of surjective 
term operations of A. 

Proof Since A is surjective, every term operation of A arises from a 
surjective term operation by identification of variables. Hence it suffices to 
verify that there is no bound on the essential arities of (arbitrary) term 
operations of A. 

As we have seen in the proof of Lemma 2.9, the algebra B = A 11 B with B 
as described there is either afftne or a two-element essentially unary 
algebra. Since A is of type 2, we have the first case. Thus there is no bound 
on the essential arities of term operations of A 11 B, which implies the same 
property for A. 

LEMMA 4.7. Zf A is a finite, simple, surjective algebra of type 2 having a 
trivial subalgebra IO>, then the center of every, at least binary, compatible 
{0}-central relation of A has more than one element. 

Proof Consider a representation of A described in Lemma 4.5, and 
using Lemma 4.6, take a surjective m-ary term operation h of A such that 
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h depends on all of its variables and m > IA 1. Denote the corresponding 
term operation of V by h. Clearly h has the form 

m-1 

h= c sjxj (sjEEnd,~,OOjdm-1) 
.j = 0 

with sj # 0 for all 0 <j< m - 1. By the surjectivity of h we have 
A = Cy:,i sjA; moreover, since A spans K 9, therefore sjA 3 (0) for all 
0 <j Q m - 1. Clearly, 

{O}csoA~soA+s,Ac ... ss,A+ ... +s,,-,A=A. 

Since m > 1 Al, equality holds somewhere, that is, 

s,A+ ... +sip,A=soA+ ... +.Y-,A+qA forsome l<i<m-1, 

whence 
A=s,A+ ... +si_,A+si+,A+ ... +s,_,A. (4.7) 

Suppose B is a k-ary compatible {0}-central relation of A (k 2 2). Then 
(B)* is a binary {0}-central relation, which by Lemma 4.4 is a compatible 
relation of (A; h). Hence for arbitrary elements uj E A (0 <j < m - 1) we 
have (aj, 0) E (B)* for j # i and (0, ai) E (B),, implying by an application of 
h that 

(mil sjuj, siui) E (B),. 
j=O 
j#i 

Thus, by (4.7), siA belongs to the center of (B)*, and hence to the center 
of B as well. 

Proof of Theorem 4.1. Apply Theorem 2.1 for A. In case (a) we have 
nothing to prove, while in case (c), Theorem 3.1 yields (c)‘, as the algebras 
(N; G)[“’ with G a primitive permutation group on N have no trivial 
subalgebras. Finally, assume that, according to case (b), A has an n-ary 
compatible U,-central relation B with n 2 2. By Lema 4.4 the center 
(B), of B is a proper subalgebra of A. However, by Lemma 4.7, 1 (B), 1 > 1, 
contradicting the fact (cf. Theorem 1.1) that A is strictly simple. This 
completes the proof. 
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