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Abstract: We study solutions of type IIB supergravity which are SL(2,R)×SU(2)×U(1)2
invariant deformations of AdS3×S3×K3 and take the form of products of self-dual spacelike

warped AdS3 and a deformed three-sphere. One of these backgrounds has been recently ar-

gued to be relevant for a derivation of Kerr/CFT from string theory, whereas the remaining

ones are holographic duals of two-dimensional dipole theories and their S-duals. We show

that each of these backgrounds is holographically dual to a deformation of the DLCQ of the

D1-D5 CFT by a specific supersymmetric (1,2) operator, which we write down explicitly

in terms of twist operators at the free orbifold point. The deforming operator is argued

to be exactly marginal with respect to the zero-dimensional nonrelativistic conformal (or

Schrödinger) group — which is simply SL(2,R)L × U(1)R. Moreover, in the supergravity

limit of large N and strong coupling, no other single-trace operators are turned on. We

thus propose that the field theory duals to the backgrounds of interest are nonrelativistic

CFTs defined by adding the single Scrödinger-invariant (1, 2) operator mentioned above to

the original CFT action. Our analysis indicates that the rotating extremal black holes we

study are best thought of as finite right-moving temperature (non-supersymmetric) states

in the above-defined supersymmetric nonrelativistic CFT and hints towards a more general

connection between Kerr/CFT and two-dimensional non-relativistic CFTs.
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1 Introduction

The AdS/CFT correspondence [1–3] has been one of the most fruitful ideas that have

emerged from string theory in recent years. The correspondence states that quantum

gravity in d+1 dimensional anti-de Sitter space is equivalent to a conformal field theory in

d dimensions. The case of the AdS3/CFT2 correspondence is particularly interesting, as it

provides the basis for our understanding of the microscopic entropy of many black holes in

and outside of string theory [4]. While the duality is expected to hold for any consistent

theory of quantum gravity, so far the best understood and most concrete examples have

been in the context of string theory.1

Soon after its discovery, it was realised that the correspondence could be modified

to a duality between asymptotically anti-de Sitter spacetimes and local quantum field

theories with a UV fixed point [8–10]. Nevertheless, in recent years non-asymptotically

AdS spacetimes have started to make their appearance more and more often, especially in

attempts to connect holography with the real world. We will be interested in two examples.

The first example is that of the Kerr/CFT correspondence [11] and its generaliza-

tions [12–28]. In its generalized form, this correspondence explains the entropy of all

extremal black holes (in four and five dimensions at least) in terms of state counting in a

conformal field theory. The never-failing agreement of the Bekenstein-Hawking with the

microscopic entropy is believed to be due to a universal holographic duality between the

near-horizon region of extreme black holes and a conformal field theory. The part of the

(four- or higher-dimensional) near-horizon geometry most relevant for this duality seems

to be the so-called self-dual spacelike warped AdS3 factor

ds2 = −r2dt2 + dr2

r2
+ a2(dϕ+ rdt)2 , ϕ ∼ ϕ+ 2π (1.1)

which appears universally in the near-horizon of all these black holes [29]. The “warping”

parameter a generally depends on the polar angle, but it has no r dependence. Note that

for a = 1 this spacetime is nothing but a quotient of AdS3. In general there are also overall

conformal factors which depend on the polar angle. For higher-dimensional black holes

the way to isolate a spacelike warped AdS3 factor inside the near-horizon geometry is not

unique [12–14], a fact which leads to different “CFT” descriptions of the black hole, which

are believed to be U-dual to each other.

The main piece of supporting evidence for the Kerr/CFT conjecture is the fact that

the symmetries of the phase space of gravity on the near-horizon region (defined by

appropriately-chosen boundary conditions) generate a Virasoro algebra. This so-called

asymptotic symmetry group (ASG) has a non-trivial central extension cL, usually propor-

tional to the angular momentum of the black hole in question. The fact that the phase

space has Virasoro symmetry implies that gravity near the horizon is described by a con-

formal field theory with central charge cL. Unlike in most known examples, the Virasoro

symmetry does not enhance an existing SL(2,R) global conformal symmetry — as e.g. in

1Lately there has also been much progress in understanding higher spin gauge theories in AdS [5, 6] (for

a more comprehensive list of references see e.g. [7]).
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AdS3 [30] — but only a U(1) isometry, given by L0 = ∂ϕ. The black hole itself corresponds

to a thermal density matrix in the CFT characterised by the Frolov-Thorne temperature

TFT [31], which becomes a purely left-moving temperature in the extremal limit. Assuming

unitarity, the Cardy entropy in the CFT precisely equals the Bekenstein-Hawking entropy

of the black hole

SCardy =
π2

3
cL TFT = SB.H. (1.2)

Despite the robustness of the asymptotic symmetry group computation, the Kerr/CFT

holographic dictionary between fields and operators is quite poorly understood. It is be-

lieved that the single copy of the Virasoro algebra seen from the ASG analysis is part of

a larger conformal symmetry, that of a CFT2, and that the black hole corresponds to a

state in the DLCQ of the latter [32]. Evidence for the CFT2 interpretation as well as a

rudimentary holographic dictionary were presented in the scattering amplitude computa-

tions of [33–36] and three-point function match of [37], but the exact nature of the “CFT2”

is still far from being understood. For example, operators in this “CFT” have the pecu-

liar feature that their conjectured conformal dimensions depend on the quantized angular

momentum κ of the dual spacetime field along the direction ϕ

∆ = a1 +
√

a2 + a3 κ2 (1.3)

The coefficients ai are usually only known numerically, and in the case of 4d Kerr for

example, a3 is negative and the square root becomes imaginary for certain values of κ [38].

This is certainly not a feature that one expects to encounter in a usual unitary CFT.

Also, it is not at all understood which components of the metric in the asymptotic radial

expansion should correspond to a source/expectation value for the stress energy tensor of

the dual CFT, and thus there is no first-principles derivation of the relevant boundary

conditions and the associated asymptotic symmetry group.

Besides the detailed holographic dictionary, there are many other interesting and im-

portant questions to address. Does the CFT2 description survive also for non-extremal

black holes? Hints in this direction have been provided in the works of [39, 40]. Is the

dual theory a CFT for all values of N — as is the case for usual AdS/CFT — or does it

only share certain features of a CFT in the classical gravity regime (large N)? Is the dual

theory local? Clearly, these questions are extremely relevant for understanding the micro-

scopic description of black holes in the most general case, including the long sought-for

Schwarzschild black hole.

Another recent line of research that has been attempting to make contact with the

real world — albeit from an entirely different perspective — is the AdS/cold atom cor-

respondence [41, 42]. Despite the name, the gravitational background relevant for this

correspondence is not AdS, but rather a spacetime known as Schrödinger, with metric

ds2 = −b2r2dt2 + dr2

r2
+ 2rdtdy + rdxidxi , i = 1, . . . , d− 2 (1.4)

The parameter b can be set to one by an appropriate rescaling of the coordinates, but we

will prefer to keep it explicit. When b = 0 we recover AdSd+1 in Poincaré coordinates,

– 3 –
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but when b 6= 0 the asymptotics of this spacetime are radically different from those of

AdS. The reason this spacetime is interesting is that it geometrically realizes the group

of nonrelativistic conformal symmetries in d − 2 spatial dimensions, also known as the

Schrödinger group. For this reason, it has been proposed that gravity in these spacetimes

describes strongly coupled nonrelativistic CFTs in d− 2 spatial dimensions, provided that

the null direction y is compactified.

The holographic dictionary for these spacetimes seems to work quite similarly to the

AdS case [41–43]. For example, a massive scalar field in the bulk corresponds to an operator

of nonrelativistic conformal scaling dimension

∆ =
d

2
+

√

m2 +
d2

4
+ b2κ2 (1.5)

where κ is the momentum along the null y direction. If y is compact, then κ is quan-

tized. One cannot help not noticing the striking similarity between the conformal dimen-

sions2 (1.3) and (1.5), as well as between the asymptotic behaviour of (1.1) and (1.4)

for d = 2!

Despite this pronounced resemblance, our way of understanding non-relativistic CFTs

is quite different from our approach to Kerr/CFT. Namely, these theories are obtained by

deforming the CFT dual to AdS by an operator which is irrelevant with respect to the

relativistic conformal group, but is however exactly marginal with respect to the nonrela-

tivistic Schrödinger scaling symmetry [48]. Then, one performs a DLCQ on the resulting

theory, which corresponds to compactifying the null direction y. Interestingly [49], in many

examples, in the supergravity limit corresponding to large N and strong coupling, the de-

formation by a single Schrödinger-invariant operator becomes exact, up to issues involving

multitrace operators. For the d = 2 case we study in this paper, the corresponding deform-

ing operators have dimension (1, 2). Before the DLCQ, the deformed theory is nonlocal,

a fact which can be noticed from the structure of the counterterms needed in holographic

renormalization [48].

Another way to study the nonlocality of the dual theory in the y direction is to use

a string-theoretical construction of certain Schrödinger backgrounds by use of a TsT (T-

duality, shift, T-duality) transformation [50, 51]. This construction yields an example of

a concrete field theory dual to the Schrödinger backgrounds, known as a lightlike dipole

theory [50, 52]. These theories are nonlocal deformations in the y direction of the original

gauge theories dual to the undeformed backgrounds. Interestingly, planar diagrams in these

theories are identical to those in their undeformed counterparts [53].

In this paper we develop a common framework for these two apparently distinct sub-

jects. We work with a very specific example which is more amenable to concrete compu-

tations, but we do expect our conclusions to be easily generalized. More specifically, we

study solutions of type IIB supergravity on K3 which are deformations of AdS3 × S3 and

preserve SL(2,R) × SU(2) × U(1)2 isometry. Geometrically, they correspond to (not nec-

essarily direct) products of self-dual spacelike warped AdS3 and a deformed three-sphere,

2The constants that appear inside (1.5) can also be made arbitrarily complicated by considering less

symmetric reductions along e.g. Sasaki Einstein spaces [44–47].

– 4 –



J
H
E
P
1
2
(
2
0
1
2
)
0
0
9

where all the warping parameters are constant. One of these backgrounds is the uplift to

six dimensions of the near-horizon geometry of the extremal non-supersymmetric D1-D5-p

black hole, to which a Kerr/CFT — like description applies [54]. All the remaining ones

can be obtained by applying TsT transformations to AdS3 × S3 followed by a U-duality,

and thus are described by DLCQs of two-dimensional dipole theories and their S-duals.

Given the high degree of resemblance between the supergravity solutions that describe

the “Kerr” background and the dipole ones, it is natural to treat them in a unified frame-

work. Consequently, we find that the “Kerr CFT” can be thought of as a nonrelativistic

CFT at finite right-moving temperature, whereas the spacetimes dual to 2d dipole theories

at finite right-moving temperature allow for a Virasoro asymptotic symmetry group very

similar to that of Kerr/CFT. Consequently, 2d dipole theories — at least at large N —

should have an effective description in terms of a CFT à la Kerr/CFT. A more thorough

analysis of the properties and asymptotic symmetries of the spacetimes dual to 2d dipole

theories can be found in [55].

We have nevertheless still to define what we mean by a nonrelativistic CFT. The

prescription we propose is meant as an effective definition at large N and strong coupling.

We define the nonrelativistic CFT as the theory one obtains by deforming the original CFT

action by a single (1, 2) operator which is exactly marginal with respect to non-relativistic

Schrödinger scaling

SNR−CFT = SCFT + b

∫

dtdyO(1,2) (1.6)

All correlation functions in the deformed theory are to be computed from the ones in

the original CFT by use of conformal perturbation theory. That the deformed theory

makes sense without having to add any extra operators is a major assumption which needs

careful investigation. This assumption is based on the structure and consistency of the

dual gravity solution.

The paper is structured as follows. In section 2 we present the backgrounds we will

be studying, and classify them with respect to the symmetries they preserve and which

of the 26 type IIB three-forms are turned on. We find 22 SL(2,R)L × SU(2)R invariant

geometries (LR)- which we classify as self-dual (only F+
3 is turned on) and dipole — and

four SL(2,R)L × SU(2)L invariant geometries (LL), which are all of dipole type. The LL

backgrounds are supersymmetric, whereas the LR ones are not. The solutions have an

extra global parameter T which characterizes the quotient of spacelike warped AdS3, and

which can be roughly identified with the dimensionless right-moving temperature in the

dual field theory. In section 2.4 we perform the ASG analysis for both types of backgrounds

and find a Virasoro algebra with central charge equal to that of the undeformed AdS3×S3.

Consequently, both should be described by CFTs in the Kerr/CFT sense.

For small values of the deformation parameters, the backgrounds can be regarded as in-

finitesimal deformations around AdS3×S3 that can be studied using the usual AdS3/CFT2

dictionary. We perform this analysis in section 3 and find that at infinitesimal order there

is a source for a (1, 2) operator, which can be identified uniquely by its quantum num-

bers. In section 3.3 we show that there exists a “zero-temperature” T → 0 limit of our

backgrounds in which they all reduce to three-dimensional Schrödinger spacetimes times a
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three-sphere. Consequently, we use our understanding of 3d Schrödinger backgrounds as

exact3 deformations of a CFT (in our case, the D1-D5 CFT) by a Schrödinger-invariant

operator ((1, 2) in our case) to argue in section 3.4 that also our backgrounds correspond

to exact deformations of the (DLCQ of the) D1-D5 CFT by the specific (1, 2) operators we

had found, except that the theory is at finite right-moving temperature.

Interestingly, all the (1, 2) operators we find preserve some supersymmetries: (0, 4)

Poincaré supersymmetries for the LR deformation and (4, 0) superconformal symmetry for

the LL one. The reason that the LR backgrounds are non-supersymmetric overall is due to

the finite right-moving temperature T . Nevertheless, given that the operator deformation

is exact, the backgrounds with T = 0 (i.e. the corresponding 3d Schrödinger backgrounds),

should have the same amount of supersymmetry as the operator. We check in appendix B

that this is indeed the case. To our knowledge, the 3d Schrödinger solutions of type IIB

supergravity on K3 with eight Killing spinors were not known before.

We continue in section 4 with an analysis of the deforming operators from the point of

view of the D1-D5 CFT. Using the map constructed in [56] between supergravity and free

orbifold CFT operators, we write down very explicit expressions for the (1, 2) deforming

operators in terms of a basis of operators at the free orbifold point of the CFT. Thus,

the computation of correlators using (1.6) can be made very concrete. We also discuss

some subtleties in the identification of the operators due to the nontrivial curvature of the

moduli space [57].

Finally, in the last two sections we discuss the applications of this analysis to the

Kerr/CFT correspondence and two-dimensional dipole theories. In section 5 we first review

and slightly generalize the way that the self-dual background appears in the 6d uplift

of the near-horizon of the 5d Kerr-Newman black hole. Precisely this setup has been

proposed in [54] as an appropriate starting point for the understanding of the Kerr/CFT

correspondence using string theory. In section 5.2 we clarify how the point of view in that

article relates to the one in the present paper. In section 5.3 we show explicitly how 3d

Schrödinger backgrounds appear in the near-horizon limit of this Kerr-Newman black hole,

thus pointing out the relationship of Kerr/CFT to nonrelativistic CFTs.

In section 6 we discuss the lessons we learn by using the TsT transformation to un-

derstand the dipole backgrounds. We first review general facts about dipole theories and

their connection to Schrödinger spacetimes. Next, we show how our dipole backgrounds

arise as DLCQs of both spacelike and lightlike dipole theories, and comment on how the

two descriptions are related. What we learn is that T should indeed be identified with

the dimensionless temperature in the dual field theory, that the DLCQ commutes with the

deformation and that the holographic dictionary in asymptotically Schrödinger spacetimes

is very peculiar, once one starts considering finite temperature states.

We end with a summary and non-technical discussion (section 7) of how our under-

standing of Kerr/CFT has evolved, in view of [54] and the present article.

3By “exact” we mean that the theory is defined by the addition of a single (1, 2) operator, as in (1.6).
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2 The backgrounds

The supergravity backgrounds that we are interested in studying are deformations of self-

dual AdS3 × S3 which preserve an SL(2,R)× U(1)spacelike subgroup of the AdS3 isometry

group and an SU(2) × U(1) subgroup of the original S3 isometries. These backgrounds

constitute a simple example of non-AdS3 geometries that can appear in the near-horizon

limit of extremal black holes and their study might elucidate the nature of the microscopic

side of the Kerr/CFT correspondence, as was suggested in [54].

In order to have a more concrete understanding of these spacetimes, we embed them

in type IIB string theory compactified on K3. Also, we find it instructive to give a brief

review of the particular type of locally AdS3 geometries — namely, self-dual AdS3 — that

the backgrounds of interest represent a deformation of. Our discussion is a summary of

the results presented in [32, 58].

2.1 Self-dual and pinching orbifolds of AdS3

The geometries that we would like to study are all deformations of the so-called spacelike

self-dual orbifold of AdS3 [59]. This spacetime is locally AdS3 and can be obtained by

quotienting global AdS3 by a diagonal element of the SL(2,R)R isometry group,4 which

reduces the symmetries of this spacetime to only SL(2,R)L × U(1)R. Its metric can be

written as a U(1) Hopf fibration over AdS2

ds2 =
ℓ2

4

[

−r
2dt̃2

T 2
+
dr2

r2
+

(

Tdỹ +
rdt̃

T

)2
]

, ỹ ∼ ỹ + 2π (2.1)

The boundary of this spacetime is located at r →∞. The coordinate ỹ, although spacelike

in the interior, becomes null as r →∞, and thus the boundary of this spacetime is a null

cylinder. This geometry appears naturally in the near-horizon limit of the extremal BTZ

black hole, whose full geometry reads

ds2 = −(ρ2 − ρ2+)2
ρ2

dτ2 +
ℓ2ρ2dρ2

(ρ2 − ρ2+)2
+ ρ2

(

Rdϕ− ρ2+dτ

ρ2

)2

(2.2)

Here ρ+ is the horizon radius, ℓ is the AdS3 length and ϕ ∼ ϕ + 2π. The extreme BTZ

black hole corresponds to a thermal ensemble in a dual CFT2, characterised by the following

left/right-moving temperatures5 [60]

TL = 0 , TR =
ρ+
πℓ

(2.3)

Note that only the right-movers are excited, while the left-movers are in their ground state.

The parameter R appearing in (2.2) is the radius of the circle on which the CFT is defined.

4An element of the AdS3 isometry group which lies entirely inside one of the SL(2,R) factors is also

known as a self-dual isometry generator, hence the name.
5The left/right moving inverse “temperatures” in the CFT are linear combinations of the inverse Hawking

temperature and the angular potential, and they couple to the left/right moving energy in the CFT. All the

backgrounds considered in this paper have vanishing Hawking temperature, nevertheless their “right-moving

temperature” as defined above is non-vanishing.
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Taking the near-horizon limit

ǫ→ 0 , with r =
ρ2 − ρ2+

ǫ
, t̃ =

4Rǫ τ

ℓ2
, ỹ = ϕ− τ

R
(2.4)

fixed, we obtain precisely the metric (2.1) with

T = 2πRTR =
2Rρ+
ℓ

(2.5)

We will oftentimes be referring to T as the dimensionless right-moving temperature.

The process of taking the near-horizon limit, as explained in [32, 61, 62], amounts to

performing a boost on the fixed ρ sections of the extremal BTZ geometry, which becomes

infinite as ǫ → 0. This infinite boost turns the boundary cylinder of AdS3 into a null

cylinder. The interpretation of this process in the dual field theory is that of performing a

DLCQ of the original CFT, where one keeps the entire right-moving sector while sending

the mass gap in the left-moving sector6 to infinity. Thus, in this limit, only a ‘chiral half’

of the original CFT excitations are accessible. In spacetime, this fact is reflected in that

the asymptotic symmetry group (ASG) of self-dual AdS3 consists of only one, rather than

two, copies of a Virasoro algebra. For the background (2.1), written more simply as

ds2 =
ℓ2

4

(

dr2

r2
+ 2rdt̃dỹ + T 2dỹ2

)

, ỹ ∼ ỹ + 2π (2.6)

the relevant boundary conditions are [32]

gt̃t̃ = O(r−1) , gt̃r = O(r−2) , gt̃ỹ =
ℓ2

4
r +O(1) , gỹỹ = O(1)

grr =
ℓ2

4r2
+O(r−3) , gỹr = O(r−1) (2.7)

The asymptotic symmetry group is generated by the following large diffeomorphisms

L̃n = einỹ(∂ỹ − inr∂r) (2.8)

Note that the boundary conditions (2.7) also allow the following three diffeomorphisms

L−1 = i∂t , L0 = i(t∂t − r∂r) , L1 = i
[

(t2 + r−2)∂t − 2rt∂r − 2r−1∂y
]

(2.9)

and they are nothing but the SL(2,R)L isometries of the spacetime. Since the boundary

conditions (2.7) do not allow for any fluctuations charged under the Li, we conclude that

they are trivial symmetry generators and therefore should not be part of the asymptotic

symmetry group.

The Lie bracket algebra of the vector fields L̃n is the Virasoro algebra. Consequently,

the Dirac bracket algebra of the corresponding generators is again a Virasoro, this time

with a central extension

cR =
3ℓ

2G3
(2.10)

6Our conventions for what is left and what is right are inverted with respect to the earlier literature.
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In pure Einstein gravity, which has no local degrees of freedom, the ‘perturbative’ exci-

tations of this spacetime are the so-called boundary gravitons, which correspond to large

diffeomorphisms of the self-dual orbifold background. There is also an entire spectrum of

thermal states allowed by the boundary conditions (2.7), corresponding to different values

of the parameter T . The massless BTZ black hole also corresponds to a geometry allowed

by these boundary conditions, namely the one with T = 0. The T = 0 spacetime is also

called the null self-dual AdS3 orbifold, as the compact coordinate ỹ is now null not only

on the boundary, but also in the interior of the spacetime.

Throughout this paper we will prefer to use a slightly different version of the met-

ric (2.1), namely one in which we absorb the dependence on the parameter T in the iden-

tification of the coordinates. Defining

y ≡ T ỹ , t ≡ T−1 t̃ (2.11)

the self-dual AdS3 metric takes the more elegant form

ds2 =
ℓ2

4

(

−r2dt2 + dr2

r2
+ (dy + rdt)2

)

, y ∼ y + 2πT (2.12)

Note however that, importantly, the asymptotic symmetry group has to be defined in

terms of the unrescaled coordinates t̃, ỹ, rather than the rescaled ones. The reason is that

geometries with different values of T , when written in terms of y, t coordinates, now have a

different boundary (because the identification of y changes) and cannot be simultaneously

captured by a set of boundary conditions which only involve the metric components. The

analogue of (2.7) for the metric (2.12) would only allow for the boundary gravitons, and

thus will not capture all the states surviving the DLCQ.

Taking the T → 0 limit of (2.12) yields the so-called “pinching orbifold” of AdS3. As

explained in [58], this limit corresponds to a low-energy limit in the dual CFT where the

mass gap in both the left-moving and right-moving sector is taken to infinity, thus leaving

one with only the ground state. For this reason, the dual interpretation of such a spacetime

is not very interesting, as the asymptotic symmetry group is trivial.

2.2 Framework and notation

Consider type IIB supergravity on K3. At low energies, this yields 6d 4b supergravity [63]

coupled to n = 21 tensor multiplets. The bosonic field content of this theory consists of

the graviton, five self-dual three-forms H i+
3 , n anti-self-dual two-form fields Hr−

3 and 5n

massless scalars, which parametrise the coset7

SO(5, n)

SO(5)× SO(n)
, n = 21 (2.13)

The ten-dimensional origin of the three-form fields is as follows: two of the self-dual forms

and two of the anti-self-dual forms correspond to the self-dual and anti-self-dual parts of

7Should we wish to study the T 4 compactification of type IIB, then we should take n = 5 instead.
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the NS-NS three-form H3 and the RR three-form F3. The remaining three-form fields come

from the reduction of the self-dual RR five-form F+
5 on the holomorphic two-cycles of K3

F+
5 =

∑

I

FA+3 ∧ ω+
A +

∑

Î

F Ŝ−3 ∧ ω−
Ŝ

(2.14)

Here ω+
A represent the three self-dual two-forms on K3, while ω−

Ŝ
represent the 19 anti-

self-dual ones of (1, 1) type. The correlation between the six-dimensional self-duality of

the three-forms and that of the two-forms on K3 is due to the self-duality of F+
5 in ten

dimensions.

This theory has an AdS3 × S3 solution with radius ℓ, in which the only nonzero field

besides the metric is one of the self-dual three-forms in the gravity multiplet. We choose

this three-form to be the self-dual part of the RR three-form field strength F3

ds2 = ds2AdS3
+ ds2S3 , F

+(0)
3 =

2

ℓ
(ωAdS3 + ωS3) (2.15)

This background breaks the SO(5, n) symmetry of the theory down to SO(4, n). The moduli

space of the solution is reduced to

SO(4, n)

SO(4)× SO(n)
, n = 21 (2.16)

We choose the AdS3 metric in (2.15) to be that on the self-dual orbifold (2.12). This

metric can be written in a manifestly SL(2,R)L-invariant fashion by making use of the left-

invariant one-forms on AdS3 (one-forms whose Lie derivative along the SL(2,R)L vector

fields (2.9) vanishes):

ds2AdS3
=
ℓ2

4

(

−w+w− + w2
3

)

(2.17)

w+ = −e−y
(

dr

r
+ rdt

)

, w− = ey
(

dr

r
− rdt

)

, w3 = dy + rdt , (2.18)

Similarly, the metric on S3, which has isometry group SU(2)L×SU(2)R, can be written in a

manifestly SU(2)R-invariant fashion by using the following right-invariant one forms on S3:

σ1 = cosψdθ + sin θ sinψdφ , σ2 = − sinψdθ + sin θ cosψdφ (2.19)

σ3 = dψ + cos θdφ , ds2S3 =
ℓ2

4
(σ21 + σ22 + σ23) (2.20)

Should we want to write the S3 metric in a manifestly SU(2)L-invariant fashion instead,

we should then use the left-invariant one forms8

σ1L = cosφdθ + sin θ sinφdψ , σ2L = − sinφdθ + sin θ cosφdψ (2.21)

σ3L = dφ+ cos θdψ , ds2 =
ℓ2

4

∑

i

σ2iL (2.22)

Note that there is a symmetry between the AdS3 and the S3 factors, in the sense that they

are both written as Hopf fibrations over a lower-dimensional Einstein space.

8So far, the labeling of isometries as left-moving versus right-moving is just a matter of convention, but

the relative orientation does become meaningful once we consider supersymmetry.
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To summarize, the undeformed background that we start from is the AdS3×S3 solution

of type IIB supergravity on K3

ds2 = ds2AdS3
+ ds2S3 =

ℓ2

4

(

−w+w− + w2
3 + σ21 + σ22 + σ23

)

(2.23)

supported by RR 3-form flux

F
(0)
3 =

2

ℓ
(ωAdS3 + ωS3) =

ℓ2

4

(

σ1 ∧ σ2 ∧ σ3 +
1

2
w+ ∧ w− ∧ w3

)

, F
(0)
3 = ⋆6F

(0)
3 (2.24)

If we ignored the identification of the y coordinate for a moment, the above background

would preserve sixteen supersymmetries. We will find it convenient to split the ten-

dimensional Killing spinors into a six-dimensional and a four-dimensional, internal, part.

Four of the corresponding six-dimensional Killing spinors depend explicitly only on t, r, ψ,

whereas the other four depend explicitly only on the remaining coordinates. Since there

are two chiral, covariantly constant, spinors on K3, we have a total of 16 supersymmetries

in ten dimensions. The dependence on the coordinates is such that the first four 6d Killing

spinors are invariant under SL(2,R)L × SU(2)L, whereas the remaining four are invariant

under SL(2,R)R × SU(2)R. Thus, as expected, supersymmetry induces a preferred pairing

between the AdS3 and S3 coordinates, and thus of the SL(2,R) and SU(2) isometry group

factors. Should we want to reverse this pairing we can for example change the self-duality

the three-form F
(0)
3 into anti-self-duality.

Breaking any of the sphere or AdS3 isometry factors leads to broken superconformal

symmetry on the corresponding side. For example, the identification of y breaks SL(2,R)R
and thus the only preserved Killing spinors are the left-moving ones. If in addition we break

SU(2)R the supersymmetries of the background are still the left-moving (4, 0) superconfor-

mal ones,9 whereas if we break SU(2)L instead no more supersymmetries are preserved.

2.3 Backgrounds with SL(2,R)× SU(2) isometry

We would now like to classify and study solutions of type IIB supergravity which preserve

SL(2,R)L × SU(2)× U(1)2 isometry. These solutions should be thought of as finite defor-

mations of the AdS3 × S3 background (2.24), which is supported by purely self-dual RR

F3 flux. Also, for simplicity we only want to consider the case in which at most one other

three-form field is turned on in addition to F
(0)
3 . Given the SO(5, 21) symmetry which

rotates the 26 three-forms of type IIB supergravity on K3 into each other, we only need to

consider three cases:

• only F+
3 is turned on

• another self-dual three form is turned on in addition to F
+(0)
3

• an anti-self-dual three form is turned on in addition to F
+(0)
3

9Our terminology is such that (4, 0) superconformal symmetry assumes the existence of eight Killing

spinors, whereas (4, 0) Poincaré or usual supersymmery assumes the existence of only four Killing spinors.
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There are four different possibilities falling in the second category, and 21 in the third. To

study them it suffices to consider the O(2, 2) invariant consistent truncation of type IIB on

K3 put forth in [64]. The action reads

L6d = R− 1

2
(∂φ1)

2 − 1

2
e2φ1(∂χ1)

2 − 1

2
(∂φ2)

2 − 1

2
e2φ2(∂χ2)

2 −

− 1

12
e−φ1−φ2H2

3 −
1

12
eφ1−φ2(F3 + χ1H3)

2 + χ2H3 ∧ F3 (2.25)

where H3 is the NS-NS three-form and F3 is the RR one. The scalar φ1 is the ten-

dimensional dilaton, whereas e−φ2 represents the volume of the internal manifold in ten-

dimensional Einstein frame. The combination appearing in front of F 2
3 is the volume of

K3 in string frame, which is an attracted scalar.

Let us first consider solutions of this theory which preserve an SL(2,R)L × SU(2)R ×
U(1)L × U(1)R isometry. The scalars have to be constant, and their equations of motion

yield the constraints

F3 ∧H3 = F3 ∧ ⋆H3 = 0 , F 2
3 = H2

3 = 0 (2.26)

The remaining equations of motion read

Rµν =
1

4
eφ1−φ2FµαβFν

αβ +
1

4
e−φ1−φ2HµαβHν

αβ , d ⋆ F3 = d ⋆ H3 = 0 (2.27)

Note that the equations above do not fix the values of the scalar fields φ1,2 or the overall

normalization of the flux, namely we only obtain solutions for

F̂3 = e
φ1−φ2

2 F3 , Ĥ3 = e−
φ1+φ2

2 H3 (2.28)

The first case we would like to study is the one in which only F3 is nonzero and is self-dual.

We write the fields in terms of left (right) invariant forms on AdS3 (S3), such that the

isometries are manifest. In this case, the solution for the metric and F3 reads [65] (before

imposing self-duality)

ds2 =
ℓ2

4h

(

−w+w− + γw2
3 + σ21 + σ22 + γσ23 + 2γǫgw3σ3

)

(2.29)

F̂3 =
ℓ2

4

[(

σ1 ∧ σ2 ∧ σ3 +
1

2
w+ ∧ w− ∧ w3

)

+
γ ǫB
h

(

σ1 ∧ σ2 ∧ w3 +
1

2
w+ ∧ w− ∧ σ3

)]

This is a two-parameter family of solutions, parametrized by ǫg and ǫB. The remaining

constants are given by

γ =
1− ǫ2g

1 + ǫ2B − ǫ2g − ǫB ǫg
√

1 + ǫ2B − ǫ2g
, h = γ

√

1 + ǫ2B − ǫ2g (2.30)

Imposing F3 = ⋆F3 yields the relation

ǫ2B =
1

2

√

1− ǫ2g
(

1−
√

1− ǫ2g
)

, ǫBǫg > 0 (2.31)
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We call this background “self-dual”, because it is created by a single self-dual flux. It is

precisely it which arises in the near-horizon of the uplift of the 5d non-supersymmetric Kerr-

Newman black hole considered in [54] and reviewed in section 5. A convenient parametrisa-

tion of ǫB, ǫg, γ, h for the self-dual backgrounds is in terms of a new parameter δ such that

ǫg =
2 cosh 2δ

1 + cosh2 2δ
, γ = 1 +

1

cosh2 2δ
, ǫB =

sinh 2δ

1 + cosh2 2δ
, h = tanh 2δ (2.32)

The solution with F̂+
3 = F̂

(0)
3 and Ĥ3 = Ĥ−

3 can be obtained from (2.29)–(2.30) by simply

solving for F̂+
3 = F̂

(0)
3 (this yields ǫg = 0) and then letting Ĥ−

3 equal the anti-self-dual part

of the solution above with ǫg = 0. More explicitly

ds2 =
ℓ2

4

√

1 + ǫ2B
(

−w+w− + γw2
3 + σ21 + σ22 + γσ23

)

, γ =
1

1 + ǫ2B

Ĥ−
3 = e−

φ1+φ2
2 H−

3 =
ℓ2ǫB

4
√

1 + ǫ2B

(

σ1 ∧ σ2 ∧ w3 +
1

2
w+ ∧ w− ∧ σ3

)

, F3 = F
(0)
3 (2.33)

The above background is nonsupersymmetric and can be obtained by performing a TsT

transformation (T-duality, shift, T-duality) on the AdS3 × S3 solution (2.23). This trans-

formation is discussed at length in section 6. The dual field theory is a so-called dipole

field theory [52]. We therefore call these ǫg = 0 backgrounds SL(2,R)L×SU(2)R invariant

(or simply LR) dipole backgrounds.

The remaining case to study is when we have an extra self-dual field H+
3 in the back-

ground given by F+(0). Self-duality of F (0) requires that ǫg = 0, whereas self-duality of H3

requires ǫB = 0. Therefore there are no nontrivial self-dual deformations which preserve

SL(2,R)L × SU(2)R × U(1)L × U(1)R isometry other than that induced by the very field

which produces the background.

The deformations with H+
3 turned on can instead preserve an SL(2,R)L × SU(2)L ×

U(1)2R subgroup of the original AdS3×S3 isometries. This can be easily seen from the fact

that when we interchange SU(2)L with SU(2)R (i.e. we interchange ψ and φ), the self-duality

condition becomes anti-self-duality and vice-versa. Thus, the dipole-type deformations

(ǫg = 0) are now self-dual, and the metric and field strengths read

ds2 =
ℓ2

4

√

1 + ǫ2B
(

−w+w− + γw2
3 + σ21L + σ22L + γσ23L

)

F̂+
3 =

ℓ2

4

(

σ1 ∧ σ2 ∧ σ3 +
1

2
w+ ∧ w− ∧ w3

)

=
ℓ2

4

(

− σ1L ∧ σ2L ∧ σ3L +
1

2
w+ ∧ w− ∧ w3

)

Ĥ+
3 =

ℓ2 ǫB

4
√

1 + ǫ2B

(

σ1L ∧ σ2L ∧ w3 +
1

2
w+ ∧ w− ∧ σ3L

)

, γ =
1

1 + ǫ2B
(2.34)

Since the isometry group of these backgrounds is SL(2,R)L × SU(2)L, half the supercon-

formal symmetry is preserved, namely (4, 0). We consequently call them supersymmetric

or SL(2,R)L × SU(2)L invariant (LL) dipole backgrounds.

In conclusion, we have found three types of backgrounds: the self-dual background

(F3 = ⋆F3), the supersymmetric (LL) dipole backgrounds (F3 = F
(0)
3 and H+

3 6= 0) and
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the LR dipole backgrounds (F3 = F
(0)
3 and H−

3 6= 0). The remaining solutions of type IIB

supergravity respecting the same isometries can be obtained by applying SO(4) ∈ SO(4, 21)

transformations to the LL dipole backgrounds or SO(21) ∈ SO(4, 21) transformations to the

LR ones. These transformations do not change the background metric, the supporting self-

dual RR field or the supersymmetry properties of the solution, but do rotate the remaining

three-forms into each other. The resulting backgrounds therefore have F
(0)
3 and one of

FA+3 turned on in the supersymmetric LL case, and F
(0)
3 and one of F Ŝ−3 , F−

3 turned on

in the nonsupersymmetric LR case. The dual field theories to these backgrounds could

therefore be called “S-duals” of dipole theories, because they are related by a SO(4, 21)

transformation to the usual dipole backgrounds. For example, a deformation which has

F Ŝ−3 turned on can be obtained by applying a sequence of an S-duality, a mirror symmetry

transformation on K3 and an S-duality back on the standard nonsupersymmetric dipole

deformation. In the rest of the paper we will oftentimes denote the dipole backgrounds

and their S-duals by the same name, and hope this will not cause much confusion.

As far as the metric is concerned, all the above backgrounds are products (not neces-

sarily direct) of a quotient of spacelike warped10 AdS3 and a deformed sphere. Quotients of

spacelike warped AdS3 have recently received much attention in the literature [66–68], and

it has been shown that in certain cases they can be interpreted as a temperature in the dual

field theory. In our case, the quotient should represent a purely right-moving temperature.

The supersymmetry or lack thereof of the deformed backgrounds can be easily under-

stood: as we have already mentioned, four of the Killing spinors of unquotiented AdS3×S3

are SL(2,R)R × SU(2)R invariant, while the remaining four are SL(2,R)L× SU(2)L invari-

ant. In ten dimensions the amount of supersymmetry is doubled. Thus, the backgrounds

that preserve the conformal and the spherical symmetry on the same side should have eight

superconformal symmetries in 10d. The backgrounds that preserve the SL(2,R) and SU(2)

factors on opposite sides may preserve the supersymmetries associated with the SU(2)

factor, but not the superconformal symmetries on the corresponding side. Nevertheless,

since the y quotient induces a temperature on the side where supersymmetry could have

been preserved, we do not expect the SL(2,R)L × SU(2)R invariant backgrounds to be

supersymmetric at all.

2.4 Asymptotic symmetry groups

In this section we would like to show that the backgrounds (2.29) admit boundary con-

ditions which yield an asymptotic symmetry group (ASG) that consists of a centrally-

extended Virasoro algebra. This fact strongly suggests that the dual description of our

backgrounds should be in terms of a (chiral half of a) CFT. Interestingly, the central

charge of the putative dual CFT is the same as that of the original AdS3 background we

have been deforming, provided the F3 flux through the S3 is kept fixed as the deformation

is turned on.

10Spacelike warped AdS3 is a U(1) Hopf fibration over AdS2 very similar to (2.1), but where the fibre is

either stretched or squashed by a constant factor.

– 14 –



J
H
E
P
1
2
(
2
0
1
2
)
0
0
9

We consider the following boundary conditions on the metric and on the two-form

potentials

δgµν = O



















r2 r−2 1 r−1 r r

r−3 r−1 r−2 r−2 r−2

1 r−1 1 1

r−1 r−1 r−1

r−1 r−1

r−2



















δBµν = O



















0 r−2 r−1 r−1 r r

0 r−3 r−3 r−2 r−2

0 r−2 r−1 r−1

0 1 r−1

0 r−1

0



















(2.35)

in the basis (t, r, y, θ, φ, ψ). These boundary conditions are left invariant by the following

diffeomorphisms

ξf = f(y)∂y − rf ′(y)∂r (2.36)

which should be simultaneously accompanied by the following gauge transformation

δΛ = −γǫB
h

f(y)σ3 (2.37)

The Lie bracket algebra of these vector fields is

[ξf , ξg]L.B. = ξ(fg′−f ′g) (2.38)

Expanding the above vector fields ξf (y) in Fourier modes ξ(y) =
∑

n ξne
in y

T , we find that

the above Lie bracket algebra is the Virasoro algebra. The Dirac bracket algebra of the

associated generators is

{Qξf ,Qξg}D.B. = Qξ(fg′−f ′g)
+

∫

∂M
Kξf (Lξg Φ̄, Φ̄) (2.39)

Here Φ̄ denote the background metric and two-form fields in the theory, and the expression

for Kξ can be found, including the contribution of the two-form potentials, in [69]. The

integral is performed over the spatial boundary of the spacetimes, which in our case is

S3×S1
y . The last term in the equation above is non-vanishing and yields a central extension

to the Virasoro asymptotic symmetry group11

c = c0
γ
√

1− ǫ2g
h2

=
c0

√

1− ǫ2g



1− ǫBǫg
√

1 + ǫ2B − ǫ2g



 (2.40)

where c0 is the central charge for the AdS3 × S3 solution with flux ℓ2/4

c0 =
3π2ℓ4

G6
=

3ℓ

2G3
(2.41)

11The expression below only encompasses the gravitational contribution to the central charge. In princi-

ple, we should also check that the two-form potentials do not contribute. Nevertheless, it has been shown

in [70] that for a large class of geometries which are U(1) fibrations over AdS2 — as is the case here — the

central charge of the asymptotic symmetry algebra only receives contributions from the gravitational part

of the action, so we have found this extra computation unnecessary.
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in which we recognize the well-known Brown-Henneaux result. For the dipole backgrounds

ǫg = 0 , h =
√
γ ⇒ c = c0 (2.42)

For the self-dual (Kerr) background

ǫg =
2 cosh 2δ

1 + cosh2 2δ
, γ = 1 +

1

cosh2 2δ
, h = tanh 2δ ⇒ c = c0 (2.43)

We thus find the very interesting fact that, even though the radius of the geometry changes

from ℓ to ℓ/
√
h upon turning on the deformation, the central extension of the asymptotic

symmetry group is unaffected, as long as we perform a single deformation at a time.

Another interesting observation is that the product

SCardy =
π2c

3
RTR (2.44)

which represents a putative Cardy entropy in the dual field theory — if one takes the

existence of the Virasoro asymptotic symmetry algebra to its full implications and interprets

RTR as the dimensionless right-moving temperature — is unchanged from the AdS3 case.

In the dipole theory, this can be understood from the fact that at large N diagrams with

no external legs are not affected by the perturbation, and so the entropy is not modified.

It would be very interesting to have a similar interpretation for the self-dual backgrounds

and thus for Kerr/CFT.

3 Supergravity analysis of the perturbation

All the backgrounds we have presented so far, for infinitesimal values of the deformation

parameter, can be thought of as small deformations around self-dual AdS3 × S3 and thus

be interpreted using the usual AdS/CFT dictionary. To do this, we first need to reduce

our 6d supergravity solutions on the S3. Fortunately, the reduction and identification of

the dictionary has been performed in great detail in [71] for the entire linearized spectrum,

so we only have to pick out the results we need. The only slight subtlety in our analysis is

that we are studying perturbations around thermal AdS, whose interpretation is slightly

different from what Poincaré-coordinates intuition would lead one to think.

3.1 Holography in a thermal background

The background metric is AdS3 × S3 in coordinates

ds2

ℓ2
=
ℓ2

4

(

−r2dt2 + dr2

r2
+ (dy + rdt)2

)

+ ℓ2dΩ2
3 (3.1)

Now we expand (2.29) to first order in ǫ = ǫB and/or ǫg, and interpret the change in the

metric and the two-form potentials B(2)I as a linearized perturbation around AdS3 × S3,

which has a well-defined holographic interpretation. Since

γ = 1 +O(ǫ2) , ǫB ∼ ǫg = O(ǫ) (3.2)
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at linearized order the SL(2,R)L × SU(2)R-invariant perturbations we are interested in

studying correspond to a mixed component of the 6d metric and of the 6d B-fields, of

the form

∆gµa ∝ ∆BI
µa ∝ (dy + rdt)(dψ + cos θdφ) (3.3)

whereas the SL(2,R)L×SU(2)L-invariant perturbations correspond to a mixed component

of the B fields only

∆BI
µa ∝ (dy + rdt)(dφ+ cos θdψ) (3.4)

Here xµ represent the coordinates on AdS3, while y
a represent the coordinates on S3. Such

mixed components yield massive KK vector fields in 3d, whose mass is determined by the

S3 quantum number l. The relevant equations of motion take the form [71]

Fµν +
λ

ℓ
ǫµνρA

ρ = 0 , λ =
1

2
(l + 1) (3.5)

and indicate that the vector field is topologically massive and only carries one degree of

freedom. The dependence on the S3 coordinates implies that in our case l = 1, but we do

not need this right now. We would like to look for solutions of the above equation which

are independent of y and t. We find a non-normalizable solution

As = rλdt+
λ

2λ− 1
rλ−1dy (3.6)

as well as a normalizable one

Av.e. = r−λdy (3.7)

The entire perturbation (3.6) represents a constant source for an irrelevant operator of

dimension (λ, λ + 1), whereas (3.7) represents a constant expectation value for the same

operator in a state of non-zero right-moving temperature TR.

The three-dimensional part of the perturbations (3.3) precisely matches the the non-

normalizable perturbation As = dy + rdt for λ = 1. Thus, in the background under

consideration, only a constant source for a (1, 2) operator is turned on. The constant

term dy in A does not represent, as one might have naively thought from experience with

perturbations of Poincaré AdS3, an expectation value or source for a dual current, but is

simply part of the non-normalizable mode of the massive vector field Aµ.

3.2 Quantum numbers

In this section we work out in detail the quantum numbers of each of the linearized pertur-

bations we are interested in studying. First, we expand the linearized metric and two-form

field perturbations in scalar and vector harmonics on S3. Following [71] we introduce

the notation

∆gµa =
∑

K(ℓ,±1)
µ (x)Y (ℓ,±1)

a (y) +K(ℓ0)
µ ∂aY

ℓ0(y) (3.8)

where Y ℓ0(y) are scalar harmonics on S3 and Y ℓ,±1
a (y) are the corresponding vector har-

monics, which satisfy

✷yY
(ℓ,±1)
a = [2− (ℓ+ 1)2]Y (ℓ,±1)

a , ∇aY (ℓ,±1)
a = 0 (3.9)
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Similarily, we write

∆BI
µa =

∑

ZI (ℓ,±1)
µ (x)Y (ℓ,±1)

a (y) + ZI (ℓ0)µ ∂aY
ℓ0(y) (3.10)

Here the index I labels the 5 + n three-form fields of 6d supergravity, with n = 21 for

the K3 compactification and n = 5 for the T 4 one. The SL(2,R)L × SU(2)R invariant

perturbation (3.3) corresponds to Y
(1,1)
a . Using the isometry between the SO(4) rotations

of the sphere and SU(2)L×SU(2)R, one finds that the map between the SO(4) labels (l1, l2)

in Y l1,l2 and the isospins (jL, jR) is

jL =
1

2
(l1 + l2) , jR =

1

2
(l1 − l2) (3.11)

So, we finally find that the SU(2)L × SU(2)R quantum numbers of the operator are

(jL, jR) = (1, 0) (3.12)

Since the perturbation is independent of both φ and ψ, its j3L,R quantum numbers, which

we denote by mL,R, are zero

mL = mR = 0 (3.13)

All perturbations we consider correspond to turning on a massive vector field in 3d, Kµ ∼
Zµ ∼ Aµ

A = dy + rdt (3.14)

As already discussed, the radial dependence of Aµ indicates that it represents a source for

an operator of conformal weights

(hL, hR) = (1, 2) (3.15)

According to [71] there are n + 1 vector fields with these quantum numbers in AdS3,

transforming as a singlet and a vector of SO(n). The fields transforming in the vector

representation of SO(n) descend from the cross components of the n anti-self-dual tensor

fields, whereas the singlet corresponds to one particular linear combination of the mixed

metric and the self-dual F+
3 field. Consequently, the LR invariant dipole deformations

transform as a vector under SO(n), whereas the self-dual deformation corresponds to the

SO(n) singlet.

We also classify the deformations preserving SL(2,R)L × SU(2)L. There the corre-

sponding spherical harmonic turned on is Y 1,−1
a , while the AdS form of the perturbation

is as before. We conclude that the perturbation corresponds to a source for an operator

with quantum numbers

(hL, hR) = (1, 2) and (jL, jR) = (0, 1) (3.16)

in addition to (3.13). There are four such operators transforming in the (2, 2) of SO(4)outer.

Having established the SL(2,R)L×SL(2,R)R and SU(2)L×SU(2)R quantum numbers

of the deformations, we can also work out their supersymmetry properties. The spectrum
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of KK excitations of 6d supergravity around AdS3 × S3 is organized in short representa-

tions of the SU(1, 1|2)L × SU(1, 1|2)R supergroup [71, 72]. There are four left-moving

supersymmetry generators Gαa and four right-moving ones G̃αa, with α, a = {+,−},
obeying the reality condition Gαa = ǫαβǫab(Gβb)∗ (and similarly on the right).12 The

first index is the SU(2)L/R R-symmetry index, whereas the second one transforms under

an SU(2)L/R outer automorphism group of the N = 4 algebra, which only rotates the

fermionic generators while leaving the bosonic ones unchanged. The outer automorphism

group SO(4)outer ∼= SU(2)outL ×SU(2)outR is identified with the spacetime SO(4) ⊂ SO(5, 21)

subgroup which rotates H+
3 and FA+3 into each other. The N = 4 superconformal algebra

also contains three R-symmetry currents J i0 = σiαβJ
αβ
0 , which transform as a vector under

SU(2)L R-symmetry.

A short multiplet is constructed starting from a chiral primary state of weight h ∈ 1
2 Z,

|χ〉, which satisfies

G++
− 1

2

|χ〉 = G+−
− 1

2

|χ〉 = 0 , L0|χ〉 = J3
0 |χ〉 = h|χ〉 , J++

0 |χ〉 = 0 (3.17)

in addition to the usual requirements that it be a superconformal primary

Ln|χ〉 = J in|χ〉 = Gαa
n− 1

2
|χ〉 = 0 , ∀n > 0 (3.18)

Acting with J−−
0 lowers the spin projection on the ‘3’ axis by one. Acting with it the

maximum of 2h times generates a spin h multiplet of SU(2)L R-symmetry. On the other

hand, acting with G−a
− 1

2

lowers the total spin while increasing the conformal dimension.

Since we can act with G−a
− 1

2

at most twice before annihilating the state, the structure of a

short supermultiplet is

state jL L0

|χ〉 h h

G−+
− 1

2

|χ〉, G−−
− 1

2

|χ〉 h− 1
2 h+ 1

2

G−+
− 1

2

G−−
− 1

2

|χ〉 h− 1 h+ 1

The representation content under the full (4, 4) supersymmetry is obtained via the ten-

sor product of short multiplets on the left with their right-moving counterparts. In the

following, we shall denote right-moving quantities by a tilde.

Given that the SL(2,R)L×SU(2)R invariant deformations have hL−jL = 0, hR−jR = 2

and mL = mR = 0, the corresponding operators must take the form

OLR(1,2) = J−−
0 G̃−−

−1/2G̃
−+
−1/2O

χ
(1,1) (3.19)

where Oχ(1,1) is a (1, 1) chiral primary operator. There are n + 1 = 22 such chiral pri-

maries, transforming as a vector and a singlet of SO(n). Note that the above operators are

G̃− 1
2
exact, so they preserve full (0, 4) Poincaré supersymmetry. Since the operator is not

marginal on the right (hR = 2), the superconformal symmetries are broken.

12We are using the conventions of [57].
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As far as the four SL(2,R)L × SU(2)L invariant deformations are concerned, we have

hL − jL = hR − jR = 1, so the operators they correspond to must take the form

OLL(1,2) = J̃−−
0 G−a

− 1
2

G̃−b
− 1

2

Oχ
( 1
2
, 3
2)

(3.20)

As expected, these transform in the (2, 2) representation of SO(4)outer. Oχ( 1
2
, 3
2)

is a chiral

primary of the indicated dimension. Note that these operators are exactly marginal on

the left (they have dimension one and zero R-charge), and thus they preserve the full left-

moving superconformal symmetry, but they break the right-moving one. These operators

represent the supersymmetric dipole deformations.

3.3 Relationship to 3d Schrödinger spacetimes

Schrödinger spacetimes are d + 1-dimensional spacetimes whose isometry group is the

Schrödinger group of nonrelativistic conformal transformations in d−2 spatial dimensions.

Their metric reads

ds2 = −b2r2dt2 + dr2

4r2
+ r(2dtdy + dxidxi) , i = 1, . . . , d− 2 (3.21)

The parameter b can be set to one by appropriate rescalings of the t and y coordinates, but

in the following we will prefer to keep it explicit. The isometries of this metric consist of

translations, rotations, Galilean boosts, nonrelativistic scale transformations, under which

xi → λxi , t→ λ2t , y → y , r → λ−2r (3.22)

and also nonrelativistic special conformal transformations. Due to the above invariance

under nonrelativistic rescalings, these spacetimes have been proposed as holographic duals

of strongly coupled nonrelativistic conformal field theories [41, 42], and have since received

plenty of attention (a very incomplete list of references includes [43, 48, 49, 73–77, 79]).

In the following we will specialize to three-dimensional Schrödinger backgrounds, which

geometrically realize the nonrelativistic conformal group in zero spatial dimensions. The

isometry group is now SL(2,R)L × Rnull, and these spacetimes are also known as null

warped AdS3. In general, they are not solutions to pure gravity alone, but can be solutions

of e.g. three-dimensional gravity coupled to a massive vector field, where

ds2 = −b2r2dt2 + dr2

4r2
+ 2rdtdy , A = b rdt (3.23)

What is interesting about these backgrounds is that, even though they are not asymp-

totically locally AdS3, they are reasonably well understood from a holographic point of

view [48]. When b = 0, the geometry becomes AdS3, so the dual description is in terms of

a two-dimensional conformal field theory. When b 6= 0 but is infinitesimal — such that we

can neglect the b2r2dt2 term in the metric — one can use the usual AdS/CFT dictionary

to interpret the massive vector field as a source for an irrelevant operator of dimension

(1, 2). To next order in b the metric backreacts but, as it has been argued in [77] and will

be further argued in the next subsection, this should not be interpreted as a source for
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an additional (1, 3) operator, but rather as a nonlinear correction to the usual AdS/CFT

dictionary. The gravity solution is in fact exact to second order in perturbation theory [49],

so the parameter b can take any finite value. The resulting background (3.23) has a new

scaling symmetry — the so-called nonrelativistic scale invariance or Schrödinger invari-

ance — with respect to which the deforming operator in exactly marginal [48]. Thus, as

soon as one turns on b, one finds himself at a new conformal fixed point, this time with

“nonrelativistic” scaling symmetry.

In addition, it has been argued in [49] that for CFTs that admit a weakly-coupled dual

supergravity description, the deformation by the (1, 2) operator is exact, in the sense that no

additional (single-trace) exactly marginal operators with respect to nonrelativistic scaling

are turned on.13 Consequently, all classical gravity computations in the 3d Schrödinger

backgrounds should be reproducible by conformal perturbation theory in the original CFT

with the following deformation

SCFT → SCFT + b
√
N

∫

dtdyO(1,2) (3.24)

which is irrelevant from the point of view of the usual two-dimensional conformal group,

but exactly marginal with respect to the nonrelativistic one. It would be very interesting

to check this prediction in detail, a program which has already been started in [48].

For the rest of this subsection we would like to show that in a certain T → 0 limit

of the backgrounds (2.29), we recover precisely the three-dimensional Schrödinger space-

times (3.23). This limit should roughly correspond to a zero-temperature limit in the dual

field theory. The parameter T does not appear explicitly in the metric and gauge fields,

but is implicit in the identifications of the coordinate y

y ∼ y + 2πT (3.25)

When taking T → 0, we must specify which quantities we keep fixed. In the first subsection

we have argued at length that the natural boundary coordinate is not y, but rather ỹ, with

identification

ỹ ∼ ỹ + 2π (3.26)

In order to keep the boundary metric finite we need to also rescale14 e.g. t by defining

t̃ = T t. Finally, in order for the remaining metric coefficients to not blow up as T → 0, we

need to scale the deformation parameters as

ǫB = λBT +O(T 2) , ǫg = λgT +O(T 2) (3.27)

and fix λB,g in this limit. As a result,

γ = 1 + (λBλg − λ2B)T 2 +O(T 3) (3.28)

13As we will discuss in section 3.4, there are subtleties related to the possible appearance of multitrace

operators that one has to address.
14Note that instead of rescaling t we could have equally well rescaled r as r = r̃/T . The interpretation

of this alternative rescaling is discussed in section 5.3.
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Next, taking T → 0 we obtain precisely the three-dimensional Schrödinger space-

times (3.23) times a three-sphere

ds2 =
ℓ2

4

[

(λBλg − λ2B − λ2g)r2dt̃2 +
dr2

r2
+ 2rdt̃dỹ + dθ2 + sin2 θdφ2

+(dψ + cos θdφ+ λgrdt̃)
2

]

F̂3 + Ĥ3 = F̂
+(0)
3 + dB2 , B2 =

ℓ2λB
4

rdt̃ ∧ σ3 , eΦ = 1 (3.29)

with a null quotient given by (3.26) acting on them. The dipole backgrounds have λg =

0, whereas the self-dual backgrounds have λg = 2λB. These backgrounds (without the

quotient) and their supersymmetry properties have been already partly analysed in [49, 77]

in terms of deformations of AdS3×S3 and consequently of the dual CFT. In [49], the dipole

type deformations were called diagonal, while the self-dual ones were called mixed.

Given the argument that Schrödinger backgrounds correspond to exact deformations

of the dual CFT by the operators (3.19) and (3.20), both of which are supersymmet-

ric, consistency requires that we find the same number of supersymmetries in spacetime.

More precisely, the SL(2,R)L×SU(2)R invariant Schrödinger backgrounds should preserve

four right-moving Poincaré supersymmetries, whereas the SL(2,R)L × SU(2)L invariant

backgrounds should preserve eight superconformal left-moving supersymmetries. This is

precisely what we find from the Killing spinor analysis, presented in appendix B.

3.4 Exactness of the perturbation

The fact that 3d Schrödinger spacetimes appear in the T → 0 limit of the spacetimes we

study is very interesting, as it indicates that in this limit our backgrounds are described by

nonrelativistic CFTs which, at least at large N and strong coupling, are exact deformations

of relativistic ones. The parameter T that appears in the quotient should be, roughly-

speaking, the right-moving temperature in the dual field theory. If this identification is

correct, then it is natural to conjecture that our backgrounds are dual to finite right-moving

temperature states in the nonrelativistic CFTs dual to the backgrounds (3.29).

The difficulty lies in proving that the identification of the y coordinate does indeed

correspond to a right-moving temperature in the dual field theory. The proof would amount

to having a full understanding of the holographic dictionary in warped AdS3, a program

which has been started in [48] but is still far from completion. In lack thereof, we can

use the analogy with AdS3, where the fact that quotients correspond to a temperature is

well-established [60]. Also, enticing arguments have been given that quotients of spacelike

warped AdS3 solutions of topologically massive gravity should correspond to a temperature

in the dual field theory [66]. For the special case of the dipole backgrounds, the situation is

in fact better, as we can use the TsT transformation to argue that the quotient does indeed

correspond to a right-moving temperature (see section 6 for details). It would nevertheless

be very interesting to show that this is the correct interpretation also in the general case.

Even in absence of a proof, we can use the isometries of our backgrounds and the

resemblance between their asymptotic structure and that of Schrödinger spacetimes to
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directly argue that they correspond to exact deformations of the D1-D5 CFT at finite

right-moving temperature. More precisely, if we make use of the fact that all operators

which are turned on (either in the form of sources or expectation values) must respect the

SL(2,R)L ×U(1)R symmetry realised by the background, we conclude that

• all operator deformations must be by marginal operators with respect to SL(2,R)L,

i.e. whose scaling dimension is of the form (1, n).

• the only local operators that can acquire expectation values are those of weights (0, n).

This, combined with the fact that in the supergravity limit only operators with spin

at most two continue to have low dimension, implies that the only single-trace operator

deformations can be by (1, 2) and (1, 3) operators, while only (0, 1) and (0, 2) operators can

acquire expectation values (in a CFT these would be the right-moving currents and stress

tensor). We are for now neglecting the important issue of possible multitrace deformations

(which can have spin greater than two) also being turned on.

The (1, 2) operators in question are given by (3.19) and (3.20) respectively, and our

next task is to argue that, as is true of Schrödinger backgrounds, no (1, 3) operator is

turned on. The simplest way to see this is to use the specific form of our solutions: if a

(1, 3) operator were indeed turned on, it would correspond to a tensor mode deformation

of the AdS3 metric. Such a deformation is indeed present at second order in perturbation

theory (in ǫB,g), and we have to decide whether it is due to a nonlinear correction to the

holographic dictionary for the massive vector mode, or to a new massive graviton mode,

which would represent a linearized perturbation in ǫ2. If the latter is the case, then we

should find this linearized KK graviton mode in the tables of e.g. [71], as well as in the

dual CFT. Because the dependence of the three-dimensional part of the metric in (2.29)

on the spherical coordinates is trivial, the quantum numbers of this putative graviton are

(hL, hR) = (1, 3) , (jL, jR) = (0, 0) (3.30)

It turns out that linearized spectrum of type IIB supergravity on K3 only contains fields

with hR ≤ jR+2, so we conclude that the only single-trace operator deformation is by the

(1, 2) operator found in the previous section.15

In the case of Schrödinger backgrounds, exactness of the deformation in the CFT is

nicely mirrored in the exactness of the gravity solution to second order in perturbation the-

ory [49]. The argument is based on the fact that the perturbation has definite and strictly

positive scaling weight with respect to the Lorentz symmetry of the background. Conse-

quently, at each subsequent order in perturbation theory the spin of the perturbation has

to increase by one. Since no fields of spin greater than two are present in the supergravity

limit, perturbation theory has to truncate at second order. The same argument can no

longer be applied here, as the starting background has only SL(2,R)L × U(1)R isometry,

15Another, more rigorous way of proving this would be along the lines of [79, 80], who were studying

irrelevant deformations by scalar operators. There it was found that at higher and higher order, the

perturbation induces more and more divergent terms in the asymptotic field expansion; nevertheless, they

all correspond to the same source in the dual field theory.
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and the perturbation does not in fact break any extra isometries.16 Nevertheless, given

that the deforming operator is still null on the boundary, most of the analysis done in [49]

for Schrödinger backgrounds should still apply in our case.

Finally, let us discuss the operator expectation values. An expectation value for a

(0, 1) operator would require the existence of a massless gauge field in the bulk solution.

The analysis of section 3.1 shows that no such field is turned on in our backgrounds, so

we conclude there is no expectation value of a (0, 1) operator present. On the other hand,

it is quite clear that we should have an expectation value for a (0, 2) operator turned on,

since the AdS3 background that we have started from had nonzero right-moving energy

density corresponding to a thermal state of right-moving temperature TR = T
πℓR .

To summarize, the proposal of this section is that

The backgrounds (2.29) should be thought of as exact deformations of the

DLCQ of the D1-D5 CFT by a (1, 2) operator where, in addition, a finite

right-moving temperature TR is turned on.

Several clarifications should be made with regard to the above statement. The first issue

that we have to address is what we mean by an operator deformation of the DLCQ of

the D1-D5 CFT. Despite their ubiquitousness in describing extremal black hole horizons,

DLCQs of two-dimensional CFTs are not well understood. In particular, it is unclear

what their spectrum of operators is, and what we mean by deforming by an operator of

left/right-moving dimension (1, 2) a theory that is effectively one-dimensional.

A much better defined approach is to first deform the CFT2 at finite right-moving

temperature TR by a single (1, 2) operator, and only then take the DLCQ limit. Then we

expect that correlators in the original CFT which have the form

〈

TR, 0L|ΠiOi(xi) e−SCFT+b
√
N

∫
O(1,2) |0L, TR

〉

(3.33)

survive the DLCQ limit and agree with the correlators that we would have obtained by

first taking the DLCQ limit and then deforming. Of course, we would very much like to

be able to check — provided we understand the spectrum and how to deform the DLCQ

— that the two procedures yield the same result, but for the time being we will use (3.33)

as our definition of correlators computed in the deformed DLCQ. The assumption that

16A possibly amusing observation is that both the dipole and the self-dual backgrounds can be thought

of as being exact to second order in perturbation theory (in gravity), provided one rescales the metric by an

appropriate (fudge) factor. For the dipole backgrounds, this factor is the power of the dilaton which yields

the string frame metric, and one obtains that in string frame the perturbation is exact to second order in

ǫ ≡
γ ǫB
h

=
ǫB

√

1 + ǫ2B
, since γ =

1

1 + ǫ2B
= 1− ǫ2 (3.31)

For the self-dual background, the fudge factor is coth 2δ, and the expansion parameter is again the ratio of

the change in F3 with respect to F
(0)
3 in (2.29)

ǫ ≡
γ ǫB
h

=
1

cosh 2δ
, γ = 1 +

1

cosh2 2δ
= 1 + ǫ2 , γ ǫg =

2

cosh 2δ
= 2 ǫ (3.32)
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the DLCQ limit commutes with the deformation is supported by our concrete example

in section 6.3, where we show that this indeed happens for the gravitational dual of the

lightlike dipole theory.

Another important question is whether the coefficient b of the deformation depends on

the temperature. Since finite-temperature holography in Schrödinger backgrounds is very

mysterious, at the time being we cannot employ it to answer this question. Nevertheless,

for the dipole backgrounds we can show, using the TsT transformation, that the value of

b is independent of the temperature (see section 6.2). For the self-dual background, it is

not known whether the coefficient of the deformation depends on the temperature, but we

hope that in the future holography will provide an answer.

Finally, the most important assertion that we are making is that of exactness of the

operator deformation. Here we are employing the term “exact” with two distinct meanings

• the (1, 2) operator is exactly marginal with respect to the nonrelativistic scaling

symmetry

• there are no additional (exactly marginal) operators turned on

The first statement was proven in [48], up to certain subtleties pointed out in [49]. More

precisely, [48] showed that the nonrelativistic scaling dimension of the deforming oper-

ator is unchanged at arbitrary order in conformal perturbation theory. The subtleties

are concerned with the possibility that the deformation generate a nontrivial β-function

for higher-spin operators which are marginal with respect to the Schrödinger symmetry.

Given that all such operators have dimension (1, n), there is a relatively small number

of candidate operators that one can construct with these quantum numbers, especially

after taking into account R-symmetry and SO(4)outer charge conservation. In particular,

as shown earlier in this section, there is no candidate single-trace operator that has the

correct quantum numbers.

The question of exact marginality is related to the types of singularities that appear

when two deforming operators are brought close together and can be answered from the

CFT side alone. On the other hand, the issue of exactness of the deformation (in the

second sense) requires a detailed understanding of the holographic dictionary at nonlinear

order. That no additional single-trace operators are turned on in the supergravity limit has

been argued to be true for Schrödinger spacetimes in [49, 77], and at finite temperature in

the present section. Nevertheless, we have neglected so far the possibility that multitrace

operators17 may appear in the deformation. Since there is no upper bound on the spin

of multitrace operators, a priori an arbitrary number of them could be present. Also, the

holographic dictionary for multitrace operators is rather subtle [79–88], so their presence

may be difficult to detect.

The candidate operators that could in principle spoil exact marginality are the same

as those that could spoil exactness of the deformation. The only difference is that the

17Since we are working at large N, there is a clear distinction between single-trace and multitrace operators

at any point in the moduli space, consisting in whether correlation function of the given operator factorize

or not [78].
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former would appear in the action with coefficients which are logarithmically divergent in

the cutoff, whereas the latter would appear with constant coefficients. The vanishing of the

coefficients of the former can be established by computing certain correlation functions,

whereas for the latter one needs to compare correlation functions in supergravity with the

ones in the field theory order by order in perturbation theory.

Naively, one may think that multitrace contributions can be neglected in the infinite

N limit in which we are working, since the coefficient with which they would appear in

the action is suppressed by powers of N with respect to the coefficient of the single-trace

deformation. Nevertheless, it can be easily shown that the contribution of multitrace

operators to certain extremal three-point correlators is of the same order as that of single-

trace operators, and similar facts hold for their contribution to non-extremal higher-point

functions. Consequently, the possible presence of multitrace operators in the deformation

cannot be ignored.

Let us make a few remarks about the form of the possibly “dangerous” multitrace

operators. In the case of the SL(2,R)L × SU(2)R invariant perturbation, the deforming

operator is of the form O(1,0)
(1,2), where the lower indices indicate the conformal dimensions

and the upper ones the R-charges. The only marginal operators that can be generated are

of the form

O(0,0)
(1,n) or O(1,0)

(1,n) , n ∈ Z, n ≥ 3 (3.34)

based on R-charge conservation and the BPS bound. Given that all single-trace operators

in the D1-D5 CFT have integer or half-integer holomorphic dimension, there are relatively

few ways of constructing an operator of left-moving dimension one. Moreover, given that

for a single trace chiral primary

|hL − hR| ∈ {0, 1} (3.35)

it is clear that most of the single-trace operators that would be making up the multi-

trace have dimension (0, 1), i.e. they are the upper component of the right-moving SU(2)

R-current, J̃++. Consequently, computing correlation functions of the operators (3.34)

should be quite straightforward, and in the end only a relatively small number of nontriv-

ial correlators of chiral primaries will be needed for the proof of exact marginality.

Very similar considerations apply to the SL(2,R)L × SU(2)L invariant deformation.

Given that the deforming operator is now of the form O(0,1)
(1,2), the candidate marginal oper-

ators are

O(0,i)
(1,n) , i ≤ n− 1 (3.36)

As before, the fact that hL = 1 implies that most of the single-trace operators entering

the multitrace one will be J̃++, so correlation functions of the above operators should be

again relatively easy to compute. We hope to return elsewhere to the full proof of exact

marginality of the (1, 2) deformation of the D1-D5 CFT, as well as to the important issue

whether all correlators in the deformed theory are well defined.

Provided that the issues mentioned above can be resolved, the fact that the back-

grounds (2.29) can be thought of as deformations of the DLCQ of the D1-D5 CFT by a
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single (1, 2) operator should provide us with a concrete framework for performing com-

putations in the dual field theory by using conformal perturbation theory. If the latter

can be well-defined, our proposal amounts to a definition of the field theory dual to the

backgrounds (2.29), whose properties can be studied independently of the bulk side. Com-

putations in this field theory should reproduce the ones in classical gravity, including a

field-theory derivation of the asymptotic symmetry group (2.39) and the applicability of

Cardy’s formula (2.44). It would be very interesting to check whether our so-defined the-

ories constitute an example of the SL(2,R) × U(1) invariant theories considered in [89],

which were proven to admit either two Virasoro symmetries or a Virasoro symmetry and a

Kač-Moody one. Note nevertheless that the theories defined via (1.6) are not guaranteed

to be local, so it is not a priori clear that they should satisfy the assumptions of [89].

4 Computations in the D1-D5 CFT

The deforming operators found in section 3.2, being descendants of chiral primaries, have

a well-defined meaning at any point moduli space. Nevertheless, sometimes it is useful to

have explicit expressions for them. Thus, in this section, we map the operators that we

have found to specific linear combinations of twist operators at the free orbifold point of

the D1-D5 CFT.

4.1 A few facts about chiral primaries

The CFT2 dual to the AdS3 × S3 ×K3 background of type IIB string theory is the D1-

D5 CFT, an N = (4, 4) superconformal field theory whose moduli space is locally of the

form [90]
SO(4, 21)

SO(4)× SO(21)
(4.1)

There exists a special point in this moduli space where the D1-D5 CFT has a simple de-

scription in terms of a free superconformal sigma model whose target space is the symmetric

product of N = Q1Q5 copies of K3 [91, 92]. Applying symmetric orbifold techniques to

a free field realisation, the chiral primary operators can be easily constructed [60, 93] and

their correlation functions explicitly computed [94–98]. Even though the free orbifold point

may be a singular point in the moduli space of the D1-D5 CFT [99], it has been shown that

the three-point correlation functions of chiral primaries computed at this point perfectly

match those computed in the worldsheet WZW model CFT [100, 101], as well as those

computed in supergravity [56]. We are clearly dealing with an N = 4 nonrenormalization

theorem for the above correlators.18

This nonrenormalization theorem can be used to map the chiral primary operators

e.g. in the region of the moduli space which has a weakly-coupled supergravity description

to e.g. those at the free orbifold point. As pointed out in [57] this map is not unique,

due to operator mixing under flow in the moduli space. As shown in the same paper, the

chiral primaries of a given conformal dimension in the N = (4, 4) SCFT are sections of

18This nonrenormalization theorem has been proven for all points in the moduli space and at finite N in

the special case of extremal correlators [57].
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vector bundles over the moduli space, which have constant but nonzero curvature. Due to

the curvature, the identification of the operators between two points in the moduli space

depends on the path taken to connect them. The connection on the vector bundle of

chiral primaries has SO(21) holonomy. Consequently, the ambiguity in the identification

will exist for all chiral primary operators that transform in nontrivial representations of

SO(21), whereas operators which are SO(21) singlets will be unambiguously identified.

The map between supergravity and free orbifold CFT chiral primaries has been con-

structed in [56]. Before proceeding to describing it, let us remind the reader how chi-

ral primary operators in the free orbifold CFT are constructed. The free orbifold CFT

contains 4N free bosonic fields Xm,m̄
A their left-moving fermionic superpartners ψmαA and

right-moving fermionic superpartners ψm̄α̇. Here m is a holomorphic index on K3 taking

values m = {1, 2}, m̄ is an antiholomorophic one, A = 1, . . . , N labels the copies of K3, α

is an SU(2)L R-symmetry index and α̇ is an SU(2)R one.

The chiral primary operators are constructed from the fieldsXA, ψA and ψ̃A with either

twisted or untwisted boundary conditions. In the untwisted sector, since only ψA, ψ̃A carry

R-charge, the chiral primaries are in one to one correspondence with the cohomology classes

of K3

O(1,1)S
1 =

1√
N

∑

A

ωSmm̄ψ
m+
A ψ̃m̄+

A , O(2,2)
1 =

1√
N

∑

A

ω
(2,2)
mnm̄n̄ ψ

m+
A ψn+A ψ̃m̄+

A ψ̃n̄+A

O(2,0)
1 =

1√
N

∑

A

ω(2,0)
mn ψm+

A ψn+A = J++ , O(0,2)
1 =

1√
N

∑

A

ω
(0,2)
m̄n̄ ψ̃m̄+

A ψ̃n̄+A = J̃++ (4.2)

Here the index S = 1, . . . , 20 runs over the (1, 1) harmonic forms on K3. The operators

constructed from the (2, 0) and (0, 2) forms on K3 are nothing but the upper component of

the left/right-moving SU(2) R-symmetry currents, as indicated. Thus, from the untwisted

sector we get 20 (12 ,
1
2) chiral primaries, one (1, 1) one, and in addition two currents, one

(1, 0) and one (0, 1). The subscript ‘1’ on the operators indicates the fact we are in the

untwisted sector, whereas the upper scripts indicate the number of fermionic creation

operators we have used on each side.

Nevertheless, most of the chiral primaries in the CFT are constructed from fields with

twisted boundary conditions. The twist fields of the SCFT are labeled by the conjugacy

classes of S(N), namely the cyclic groups of various lengths Zn, with n ≤ N . A Zn twist

yields a chiral primary Σ(n
2
,n
2
) of dimension

dim
(

Σ(
n
2
,n
2 )
)

=
(n

2
,
n

2

)

(4.3)

In addition, we can combine these twist operators with the fermionic creation operators

as in the untwisted sector. The general structure of an operator is then O(a,ā)
n , where n

indicates the twist and 0 ≤ a, ā ≤ 2 indicates the number of fermionic creation operator

insertions. For a = ā = 1 we have an additional index, S, which labels the 20 (1, 1)

cohomology classes of K3.
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4.2 Identification of the operators

The conclusion of the supergravity analysis of section 3.2 was that the SL(2,R)L×SU(2)R
invariant deformations correspond to operators of the form

OLR

(1,2) = J−−G̃−−G̃−+Oχ(1,1) (4.4)

where Oχ(1,1) is a dimension (1, 1) chiral primary which is an SO(21) singlet in case of the

self-dual deformation and a SO(21) vector for the case of the nonsupersymmetric dipole

backgrounds. Note that for simplicity reasons we have suppressed the subscripts −1
2 on

the supercharges, and we will continue to do so throughout this section.

For the superconformal dipole deformations, the dual operators take the form

OLL

(1,2) = J̃−−G−aG̃−bOχ
( 1
2
, 3
2)

(4.5)

where Oχ
( 1
2
, 3
2)

is the single chiral primary of this dimension in the CFT. What we would

like to do now is to give explicit expressions for the 22 chiral primary operators Oχ(1,1) and
the operator Oχ(1/2,3/2) in the free orbifold CFT.

The list of n+ 1 = 22 chiral primary operators of dimension (1, 1) in the free orbifold

CFT is, schematically

O(0,0)
3 = Σ(1,1) , O(1,1)S

2 = Σ(
1
2
, 1
2) ωS(1,1) ψ

+ψ̃+ , O(2,2)
1 =

∑

A

ω(2,2) ψ
+ψ+ψ̃+ψ̃+ (4.6)

where appropriate summations over Z2 cyclic permutations in SN and over copies of K3

are assumed.19 The
(

1
2 ,

3
2

)

operator relevant for the superconformal dipole deformations is

schematically given by

Oχ
( 1
2
, 3
2)

= O(0,2)
2 = Σ(

1
2
, 1
2)ω(0,2) ψ̃

+ψ̃+ (4.7)

The degeneracies of these operators agree with those found from the supergravity analysis.

Namely, in the SL(2,R)L× SU(2)R invariant case we have 22 deformations induced by the

massive KK modes of the fields

F+
3 , H−

3 , F
−
3 , F Ŝ−3 , Ŝ = 1, . . . , 19 (4.8)

where the index Ŝ labels the 19 anti-self-dual (1, 1) forms in K3. We label the (1, 1) holo-

graphic chiral primary operators whose descendants are dual to the above deformations by

OF+
3
,OH−

3
and OS

F−

3
(4.9)

Here the index S = 1, . . . , 20 comprises both F Ŝ3 and F−
3 , as the two transform into each

other under the SO(20) subgroup of the SO(4, 20) T-duality group of type IIB on K3.

The descendant of OF+
3

is responsible for the self-dual deformation and corresponds to the

19The issue of which is the appropriate summation to perform for the second set of operators is subtle

and has been resolved in [101]. The exact expression for the third operator is given in (4.2).
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SO(21) singlet, whereas the supersymmetric descendants of all the remaining operators

represent dipole deformations, transforming in the vector representation of SO(21).

The question now is how to map the above supergravity operators to the free orb-

ifold CFT operators (4.6). One way of identifying the operators on the two sides is to

use the nonrenormalization of the nonextremal three-point correlation functions of chiral

primaries20 [56]. The proposed map is

OF+
3
→
√
3

2
O(2,2)

1 +
1

2
O(0,0)

3 , OH−

3
→
√
3

2
O(0,0)

3 − 1

2
O(2,2)

1

OS
F−

3
→ O(1,1)S

2 (4.10)

It is probably interesting to note that the SL(2,R)L×SU(2)R invariant self-dual deformation

OF+
3
, which we will soon show is the one relevant for understanding Kerr/CFT, is a linear

combination of the same operators as the SL(2,R)L×SU(2)R invariant dipole deformation.

Since dipole deformations of the D1-D5 CFT can be in principle understood starting from

the star product deformation of the D1-D5 gauge theory Lagrangian and flowing to the

IR, one may hope that a similarly simple interpretation of Kerr/CFT for this system can

be found.

As far as the four SL(2,R)L×SU(2)L invariant dipole deformations are concerned, we

are supposed to map the four operators J̃−−G−aG̃−bO(0,2)
2 onto the KK modes of the four

supergravity fields

H+
3 , F

A+
3 (4.11)

This map is fixed by supersymmetry. Namely, the operators G−aG̃−bO(0,2)
2 transform in the

(2, 2) representation of SU(2)outerL ×SU(2)outerR
∼= SO(4)outer of the supersymmetry algebra.

The outer isomorphism group in the CFT is identified with the SO(4) subgroup of the

SO(5, 21) symmetry of 6d supergravity which is not broken by the background expectation

value of F
+(0)
3 . Under it, the four fields FA+3 , H+

3 transform as a vector.

As it was mentioned at the beginning of this section, the map between chiral primary

operators which transform in nontrivial representations of SO(21) and are at different points

in the moduli space should be inherently ambiguous due to the curvature of the moduli

space. Therefore, the map (4.10) does not in fact make sense without a specification of

the path connecting the two points in the moduli space. While the identification of OF+
3

is

unambiguous due to the fact that it is an SO(21) singlet — which is good news from the

point of view of Kerr/CFT — the map for the dipole deformations should in general be

modified to
(

OH−

3

OS
F−

3

)

←→ M
(

1
2(
√
3O(0,0)

3 −O(2,2)
1 )

O(1,1)S
2

)

, M∈ SO(21) (4.12)

The SO(21) matrix M depends on the path through the moduli space taken from the

supergravity point to the free orbifold point. Since the connection on the vector bundle

20This identification of single-trace operators on the two sides is only valid at large N . The map gets

corrected by multitrace operators at subleading order in N , but the corrections only affect the extremal

three-point correlators, which is the reason why (4.10) has been established using the matching of the

nonextremal ones.
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of chiral primaries over the moduli space has full SO(21) holonomy, we expect to always

be able to find a path such that M is the identity matrix. In fact, given the naturalness

of identifying the spacetime indices S which transform under the SO(20) subgroup of the

T-duality group with the SO(20) which acts on the indices of the (1, 1) forms on K3 inside

the operators (4.6), one may wonder whether the path for whichM = I may have a very

simple interpretation. For example, it could correspond to a geodesic, or to an orbit of an

isometry of the moduli space.21 It would be very interesting to further study these issues,

but they go beyond the scope of the present article.

The same comments apply to the mapping of the SL(2,R)L × SU(2)L invariant defor-

mation operators. In this case, the chiral primary whose descendants we are interested in

is unambiguously identified between supergravity and the CFT, but the map for the full

operator (3.20) does depend on the path through moduli space that we take because the

supersymmetry generators themselves have nontrivial SO(4)outer holonomy. Note that the

full SL(2,R)L × SU(2)R invariant deformation (3.19) is a singlet under SO(4)outer, so the

only ambiguity in the identification is the SO(21) discussed above.

Another interesting observation, which is at the core of [56], is the fact that the

map (4.10) receives subleading corrections in 1/N from multitrace operators. These cor-

rections do in fact affect certain extremal correlators of chiral primary operators, which

naively do not match between the supergravity and the free orbifold point. These corre-

lators can consequently be used to infer the corrections from multitrace operators to the

map (4.10). The computations of [56] show that the (1, 1) chiral primary operators that

enter (4.10) are corrected as

Oχ(1,1) → O
χ
(1,1) +

α√
N

Σ(
1
2
, 1
2)Σ(

1
2
, 1
2) (4.13)

where Σ(
1
2
, 1
2) is the Z2 twist operator in the free orbifold CFT and the numerical coefficient

α depends on whether the chiral primary in question transforms as a singlet or vector

of SO(21). One can in principle check whether the above correction is consistent with

the SO(21) transformation properties of the operators. Namely, the map for (1, 1) chiral

primaries can receive subleading corrections in 1/N from double trace operators of lower

dimension. The double trace operator can be constructed from
(

1
2 ,

1
2

)

chiral primaries,

which are 21 in number and transform as a vector under SO(21). Consequently, the double

trace transforms in the tensor product of two such vector representations, namely

21⊗ 21 = 210⊕ 21⊕ 1 (4.14)

Only the 21 on the right-hand side can correct the (1, 1) chiral primaries which transform

in the vector representation, wheres only the 1 can correct the singlet (1, 1) operator. Note

that the SO(21) singlet chiral primary can also in principle receive contributions from the

multitrace operator J++
L J++

R , but (4.13) shows that it does not.

21We thank K. Papadodimas for these suggestions.
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5 Relationship to the D1-D5-p black hole

In this section we review how the self-dual deformation is precisely the one that arises in

the near-horizon limit of the D1-D5-p black hole/string with equal D1 and D5 charges.

We also explain the slight difference between the proposal of [54] and the computations

performed in the present article.

5.1 The near-horizon geometry

Consider a D1-D5-p black hole in type IIB supergravity compactified on K3 × S1 or T 5.

We set the right-moving angular momentum JR to zero, but let JL 6= 0. The charges of

the extremal nonsupersymmetric black hole can be parametrised as22

Q1 = 2a2 sinh 2δ1 , Q5 = 2a2 sinh 2δ5 , Qp = 2a2 sinh 2δp , (5.1)

while the mass and angular momentum are

M = 2a2(cosh 2δ1 + cosh 2δ5 + cosh 2δp) , JL = 4a3(c1c5cp + s1s5sp) (5.2)

We have used the standard shorthand ci = cosh δi and si = sinh δi. The entropy of the

black hole is given by

S = 2π
√

J2
L −Q1Q5Qp (5.3)

The near-horizon limit of this black hole is analysed in [33, 102]. It takes the form

ds26 =
K0

4

(

−r2dt2 + dr2

r2
+ γ(dy + rdt)2 + γ(dψ + cos θdφ)2+

2α(dy + rdt)(dψ + cos θdφ) + dθ2 + sin2 θdφ2
)

(5.4)

This expression is the same as that in [54], except that the formulae for K0, α, γ are

generalized to

γ = 1 +
1

cosh 2δ1 cosh 2δ5
, α =

1

cosh 2δ1
+

1

cosh 2δ5
(5.5)

K0 = 2a2
√

cosh 2δ1 cosh 2δ5 (5.6)

Using (2.30), the RR three-form field strength reads

F3 =
a2 sinh 2δ5

2

(

sin θdθ ∧ dφ ∧ dψ + dr ∧ dt ∧ dy +

+
sin θdθ ∧ dφ ∧ (dy + rdt) + dr ∧ dt ∧ (dψ + cos θdφ)

cosh 2δ1

)

(5.7)

Note that when Q1 = Q5 = Q then F3 is self-dual. Letting δ1 = δ5 = δ, the above

background is locally identical to the self-dual background (2.29)–(2.32).

22We use the conventions of [33]. In order to switch from JL = 0 to JR = 0 we simply replace δp → −δp.
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The coordinates y and ψ have identifications23

y ∼ y + 4π2TQm , ψ ∼ ψ + 4πn− 4πJLm

Q1Q5
(5.9)

where TQ is given by

TQ =
JLTR
Q1Q5

, TR =
c1c5cp − s1s5sp

π(c1c5cp + s1s5sp)
=

1

π

√

1− Q1Q5Qp
J2
L

(5.10)

5.2 Holographic interpretations

In [54] it has been argued that in the maximally charged limit

Q1Q5Qp → J2
L (5.11)

the near-horizon geometry (5.4) contains an AdS3 factor, and thus it is possible to study

it using the usual rules of AdS/CFT. Indeed, this limit corresponds to

δi →∞ , a→ 0 with Q1 = a2e2δ1 , Q5 = a2e2δ5 , Qp = a2e2δp =
J2
L

Q1Q5
(5.12)

fixed. Thus, α → 0 and γ → 1 in (5.4), yielding a locally AdS3 × S3 geometry of radius

ℓ2 =
√
Q1Q5. Moreover, the identification of ψ in this limit

ψ ∼ ψ + 4πn− 4πm

N
, N ≡ Q1Q5

JL
=

√

Q1Q5

Qp
(5.13)

can be interpreted as a ZN quotient of the three-sphere

ψ ∼ ψ − 4πm̂

N
(5.14)

provided that N ∈ Z and we use instead

m̂ = m− nN (5.15)

The ZN quotient of the three-sphere physically corresponds to a charge N magnetic

monopole. In terms of m̂ and n, the identification of y reads

y ∼ y + 4π2TQ m̂+ 4π2TR n , TQ =
TR
N

(5.16)

23In terms of the coordinates ψ̃ and ỹ, which are identified mod 4π and respectively 2π and are appropriate

near-horizon coordinates related to the angular direction on the S3 and the 6d U(1) fibre by a singular shift

in t, the coordinates ψ and y are given by

ψ = ψ̃ −
c1c5cp + s1s5sp

2as1s5c1c5
ỹ , y =

c1c5cp − s1s5sp
2a c1c5s1s5

ỹ (5.8)

The coordinates ỹ and ψ̃ are defined in section 6.1.2 of [33], with the mention that ỹ, ψ̃ in that paper

correspond to our y, ψ and vice-versa.
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In the maximal limit (5.11), both TQ and TR vanish. The vanishing of TQ is not worri-

some, as it simply indicates that the m̂ quotient acts only on ψ in this limit. The remaining

identification by 4π2TR n yields however a singular quotient of AdS3, of the pinching orb-

ifold type.

This AdS3 × S3/ZN ×K3 solution of type IIB supergravity arises as the near-horizon

limit of a stack of D1-D5-KK branes, lying in the following configuration

6 7 8 9 ψ Ry

q5 D5 x x x x x

q1 D1 x

N TN x x x x x

where Ry denotes the common string direction, ψ is the Taub-Nut circle and 6, 7, 8, 9 denote

the directions along K3. The number of branes of each type is

q1 =
Q1

N
, q5 =

Q5

N
(5.17)

and we are assuming that N divides both Q1 and Q5. At low energies, the above brane con-

figuration is described by a CFT known as the “quiver projection” of the D1-D5 CFT [103],

whose central charge is

cL = cR = 6 q1q5N =
6Q1Q5

N
= 6
√

Q1Q5Qp = 6JL (5.18)

If N > 1, this CFT only has (0, 4) supersymmetry. Its operator content can be obtained

from that of the D1-D5 CFT by a procedure similar to orbifolding described in [103, 104].

It was noted in [54] that the central charge (5.18) agrees perfectly with the central

extension of the Virasoro asymptotic symmetry group of the five-dimensional D1-D5-p

black hole. Thus, in this instance of Kerr/CFT the CFT is, in the maximal limit, precisely

the DLCQ of the quiver projection of the D1-D5 CFT (which is related by dualities with

the DLCQ of the MSW CFT discussed in that paper). Also, in this limit the CFT is in its

ground state.

Going away from the maximal limit (5.11), the AdS3×S3/ZN geometry gets deformed.

The deformation consists both of a change in the local geometry — from AdS3 × S3

to warped AdS3 times a stretched sphere which is nontrivially fibered over it — and a

change in the identifications. Infinitesimally away from the maximal limit, the deformations

can be understood using the usual AdS/CFT dictionary. Given that for Q1 = Q5 the

local geometry is precisely that of the self-dual backgrounds (2.29)–(2.32), the holographic

analysis of the infinitesimal change in the geometry is almost identical to that of section 3,

and one finds a deformation by a specific (1, 2) operator in the quiver-projected D1-D5 CFT.

In addition, one finds that the right-movers are excited at the infinitesimal temperature TR.

Far away from maximality, the form of the geometry indicates that both a deformation and

a temperature are present,24 but a more precise understanding of the holographic meaning

of the identifications is needed.
24In the analysis of [54] all charges were taken to be equal, Q1 = Q5 = Qp, and so δ1 = δ5 = δp. Because

of this, the deformation parameter, which depends on δ1 and δ5, and the temperature TR, which depends
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The holographic interpretation away from maximality depends on the way one leaves

the maximal limit. In the three-charge case under study here the most natural way to

leave maximality seems to be by lowering Qp, with JL, Q1, Q5 and thus N kept fixed. In

this way, the identification of ψ is always given by (5.14) with N = Q1Q5/JL. The term

proportional to n in the y identification (5.16) should most likely still be interpreted as a

temperature TR for the right-movers. Nevertheless, the holographic interpretation of the

additional shift by m̂ is unclear in this picture, except when N = 1. In that case, we can

simply define

n̂ = n+ m̂ (5.19)

such that the identification of y becomes

y ∼ y + 4π2TR n̂ (5.20)

which is naturally interpreted as a right-moving temperature.

It is quite common for black holes in string theory to have several possible microscopic

descriptions related by U-duality. The same happens here, as the maximal geometry also

has a description in terms of the usual D1-D5 CFT with no quiver projection, but with

the shift by m (5.9) in ψ interpreted instead as a chemical potential for the left-movers.

As explained in [54], in the maximal limit the quiver projection description represents the

long string [105] sector of D1-D5 description, as the central charges are

cD1D5 = 6Q1Q5 , cquiv.proj. =
6Q1Q5

N
= 6JL (5.21)

Nevertheless, away from maximality we do not expect the two descriptions to be so simply

related. The key difference lies in the interpretation of the identifications (5.9): in the D1-

D5 description, the temperature for the right-movers is TQ, whereas the extra shift in ψ

represents a chemical potential for the conjugate charge. In the quiver projection descrip-

tion, we interpret the entire identification (5.14) of ψ as a charge N magnetic monopole,

and the shift (5.16) in y as a temperature, plus an additional identification related to the

ZN orbifold which is only present away from maximality and whose physical meaning is

unclear. Both descriptions are valid, despite the different interpretations.

While the quiver projected D1-D5 description with central charge cq.p. = 6JL is more

appropriate for making the connection with Kerr/CFT, for the purposes of this article we

are more interested in the D1-D5 description, which is simpler from several viewpoints.

First, the interpretation of the identifications away from maximality is much clearer. Sec-

ond, the CFT that we are deforming in this picture has (4, 4) instead of just (0, 4) su-

persymmetry, and thus we gain in computational control. Third, it is very clear in this

picture that the deformation, the temperature and the chemical potential are completely

independent quantities.

on all three δi, could not be disentangled. Our slightly more general analysis shows that at least at the

level of the analysis in [54] the two deformations — operator and temperature — are in fact independent.

Nevertheless, one may also want to keep other quantities — e.g. N and JL — fixed, case in which the two

deformations are again entangled.
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The background (5.4) with Q1 = Q5 = Q is identical to the self-dual back-

ground (2.29)–(2.32), except for the extra shift in ψ (5.9). Given that this shift simply

represents a spectral flow in the dual theory (and thus, a constant shift in the energies and

currents), the analysis of section 3 applies in its entirety for this description. Consequently,

the nonsupersymmetric D1-D5-p black hole should be thought of as a thermal state in a

non-relativistic CFT, which is an exact supersymmetric deformation of the D1-D5 CFT by

the unique (1, 2) operator of the form (3.19) which is an SO(21) singlet.

The asymptotic symmetry group analysis of section 2.4 indicates that the deformed

theory has a right-moving Virasoro symmetry with central extension

c =
3π2ℓ4

G6
(5.22)

In the parametrization used in this section, G6 =
π2

2 and the central charge turns out to be

cD1D5 = 6Q2 = 6Q1Q5 (5.23)

The above central charge, together with the temperature TQ, exactly reproduces the en-

tropy of our original black hole by use of Cardy’s formula

SCFT =
π2

3
cD1D5TQ = 2π

√

J2
L −Q1Q5Qp (5.24)

In fact, there is a nicer and more physical way of understanding the above formula [106] in

the D1-D5 description. The asymptotic symmetry group analysis indicates that Cardy’s

formula is applicable even in the deformed CFT, and that the central charge is unchanged.

Given that only right-movers are excited, the entropy is given by

S = 2π

√

cNR

6
, c = 6Q1Q5 (5.25)

where NR is the right-moving energy. Since the black hole has nonzero angular momentum

JL but zero left-moving temperature, the left-moving energy is given by

NL =
6J2

L

c
, ∋ N̂L = NL −

6J2
L

c
= 0 (5.26)

where N̂L is the effective left-moving momentum to be distributed among oscillators. The

difference between the left- and right-moving momenta is the measured charge Qp

Qp = NL −NR =
6J2

L

c
−NR (5.27)

Solving for NR and plugging the result into Cardy’s formula, we obtain precisely (5.24).

5.3 A different maximal limit

We have just shown that the self-dual background is precisely the background relevant for

Kerr/CFT, barring a few slightly different identifications of the coordinates. In section 3.3

we have taken the zero -“temperature” limit of the self-dual background and we have
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obtained a Schrödinger spacetime. In the previous subsection we have taken the maximal

limit of NHEK, which we argued is also a zero-temperature limit, but instead we have

obtained AdS3×S3. Clearly, we are keeping different quantities fixed in the two cases, and

in this subsection we would like to understand the difference between the two limits.

The difference clearly lies in the fact that in the maximal limit (5.11) we have not

rescaled y, t before sending δi →∞. Introducing the rescaled coordinates

ỹ =
y

2πTQ
, ỹ ∼ ỹ + 2π , t̃ = 2πTQ t (5.28)

and then taking δi →∞, we obtain a Schrödinger background, as expected, with

λB =
Q
√

Qp

Q+ 2Qp
=

Q2JL
Q3 + 2J2

L

, λg = 2λB (5.29)

where λg,B have been defined in (3.27) and Q1 = Q5 = Q.

Note that in both zero-temperature limits (AdS3 and Schrödinger), the geometry con-

tains a circle of vanishing size, so the gravity analysis is not particularly trustworthy in

either case: the AdS3 geometry we obtained in the previous section is the pinching orb-

ifold, which has a spacelike circle of vanishing size, whereas the Schrödinger geometry we

uncovered has a compact null coordinate (ỹ). There is no reason that light stringy modes

should not make their appearance in either case.

Nevertheless, the gravity analysis yields rather sensible results, so we will ignore for

the moment this important issue. Then, in each case we have an operator deformation of

the CFT dual to AdS3 which is an irrelevant operator of weight (1, 2). Near TQ = 0, the

coupling constants of this operator in the two descriptions are related by

ǫB = 2πTQ λB (5.30)

In section 2.1, we have argued that the most natural holographic coordinates for the DLCQ

of AdS3 are ỹ, t̃, with ỹ ∼ ỹ + 2π. This implies that the true coupling constant of the

operator, at least in the zero-temperature limit, is λB. Sending TQ → 0 with λB fixed

then automatically sends ǫB → 0, which explains why in the maximal limit of the previous

section the operator deformation was vanishing.

Another way of understanding this relation is to reach the Schrödinger limit not by

rescaling y and t, but rather by rescaling y and r. If we define ỹ as above and let

r̃ = 2πTQ r (5.31)

then we obtain the same Schrödinger geometry. Nevertheless the TQ → 0 limit with r fixed

now sends the holographic RG scale r̃ → 0, i.e. towards the deep IR of the original theory.

Since the deforming operator is irrelevant, it vanishes in the IR, so it is natural recover the

AdS3 geometry dual to the CFT that we had been deforming.

Each of the above descriptions has its advantages and disadvantages. The Schrödinger

description is more natural from the boundary point of view and it gives us the correct

normalization of the operator’s coupling constant. On the other hand, holography is very
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poorly understood for this spacetime, and in particular we have no proof that TQ should be

interpreted as a right-moving temperature. The AdS3 description is valid in the extreme

IR of the theory, where there are relatively few states left. Nevertheless, holography is well-

understood, we do have an interpretation for TQ as the right-moving temperature, and we

are entitled to use Cardy’s formula to obtain the near-maximal entropy. As mentioned

above, in both pictures the gravity description is not a priori reliable, due to the presence

of a vanishing-size circle in the geometry.

Needless to say, the analysis of this section applies without change to all the back-

grounds we have been studying.

6 Interpretation of the dipole backgrounds

In section 3.4 we have argued that the backgrounds we study are dual to exact deformations

by a (1, 2) operator of the DLCQ of the D1-D5 CFT at finite right-moving temperature

TR. As discussed at the end of that section, the deformation would be easier to understand

if the DLCQ limit commuted with the deformation. Also, we were unable to provide a

proof of the fact that the identification of the y coordinate in (3.25) should correspond to

a right-moving temperature in the dual theory.

In this section we would like to discuss the interpretation of the identification as a right-

moving temperature and of the DLCQ commuting with the deformation in the context of

two-dimensional dipole theories dual to the backgrounds (2.33) and (2.34). Our tool will

be the fact that dipole backgrounds can be constructed via a TsT transformation from

AdS, and that we know how to relate the parameters of the TsT and the original AdS

background to the deformation parameter and the temperature in the dual field theory.

We start this section with a brief review of dipole theories. Next, we show how the

dipole backgrounds (2.33)–(2.34) appear in the very near-horizon limit of the spacetimes

dual to spacelike dipole theories, which means that they can be interpreted as DLCQs of

spacelike dipole theories. Unfortunately, spacelike dipole theories at large N and strong

coupling do not have a nice description in terms of exact operator deformations. On the

other hand, lightlike dipole theories do. We show that our dipole backgrounds can also be

thought of as DLCQs of lightlike dipole theories and we explain the relationship between

the two descriptions.

Consequently, in the particular case of dipole deformations, it is indeed true that the

deformation commutes with the DLCQ. Also, one can see explicitly that the identifica-

tion (3.25) does indeed correspond to the right-moving temperature in the dual theory.

6.1 Brief review of dipole theories

Dipole theories are nonlocal and Lorentz non-invariant field theories. They can be obtained

from the gauge theory that lives on a Dp-brane’s worldvolume via a series of transformations

known as TsT (T-duality, shift, T-duality). If a Dp-brane is compactified on a circle of

radius R parametrised by a coordinate ỹ and ψ is an angular direction in the transverse

R
9−p, the TsT transformation consists of
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• a T-duality along ỹ

• a shift ψ → ψ+λ ỹ′, which does not change the local geometry but introduces a twist

• a T-duality back on the new ỹ′ coordinate

Here ỹ′ denotes the T-dual coordinate to ỹ. Applying the above TsT transformation to

the Yang-Mills low-energy action that lives on the Dp-brane world-volume, one obtains a

theory in which fields that were originally charged under the R-symmetry associated to ψ

rotations are assigned a dipole vector LµΦ proportional to their R-charge

LµΦ = 2πqΦ L
µ , Lµ = λ δµỹ (6.1)

Here qΦ is the R-charge of the field Φ and Lµ is a constant vector. The Lagrangian

of the dipole theory has a very simple definition in terms of a star product, which is

noncommutative and nonlocal

(Φ1 ⋆ Φ2)(x
µ) = Φ1

(

xµ − 1

2
Lµ2

)

Φ2

(

xµ +
1

2
Lµ1

)

(6.2)

with which one replaces all the ordinary products in the original gauge theory Lagrangian.

Although the theory on the brane becomes nonlocal, it still retains several nice features,

such as the fact that planar diagrams in the dipole theory are the same as in the undeformed

one, up to overall phase factors which depend only on the external momenta. We believe

this property should play an important role when comparing gauge theory calculations

with classical gravity ones.

The best-studied example of dipole gauge theories is the p = 3 case, or the dipole

deformations of N = 4 SYM. In that case, there exists an explicit Seiberg-Witten-like

map [52] which allows one to rewrite the dipole theory as N = 4 SYM with an infinite

number of higher-derivative terms added, all with fixed coefficients. It is quite possible

that this map, which translates between “dipole type” of gauge invariance25 to a theory

with usual gauge invariance, exists in all dimensions. It should then not be surprising

that dipole backgrounds are dual to CFTs deformed by irrelevant operators which break

Lorentz invariance.

The gravity backgrounds dual to dipole theories are obtained by applying the TsT

transformation to the backreacted Dp-brane geometries and then taking the usual decou-

pling limit α′ → 0, while keeping distances measured in units of α′ fixed. The asymptotic

structure of the resulting decoupled geometries is not particularly easy to interpret from a

holographic point of view. Nevertheless, if in addition one takes a Penrose-like limit while

scaling the λ parameter to zero at the same time, one obtains precisely the Schrödinger

backgrounds (3.21) [50]. Because of the infinite boost, the dipole vector Lµ becomes light-

like, and thus gravity in Schrödinger backgrounds is dual to a lightlike dipole theory.

The case of interest to us is the dipole deformation of the D1-D5 gauge theory, which

in the IR should flow to a field theory dual to the backgrounds (2.33)–(2.34). While we

25The dipole field Φ(x) transforms in the (N, N̄) representation of U(N)x− 1

2
L × U(N)x+ 1

2
L rather than

in the adjoint of U(N)x. It is this transformation rule that we refer to as “dipole type” of gauge invariance.
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expect the description of this theory to be slightly more involved than the D3-brane case,

we think it is reasonable to assume that the general features of the field theory — such as

the Seiberg-Witten map and the equality of planar diagrams between the deformed and

the undeformed theories — will still be in place. In the following two subsections we show

how the dipole backgrounds (2.33)–(2.34) arise as DLCQs of spacelike or lightlike dipole

theories, and outline the lessons we can learn from this construction.

6.2 Spacelike dipole theories and DLCQ

To obtain the three-dimensional finite-temperature dipole backgrounds, we start from the

BTZ×S3 metric, which reads

ds2 = −(ρ2 − ρ2+)(ρ2 − ρ2−)
ρ2

dτ2 +
ℓ2ρ2dρ2

(ρ2 − ρ2+)(ρ2 − ρ2−)
+ ρ2

(

Rdϕ− ρ+ρ−
ρ2

dτ

)2

+ ℓ2dΩ2
3

(6.3)

with ϕ ∼ ϕ + 2π. There is also RR three-form flux which supports this background.

This black hole corresponds to a thermal ensemble in the dual CFT2 characterised by

temperatures TL,R, with

ρ± = πℓ(TR ± TL) (6.4)

Next, we perform a TsT transformation on this geometry, consisting of a T-duality on ϕ,

a shift ψ → ψ + 2λϕ′, and then a T-duality back on ϕ′. The resulting metric is26

ds2 =−(ρ2 − ρ2+)(ρ2 − ρ2−)
ρ2

dτ2 +
ℓ2ρ2dρ2

(ρ2 − ρ2+)(ρ2 − ρ2−)
+

ρ2

1 + λ2ρ2ℓ2R2

(

Rdϕ− ρ+ρ−
ρ2

dτ

)2

+
ℓ2σ23

4(1 + λ2ρ2ℓ2R2)
+
ℓ2

4
dΩ2

2 (6.5)

This procedure also generates a nontrivial B-field and dilaton

B = − λρ2ℓ2R

2(1+λ2ρ2ℓ2R2)

(

Rdϕ− ρ+ρ−
ρ2

dτ

)

∧ (dψ + cos θdφ) , e−2Φ = 1 + λ2ρ2ℓ2R2 (6.6)

The asymptotic structure of this spacetime is not particularly enlightening. Nevertheless,

if we let ρ− = ρ+ = Tℓ/2R and take the near-horizon limit (2.4), we obtain

ds2 =
ℓ2

4

[

−r
2dt̃2

T 2
+
dr2

r2
+

T 2

1 + λ̃2T 2

(

dỹ +
rdt̃

T 2

)2

+
σ23

1 + λ̃2T 2
+ dΩ2

2

]

(6.7)

where we have defined

λ̃ =
λℓ2

2
(6.8)

The dilaton and the B-field become

e−2Φ = 1 + λ̃2T 2 , B =
ℓ2

4

[

− λ̃T 2

1 + λ̃2T 2

(

dỹ +
rdt̃

T 2

)

∧ σ3
]

(6.9)

26The reason that there are no factors of α′ in the above metric is that we are working with the decoupled

geometry, in which α′ has been taken to zero. A more correct way to find this metric would have been to

first do the TsT and only then take the decoupling limit, but the two procedures do in fact commute.
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The above metric is written in ten-dimensional string frame, and we have omitted the

internal K3 factor. Nevertheless, in holography it is the Einstein frame metric which is

more natural to use. The six-dimensional Einstein frame metric gE = e−ΦgS is precisely

the dipole background27 (2.33) with ǫB = λ̃T .

ds2 =
ℓ2
√

1+λ̃2T 2

4

(

−r
2dt̃2

T 2
+
dr2

r2
+

T 2

1 + λ̃2T 2

(

dỹ +
rdt̃

T 2

)2

+ dΩ2
S2+

σ23
1 + λ̃2T 2

)

(6.10)

or, in terms of our favourite coordinates y = T ỹ, t = T−1t̃

ds2 =
ℓ2
√

1 + λ̃2T 2

4

(

−r2dt2 + dr2

r2
+

1

1 + λ̃2T 2
(dy + rdt)2 + dΩ2

S2 +
σ23

1 + λ̃2T 2

)

(6.11)

Given the interpretation of the near-horizon limit as a DLCQ limit, this construction

shows that the holographic dual to the dipole backgrounds (2.33)–(2.34) is the DLCQ of

the spacelike dipole deformation of the D1-D5 gauge theory.

There are a few things to note about the metric (6.11). First, as we have anticipated,

the identification of the coordinate y corresponds indeed to the temperature for the right-

movers in the DLCQ. Second, the interpretation of this background using holographic

intuition, unlike for pure Schrödinger backgrounds, is far from obvious. The parameter T

in the solution, being proportional to the right-moving temperature, characterises a state

in the dual theory, whereas λ, being proportional to the dipole vector

Lµ = 2λR δµỹ (6.12)

characterises the deformation. Working in the proper holographic coordinates ỹ, t̃, we

observe that what we would usually identify as the source for the irrelevant operator (the

coefficients of rdt̃ in the expression for B and that of r2dt̃2 in the metric) seems to depend

on the right-moving temperature, and thus the state the system is in. Moreover, the radius

of the geometry in Einstein frame (measured as the coefficient of the dr2

r2
term in the metric)

also seems to depend on the temperature.28 It would be very interesting to reproduce these

features using the techniques of holographic renormalization, along the lines of [79].

Note that we could have reached exactly the same background by starting from self-

dual AdS3 × S3 written in proper holographic coordinates and performing the TsT trans-

formation on the near-horizon geometry directly. This shows that the dipole deformation

commutes with the DLCQ or near-horizon limit. Consequently, we can think of the dipole

backgrounds as either DLCQs of a spacelike dipole theory, or as dipole deformations of the

DLCQ of a CFT.29

While spacelike dipole theories can in principle be understood in terms of the dipole star

product deformation of the D1-D5 gauge theory, they do not have a simple interpretation

as exact deformations of a CFT2 by a (1, 2) operator. For this reason, we turn to studying

DLCQs of lightlike dipole theories.

27If we interchange the roles of ψ and φ, we obtain the supersymmetric dipole backgrounds (2.34) instead.
28Nevertheless, the central charge of the asymptotic symmetry group does not, see section 2.4.
29Provided the latter procedure can be given a precise definition.
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6.3 Relationship to lightlike dipole theories

Lightlike dipole theories are dipole theories in which the dipole vector Lµ is lightlike. They

can be obtained via a Penrose limit of the spacelike dipole theories [50]. The supergravity

backgrounds that they are dual to can be obtained from (6.5) by first defining lightlike

“boundary” coordinates

û = Rϕ− τ , v̂ = Rϕ+ τ , û ∼ û+ 2πR , v̂ ∼ v̂ + 2πR (6.13)

in terms of which the metric reads

ds2 =
dû2

1 + λ̂2ρ̂2

[

(

ρ̂+ + ρ̂−
2

)2

− λ̂2

4
(ρ̂2 − ρ̂2+)(ρ̂2 − ρ̂2−)

]

+
ℓ2ρ̂2dρ̂2

(ρ̂2 − ρ̂2+)(ρ̂2 − ρ̂2−)
+

+
dv̂2

1 + λ̂2ρ̂2

[

(

ρ̂+ − ρ̂−
2

)2

− λ̂2

4
(ρ̂2 − ρ̂2+)(ρ̂2 − ρ̂2−)

]

+
2dûdv̂

1 + λ̂2ρ̂2

[

2ρ̂2 − ρ̂2+ − ρ̂2−
4

+

+
λ̂2

4
(ρ̂2 − ρ̂2+)(ρ̂2 − ρ̂2−)

]

+
ℓ2σ23

4(1 + λ̂2ρ̂2)
+
ℓ2

4
dΩ2

2 (6.14)

Note that we have added a hat on all noncompact coordinates and horizon radii. The shift

parameter is

λ̂ = λRℓ (6.15)

Next, we define the rescaled temperatures

T̂± =
1

2
(ρ̂+ ± ρ̂−) = πℓTR/L (6.16)

and perform the following boost and rescalings

û = e−γ ỹ , v̂ = 2eγ t̃ , r = ρ̂2 − ρ̂2+ , λ̂ = e−γ λ̃ , T̂± = e±γT± (6.17)

Taking the limit γ →∞ with ỹ, t̃, λ̃, T± fixed, we obtain

ds2 =
T 2
+dỹ

2

1 + λ̃2T 2
+

+
2(r + 2T+T−)dỹdt̃

1 + λ̃2T 2
+

+
4dt̃2

1 + λ̃2T 2
+

[

T 2
− −

λ̃2

4
r(r + 4T+T−)

]

+

+
ℓ2dr2

4r(r + 4T+T−)
+

ℓ2σ23
4(1 + λ̃2T 2

+)
+
ℓ2

4
dΩ2

2 (6.18)

Note that we absolutely had to scale down T− in order to avoid divergences, nevertheless

scaling up T+ was optional (not scaling it would yield the background above with T+ = 0,

thus less interesting). The periodicities of the new coordinates are

ỹ ∼ ỹ + 2πR eγ , t̃ ∼ t̃+ πR e−γ (6.19)

In the infinite boost limit the coordinate t̃ is no longer identified, whereas the ỹ circle

decompactifies. Setting T− = 0 and passing to Einstein frame we obtain precisely our
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dipole backgrounds (6.10) with ǫB = λ̃T+, except that the coordinate ỹ is noncompact

instead of compact. It is not hard to make ỹ compact: one simply has to take the limit

R→ 0 , γ →∞

with

Rl ≡ Reγ (6.20)

fixed. This procedure compactifies the lightlike dipole theory onto a lightlike circle of

radius Rl and is equivalent to a DLCQ of the lightlike dipole theory. Thus, our dipole

backgrounds are also described as DLCQs of lightlike dipole theories.

The coordinate that we use for the dipole backgrounds (2.33) is

y = T+ỹ , y ∼ y + 2πRlT+ (6.21)

which shows that the identification of y is indeed the dimensionless temperature in the

lightlike dipole theory, as previously advertised.

The combination of the Penrose limit and the zero-radius limit (6.20) is nothing but the

definition of the DLCQ in the original spacelike dipole theory. The procedure presented in

the previous section is simply a different (and perhaps slightly less transparent from a field-

theoretical point of view) way of implementing the DLCQ in terms of spacetime variables;

in the field theory, what we have done is the same.30 In particular, one can notice that

keeping T± fixed requires that the original left-moving temperature T̂− be zero (and thus,

we are freezing the left-movers), whereas we are concentrating on very high energy modes

T̂+ → ∞ in the right-moving side. Nevertheless, since we are simultaneously scaling the

mass gap of the theory — given by 1/R— to infinity, the relative energy of the high energy

modes with respect to the mass gap, or T̂+R = T+Rl stays finite.
31

Note that the DLCQ limit, even for spacelike dipole theories, automatically makes

the dipole vector lightlike due to the infinite boost. Consequently, there is no difference

between the DLCQ of a spacelike dipole theory and that of a lightlike dipole one, except

the fact that the former is easier to interpret from a brane perspective, whereas the latter

is more easily dealt with from the viewpoint of exact operator deformations.

Note also that in the DLCQ limit R→ 0 the supergravity approximation breaks down.

The natural description of the brane system is in the T-dual frame, in which we obtain a

collection of bound D0 and D4 branes probing a twisted background.

The lightlike background (6.10) with ỹ not identified corresponds to a finite right-

moving temperature state in the lightlike dipole theory, which can be described at large N

and strong coupling in terms of an exact (1, 2) operator deformation of the CFT2 dual to

AdS3. We see explicitly that the DLCQ procedure (which in this case is simply a quotient

along ỹ) can be applied either before or after the deformation is performed. Moreover,

30It is worthwhile though to show explicitly that also in this case the near-horizon limit corresponds to

a DLCQ limit in the dual field theory.
31This construction of lightlike dipole theories via the Penrose limit of spacelike dipole ones and the

focusing of energies associated with this procedure suggests that lightlike dipole theories only capture the

zero-mode dynamics in the left-moving sector of spacelike dipole theories.
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Q 0Q  = J
3 2

L

Myers-PerryAdS  x S3

2

Kerr /CFT

CFT2 ?

Figure 1. A family of 5d extremal charged, rotating black holes with the same value of JL and

varying Q, which interpolates between the Myers-Perry black hole at Q = 0 and the maximal value

Q3 = J2

L. At precisely this point, the near horizon geometry becomes AdS3×S2 and the dual CFT

description is well understood.

the strength of the deformation is given by λ̃ and is independent of the temperature,

so in particular it equals the coefficient of the deformation that we read off in the zero-

temperature limit of section 3.3. This picture thus confirms our expectation that the

computation of the correlators in the deformed theory can be performed before taking the

DLCQ limit, by using a prescription of the form (3.33).

7 What have we learned about the Kerr black hole?

The motivation for the present work was the proposal of [54]: namely, that we can gain

new insights into the mysterious microscopic side of the Kerr/CFT correspondence by

embedding it into string theory. In this concluding section we would like to give an overview

of the picture that appears to emerge from this embedding.

More concretely, the proposal of [54] was that one can understand the microscopic

description of the five-dimensional analogue of the extreme Kerr black hole — more pre-

cisely, of the extreme Myers-Perry black hole with equal angular momenta — by viewing it

as a particular representative in a one-parameter family of extremal, non-supersymmetric,

charged and rotating five-dimensional black holes. The black holes are parametrised by

their charge Q and left-moving angular momentum JL with Q3 ≤ J2
L. If we keep JL fixed

as we vary Q and concentrate on the near-horizon limit of this family of black holes, the

near horizon geometries continuously interpolate between that of the extremal Myers-Perry

black hole at Q = 0 and AdS3×S2 when Q3 = J2
L. This can be summarized by the picture

in figure 1.32

All the black holes in the family allow for an asymptotic symmetry group analysis

analogous to that in [11], which leads to the conjecture that they are all states in a “CFT”33

32Note that, contrary to any common-sense conventions, Q decreases along the direction of the arrow.
33Throughout this section we will use quotes whenever we refer to CFTs whose presence is signaled by

an asymptotic symmetry group analysis but are not yet proven to be standard CFTs.
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Q 0Q  = J
3 2

L

Myers-Perry
AdS  x S3

2

Kerr /CFT

CFT2
?

AdS  x S3

3

5d

6d

KK

Figure 2. The uplift of the one parameter family of black holes to six dimensions. Now the dual

field theory can be understood at O(ǫ) away from maximality by using AdS/CFT. Here ǫ ∝ TR
labels both the temperature and the coefficient of the operator deformation.

with central charge

cL = 6JL , TR =
1

2π

√

1− Q3

J2
L

(7.1)

and are characterised by the right-moving temperature TR given above. The asymptotic

symmetry group analysis does not make it clear whether they correspond to different ther-

mal states in the same “CFT” of central charge 6JL, or whether one has a one-parameter

family of “CFT”s with equal central charges, parametrized by Q.

The point of view taken in [54] was that we are dealing with a one-parameter family

of “CFT”s. The central observation of that paper is that precisely at the maximal point

Q3 = J2
L the “CFT” is a CFT2 in the usual sense of the word, with central charge 6JL

and at zero temperature. Nevertheless, precisely at this point the near-horizon geometry

becomes AdS3, so the example [54] found is a slightly trivial representative of a Kerr CFT.

Given that we have a continuous family of near horizon geometries, one may neverthe-

less ask whether one can understand the “CFT” representatives which are O(ǫ) away from

the maximal point, where ǫ ∝ TR, by using the holographic dictionary in AdS3. Such a

task is difficult to achieve in five dimensions, because the passage from the exactly maximal

to the near-maximal near-horizon geometry involves a change in topology similar to the

one in [107]. A simple solution [54] is to require that the black hole in question admit a

six-dimensional embedding, in which case the near-maximal geometry can be studied using

the perturbative AdS/CFT dictionary. Thus, we obtain the picture in figure 2.

The result of the holographic analysis is that O(ǫ) away from maximality the system

acquires a right-moving temperature (TR), but also an irrelevant, Lorentz non-invariant,

(1, 2) operator is turned on. Deforming a CFT by an irrelevant operator not only breaks

conformal invariance, but even worse, in general it does not lead us to any sort of well-

defined theory, because the perturbation is non-renormalizable. At higher order in ǫ we

would expect even more irrelevant operators to be turned on, so we are faced with a big puz-

zle — which is how to make sense of the “Kerr CFTs” away from the strictly maximal limit.
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Q 0Q  = J
3 2

L

Myers-Perry
AdS  x S3

2

T

AdS  x S
3

3

5d

6d

KK

wAdS  x wS
3

3

Figure 3. A different maximal limit of the six-dimensional geometries shows that all the black

holes should be thought of as states of different temperatures inside the same field theory, which is

a nonrelativistic CFT.

The resolution proposed in the present article was inspired by [48] and is that the (1, 2)

deforming operator should not be thought of as an irrelevant operator with respect to the

2d conformal group, but rather as a marginal operator with respect to the Schrödinger

group34 of nonrelativistic conformal transformations in zero spatial dimensions, which is

SL(2,R) × U(1)null. With this interpretation, it does make sense to add the perturbing

operator to the CFT action, and we find ourselves at a nonrelativistic conformal fixed

point. This picture is corroborated by the fact that there exists a different maximal limit

of the six-dimensional family of near-horizon geometries, which does not yield AdS3 × S3,

but rather Schr3 × S3. Three-dimensional Schrödinger spacetimes are the paradigmatic

spacetimes dual to non-relativistic CFTs. Note that in this picture the deformation does

not vanish even at strict maximality, and the reason that we were previously obtaining a

CFT2 was that we were taking an infrared limit in addition to the zero-temperature limit.

Going away from the maximality does not require any additional operators to be turned

on but, as we argued in the present paper, the only parameter that changes from one

black hole to the next is the temperature in the dual nonrelativistic CFT. Consequently,

the extremal Myers-Perry black hole with equal angular momenta corresponds to a state

of right-moving temperature TR = 1
2π in a non-relativistic CFT.

The picture in figure 3 is of course not complete without a definition of the nonrel-

ativistic CFT in question. In this article we have proposed an effective definition of this

CFT, which should hold at large N and strong coupling, namely in the regime where the

dual classical supergravity description is valid. The prescription is to simply define the

nonrelativistic CFT as the theory obtained by adding a single exactly marginal operator

with respect to nonrelativistic scaling to the original CFT2 action. Correlation functions

in the deformed theory should then be computable in terms of the ones in the original CFT

by using conformal perturbation theory.

34Note that the symmetry preserved by the deformation strongly constrains the form of the operators gen-

erated by the deformation at higher order. In turn, this has the potential to render conformal perturbation

theory well defined — at least at large N and strong coupling.
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If the above prescription is correct, then all features of spacetime physics should be

reproducible from the field theory perspective, including the Virasoro asymptotic symmetry

group and its central extension. Note that the global symmetries of the non-relativistic

CFTs are precisely SL(2,R)×U(1), which means that they may constitute an example of

a class of theories to which the results of [89] apply.

This article presents a number of loose ends. The most important is probably our

inability to provide a proof that the intermediate near-horizon geometries are finite right-

moving temperature versions of the maximal one, although we present plenty of circumstan-

tial evidence. Another claim whose proof needs to be completed is that of the absence of

multitrace operators from the deforming action, i.e. that the non-relativistic CFT is defined

by deforming the original CFT by a single (1, 2) operator. Yet another fact to understand

is whether the coefficient of the deforming operator could depend on the temperature. Our

parallel analysis of dipole backgrounds has indicated that this is not the case in that spe-

cific example, but we do need a much better understanding of the holographic dictionary in

asymptotically Schrödinger spacetimes in order to answer these questions. An important

formal issue to prove is that conformal perturbation theory in the deforming Lorentz-

breaking operator is well-defined. Finally, all the geometries that enter the discussion

correspond to DLCQs of the dual field theories, which need to be much better understood.

We should also mention that the picture presented in this section is not an entirely

accurate account of the results we have proven in the paper, due to the fact that we

were using a slightly different — but equivalent — description of the black holes.35 More

concretely, in the description we actually used, the family of black holes is specified by

fixing the charge Q and letting the angular momentum JL be the interpolating parameter,

J2
L ≥ Q3. The “CFT” descriptions now all have fixed central charge c = 6Q2. All results

about the interpretation of the maximal limit and the intermediate geometries still hold

(and even more so), and the resulting picture is given in figure 4.

As explained in section 5.2, the advantages of this description lie in the fact that

the non-relativistic CFT is now a deformation of the (4, 4)- supersymmetric D1-D5 CFT,

which is very well understood, and that the quotients that act on the geometry have a clear

interpretation even away from maximality. While one can consider black holes which have

Q small compared to JL, this description breaks down in the exact Myers-Perry limit, and

we have to understand the “Kerr/CFT -like” description which, as explained in section 5,

is slightly more involved. We do expect though that the main view of this paper will carry

over to this case.

A very interesting question is whether the analysis of the present article also applies

to the construction in [108], which presents a set of geometries that interpolate between

AdS3×S2 and the extremal 4d Kerr black hole (×S1). It would also be very interesting to

understand whether, more generally, families of black holes which contain a representative

whose near horizon region is of the pinching orbifold type admit a description as thermal

states in a non-relativistic CFT. It would also be interesting to explore the relationship

with the EVH/CFT correspondence of [109].

35The difference is explained in section 5.2.
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J Q  = J
3 2

L

Myers-Perry

AdS  x S3

2

T

AdS  x S3

3

5d

6d

KK

wAdS  x wS3
3

Figure 4. Another description of the family of black holes, now seen as having fixed Q and varying

JL, as different thermal states with temperatures TQ in a nonrelativistic CFT. The lower bound on

the angular momentum is J2

L ≥ Q3, so the Myers-Perry black hole is never a part of this family.
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A Hodge duals

For future reference we list herein the Hodge duals of various three-forms of interest with

respect to the metric (2.29)

⋆ (σ1 ∧ σ2 ∧ σ3) =
1

2
√

1− ǫ2g
w+ ∧ w− ∧ (w3 + ǫgσ3)

⋆(w+ ∧ w− ∧ w3) =
2

√

1− ǫ2g
σ1 ∧ σ2 ∧ (σ3 + ǫgw3)

⋆(σ1 ∧ σ2 ∧ w3) = − 1

2
√

1− ǫ2g
w+ ∧ w− ∧ (σ3 + ǫgw3)

⋆(w+ ∧ w− ∧ σ3) = − 2
√

1− ǫ2g
σ1 ∧ σ2 ∧ (w3 + ǫgσ3) (A.1)
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Therefore

⋆ H =
ℓ2

√

1− ǫ2g

[

(h− γǫBǫg)
(

σ1 ∧ σ2 ∧ σ3 +
1

2
w+ ∧ w− ∧ w3

)

+

+(hǫg − γǫB)
(

σ1 ∧ σ2 ∧ w3 +
1

2
w+ ∧ w− ∧ σ3

)]

(A.2)

B Killing spinors of 3d Schrödinger spacetimes

In this appendix we show, using a Killing spinor analysis, that the SL(2,R)L × SU(2)R
invariant Schrödinger backgrounds preserve (0, 4) Poincaré supersymmetry, whereas the

SL(2,R)L × SU(2)L invariant ones preserve (4, 0) superconformal symmetry. Our results

perfectly parallel those obtained in [110] for the case of five-dimensional Schrödinger back-

grounds. We first perform the analysis for the dipole backgrounds (λg = 0), and then

for the self-dual Schrödinger backgrounds (λg = 2λB). We set the AdS length ℓ = 2

throughout this section.

B.1 Dipole backgrounds

The dipole type Schrödinger backgrounds have λg = 0. Their metric and three-form

fields read

ds2 = −λ2Br2dt̃2 +
dr2

r2
+ 2rdt̃dỹ + dθ2 + sin2 θdφ2 + (dψ + cos θdφ)2 (B.1)

F3 = F
(0)
3 = σ1 ∧ σ2 ∧ σ3 + αdr ∧ dt̃ ∧ dỹ (B.2)

H3 = λB d(rdt̃ ∧ σ3) = λB(dr ∧ dt̃ ∧ σ3 + σ1 ∧ σ2 ∧ rdt̃) (B.3)

Changing the sign of the parameter α = ±1 allows us to switch between the SL(2,R)L ×
SU(2)R invariant backgrounds for α = 1 and the SL(2,R)L × SU(2)L invariant ones for

α = −1, provided we simultaneously interchange the angles φ and ψ. Note that F3 remains

self-dual if we perform the two operations simultaneously.

We choose the vielbein to be

e+ = rdt̃ , e− = dỹ − λ2B
2
rdt̃ , e2 =

dr

r

e3 = dθ , e4 = sin θdφ , e5 = dψ + cos θdφ (B.4)

in terms of which the field strengths are

F3 = α e+ ∧ e− ∧ e2 + e3 ∧ e4 ∧ e5 (B.5)

and

H3 = λB (e+ ∧ e3 ∧ e4 − e+ ∧ e2 ∧ e5) (B.6)
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The spin connection ωµab = eνa∇µeνb reads

ω+− =
dr

2r
=
e2

2
, ω+2 =

2dỹ − 3λ2Brdt̃

4
=
e− − λ2Be+

2
, ω−2 =

rdt̃

2
=
e+

2
(B.7)

ω34 =
dψ − cos θdφ

2
=
e5 − cot θ e4

2
, ω35 =

sin θdφ

2
=
e4

2
, ω45 = −

dθ

2
= −e

3

2

Both the dilaton and axion are zero. The type IIB supersymmetry variations read [111]

δλ = −1

4
/H3 σ

3ε− 1

4
/F 3 σ1ε (B.8)

δψM = ∇Mε−
1

8
ΓPQHMPQ σ

3ε+
1

8
/F 3ΓM σ1ε (B.9)

Here ε is a doublet of 10d Majorana-Weyl spinors of negative chirality

Γ11ε1,2 = −ε1,2 (B.10)

and /F 3, /H3 are given by

/F 3 = ΓMNPFMNP = αΓ[+−]2 + Γ345 /H3 = λBΓ
+34(1 + Γ2345) (B.11)

where square brackets denote anti-symmetrization. The spinor covariant derivative is

∇µǫ = (∂µ +Ωµ)ǫ , Ωµ =
1

2
ωµabΣ

ab , Σab =
1

4
[Γa,Γb] (B.12)

The dilatino variation reads

αΓ[+−]2(1 + αΓ(6))σ1ε+ λBΓ
+34(1 + Γ2345)σ3ε = 0 (B.13)

Multiplying the above equation by Γ+σ1 we obtain that

Γ+(1 + αΓ(6)) ε = 0 (B.14)

Next, we multiply (B.13) by (1 − αΓ(6)) and use the equation above to find the following

projection constraints

(1 + αΓ(6)) ε = λBΓ
+(1 + Γ2345) ε = 0 (B.15)

Next, we turn to the gravitino variation. The M = y component is the same equation as

in AdS

∂yε+
1

4
Γ+2(1− ασ1)ε = 0 (B.16)

This automatically implies that ∂2yε = 0. We will find it convenient to split the doublet ε

according to its eigenvalue with respect to σ1. Defining the projectors

P± ≡
1

2
(1± σ1) (B.17)
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the above equation splits into

∂yεα = 0 , ∂yε−α +
1

2
Γ+2ε−α = 0 (B.18)

with solution

ε−α = ε̂−α −
y

2
Γ+2ε̂−α , ∂y ε̂−α = 0 (B.19)

The r component of the gravitino variation yields

r∂rε+
1

4
Γ[+−](1 + ασ1)ε− λB

4
Γ+5 σ3ε = 0 (B.20)

This decomposes into the following equations

r ∂rεα +
1

2
Γ[+−]εα −

λB
4
Γ+5σ3ε̂−α = 0 (B.21)

r∂rε̂−α −
λB
4
Γ+5σ3εα = 0 ⇒ Γ+∂rε̂−α = 0 (B.22)

The last equation ensures that the first one can be integrated. We obtain

ε̂−α = ε0−α +
λB
2
Γ+5σ3 ε

0
α , εα = ε0α +

λB
2
Γ+5σ3ε0−α (B.23)

where ε0−α is an r-independent constant of integration, while ε0α solves the homogenous

version of equation (B.21), which is the same equation that we would have had in AdS3.

Next, we solve for the angular components of the gravitino equation. We obtain

∂θε−
1

4
Γ45(1− σ1)ε+ λB

4
Γ+4σ3ε = 0 (B.24)

∂φε+
1

4
(sin θΓ35 − cos θΓ34)(1− σ1)ε+ λB

4
(cos θΓ+2 − sin θΓ+3)σ3ε = 0 (B.25)

∂ψε+
1

4
Γ34(1 + σ1)ε+

λB
4
Γ+2σ3ε = 0 (B.26)

These equations are solved as follows: let us take the θ equation for example. We project

it onto left and right σ1 chirality and write everything in terms of ε0±α. The vanishing of

the y-dependent part of the equation yields

Γ+

(

∂θε
0
−α −

1

4
(1 + α)Γ45ε0−α

)

= 0 (B.27)

which in turn implies that

∂θε
0
α −

1

4
(1− α) Γ45ε0α = 0 (B.28)

and

∂θε
0
−α −

1

4
(1 + α)Γ45ε0−α = 0 (B.29)

which is clearly consistent with the previous equation. Solving also for the φ, ψ component,

we obtain

∂φε
0
±α +

1

4
(1∓ α)(sin θΓ35 − cos θΓ34)ε0±α +

λB
4
(1∓ α) cos θ Γ+2σ3ε0∓α = 0 (B.30)

∂ψε
0
±α +

1

4
(1± α)Γ34ε0±α +

λB
4
(1∓ α)Γ+2σ3ε0∓α = 0 (B.31)
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Given that ε0α is r-dependent whereas ε0−α is not by assumption, the above equations imply

an additional projection

(1 + α)Γ+ε0α = (1− α)Γ+ε0−α = 0 ⇒ Γ+ε0+ = Γ+ε+ = 0 (B.32)

irrespective of the value of α. The only remaining equation to check is the t component of

the gravitino variation. We find

r−1∂tε+
1

2
Γ−2Pαε−

λ2B
4
Γ+2(1 + P−α)ε−

λB
4
Γ34(1 + Γ2345)σ3ε = 0 (B.33)

It will now be useful to distinguish between the two cases α = ±1, as the projection

conditions (B.32) lead to very different conclusions in each case.

The α = 1 case

Multiplying (B.33) by Γ+ and using the fact that Γ+ε+ = 0, we find that

ε+ = 0 ⇒ ε0+ = Γ+ε0− = 0 (B.34)

All these projection conditions imply that

ε− = ε̂− = ε0− (B.35)

From (B.33) there also follows that ∂tε− = 0.

To recapitulate, for the SL(2,R)L × SU(2)R invariant background corresponding to

α = 1 we have found that there is one Killing spinor, ε−, which satisfies

∂tε− = ∂yε− = ∂rε− = ∂ψε− = 0 (B.36)

∂θε− −
1

2
Γ45ε− = 0 , ∂φε− +

1

2
(sin θΓ35 − cos θΓ34)ε− = 0 (B.37)

and the projection conditions

Γ+ε− = (1 + Γ(6))ε− = 0 (B.38)

In addition, the K3 equations imply that ε is a covariantly constant spinor on the internal

manifold, satisfying ∇iε = 0. Therefore we can decompose ε into a six-dimensional and a

four-dimensional internal part

ε− = ξI− ⊗ ηI (B.39)

where the index I = {1, 2} labels the two chiral, covariant constant spinors on K3. The

projection conditions (B.38) act only on the six-dimensional spinor ξ. A generic 6d spinor

has eight complex components. Imposing the three projections P− and (B.38) on it we

reduce the number of components to two real ones. Given that K3 has two chiral spinors,

this yields a total of four real supersymmetries, as expected. Note that the Killing spinors

do not depend on the noncompact coordinates, as expected, given that they generate

Poincaré rather than superconformal symmetries. The results of our Killing spinor analysis

agree with those found in [77].
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The α = −1 case

In this case, the projection condition (B.32) implies that ε+ does not depend on y. All the

equations previously written still hold, with the simplification that

ε− = ε0− , ε+ = ε̂+ = ε0+ +
λB
2
Γ+5σ3ε− (B.40)

The differential equations obeyed by ε0+ simplify to

∂yε
0
+ = ∂rε

0
+ = ∂θε

0
+ = ∂φε

0
+ = 0 , ∂ψε

0
+ +

1

2
Γ34ε0+ = 0 (B.41)

and of ε−

∂yε− = ∂ψε− = 0 , r∂rε− +
1

2
Γ[+−]ε− = 0 (B.42)

∂θε− −
1

2
Γ45ε− = 0 , ∂φε− +

1

2
(sin θΓ35 − cos θΓ34)ε− = 0 (B.43)

Thus, ε0+ depends non-trivially on ψ, whereas ε− depends non-trivially on (r, θ, φ). Using

this fact and plugging into (B.33), we obtain

∂tε
0
+ = 0 , (1 + Γ2345)ε0+ = 0 (B.44)

r−1∂tε− +
1

2
Γ−2ε− = 0 , Γ+−ε− = (1 + Γ2345)ε− (B.45)

The Killing spinor ε−(r, t, θ, φ) is precisely the same as the generator of left-moving super-

conformal symmetries in AdS3. The last condition implies (B.15) for ε− when α = −1.
Consequently, we have preserved four superconformal symmetries on the left. As far as

the right-moving side is concerned, we have one potential Killing spinor candidate, ε0+,

which satisfies

Γ+ε0+ = (1 + Γ2345)ε0+ = (1− Γ(6))ε0+ = 0 (B.46)

These conditions are in fact incompatible, so there is no supersymmetry on the right.

B.2 Self-dual backgrounds

In the self-dual case with ℓ = 2, the metric reads

ds2 = −3λ2r2dt̃2 + dr2

r2
+ 2rdt̃dỹ + dθ2 + sin2 θdφ2 + (dψ + cos θdφ+ 2λrdt̃)2 (B.47)

where we have set λg = 2λB = 2λ and only F+
3 flux is turned on

F3 = σ1 ∧ σ2 ∧ σ3 + dr ∧ dt̃ ∧ dỹ + λ(dr ∧ dt̃ ∧ σ3 + σ1 ∧ σ2 ∧ rdt̃) (B.48)

The vielbein is chosen to be

e+ = rdt̃ , e− = dỹ − 3λ2

2
rdt̃ , e2 =

dr

r
, e3 = dθ

e4 = sin θdφ , e5 = dψ + cos θdφ+ 2λrdt̃ (B.49)
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and yields the spin connection

ω+− =
dr

2r
, ω+2 =

dỹ

2
− λ2

4
rdt̃+ λ(dψ + cos θdφ) , ω+5 =

λdr

r
, ω−2 =

rdt̃

2

ω25 =−λrdt̃ , ω34 =
dψ − cos θdφ

2
+ λrdt̃ , ω35 =

sin θdφ

2
, ω45 = −

dθ

2
(B.50)

The spinor equations are now simply

/F 3σ
1ε = 0 , ∇Mε+

1

8
/F 3ΓMσ

1ε = 0 (B.51)

with

/F 3 = Γ[+−]2(1 + Γ(6))− λΓ+34(1− Γ2345) (B.52)

Using the same procedure as before, we find the projections

(1 + Γ(6))ε = Γ+(1− Γ2345)ε = 0 (B.53)

The ψ and θ components of the gravitino equation imply that

∂θε+ −
λ

4
Γ+4ε+ = 0 , ∂ψε− +

3λ

4
Γ+2ε− = 0 (B.54)

Requiring that the Killing spinor solution be periodic with respect to the above angular

coordinates, we find the constraints

Γ+ε+ = Γ+ε− = 0 (B.55)

The r and y components of the gravitino equations imply that

∂rε− = ∂yε± = 0 , r∂rε+ +
1

2
Γ[+−]ε+ = 0 (B.56)

The remaining angular component equations are the same as the ones in AdS3 and read

∂θε+ = ∂φε+ = 0 , ∂ψε+ +
1

2
Γ34ε+ = 0 (B.57)

∂ψε− = 0 , ∂θε− −
1

2
Γ45ε− = 0 , ∂φε− +

1

2
(sin θΓ35 − cos θΓ34)ε− = 0 (B.58)

Finally, the t component of the gravitino equation reads

∂tε+
r

4
Γ−2(1 + σ1)ε+

λr

4
Γ34(2 + σ1)ε− λr

4
Γ25(2 + σ1)ε = 0 (B.59)

Projecting, we find that

∂tε− +
λr

4
(Γ34 − Γ25)ε− = 0 (B.60)

Consistency with the fact that ε− does not depend on r requires that

(1 + Γ2345)ε− = 0 (B.61)
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Note that

Γ+ε− = (1 + Γ2345)ε− = 0 ⇒ (1 + Γ(6))ε− = 0 (B.62)

so all our equations are consistent. As fas as ε+, is concerned, if we multiply (B.59) by Γ+

we obtain

(1 + σ1)ε = 2ε+ = 0 (B.63)

so we obtain exactly the same Killing spinors as we did for the SL(2,R)L×SU(2)R invariant

Schrödinger spacetime. This result was expected of course, based on the fact that the

corresponding operator deformations (3.19) preserve the same supersymmetries.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License which permits any use, distribution and reproduction in any medium,

provided the original author(s) and source are credited.
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[19] H. Lü, J.-w. Mei, C. Pope and J.F. Vazquez-Poritz, Extremal static AdS black hole/CFT

correspondence in gauged supergravities, Phys. Lett. B 673 (2009) 77 [arXiv:0901.1677]

[INSPIRE].

[20] A.J. Amsel, G.T. Horowitz, D. Marolf and M.M. Roberts, No dynamics in the extremal

Kerr throat, JHEP 09 (2009) 044 [arXiv:0906.2376] [INSPIRE].

[21] G. Compere, K. Murata and T. Nishioka, Central charges in extreme black hole/CFT

correspondence, JHEP 05 (2009) 077 [arXiv:0902.1001] [INSPIRE].

[22] C. Krishnan and S. Kuperstein, A comment on Kerr-CFT and Wald entropy,

Phys. Lett. B 677 (2009) 326 [arXiv:0903.2169] [INSPIRE].

[23] D. Astefanesei and Y.K. Srivastava, CFT duals for attractor horizons,

Nucl. Phys. B 822 (2009) 283 [arXiv:0902.4033] [INSPIRE].

[24] W.-Y. Wen, Holographic descriptions of (near-)extremal black holes in five dimensional

minimal supergravity, arXiv:0903.4030 [INSPIRE].

[25] T. Azeyanagi, G. Compere, N. Ogawa, Y. Tachikawa and S. Terashima, Higher-derivative

corrections to the asymptotic Virasoro symmetry of 4d extremal black holes,

Prog. Theor. Phys. 122 (2009) 355 [arXiv:0903.4176] [INSPIRE].

[26] J.-J. Peng and S.-Q. Wu, Extremal Kerr/CFT correspondence of five-dimensional rotating

(charged) black holes with squashed horizons, Nucl. Phys. B 828 (2010) 273

[arXiv:0911.5070] [INSPIRE].

[27] Y. Matsuo, T. Tsukioka and C.-M. Yoo, Another realization of Kerr/CFT correspondence,

Nucl. Phys. B 825 (2010) 231 [arXiv:0907.0303] [INSPIRE].

[28] Y. Matsuo, T. Tsukioka and C.-M. Yoo, Yet another realization of Kerr/CFT

correspondence, Europhys. Lett. 89 (2010) 60001 [arXiv:0907.4272] [INSPIRE].

[29] H.K. Kunduri, J. Lucietti and H.S. Reall, Near-horizon symmetries of extremal black holes,

Class. Quant. Grav. 24 (2007) 4169 [arXiv:0705.4214] [INSPIRE].

[30] J.D. Brown and M. Henneaux, Central charges in the canonical realization of asymptotic

symmetries: an example from three-dimensional gravity,

Commun. Math. Phys. 104 (1986) 207 [INSPIRE].

[31] V.P. Frolov and K. Thorne, Renormalized stress-energy tensor near the horizon of a slowly

evolving, rotating black hole, Phys. Rev. D 39 (1989) 2125 [INSPIRE].

[32] V. Balasubramanian, J. de Boer, M. Sheikh-Jabbari and J. Simon, What is a chiral 2d

CFT? And what does it have to do with extremal black holes?, JHEP 02 (2010) 017

[arXiv:0906.3272] [INSPIRE].

– 56 –

http://dx.doi.org/10.1088/1126-6708/2009/04/061
http://arxiv.org/abs/0811.4177
http://inspirehep.net/search?p=find+EPRINT+arXiv:0811.4177
http://dx.doi.org/10.1103/PhysRevD.79.084018
http://arxiv.org/abs/0812.2918
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.2918
http://dx.doi.org/10.1103/PhysRevD.79.106009
http://arxiv.org/abs/0812.4883
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.4883
http://dx.doi.org/10.1142/S0217751X09047533
http://arxiv.org/abs/0812.4440
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.4440
http://dx.doi.org/10.1088/0264-9381/27/7/075004
http://arxiv.org/abs/0901.0538
http://inspirehep.net/search?p=find+EPRINT+arXiv:0901.0538
http://dx.doi.org/10.1016/j.physletb.2009.01.070
http://arxiv.org/abs/0901.1677
http://inspirehep.net/search?p=find+EPRINT+arXiv:0901.1677
http://dx.doi.org/10.1088/1126-6708/2009/09/044
http://arxiv.org/abs/0906.2376
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.2376
http://dx.doi.org/10.1088/1126-6708/2009/05/077
http://arxiv.org/abs/0902.1001
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.1001
http://dx.doi.org/10.1016/j.physletb.2009.05.056
http://arxiv.org/abs/0903.2169
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.2169
http://dx.doi.org/10.1016/j.nuclphysb.2009.07.024
http://arxiv.org/abs/0902.4033
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.4033
http://arxiv.org/abs/0903.4030
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.4030
http://dx.doi.org/10.1143/PTP.122.355
http://arxiv.org/abs/0903.4176
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.4176
http://dx.doi.org/10.1016/j.nuclphysb.2009.11.019
http://arxiv.org/abs/0911.5070
http://inspirehep.net/search?p=find+EPRINT+arXiv:0911.5070
http://dx.doi.org/10.1016/j.nuclphysb.2009.09.025
http://arxiv.org/abs/0907.0303
http://inspirehep.net/search?p=find+EPRINT+arXiv:0907.0303
http://dx.doi.org/10.1209/0295-5075/89/60001
http://arxiv.org/abs/0907.4272
http://inspirehep.net/search?p=find+EPRINT+arXiv:0907.4272
http://dx.doi.org/10.1088/0264-9381/24/16/012
http://arxiv.org/abs/0705.4214
http://inspirehep.net/search?p=find+EPRINT+arXiv:0705.4214
http://dx.doi.org/10.1007/BF01211590
http://inspirehep.net/search?p=find+J+Comm.Math.Phys.,104,207
http://dx.doi.org/10.1103/PhysRevD.39.2125
http://inspirehep.net/search?p=find+J+Phys.Rev.,D39,2125
http://dx.doi.org/10.1007/JHEP02(2010)017
http://arxiv.org/abs/0906.3272
http://inspirehep.net/search?p=find+EPRINT+arXiv:0906.3272


J
H
E
P
1
2
(
2
0
1
2
)
0
0
9

[33] I. Bredberg, T. Hartman, W. Song and A. Strominger, Black hole superradiance from

Kerr/CFT, JHEP 04 (2010) 019 [arXiv:0907.3477] [INSPIRE].

[34] T. Hartman, W. Song and A. Strominger, Holographic derivation of Kerr-Newman

scattering amplitudes for general charge and spin, JHEP 03 (2010) 118 [arXiv:0908.3909]

[INSPIRE].
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