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1 Introduction

Coupled fixed points were studied first by Bhaskar and Lakshmikantham [1]. Since then,
some new results on the existence and uniqueness of coupled fixed points have been pre-
sented in partially ordered metric spaces, cone metric spaces, and fuzzy metric spaces
[2-5]. The concept of a probabilistic metric space was initiated and studied by Menger,
which is a generalization of the metric space [6]. Many results for the existence of fixed
points or solutions of nonlinear equations under various types of conditions in Menger
probabilistic spaces (briefly, PM-spaces) have been extensively considered by many schol-
ars [7—22]. In 2010, Jachymski established a fixed point theorem for ¢-contractions and
gave a characterization of a function ¢ having the property that there exists a probabilistic
@-contraction, which is not a probabilistic k-contraction (k € [0,1)) [23]. In 2011, Xiao et
al. obtained some common coupled fixed point results for hybrid probabilistic contrac-
tions with a gauge function ¢ in Menger probabilistic metric spaces without assuming any
continuity or monotonicity conditions for ¢ [24]. In 2014, Luo et al. introduced the con-
cept of generalized Menger probabilistic metric spaces and obtained some tripled com-
mon fixed point results with a gauge function ¢ with the same properties in generalized
Menger probabilistic metric spaces [25].
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The purpose of this paper is to introduce the new concepts of multidimensional
Menger probabilistic metric spaces and a related fixed point for a pair of mappings T
XxXx--+-xX— X and A: X — X. Utilizing the properties of the related triangular
S —

norm a;lld the compatibility of A with T, some multidimensional common fixed point
problems of hybrid probabilistic contractions with a gauge function ¢ are studied. The
obtained results generalize some coupled and triple common fixed point theorems in the
corresponding literature. Finally, an example is given to illustrate our main results.

2 Preliminaries

Denote by n any given positive integer which is not smaller than 2, A, the set {1,2,...,n},

X" the product X x X x --- x X, R the set of the real numbers, R* the set of the non-
—_—

negative real numbers, :nd Z* the set of all positive integers. A mapping F : R — R* is
called a distribution function if it is nondecreasing left-continuous with sup,_p F(t) = 1
and inf;cg F(£) = 0.

We will denote by 2 the set of all distribution functions, by Z* = {F € 2 : F(t) = 0,Vt <
0}, while H will always denote the specific distribution function defined by

0, t<0,
H(t) = -
1, t>0.
If p: R* — R* is a function such that ¢(0) = 0, then ¢ is called a gauge function. If £ € R*,
then ¢"(¢) denotes the nth iteration of ¢(¢) and ¢~ 1({0}) = {f e R* : ¢(£) = 0}.
First, we give PM-spaces introduced by Menger with the related triangular norm.

Definition 2.1 [7] A mapping A : [0,1] x [0,1] — [0,1] is called a triangular norm (for
short, a t-norm) if the following conditions are satisfied for any a, b, c,d € [0,1]:

1) Aa1)=a;

(2) Ala,b) = A(b,a);

(3) Ala,c) > A(b,d) fora>b,c>d;

(4) Ala, A(b,c)) = A(A(a,b),c).

Definition 2.2 [6] A triplet (X,.%, A) is called a Menger probabilistic metric space (for
short, a Menger PM-space) if X is a nonempty set, A is a -norm, and .% is a mapping from
X x X into Z* satisfying the following conditions (we denote .7 (x,y) by F,,):

(MS-1) F,,(t)=H(t) forall t € Rif and only if x = y;

(MS-2) F,,(t) = F,.(t) forall t € R;

(MS-3) Fyy(t +s) > A(Fy(t),F,,(s)) for all x,y,z € X and ¢,5 > 0.

Then we give the generalized Menger PM-spaces introduced by Luo et al. with the re-

lated triangular norm.

Definition 2.3 [8] A mapping A :[0,1] x [0,1] x [0,1] — [0,1] is called a triangular norm
(for short, a £-norm) if the following conditions are satisfied for any 4, b, ¢, d, e,f € [0,1]:
1) Aa,1,1) =a, A(0,0,0) = 0;
(2) Ala,b,c) = Ala,c,b) = Alc, b, a);
(3) A(a,b,c) > Ald,e,f)fora>d,b>e c>f;
(4) Ala,A(b,c,d),e) = A(A(a,b,c),d,e) = Ala, b, Alc,d, e)).
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Definition 2.4 [25] A triplet (X,.#, A) is called a generalized Menger probabilistic metric
space (for short, a generalized Menger PM-space) if X is a nonempty set, A is a £-norm,
and .% is a mapping from X x X into & satisfying the following conditions (we denote
F (x,y) by Fyy):

(GPM-1) F,,(t)=H(t) forall £ € Rif and only if x = y;

(GPM-2) F,y(t) = F,,(t) forall t € R;

(GPM-3) Fyp(ti + by + t3) = A(Fyy (1), Fy(82), Fr(t3)) for all x, y,z,w € X and

t,t,t3 > 0.

Now, we introduce the definition of multidimensional Menger probabilistic metric
spaces with the related triangular norm.

Definition 2.5 A mapping A: [0,1] x [0,1] x --- x [0,1] — [0,1] is called a triangular

norm (for short, a £-norm) if the following gonditions are satisfied for any ay,ay,...,a,,
Apils-- -, do, € [0,1]:
1) Alapl,...,1) = aj, A0,0,...,0) = 0;
(2) Alar,as,...,00-2,8y-1,8,) = A@1, Ans .. Bygy 1) = AA1, Ay Gty .. ) Gps) = - - - =
A1, s Ayy Gn-2s ..., 42) = May, Gy1, Ap_2s . .., A2, 01);
(3) Alav,az,...,40) = M@ty Gnezs .. A2n) fOr a1 > api1,a0 > iy .Gy > Aop;
(4) A(A(ar,az;...,a0),8n415 s G2n-1) = Aa1, A@2, o3 Api1)s Apas -+ A2pe1) =+ =

A(al: ceerp-1, A(am Aptls e ﬂZn—l))~

Two typical examples of -norm are Ayy(ay, ap, ..., a,) = min{ay, as, .. .,a,} and Ap(ay, a,
.. dy) =ay - - ay for all ay, ay, ..., a, € [0,1].

Definition 2.6 A triplet (X,.#, A) is called a multidimensional Menger probabilistic met-
ric space (for short, a multidimensional Menger PM-space) if X is a nonempty set, A is a
t-norm and .# is a mapping from X x X into Z* satisfying the following conditions (we
denote .# (x,y) by Fy,):

(MPM-1) F,,(t) = H(t) for all £ € Rif and only if x = y;

(MPM-2) F,,(t) = F,,(t) forall t e R;

(MPM-3) Fyy .y (t+ 8 + -+ + ) = AFuyag (61 Fayoey (2)s s Fryy () for all

X1,%2,...,%41 € X and 1, t2,...,t, > 0.

1%n+1
Remark 2.1 If n = 2, the multidimensional Menger PM-space is a Menger PM-space.
While n = 3, the multidimensional Menger PM-space is a generalized Menger PM-space.
Remark 2.2 If A = Ay, the multidimensional Menger PM-space is a Menger PM-space.

In fact,letx; =%, = 2,...,%, = 2, %441 = y in (MPM-3), then for any ¢,5,8 > 0, (n—2)8 <3,

we have
Fx,y(t +5) > min{(Fx,z(t)sz,z((S)v e ;Fz,z(a)er,y(S —(n- 2)5) }
Thus we have

Fyy(t+5)> min{(Fx,z(t),Fz,y(s —(n- 2)5) }
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Taking § — 0, we obtain
Fx,y(t +5) > min{(Fx,z(t)’ Fz,y(s)}-
Therefore, if A = Ay, the multidimensional Menger PM-space is a Menger PM-space.

Example 2.1 Suppose that X = [-1,1]. Define .Z : X x X — 2" by

L $50
Fy(t) = Fry(t) = { 41 '
xy(8) = Fiy (£) 0 ‘<0,

forallx,y € X. Itis easy to verify that (X, .#, Aj) satisfies (MPM-1) and (MPM-2). Now we
prove it also satisfies (MPM-3). Assume that #,1,,...,£, > 0 and xy, %3, . ..,%,,; € X. Then

we have

L+t

F B+ +ty) =
R e ]

ti+---+1Ly

v

bttty X = %o 4o X — X

. 4 t,
zmm{ e 2 }
L1 + |x1 — %3] Ly + 1% — X1

AM (Fxl,xz (tl)r v 7ny,,x,,+1 (tn))-

Hence (X, %, Ay) a multidimensional Menger PM-space.

Proposition 2.1 Let (X,.%, A) be a multidimensional Menger PM-space and A be a con-
tinuous t-norm. Then (X, 7, A) is a Hausdor{f topological space in the (€, A)-topology 7,
i.e., the family of sets

{U(e,1):€> 0,1 €(0,1],x € X}
is a base of neighborhoods of a point x for &, where
U,(e, 1) = {y €X:Fyle)>1- A}.

Proof 1t suffices to prove that:
(i) for any x € X, there exists an U = U, (¢, A) such that x € U;
(ii) for any given Uy(e1, A1) and Uy(€z, A7), there exist € > 0 and A > 0, such that
U (e, 1) C Ux(er, 1) N Ux(€2,12);
(iii) for any y € Uy(e, 1), there exist €’ > 0 and A’ > 0, such that U, (¢', 1) C U,(€,A);
(iv) foranyx,y € X, x #y, there exist Uy (€1, A1) and U, (€2, 1,), such that
U, (e1, 1) N U, (ex,12) = 0.
Itis easy to check that (i)-(iii) are true. Now we prove that (iv) is also true. In fact, suppose
that x,y € X and x # y. Then there exist #, > 0 and 0 < a < 1, such that F,,(¢y) = a. Let

L[x:{r:Fx,r<t—o>>b}, L[y:{r:Fy,r<t—o>>b},
n n



Zhu et al. Fixed Point Theory and Applications (2015) 2015:188 Page 5 of 15

where 0 < b <1 and A(b,1,...,1,b) > a (since A is continuous and A(1,...,1) =1, such b
\s,—/

n-2
exists). Now suppose that there exists a point v € U, N U,, which implies that Fx,‘,(%o) >b

and Fy,v(%o) > b. Then we have

t t t t
a="F,t) > A(Fx,v(—(’),Fv,v(—o),...,Fv,v(—"),a,y(—‘))) > Ab,1,...,1,b) > a,
n n n n ——

n-2

n-2

which is a contradiction. Thus the conclusion (iv) is proved. This completes the proof.
O

Definition 2.7 Let (X,.#, A) be a multidimensional Menger PM-space, A be a continu-
ous {-norm.
(i) A sequence {x,,} in X is said to be .7 -convergent to x € X if lim,_, oo Fy,,» = 1 for
all£>0;
(ii) asequence {x,,} in X is said to be a .7 -Cauchy sequence, if for any given € > 0 and
A € (0,1], there exists a positive integer N = N (e, 1), such that Fy, ,,(€) >1—A,
whenever m, k > N;
(ii) (X,.Z,A) is said to be .7 -complete, if each .7 -Cauchy sequence in X is
J -convergent to some point in X.

Xk

Definition 2.8 A t-norm A is said to be H-type if the family of functions {A™(¢)}5;; is
equi-continuous at ¢ = 1, where

AYP) = A(L,...,0), A" ) = At ... t, A1), m=1,2,...,t€[0,1].
——

n-1

Definition 2.9 Let X be a nonempty set, 7 : X” — X and A : X — X be two mappings.
A is said to be commutative with T, if AT (xy,...,x,) = T(Axy,...,Ax,) for all x,...x, € X.
A point u € X is called a multidimensional common fixed point of T and 4, if u = Au =
T(u,...,u).

Definition 2.10 Let X be a nonempty set, 7: X” — X and A : X — X be two mappings.
Let {x!},..., {x”,} be n sequences in X and a7, ...,0, be n permutations of A,. A and T are
said to be compatible in (X, .%#, A) if

lim F . )
M—> 00 AT(xf,f(l) ,,,,, x%(n))

T Ax:’,:'<”))(t) =1

foralli=1,...,n and ¢t > 0, whenever

lim T(x%,...,x5") = lim Ax) € X

m— 00 m— 00
foralli=1,...,n;

A and T are said to be compatible in (X, d) where (X, d) is a usual metric space if

lim d(AT(x3Y, ..., x50), T(AxGY, ..., Ax5")) =0

m— 00



Zhu et al. Fixed Point Theory and Applications (2015) 2015:188 Page 6 of 15

foralli=1,...,n and ¢ > 0, whenever

lim T'(x oill) |, &0 )— lim Ax' e X
m—00 m— 00
foralli=1,...,n.

Obviously, if T and A are commutative, then they are compatible, but the converse does
not hold.

The following lemmas play an important role in proving our main results in Section 3.

Lemma 2.1 [23] Supposethat F € 9*. Foreverym € Z*,let F,, : R — [0,1] be nondecreas-
ing and g, : (0,+00) — (0, +00) satisfy lim,,_,oc gu(t) = 0 for any t > 0. If F,,,(g,,(t)) > F(t)
forany t >0, then lim,,_, » F,,,(t) =1 for any t > 0.

Lemma 2.2 Let X be a nonempty set, and T : X" — X and A : X — X be two mappings.
If T(X") C A(X), then there exist n sequences (kL300 o, XY in X, such that Ax),

T(xm’xm" ) A‘x m+l = T(x x cr :ln 1)‘

m+l =
2 = T2,x3, ., x, %l ), .., Ax!
Proof Let x,x3,...,x5 be any given points in X. Since T(X") C A(X), we can choose
xl,x%,...,x0 € X such that Axl = T(x},x3,...,x0),Ax? = T(x3,%3,...,%0,%),...,Ax} =
T(x},x5,...,x¢71). Continuing this process, we can construct 7 sequences {x!}% ,...,
{x }o0 o, in X, such that

1 _ ol 42 n 2 _ (a2 43 nol
Ax,,.q = T(xm,xm,...,xm), Ax,, = T(xm,xm,...,xm,xm), v

n-1
Axlly = T (5 X ). O

Lemma 2.3 [13] Let (X,d) is a usual metric space. Define F : X x X — D" by
Fiy=H(t-d(x,)), forx,yeXandt>0.

Then (X,.Z, Ay) is a Menger PM-space and is called the induced Menger PM-space by
(X, d). It is complete if (X, d) is complete.

Lemma 2.4 [14] Let ¢(t) : R* — R* be a function. Let a,b,t € R*. Then we have
H(t—a)> H((p(t) - b) ifand only if @(b) <a.

3 Main results

In this section, we shall give the main results of this paper.

Theorem 3.1 Let (X,.#, A) be a complete multidimensional Menger PM-space with A a
continuous related t-norm of H-type, ¢: R* — R* be a gauge function such that ¢~1({0}) =
{0}, o(t) < t, and lim,,_, 0o ™ (£) = 0 for any t > 0. Let T: X" — X and A: X — X be two
mappings satisfying the following conditions:

=

FT(xl X500y T (V1Y 2 5e0Y1) (Qﬁ(t)) [FAxl,Ayl( )Fsz,A_yz (t) e FAxn,Ayn (t)] (31)
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for all x1,%,...,%0,91, Y2, ---»Yu € X, and t > 0, where T(X") C A(X), A is continuous and

compatible with T. Then T and A have a unique multidimensional common fixed point
inX.

Proof By Lemma 2.2, we can construct # sequences {x }°° ,..., {x”}°° ; in X, such that
Axl =T, a2, xn),Axs, = T2, %3, ..., &0, %L ),..., Ax!
From (3.1), for all t > 0, we have

no= T, xl . xh).

FAx}n,Ax}er ((p(t)) = FT(xin_l,x%n_l ..... m 1) T(xm x%,, ..... x0) ((p(t))

1
z FAxinil,Ax}n (t)FAxfnil,Ax,z,” (t) FAx A, (t)] "
FAx%,,,Axfml ((p(t)) = FT(xfn_l,x;”;q_l ..... xm ) T(xm xm x (go(t))
1
z [Fszn_l,Ax%,, (t)FAx Ax3 (t) ,Axl (t)] ! (3-2)
FAxf‘,,,Ax;‘”Jrl ((p(t)) =F AR Ry 11) T (%l bl 1)((p(t))
1
> [Faxn_ axt, (OF g1 asd, O~ Fart Axnmfl(t)] W
Denote Pyy(t) = [Fy 4 (OFs2 42 () Fags L ag, ()] % . From (3.2), we have
1
Pra(0) = [Fagan (60 Fap e (60)-Eaga, , (0(0)]"
> [PaOPw(®) -+ Pu(D)]" = Po(0),
which implies that
FAxm’Amerl (‘Pm(t)) >P, ( " l(t)) > .- Pi(t),
Fugae (¢7(0) = Pu(¢"(8) = ---Pi(0),
(3.3)

Fiaae (07(0) 2 Pu(p" (1) = - Pi(0).

Since P;(¢) = [FA,%M% (t)FAx%,Ax% ()-- “Fautax (t)]n € 2% and lim,,,_, o, " (t) = 0 for each
¢ >0, using Lemma 2.1, we have

W}EI;O Fpdast, ) =1, Fpa2 a2 (=1, oo Fuupaxn () =1. (3.4)
Thus
lim P,(t)=1, Vt>O0. (3.5)
m— 00



Zhu et al. Fixed Point Theory and Applications (2015) 2015:188

We claim that, for any k € Z* and ¢t > 0,

FAx},,,AxIWHk(t) = Ak(Pm (t;io(lt)));

FAx%,,,Axfmk(t) = Ak <Pm<t;§_0(1t)>>r
(3.6)

t—ol(t
FAx"m,Ax:'mk(t) > Ak(Pm< ng_O(l)))

In fact, by (3.2) and ¢(t) < ¢, we can conclude that (3.6) holds for k = 1 since
Fyudoant (= Fig i (9(0) = Py(8) = Pp(542) = AY(P,(54D)). Assume that (3.6)
holds for some k. Since ¢(£) < t, by the first inequality of (3.2), we have F Axb v 1(t) >

Fual axl 1(go(t)) > P,,(t). By (3.1) and (3.6), we have

==

(©(®) = [Faant | OF 42 42 (O Fagazr (0)]

m+k
o (20)).
n-1

Hence, by the monotonicity of A, we have

F Al

m+1" " m+k+1

FAx}”"’Ax1n+k+l (t) - FAx}”‘Abukﬂ (t B ¢(t) * (p(t))

t—o(t t—o(t
ZA<FAX}”’AX1K+1< nS_O(l))"“’FA"}”'A"Lm( ni0(1)>,
FAx;lthrl‘Axlkarl ((p(t))>
(20 (20 (55
n-1 n-1 n-1
- A"*l(Pm(t_(ﬂ(t))).
n-1

Similarly, we have FAxﬁfﬂxﬁ“M(t) > Ak“(Pm(%)), . "’FAxZ.AxZHkH(t) > Ak“(Pm(t;Li(f)))o
Therefore, by induction, (3.6) holds for all k € Z* and ¢ > 0.
Suppose that A € (0,1] is given. Since A is a t-norm of H-type, there exists § > 0 such

that

AKs)>1-2, se(1-6,1],keZ". (3.7)

By (3.5), there exists M € Z*, such that Pm(%) >1-6 for all m > M. Hence, from (3.6)
and (3.7), we get Fyd axd k(t) >1=MFy2 40 k(t) >1- )"""FAxZ’nAx%k(t) >1— X for all
m > M, k € Z*. Therefore {Axin}, {Axfn}, ..., {Ax" } are n Cauchy sequences.

Since (X, %, A) is complete, there exist u!, u?,...,u" € X, such that

1 2 n

. 1 . 2 .
lim Ax,, =u, lim Ax, =u”, oo lim Ax), =u".

m— 00 m— 00 m— 00

Page 8 of 15
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By the continuity of A, we have

lim AAx,, =Au', lim AAx2, = Au®, ..., lim AAx! = Au".

m— 00 m— 00 m— 00

The compatibility of A with T implies that

lim F n n\(£) =1, cees
m AT (xL, %2, xm),T(Axbz,Ax%,,,.‘.Axm)( )

lim F n1,() =1,

" AT (6t ket D), T (AR Ay AN ( )

where o1 = (1,2,...,n),00, =(2,3,...,1),...,0,=(n,1,...,n—1).
From (3.1) and ¢(¢) < £, we obtain

Iz‘AAxlml,T(r,tl,u2 ,,,,, u”)(t) = FAA}:}HI,T(LH,142 ,,,, u”‘)(t - (ﬂ(t) + (/J(t))
(

t—o(t)
> A (FAAx}M T (A Axd,,.. Axly) (ﬁ)

t-olt
F T(AxL,,Ax2,,...Ax), T(AxL, AxS,,...AxlL) 1
ot

)

FT(Ax}n,Ax%n,...,Ax’,“n) T(AxL,,Ax2,,.. ,Axm<

FT(Ax}n,Ax%,,‘.‘,Ax%) T(ul,u?,.., (QD )

FT(Ax},,,Ax%,,,...,Ax,’?,,),T(ul,u2 ..... u" (w(t))> (3.8)

From (3.1), we have

1
FT(Ax},ﬂ,Ax,z,,,,...,x‘kxﬁ,),T(ul,u2 ,,,,, ( (t)) [ AAx Aul (t)FAAx JAu? (t) FAAx"m»AM” (t)] . (39)

Combining (3.8) with (3.9) and letting m — 0o, we obtain lim,,_,~ AAx., = T(u!,u?,

u"). Hence T(u!,u?,...,u") = Au'. Similarly, we can show that T(u?,43,...,u') =
Au?, TP, ut, ..., u?) = Aud,..., T u',...,u"™") = Au”.

Next we show that Au' = ul, Au® = u?,...,Au" = u". In fact, from (3.1), for all £ > 0, we

have

FAul,Ax (q)(t)) T(ul,u?,..., u"),T(x}l,n_l,xzn_l ..... X 1) (q)(t))
1

> [FAMI’Axin,l(t)’FAMZ»A"i,,l (t)"“’FA”n»AxZ,,,l (t)] )

FAuz,Axfn (q)(t)) = FT(uz,u ul), T(x 1,x 1,...,x}nil) ((p(t))

:I»—A

= [FAMZ,Axfn_l (), FAu3,Ax (t) Aul,Ax (t)]

(3.10)
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FAM",Ax"m (Sﬂ(t)) = FT(u”,ul ,,,,, u”‘l),T(x:’ni],xini ,,,,, )

1
> [Fawnast O Fa a0 Eyyt g1 (0]

Denote Q,,(t) = [FAul,Axin(t):FAuZAxZn(t)’"':FAu",Ax':n(t)]%~ By (3.10), we have Q,,(¢(¢)) >

Qu-1(t), and hence for all £ > 0

Qu(¢"(®)) = Qua (¢71(1)) = -+ = Qo).
Thus, for all £ > 0, we have
Fya (97(0) = Qo(t), Fupn (¢7(1) = Qo) e

Faunan (¢™(2)) = Qo).

Since Qp(t) € Z* and lim,,—. (9™ (¢)) = 0 for all £ > 0, by Lemma 2.1, we conclude that

V}Enwain = Aut, mli_r)nooAxin =Adt, .., lim Ax), = Au'". (3.11)
This shows that Au! = u!,Au® = u?,...,Au” = u". Hence u' = T(u',u?,...,u"),u? =
Tw?u?,...ud),.. ., u"=TW,u,...,u"" 1). Finally, we prove that u! = u? = - .- = u".
F,2(9®) = Frau,sin ), 106263 in ity (9(0))
> [Fat 20 Eani O oo Eat a0, En i (0]
= [F,2(8),F,2,3(t), ..., Fyne yn (£), F ul(t)]
F2,3(9(8)) = Fraaud,.un i) T o a2y (#(2))
> [Fauz 30 Fay au (4)r"'JFAM”Aul(t)ipAul,Auz(t)]% 512)
3.12

= [F 1,2(8), F 2 ,3(8)s ..o Fyn-1 yn (), Fy ul(t)]

uul ((p(t)) = FT(u”,ul ..... =2, u"=1), Tl ,u2,..., u"*l,u”)((p(t))

1
= [FAuV’,Au1 (t)’ FAul,Auz (t)’ so 7FAI4”‘2,A14”‘1 (t)r FAu"‘l,Au” (t)] "

= [Pt (0,2, (0o Fyrt n(8), ()]

Denote R(t) = [F,1,2(t), F,2,,3(8), ..., Fyn-1 yn (£), F o, ul(t)] . From (3.12), we have

R(¢™(®)) = R(™'(t)) = - -- = R(2).

Since R(t) € 2*, by Lemma 2.1, we get u! = u? = - - - = u”. Hence, there exists u € X, such

that u = Au=T(u,...,u).
Finally, we show the uniqueness of the multidimensional common fixed point of T

and A. Suppose that v is another the multidimensional common fixed point of 7' and A
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ie,v=Av=T(v,...,v). By (3.1), for all t > 0, we have

Fu,v((p(t)) = FT(u,u,...,u),T(v,v,...,v) (¢(t))

S

> [FAuAv(t)FAu,Av(t) e FAu,Av(t)]

= FAu,Av(t) = Fu,v(t): (313)

which implies that F,,, (¢ (t)) > F,,,(¢) for all £ > 0. Using Lemma 2.1, we have F,,(t) = 1
forall > 0, i.e., u = v. This completes the proof. d

Remark 3.1 If n = 2, Theorem 3.1 generalizes Theorem 2.2 in [24]. While # = 3, Theo-

rem 3.1 generalizes Theorem 3.1 in [25].
From Theorem 3.1, we can obtain the following corollaries.

Corollary 3.1 Let (X,.7, A) be a complete multidimensional Menger PM-space with A a
continuous related t-norm of H-type, ¢: R* — R* be a gauge function such that ¢~1({0}) =
{0}, ¢(t) < t, and lim,,_, o ¢ (t) = 0 for any t > 0. Let T: X" — X and A: X — X be two
mappings satisfying the following conditions:

N

Fr(e,00 it T0r2re) (@) = [Easran (OF axy,apy () -+ Faspoay, ()] (3.14)
for all x1,%,...,%0,91, Y2, .-, Yu € X, and t > 0, where T(X") C A(X), A is continuous and
commutative with T. Then T and A have a unique multidimensional common fixed point
in X.

If  : R* — R* be a gauge function such that lim,,_.« Y . ; ¢"(£) < 0o for any ¢ > 0, we

can obtain lim,,_, « ¢ (£) = 0. Hence we have Corollary 3.2 as follows.

Corollary 3.2 Let (X, .#, A) be a complete multidimensional Menger PM-space with A a
continuous related t-norm of H-type, and A > Ap, p: R* — R* be a gauge function such
that o7 ({0}) = {0}, p(£) < £, and lim,, 00 Y ey @™ (t) < 00 forany t > 0. Let T: X" — X and
A: X — X be two mappings satisfying the following conditions:

1
FT(xl,xz ..... Xn ), T(V1,Y25eYn) (Qﬂ(t)) > [A (FAxl,Ayl (t): Fsz,Ayz (t)r e FAxn,Ayn (t))] " (3«15)

forall x1,%,...,%0,91, Y2, ---» Y € X, and t > 0, where T(X") C A(X), A is continuous and
commutative with T. Then T and A have a unique multidimensional common fixed point
in X.

Let A = I (I is the identity mapping) in Corollary 3.2, we can obtain the following corol-
lary.

Corollary 3.3 Let (X,.#, A) be a complete multidimensional Menger PM-space with A a

continuous related t-norm of H-type, and A > Ap, p: R* — R* be a gauge function such
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that 9™ ({0}) = {0}, (¢) < t, and lim,,— 00 Y ooy 9™ (£) < 00 for any ¢ > 0. Let T: X" — X be
a mapping satisfying the following conditions:

X

FT(xl,xz ..... X1 ), T(V1,Y25e9n) (w(t)) > [A (Fxl,yl (t), sz,yz (t), ve ,Fxn,yn (t))] (316)

forallxy,x2,..., %0, 91,Y2,...,Yn € X,and t > 0. Then T has a unique multidimensional fixed
point in X.

Letting ¢(t) = ot (0 <« < 1) in Corollary 3.2, we can obtain the following corollary.

Corollary 3.4 Let (X, #, A) be a complete multidimensional Menger PM-space with A a
continuous related t-norm of H-type, and A > Ap. Let T : X" — X and A : X — X be two
mappings satisfying the following conditions:

1
FT(xl,xz ..... xn),T(yl,yg,4.4,y,,,)(at) = [A (FAxl,Ayl (t)) FAxg,Ayz (t)r v ,FAxn,Ayn (t))] " (317)

for all x1,%,...,%0,91,92, .. .,Yu € X, and t > 0, where T(X") C A(X), A is continuous and
commutative with T. Then T and A have a unique multidimensional common fixed point
in X.

From the proof of Theorem 3.1, we can similarly prove the following result.

Theorem 3.2 Let (X,.%, A) be a complete multidimensional Menger PM-space with A a
continuous related t-norm of H-type, ¢: R* — R* be a gauge function such that ¢~1({0}) =
{0}, (2) > t, and lim,,,_, o, " (t) = +o0 forany t >0. Let T : X" — X and A : X — X be two
mappings satisfying the following conditions:

FT(xl,xz ..... xn),T(yl,yz,,.,,yn)(t) > min{FAxl,Ayl (w(t)):Fsz,Ayz (<ﬂ(t)), ERRY) FAxn,Ayn (‘ﬂ(t)) } (3.18)

forall x1,%2,...,%5,Y1, Y2, -,V € X, and t > 0, where T(X") C A(X) and A is continuous
and compatible with T. Then T and A have a unique multidimensional common fixed
point in X.

Remark 3.2 If n = 2, Theorem 3.2 generalizes Theorem 2.3 in [24]. While #n = 3, Theo-
rem 3.2 generalizes Theorem 3.2 in [25].

Letting A = I (I is the identity mapping) in Theorem 3.2, we can obtain the following
corollary.

Corollary 3.5 Let (X,.%#, A) be a complete multidimensional Menger PM-space with A a
continuous related t-norm of H-type, ¢: R* — R* be a gauge function such that ¢~1({0}) =
{0}, ©(2) > t, and lim,,_, oo ¢™(£) = 00 for any t > 0. Let T: X" — X be a mapping satisfying
the following conditions:

FT(xl,xz ..... xn),T(yl,yz,...,yn)(t) 2 min{Fxl,yl (@(t)); sz,yz (@(t)), .. !Fxn,yn (SD(t)) } (319)

forall x1,%5,...,%0591,Y2,..,Yn €X, and t >0. Then T and A have a unique multidimen-
sional common fixed point in X.
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Theorem 3.3 Let (X, d) be a complete metric space, p: R* — R* be a gauge function such
that 1({0}) = {0}, ¢(¢) > ¢, and lim,,,_, o, @™ (t) = +00 for any t > 0. Let T: X" — X and A:
X — X be two mappings satisfying the following conditions:

(d(T (1, %25, %), TOL Y20 Yn)))

< max{d(Ax1, Ay1), d(Axz, Aya), ..., d(Axy, Ay,) } (3.20)

forall x1,%y,...,%0,91,Y2,---» Y € X, and t > 0, where T(X") C A(X), A is continuous and
compatible with T. Then T and A have a unique multidimensional common fixed point
inX.

Proof Take A = Ay and Fyy(t) = H(t — d(x,5)). Then by Lemma 2.3 and Remark 2.2,
(X, .7, Ay) is a complete multidimensional Menger PM-space (or a Menger PM-space).
From Lemma 2.4 and (3.20), we have

FT(xl,x2 ~~~~~ xn)vT(iVl:J’Zwu}’n)(t) = H(t - d(T(xl’xQ) v ’xn): T()/hj/z: e ’yn))
= H(V)(t) - max{d(Athyl),d(sz,Ayz), veey d(AxnxAyn)})
= min{H(<p(t) - d(Axl,Ayl)), ... ,H((p(t) - d(Ax,,,Ay,,))}

= min{Fax, ay, (9©)), ..., Faspay, (9(0) }- (3.21)
Hence the conclusion follows from Theorem 3.2. O

4 An application

In this section, we will provide an example to exemplify the validity of the main result of
this paper.

Example 4.1 Suppose that X € [-1,1] C R, A = Ay Then Ay is a t-norm of H-type and
Apy > Ap. Define #: X x X — 2 by

[x-y|
T, t>0,xy€X,
yx,y(t) = Fx,y(t) =
0, t<0,xy€X.

We claim that (X, %, Ay) is a multidimensional Menger PM-space. In fact, it is easy to
verify (MPM-1) and (MPM-2). Assume that for any #;, £,,...,£, > 0, and x1, %3, ..., %441 € X,

P | R e | oS | _ gl
A]\/I (Fxl X2 (tl) sz X3 (t2) xn Kl (tn)) mln{e a e 2o ,e tn } =e a
Then we have #1|xy —x3| < ta|x1 — %2, f1|xz — xa| < B3l — o, ..o, 1%y — X | < Bl — %2,

and so Mm—le > | — x| + | —x3] + -+ % — Xpe1| > %1 — X1 |- It follows that

I 7S _Ix—x]
Foppn (it b+ +t,) =€ 072530 > ¢ A

= AM( X1,X2 (tl) sz X3 (tZ) xn xml(tn))
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Hence (MPM-3) holds. It is obvious that (X,.%, Ay) is complete. Suppose that ¢(t) = ﬁ,
then it is easy to verify that ¢ 1({0}) = {0}, ¢(¢) < ¢, and lim,, 00 >y ™ (£) < 00 for any
t> 0. For x1,x5,...,%, € X, define T: X" — X as follows:

1 a3 X2 |l
T(xhxzw-,xn):ﬁ—ﬁ—nj—'”—?— pe

Then, for each ¢ > 0 and x1,%5,...,%,, 91, ¥2,...,¥» € X, we have

2
n—

(6 =97) + -+ (s = via) + m(lul = 1yl

<l =yl (1al + 1pnl) + -+ + 1%t = Yt | (18t | + [Yncal) + 1 (1] = 1yul)

S nzmaX“xl _yl|;'~r|xn _ynl}r

and so

t
F T(xl,xz,...yxn-1,xn),T(h,yzm.,yH,yn)(‘P(t)) = Fr(n %0, %0 1%0), TO192,09n1,90) (‘)

n
e A R e ]
=e n3t
. el x-xl  |xn=ynl
> minfe B e Yo R

1
n

[An (Fry 5y () Frgy ()5 s Fay (9) ]

Thus, all conditions of Corollary 3.3 are satisfied. Therefore, T has a unique fixed point
in X.
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