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1 Introduction

Let F : R” — R” be a continuous mapping and C C R” be a nonempty, closed, and convex

set. The inner product and norm are denoted by (-,-) and || - ||, respectively. Consider the
problem of finding
x € C such that F(x) =0. 1.1)

Let S denote the solution set of (1.1). Throughout this paper, we assume that S is
nonempty and F has the property that

(F(y),y - x) >0, forallyeCandallx €S. 1.2)

The property (1.2) holds if F is monotone or more generally pseudomonotone on C in the
sense of Karamardian [1].

Nonlinear equations have wide applications in reality. For example, many problems aris-
ing from chemical technology, economy, and communications can be transformed into
nonlinear equations; see [2—5]. In recent years, many numerical methods for problem
(1.1) with smooth mapping F have been proposed. These methods include the Newton
method, quasi-Newton method, Levenberg-Marquardt method, trust region method, and
their variants; see [6—14].

Recently, the literature [15] proposed a hybrid method for solving problem (1.1), which
combines the Newton, proximal point, and projection methodologies. The method pos-
sesses a very nice globally convergent property if F is monotone and continuous. Under
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the assumptions of differentiability and nonsingularity, locally superlinear convergence of
the method is proved. However, the condition of nonsingularity is too strong. Relaxing the
nonsingularity assumption, the literature [16] proposed a modified version for the method
by changing the projection way, and showed that under the local error bound condition
which is weaker than nonsingularity, the proposed method converges superlinearly to the
solution of problem (1.1). The numerical performances given in [16] show that the method
is really efficient. However, the literatures [15, 16] need the mapping F to be monotone,
which seems too stringent a requirement for the purpose of ensuring global convergence
property and locally superlinear convergence of the hybrid method.

To further relax the assumption of monotonicity of F, in this paper, we propose a new
hybrid algorithm for problem (1.1) which covers one in [16]. The global convergence of
our method needs only to assume that F satisfies the property (1.2), which is much weaker
than monotone or more generally pseudomonotone. We also discuss the superlinear con-
vergence of our method under mild conditions. Preliminary numerical experiments show

that our method is efficient.

2 Preliminaries and algorithms
For a nonempty, closed, and convex set £ C R” and a vector x € R”, the projection of x
onto 2 is defined as

Me(x) = argmin{|ly — x|y € Q}.
We have the following property on the projection operator; see [17].
Lemma 2.1 Let Q C R” be a closed convex set. Then it holds that
I

2
’

|- M)

<lx=ylI* - |y-Te®)| VxeQyeR"

Algorithm 2.1 Choose xy € C, parameters ko € [0,1), A, 8 € (0,1), »1, 2 >0, a,b > 0,
max{a, b} >0, and set k := 0.
Step 1. Compute F(x*). If F(x*) = 0, stop. Otherwise, let 1z = y1 || F(x¥)||V2,

o = min{ko, y2 | F(xX)|/2}. Choose a positive semidefinite matrix Gy € R"*".
Compute d* € R” such that

F(x*) + (G + pel)d* = 1, (2.1)
where
[ < oxree]a]. (2.2)
Stop if d€ = 0. Otherwise,
Step 2. Compute y* = x* + t;d*, where t; = " and my; is the smallest nonnegative

integer m satisfying

—(F(* + B7d"), d*) = (1 - o) || ¥ (2.3)
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Step 3. Compute
xk+1 — Hck (xk —akF()’k));

where Cy := {x € C: I (x) <0} and

hp(x) = (aF(xk) + bF(yk),x - yk) + atk(F(xk), dk), (2.4)
o oo FOD 2 =5
T IEORI

Let k = k +1 and return to Step 1.

Remark 2.1 When we take parameters a = 0, b = 1, and the search direction d* = x* —

k

x%, our algorithm degrades into one in [16]. At this step of getting the next iterate, our

projection way and projection region are also different from the one in [15].

Now we analyze the feasibility of Algorithm 2.1. It is obvious that d* satisfying condi-
tions (2.1) and (2.2) exists. In fact, when we take d% = —(Gy + i) 1F(x¥), d¥ satisfies (2.1)
and (2.2). Next, we need only to show the feasibility of (2.3).

Lemma 2.2 For all nonnegative integer k, there exists a nonnegative integer my satisfy-
ing (2.3).

Proof 1If d* = 0, then it follows from (2.1) and (2.2) that F(x*) = 0, which means Algo-
rithm 2.1 terminates with x* being a solution of problem (1.1).

Now, we assume that d* # 0, for all k. By the definition of rk, the Cauchy-Schwarz in-

equality and the positive semidefiniteness of Gi, we have

E() ) = (@) (Ger (@) - (@)
> el - |4 1]

> (1- o) d|”. (2.5)

Suppose that the conclusion of Lemma 2.2 does not hold. Then there exists a nonnegative

integer ko > 0 such that (2.3) is not satisfied for any nonnegative integer m, i.e.,

—(F(x + B7d"),d") < hpgy (1 — o) |d°|°,  Vim. (2.6)
Letting m — oo and by the continuity of F, we have

_<F(xk0)’ dko) < Aty (1= 0k) Hdko ”2

Which, together with (2.5), @*0 # 0, and o} < k¢ < 1, we conclude that A > 1, which con-
tradicts A € (0,1). This completes the proof. d
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3 Convergence analysis
In this section, we first prove two lemmas, and then analyze the global convergence of
Algorithm 2.1.

Lemma 3.1 Ifthe sequences {x*} and {y*} are generated by Algorithm 2.1, {x*} is bounded
and F is continuous, then {y*} is also bounded.

Proof Combining inequality (2.5) with the Cauchy-Schwarz inequality, we obtain
el = | < —{F () )
= [E) ]
By the definition of 4 and oy, it follows that

] =

()| <||F(xk)||”2
w-ox) ~ nl-«o)

From the boundedness of {x;} and the continuity of F, we conclude that {d¥} is bounded,
and hence so is {y*}. This completes the proof. d

Lemma 3.2 Let x" be a solution of problem (1.1) and the function hy be defined by (2.4). If
condition (1.2) holds, then

Iy (2) = abt(1 - o) |db > and e (x) <o. 31
In particular, if d* # 0, then hi(x) > 0.
Proof

hy (xk) = <aF(xk) + bF( k),xk —yk> + atk(F(xk),dk>
= a( ( ) —tkdk) + b(F(yk), —tkdk> + atk<F(xk),dk>

= —btk( ) > (32)
> abte(1 - o) d |, (3.3)

where the inequality follows from (2.3).

hi(x") = (aF (&%) + BE (YY), &" = y*) + aty(F (x¥), d¥)

= a(F(xk),x% —xk> + a(F(xk),xk —yk) + b(F(yk),x* —yk> + atk(F(xk),dk>
<0,

where the inequality follows from condition (1.2) and the definition of y*.

If d* # 0, then /1 (x%) > 0 because o} < kg < 1. The proof is completed. O

Remark 3.1 Lemma 3.2 means that the hyperplane
Hj := {x € R"|<aF(xk) + bF(yk),x —yk> + utk(F(xk),dk) = 0}

strictly separates the current iterate from the solution set of problem (1.1).
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Let x" € S and d* #0. Since

(aF (x*) + bF (y*), 2" — &) = a{F («"), 2" — &

=~

= a(F ("), x* — &
= B{F ("), " - )
> Abtipi(L - op) | d* HZ

>0,

where the first inequality follows from condition (1.2), the second one follows from (2.3),
and the last one follows d* # 0, which shows that —(aF(xX) + bF(y*)) is a descent direction
of the function %Hx —«'||% at the point xX.

We next prove our main result. Certainly, if Algorithm 2.1 terminates at Step k, then x*
is a solution of problem (1.1). Therefore, in the following analysis, we assume that Algo-

rithm 2.1 always generates an infinite sequence.

Theorem 3.1 If F is continuous on C, condition (1.2) holds and sup; |G|l < oo, then the
sequence {x*} C R" generated by Algorithm 2.1 globally converges to a solution of (1.1).

Proof Let x" be a solution of problem (1.1). Since x* =TI, (6K — ax F(yX)), it follows from
Lemma 2.1 that

2 k+1

a1 = < o - () - el

I P 2O, ) | 2P ),

~ [

* 2_||xk+1_x*

|+

2 > 2Olk(F(yk),xk —x) + ”xk+1 _kaZ + Zak<F(yk),xk+l —xk>

> 20{F (), =)+ [ =+ ()| - o |[EO) |
> 204 (), — ) - | F () |
_ (FOA.af —yh?

IFGOI

k+1

which shows that the sequence {||x**} —x"||} is nonincreasing, and hence is a convergent

sequence. Therefore, {x*} is bounded and

(F(yk),xk _yk)Z

lim ——2~ 21 _, (3.4)
k—oo  ||F(y})|I?

From Lemma 3.1 and the continuity of F, we have that {F (yk )} is bounded; that is, there
exists a positive constant M such that

IFG*)| <M, forallk.

Page 5 of 14
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By (2.3) and the choices of o and A, we have

(FOR), ok =2 g (FGF),d")?
IE(X))12 NERIE
_ G200 uplld|
> e
221 = ko) || d |1 *
= e .

This, together with inequality (3.4), we deduce that
lim tui|d*| = 0.
Jim g ||

Now, we consider the following two possible cases:
Suppose first that limsup,_, ., tx > 0. Then we must have

. . _ . . k _
hkrgg}fuk—o or hkrggngd ||—O.

From the definition of s, the choice of @¥ and sup; ||Gx|| < 0o, each case of them follows
that

.. KN
liminf| F(x) | = 0.

Since F is continuous and {x*} is bounded, which implies that the sequence {x*} has some
accumulation point ¥ such that

F(x)=0.

This shows that # is a solution of problem (1.1). Replacing x* by & in the preceding argu-
ment, we obtain that the sequence {||x* —%||} is nonincreasing, and hence converges. Since
#isan accumulation point of {x;}, some subsequence of { ||x* —%||} converges to zero, which
implies that the whole sequence {[lx* — ||} converges to zero, and hence limy_, o, % = .
Suppose now that limy_, £ = 0. Let X be any accumulation point of {x} and {x%i} be
the corresponding subsequence converging to x. By the choice of #, (2.3) implies that

2

—(F (&b + 15, 871dY),dY) < A1 = o )i, | @], for all ).

Since F is continuous, we obtain by letting j — oo that
~(F (%), d%) < A1 - o )i | | (35)

From (2.5) and (3.5), we conclude that A > 1, which contradicts A € (0,1). Hence, the case
of limg_, o tx = 0 is not possible. This completes the proof. O

Remark 3.2 Compared to the conditions of the global convergence used in literatures [15,

16], our conditions are weaker.

Page 6 of 14
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4 Convergence rate

In this section, we provide a result on the convergence rate of the iterative sequence gen-
erated by Algorithm 2.1. To establish this result, we need the following conditions (4.1)
and (4.2).

For x™ € S, there are positive constants 8, ¢;, and ¢, such that

adist(x, ) < || F(x)

, VxeN(x,9), (4.1)
and

|F®) - FO) - Gkx =) < ealle=y1%,  ¥x,y € N(x',9), (4.2)
where dist(x, S) denotes the distance from x to solution set S, and

N(x',8) = {x e R"|x - | <8}

If F is differentiable and VF(-) is locally Lipschitz continuous with modulus 6 > 0, then
there exists a constant L; > 0 such that

|E() - F(x) - VF@)(y - %) | < Lilly —*l% Vx5 € N(x,3). (4.3)
In fact, by the mean value theorem of vector valued function, we have

|E() - F(x) - VE@)(y — %)
1

1
/VF(ty+(1—r)x)(y—x)dr—/ VF(x)(y —x)dt
0 0

1
< /0 ||VF(ty+ 1- t)x) — VF(x) || ly — x|l dt

1
§9||y—x||2/ rdr
0

= Lilly - «IP?,

where L; = 0/2. Under assumptions (4.2) or (4.3), it is readily shown that there exists a
constant L, > 0 such that

|E@) - F@®)| <Lally-#ll, Vx,yeN(x,8). (4.4)

In 1998, the literature [15] showed that their proposed method converged superlinearly
when the underlying function F is monotone, differentiable with VF(x") being nonsingu-
lar, and VF islocally Lipschitz continuous. It is known that the local error bound condition
given in (4.1) is weaker than the nonsingular. Recently, under conditions (4.1), (4.2), and
the underlying function F being monotone and continuous, the literature [16] obtained
the locally superlinear rate of convergence of the proposed method.

Next, we analyze the superlinear convergence rate of the iterative sequence under a
weaker condition. In the rest of section, we assume that x¥ — x*, k — oo, where x” € S.

Page 7 of 14


http://www.journalofinequalitiesandapplications.com/content/2012/1/180

Zheng Journal of Inequalities and Applications 2012, 2012:180 Page 8 of 14
http://www.journalofinequalitiesandapplications.com/content/2012/1/180

Lemma 4.1 Let G € R be a positive semidefinite matrix and u > 0. Then
1) NG +uD™| < i;
2) G +ul)'Gl <2

Proof See [18]. O

Lemma 4.2 Suppose that F is continuous and satisfies conditions (1.2), (4.1), and (4.2). If
there exists a positive constant N such that |Gi|| < N for all k, then for all k sufficiently
large,

1) cslld* < |F&N) < calld|;

(2) |F(xX) + GrdX|| < c5||dX (|32, where cs, c4 and cs are all positive constants.

Proof For (1), let x* € N(«”, %8) and &% € S be the closest solution to x*. We have

A

A A LA X

#ov| =

ie, x* € N(x",8). Thus, by (2.1), (2.2), (4.2), and Lemma 4.1, we have
[4*) < [Gic+ i) E @) | + (G + )|
< |G+ D) [F () = F(x) - Ge(3 ~)] |
. 1
G+ ) Ge(F — ) [+ — [
Ik
< 2|3k |7 23 - ] 4 o]
Ik
By |l&% — &K|| = dist(x%, S) and oy < K, it follows that
u-mWM§<2mwﬁg+quﬁ9.
Ik

From (4.1) and the choice of 1, it holds that

-1 F k
2 gist(a,5) < L@

Ik = Nl
C
= —|[F(x) |,
yic

From the boundedness of {||F(xX)|}, there exists a positive constant M, such that

[EG <,

Therefore,
k M + 2]/1C1 . k
“d “ = ayi(l—«o) d1st(x ’S)
M +2y10 1E()]. (4.5)

= dnl-ko)

2, (1
We obtain that the left-hand side of (1) by setting c3 := %
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For the right-hand side part, it follows from (2.1) and (2.2) that

[E@) | < 1Gx + il [ d] + ]
< (I1Gk + pilll + oxae) | ¥

< (N + ]/1M1 + Ko)/]M])“dk”,

We obtain the right-hand side part by setting c4 := N + y1M; + ko1 M.
For (2), using (2.1) and (2.2), we have

[P + Gea'] = ] + ]

<@ +o)ux|d|

< (ko ()2
2|

=< (1 + KO)VIC4

By setting ¢5 := (1 + Ko)ylci/ 2 we obtain the desired result. O

Lemma 4.3 Suppose that the assumptions in Lemma 4.2 hold. Then for all k sufficiently
large, it holds that

yk =k + dk.

k

Proof By limy_, « x* = x and the continuity of F, we have

kll)n;oF(x )=F(x)=0.
By Lemma 4.2(1), we obtain that

lim |a*] =0,
k—o00

which means that x* + d* € N(x', ) for all k sufficiently large. Hence, it follows from (4.2)
that

F(x* +d*) = F(x") + Gyd* + R, (4.6)
where ||R¥|| < ¢,||d*||?. Using (2.1) and (2.2), (4.6) can be written as

F(x* +d*) = —ped® + 7 + R, (4.7)
Hence,

~(F(x* +d*),d") = (uid", d*) - ¥*d* - R¥d*

> i d | - onpue| d|” - o

. o lld] .
- (1 et o et =l
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By Lemma 4.2(1) and the choices of p; and oy, for k sufficiently large, we obtain

_ o lldk||

//Lk(l - Gk)
oGl IFENI
- (1 — ko) y1 | F (%) ||/

1>1

a3 | F(xk) |12

= 1 —
(I-ko)n

> A,
where the last inequality follows from limy_, o, F(x%) = 0.
Therefore,

—<F(xk + dk),dk> > A1 —op) ”dk 2,

which implies that (2.3) holds with = 1 for all k sufficiently large, i.e., y* = x* + d¥. This
completes the proof. d

From now on, we assume that k is large enough so that y* = % + g*.

Lemma 4.4 Suppose that the assumptions in Lemma 4.2 hold. Set X* := x* — a3 F(y*). Then

for all k sufficiently large, there exists a positive constant ce such that
[# -] <ol

Proof Set
Hy = {x e R"|[F(y*),x - y*) = 0}.

k

Then ¥ = IT H! (%) and y* € H}. Hence, the vectors x* — 3 and y* — i* are orthogonal. That

is,
”yk —5ck” = Hyk —xk” sin 6 = ”dkH sin 6, (4.8)

where 6 is the angle between XX — x* and y* — xX. Because ¥* — #* = —; F(y*) and y* —&* =
d¥, the angle between F(y*) and —ud* is also 6. By (4.7), we obtain

F(yk) - (—ukdk) = RF 4+ /K,

which implies that the vectors F(y), —u;d* and R* + r* constitute a triangle. Since

limg s o0 px = limg oo i [IF(K) V2 = 0 and limg_, oo 0z = 0. So for all k sufficiently large,
we have
sin 6 < —”rk + RY|
= mlldrl
<ot Al

Mk

Page 10 of 14
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e |F&N)|
e |F (k)12

- (e 2 )rE1™

<P+

which, together with (4.8) and Lemma 4.2(1), we obtain

= = (e 2 ) IEG1 L

31

< o]

where ¢ = ¢k (y, + C;—zyl). This completes the proof. d
Now, we turn our attention to local rate of convergence analysis.

Theorem 4.1 Suppose that the assumptions in Lemma 4.2 hold. Then the sequence
{dist(x*, S)} Q-superlinearly converges to 0.

Proof By the definition of ¥, Lemma 4.2(1) and (4.4), for sufficiently large k, we have

[# -] = % - (1) -]

<F(yk)’xk _yk> k
RSy
oo L)

= [ - +

= [ =) + "]
= [ -« + PR
= [ -] + S FEF) - F(x) |

<1+ chgl) ||xk -x

’

which implies that lim_, . [|% — x| = 0 because lim;_, o, [|* —x"|| = 0. Thus, ¥ € N(x, )
for k sufficiently large, which, together with (4.2), Lemma 4.2, Lemma 4.4, and the defini-
tion of ¥, we obtain

[EGE] < IF() + G -] + o3 -

< [E(@*) + Ge(F = 28) | + 1GRl|F = || + ca|# = |

3/2

< sl + Neg| | I

+Cy ||akF(yk)

[** + e’

< (c5 + Nee) || d*
= (¢ + Nog + ¢ | @] %) [

< (e5 + Neo + cacs [ F(«) | ) | [,
Because {||F(xX)||} is bounded, there exists a positive constant c; such that

[EG)] < el (4.9)

Page 11 of 14
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On the other hand, from Lemma 3.2, we know that

SCCNH,

k+1

where S is the solution set of problem (1.1). Since x*** = l'[cmHk(a?k), it follows from

Lemma 2.1 that

2

#

”xk+1 v < H5ck —x|*- ”xk+1 —z%, vxes,

which implies that

”xk+1 —x

< [#-«].

Therefore, together with inequalities (4.1), (4.5), and (4.9), we have
dist(x**1,S) < dist(¥,S) < ClHF(fck) I
1

< TP <E (M)m dist*?(«*,S),
a a \ an(l-«o)

which implies that the order of superlinear convergence is at least 1.5. This completes the

proof. d

Remark 4.1 Compared with the proof of the locally superlinear convergence in literatures

[15, 16], our conditions are weaker.

5 Numerical experiments

In this section, we present some numerical experiments results to show the efficiency of
our method. The MATLAB codes are run on a notebook computer with CPU2.10GHZ
under MATLAB Version 7.0. Just as done in [16], we take Gi = F'(x*) and use the left divi-
sion operation in MATLARB to solve the system of linear equations (2.1) at each iteration.
We choose b =1, 1 =0.96, kg =0, 8 = 0.7, and y; = 1. ‘Tter! denotes the number of itera-
tion and ‘CPU’ denotes the CPU time in seconds. We choose ||F(x%)|| < 107° as the stop
criterion. The example is tested in [16].

Example Let

1 0 0 O X1 x5 -10

01 -1 0 s 1
F(x) = e + xzs

01 1 O0]]xs 2x3 -3

0 0 0 O X4 2x2 0

and the constraint set C be taken as

4
Y % <3,%>0,i=1,234{.

i=1

C={xeR4
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Table 1 Numerical results of Example with a=10"13

Initial point  Iter. CPU IF ()|

(3,0,00) 11 010  1.07 x 1078
(1,1,00) 13 009 162x107°
01,01 15 004 246 x 107°
( )
( )

0,0,0,1 21 018 992x 10710
1,002 16 054 566x 10710

Table 2 Numerical results of Example with a=0

Initial point  Iter. CPU lF )

(3,0,00) 1 010 1.07x10°8
(1,1,00) 13 012  162x107°
0,1,0,1) 19 014 1.17x107°
0,00,1) 18 018 144 x107°
(1,002 15 021 788x107°

From Tables 1-2, we can see that our algorithm is efficient if parameters are chosen prop-
erly. We can also observe that the algorithm’s operation results change with the value of a.
When we take a = 0, the operation results are not best, that is to say, the direction F(y*) is
not an optimal one.
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